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A rotational shell finite element with mixed stress and displacement 
variables is derived for the case of arbitrary static loading. Accurate 
representation of the shell geometry together with high-order approxima
tions for the dependent variables are combined to formulate a comparatively 
precise element containing only the basic number of degrees of freedom. 
Representative examples are used to study the convergence of the element 
and to provide a basis of comparison with a similar displacement-type 
element. 
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INTRODUCTION 

Finite elements for which the explicit nodal variables are a mixed set 
of stress and displacement terms have generally been derived from some form 
of the Hellinger-Reissner variational principle (1 ,2). For plate and shell 
problems, the mixed formulation appears to offer some significant advantages 
compared to the more conventional displacement approach (3). In the computa
tion of moments,which are important design parameters, the advantage is quite 
obvious. In the mixed method the stress terms representing the moment 
resultants are determined directly as nodal variables, whereas in the dis
placement formulation they are computed -by differentiating the approximate 
displacement functions and applying the constitutive relations. The mixed 
method therefore not only yields moments which are continuous over the inter
element boundary but also avoids the error usually introduced by differentiating 
the approximati~g functions. On the other hand, mixed-type elements usually have 
more nodal variables than displacement-type elements, but the difference is net 
large especially if transverse shear effects are included in both formulations. 

The evolution of mixed-type finite elements for plates and shells has 
followed a somewhat similar pattern to that of displa~ement-type elements 
beginning with triangular plate bending elements with linear and constant 
moment and linear displacement functions (3,4) followed by the extension to 
linear moment and parabolic displacement fields (5). A generalization of the 
plate bending element to include vibration and instability problems has been 
noted (6). Just as in the displacement method, the first mixed formulation 
for shells utilized combinea plane stress-plate bending flat elements to 
approximate the curved surface (7). Mixed-type triangular curved elements 
based on shallow shell theory using polynomial approximations of various 
degrees (8,9,10,11) and on non-shallow shell theory (8) have been proposed. 
Also, non-linear shallow shell elements have been described (8,11). However, 
in contrast to the pattern of development for the displacement-type elements 
the mixed-type axisynnnetric shell element has received only limited attention 
to date (12). 

It is apparent that axisynnnetric problems can be treated using the 
general shell elements, but the inherent computational advantages provided by 
harmonic decoupling and a strongly banded set of algebraic equations make the 
use of specialized rotational shell elements attractive for a large class of 
problems. Accordingly, the objectives of this study are to derive and test 
a mixed-type curved element for a thin elastic shell of revolution under 
arbitrary static loading. Following an approach implemented for a displace
ment-type element (13,14), accurate geometric data will be utilized to the 
fullest extent and high-order polynomial approximations will be employed 
when necessary to achieve a comparatively precise solution with relatively 
few elements. 
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GEOHETRY 

The geometry of the shell element is shown in Fig. 1. The equation of 
the meridian curve, R = R(Z) is used to express the principal meridional 
radius of curvature R as a function of the vertical coordinate Z 

q, 
[ 1 + (R, /J312 

R = -
q, R" 

in which~ is the meridional curvilinear coordinate. In Eq. 1 the symbol 
( )'= d( )/dZ. The arc length for element i between nodes i and i+1, is 

zi+1 
Li = J [ 1 + (R' >2J 112 

dZ 

z. 
l. 

from which the nondimensional arc length variable 

s = s/Li ( o :s: s :s: 1) 

is defined. 

(1) 

(2) 

(3) 

In the following derivation, it is necessary to evaluate numerous inte
grals which contain various combinations of the geometrical parameters Rq, and 
R. This is conveniently accomplished by representing each of these terms by 
a fourth-order Lagrangian interpolation polynomial in the variables and then 
evaluating the subsequent integrals in closed form (13,15). 

For closed shells of revolution with y = 0 at the pole Eqs. 1 and 2 
cannot be applied at the pole since R'-oo. A coordinate transformation for 
the cap element enables¾, and Li to be evaluated (15). 

FINITE ELEMENT DERIVATION 

Definition of Var1iables 

For shells of revolution, it is convenient to take all variables in 
Fourier series form, to obtain the solution for each harmonic and then to 
combine the contributions of each harmonic by superposition. Accordingly, 
the displacements and rotations are taken as 

ex, 

{ D } = =~ (4a) 
j=o 

in which 

fe1 J = f cosj0 sinj0 cosje cosj0 sinj0 J (4b) 

and 

( D (j) I D (j)} 
f I C 

(4c) 
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In Eq. 4, U, V and W = the meridional, circumferential and normal di splace
ments;~ and~ = the meridional and circumferential rotations, positive as 
shown i ncpFig. 28; and e = the circumferential coordinate. 

The strains and changes in curvature are taken as 

ex, 

= 0 re
2 

J [H(j)(s)} 
j=o 

(Sa) 

in which 

re 2J= r cosj0 sinj0 cosj0 cosj0 sinj0 sinj0 cosj0 ~inj6 cosj0 sinj0J (Sb) 

and 

[ H(j)(s)} = (H(j) 1 H(j) I H(j) I H(j)} 
fcp I f0 1 CC() 1 C0 

(5c) 

In Eq. 5, Ecp, Ee andEeq, = the meridional,circum£erential and in-plane shear
ing strains; rep and re= the meridional and circumferential transverse shearing 
strains and l<cp• Ke and Keep= the meridional, circumferential and twisting 
changes in curvature. It is assumed that E cpe = E ec,o and Kcpe = l{eq,. 

The stress resultants and moment resultants are taken as 

(T} = (Tf I Tc}= (Ncp Nc,oe ~ Ne, Ne<p ~: Mcp Mcpe 1\ 1\cp} 
ex, 

= _0 fe
2
J [T(j) (s)} (6a) 

j=O 

in which 

rT(j), T(j), T(j) 1 T(j)} 
l. fcp I f9 I CC() 1 C0 

In Eq. 6, ~• Ne and Nec,o = the n1eridional, circumferential and in-plane shear
ing stress resultants; Qi, and Qe = the meridional and circumferential transver se 
shearing stress resultants; and lip, Me and Hec,o = the meridional, circumferential 
and twisting moment resultants, positive as shown in Fig. 2. It is assumed that 
l\>0 = Necp and l'tpe = Mecp , 
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The surface loading is taken as 

( F} = [ F Fe F } 
c.p 11 

(7a) 

in which ,e
3 

J = I cosj0 sinj0 cosj8 J (7b ) 

and 
(7c) 

In Eq. 7, F~, Fe and F11 = the distributed surface loading corresponding to the 
positive directions of U, V and H, r espectively, as shot-min Fig. 2. ' Also 
admissible are circumferentially di s tributed line loads applied at nodal 
circles, R = R., in the form 

l. 

[ F. } = [ F . Fei F 1} 
l. cpi n 

in which 

00 

= ~ 
j=o 

No applied couples are considerP.d. 

(8a) 

(8b) 

With all dependent variables and loading terms defined in separated forn, 
the remaining derivation will proceed for a typical harmonic j ~ 1. For harmonic 
j = 0, the treatment is somewhat simplified since' all terms dependent on sinj2 
are dropped. 

I 

Variational Formulation 

Reissner's general variational theorem specialized for thin shell 
theory (16) serves as a basis 1 for the mixed method finite element formulation 
envisaged in the present study. The theorem states that with the transla
tional and rotational strain components satisfying the appropriate strain
displacement relationships, the governing equations , of thin shell theory 
can be derived as the Euler equations of the variational problem. Prato (9) 
obtained a contracted form of the general variational principle by identically 
satisfying the stress resultant-strain relationships 

(9) 

the moment equilibrium equations 

(10) 

403 



and the boundary conditions 

(lla) 

and 

{Df}b = {Df}b on displacement boundary 6 (llb) 

In Eq. 11, the subscript b indicates the boundary value and the bar indicates 
a prescribed value of the variable. 

For a typical harmonic j ~ 1 of an isotropic thin elastic shell of revolu
tion subdivided into n discrete elements, the contracted functional takes t he 
form 1 

in which 

and 

I 

+ {F(j)}T{D(j)}R }- (T(j)}T (D(j)} R + (T(j)}T {D(j)} R] (12a) 
i f i . fcp b f b a C(,? b c b 6 

(12b) 

= ~~mbrane strain energy density. 

+ 1±..y,_ [q(j)2 + q(j)2] 
>.Eh q, 0 

(12c) 

= Complementary strain energy density associated with bending and 
transverse shear deformation. 

(12d) 

= Potential energy density of the applied distributed loading 

= Prescribed values of the force stress result ants 
and rotations at the boundaries where t he hcrizont al - -radius R(Z) = R

0 
and R

0
, respectively. 
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Also in Eqs. 12(b) and 12(c), h = the shell thickness, E = Young's modulus, 
µ=Poisson's ratio and A= the shearing stress shape factor, connnonly taken 
as 5/6. 

The strain and rotation terms contained in Eq. 12 can be expressed in 
terms of the displacements using the strain-displacement relationships . For 
harmonic j of a rotational shell, these relationships take the form (17) 

in which 

_1 £Ll 
L. ds 

l. 

j_ 
2R 

1 
R 

cp 

cos SP 
R 

..i.. 
2R 

0 

0 

0 

0 

0 

0 

_1_ £Ll _ cos SP 
2L. ds 2R 

l. 

0 

i 
R 

_1_ £Ll _ cos s, 
2L. ds 2R 

l. 

_ sin SP 
R 

0 

0 

0 

0 

1 
R 

(p 

0 

0 

- i 
R 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

_1 £Ll 
Li ds 

- j_ 
2R 

cos SP 
R 

- ..i.. 
2R 

0 

0 

0 

0 

0 

1 

0 

_1_ £Ll _ cos ~ 
2L . ds 2R 

l. 

i 
R 

_1_ £Ll _ cos SP 
2Li ds 2R 

As previous l y noted, the moment equilibrium equations,which take the f orm 

(j) 

q_~j)(s) = [cos SP (m(j)_ Jj)) + _1 dmco + i m (j) J 
.p R cp t:J Li ds R 0c.p 

dm(j) 
q(j)(s) = [2 cos cp m(j )+ _1 ~ _ i m(j) J 

0 R 9cp L. ds R 0 
l. 
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for a rotational shell, are used to eliminate the transverse shear resultants 
from Eq. 12(a). Thus, the contracted form of Reissner's functional is 
expressible in terms of six dependent variables, three displacements 
(u(j), v(j), w(j)), and three moment resultants (q~(j), m (j), m ( j )). 

The solution for the dependent variables which will ~ake th~~funct i onal, 
Eq. 12(a), stationary will be assumed in the form of polynomial comparison 
functions. The functional contains only the first-order derivatives of the 
dependent variables; as such, it is sufficient that the functions have con
tinuous first derivatives over the element domain and be continuous over the 
interelement boundaries (18,19). The natural boundary conditions provided by 
the l~st two terms of Eq. 12(~) ~~quire that the force stress resultants 
{Tf (J)}b and the rotations {Dc(J)}b be continuous across the interelement 
bouidaries. This requirement, together with the continuity restrictions im
posed on the dependent variables, cancel out these terms at all interior 
boundaries. Therefore, only the expressions along the exterior boundar i es 
need be retained and any non-zero boundary values of the force stress resul
tants and/or the rotatipns may be specified through these terms. If the 
specified boundary quantities correspond to the explicit variables of the func
tional, the known value is directly used. 

Approximations for Dependent Variables and Loading 

The dependent variables are assumed in the following form over the element 
domain: 

(15a) 

in which 

Y;, (s) (.R,=1 ,6) ( 15b) 

In Eq. 15, Y;,(s) = the tth element of vector {Y(j)(s)}; the coeffic i ents Y;,(o) 
and Y;,(1) = the n.2,dal values of y~(s); Y;, 1 ... ¥.~I= coefficients of the higher
order terms; and f, = indicator of"the degree, J,"'+ 1, of each polynomial. It · 
should be noted that the form of the polynomials specified in Eq. 15 allows a 
different order of approximation to be selected for each dependent variable, 
and that with the higher-order terms vanishing at the nodal circles, s = 0 
ands= 1, the continuity of the variables across the nodes is maintained. 

The load potential U(j) given in Eq. 12(d) is computed in a consist ent 
manner for any arbitrary distribution of the surface loading (13,15). In the 
subsequent numerical analysis, the loading is assumed to be of the f ollowing 

, form: 

in which 

(F(j)(s)} = {f f f} 
1 2 3 
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and f,e(o) and f,e(1) represent the nodal values of the distributed loading. 

Approximate Solution of System 

The polynomials representing u(j), v(j) and w(j) given in Eq. 15(b) 
are substituted into Eq. 13 to get the strain-displacement relationships in 
terms of the comparison functions. Next, Eqs. 13 and 14 together with 
Eqs. 15(b) and 16(b) are substituted into Eq. 12. Then, after interchanging 
the.order of variation and summation, the stationary condition for r(j), 
or(J) = 0, reduces to the set of algebraic equations 

n 1 c I (j) 
~ s RL.ds = 0 
i=1 oY,e (o) l. 

0 

n 1 ol(j) 
~ s RL.ds = 0 
i=1 oY,e, (1) l. 

0 

and 
n 1 

..ll_ ~ s RL.ds = 0 
i=1 oY,em l. 

0 

Equations 17-19 may be combined into 

(£ = 1 , 6) 

(£ = 1 , 6) 

(£ = 1 , 6) 

(m = 1 ,I) 

(17) 

(18) 

(19) 

(20a) 

in which 

{Y/j)) = {y1(o) y~(o) ... y6(o) Y1(1) Yz(1) ... y6(1)\y11 .. •Y11 ..... y66) 

= {Yi?) I ;Jj) l 

= the vector of nodal variables and coefficients of higher
order terms 

A A A A A A 

= {f
1 

(o) f 2(o) f 3 (o) o o o f
1 

(1) f
2

(1) f
3

(1) o o o 

=•[; (j) I ; (j)} 
i 1 I ~ i2 

(20b) 

(20c) 

= the external distributed load vector corresponding to [Y.(j)} 
l. 
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(20d) 

= the external line load vector corresponding to (Y (j)} 

and 
[ M. (j )] = the coefficient matrix which wi 11 be termed the mixed matrix . 

l. 

In Eqs. 20(c,d), the large O r_epresents a null vector of suitable dimension. 
It is convenient to apply static condensation to Eq. 20(a) ta reduce the 

number of unknowns (20). Considering any element i and partitioning the mixed 
matrix to conform with Eq. 20(b), 

[M. J - ___ 1 __ _ (j) _ [
1\{i) I Mi1?)] 

(21a) 
l. M. (j) I M. (j) . 

1.21 I 1.22 

~ (j) (") 
and solving for Y1.·z in terms of Y J i 1 , 

(y,. (j)) = [M (j)]-1 (F,.. (j)_ M (j) Y (j)) 
i2 i22 i2 i21 i1 

Eq. 20(a) reduces to 

in which 

and 

£ ( [M. (j)J (Y. (j)J = 
i=1 1. 1.1 

= the element mixed matrix 

[ ~F (j) + F,.. (j) -
i 1 i 1 

"1 (j) "1 (j)-1 p" (j)} 
l ' i 1 2 l ' i22 i2 

= the vector g1.v1.ng the contribution of the loads acting 
on element i to the equivalent nodal forces at nodes i 
and i+1. 

(21b) 

(22a) 

(22b) 

(22c) 

If the meridian of the shell is continuous, the variables y, (1) for 
)., 

element i are equal to the variables y r. (o) for element i+1 and Eq. 22(a) may 
IJ 

be directly assembled into a symmetric banded global set of equations 

408 



(23) 

If meridian discontinuities occur, appropriate coordinate transformations are 
required (13). The homogeneous boundary conditions for the displacements and 
the moment resultants are applied by eliminating the specified vari~~tjs along 
with the corresponding rows and columns of the global mixed matrix[M J J and 
rows of the load vector[F (j)}. 

The preceding soluti5n format is identical to the familiar direct stiff
ness method· however the resulting system of equations differs in one respect. 
The global ~ixed mat;ix is not positive definite and the popular Choleski 
square root method cannot be used. Gaussian elimination was used for the 
numerical work in this study.A (') (A (j)} 

Once the global vector (Y J} is determined, the local vector~ Y. 1 
can be easily computed and theA the higher-order coefficients (Yi2(J)} tound 
from Eq. 2l(b). Internodal values of the displacements and momenE resultants 
are calculated from Eq. 15(b). After a single differentiation of the com
parison functions, the transverse shear stress resultants are determined from 
Eqs. 14(a) and 14(b) and the in-plane stress resultants from Eqs. 13 and the 
constitutive law. 

Precision of Approximate Solution 

The polynomial comparison functions for . the dependent variables, Eqs. 15, 
may be truncated at any desirable value of I. The algebraic simplicity of low
order expansions is very attractive and previous studies using mixed-type 
triangular shell elements have shown that solutions employing linear displace
ment functions (7,9) together with constant (7) and linear (9) moment functions 
both converge with a sufficient number of elements. When higher-order approx
imations were used with the triangular mixed-type elements, improved convergence 
was obtained at the expense of a more complicated derivation and an increased 
number of degrees of freedom (10,11). In the present rotational shell formula
tion, however, the high-order terms are incorporated with little added complexity 
and no increase in the size of the element mixed matrix. 

Since the moment and force resultants have a derivative relationship to 
the displacements, these quantities usually exhibit poorer convergence than 
the displacements. The use of comparatively fewer high-order elements in place 
of a larger number of low-order elements will improve the convergence of these 
important design variables and also reduce the required computer time and 
storage. In the following example problems, two measures of convergence will 
be studied: i) increasing the number of elements for a constant order of 
approximation; and, ii) increasing the order of approximation for a constant 
number of elements. 

Another item of interest which will be examined subsequently is the com
parative merits of the mixed-type rotational shell element as compared to a 
displacement-type element. An available high-precision rotational shell element 
(14,15) is quite similar in many respects to the present element and provides a 
basis to evaluate the relative performance of the two types of elements for a 
selected group of problems. 
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EXAMPLES 

Computer Program 

A Fortran IV Computer program was written to analyze the example prob l ems. 
The average running time on an IBM 360-50 computer (fast core) was 4-8 secs. 
per element per harmonic for quartic comparison functions with a reduction of 
approximately 1 sec, per element when quadratic expansions were used. The pro
blems were also solved using the displacement formulation outlined . in Ref. 15 
and the time required was about the same as in the case of the mixed method for 
the same order of expansions of the variables. 

Edge-Loaded Cylindrical Shell 

Figs. 3 and 4 show results obtained from the analysis of an edge-loaded 
cylindrical shell, a familiar test problem in the finite e'lement literature 
(22,14). The convergence of the meridional moment and transverse shear resul
tants are examined in Fig. 3 as the degree of the comparison function is 
increased, and in Fig. 4 as the number of element divisions is increased. 
Although the displacements, not shown, converge with the case 1 element break
down using quadratic polynomials, Fig. 3 indicates that the meridional moment 
and transverse shear require a cubic approximation to give accurate results. 
The discontinuity in the computed shear force resultant at the first node point 
away from the free edge (Z = 0.25 in) is shown in Fig. 3. This discontinuity 
is quite large for quadratic approximation but is practically eliminated with 
quartic expansion. With an increased number of elements near the loaded edge, 
Fig. 4 shows that quadratic approximations are adequate to achieve convergence 
on the meridional moment and transverse shear, as well as the normal displace
ment. 

Results obtained from a refined displacement-type element (14) using the 
case 1 element subdivision are given in Table 1 and it is seen that with cubic 
and quartic approximations,the mixed method solutions exhibit improved conver
gence over corresponding displacement method solutions. 

The present problem has also been studied with respect to different order 
of approximations for displacements and moments and indications are that uniform 
expansions for all of the variables provide superior convergence. 

Hydrostatically-Loaded Cylindrical Shell 

A hydrostatically-loaded cylindrical shell is examined in Fig. 5 where 14 
evenly spaced elements with increasing order of approximation are employed in 
the analysis. In Table 2, the results are compared with the displacement 
method solution (15) for various order of polynomial expansions. It may be 
observed that even the linear functions give good results for the meridional 
moment using t he mixed-type element; however, the transverse shear is somewhat 
unsatisfactory since this quantity is constant over each element domain for a 
cylindrical shell if the meridional moment is linear, as indicated by Eq. 14(a). 
The quadratic approximation gives very good convergence for the moment and the 
shear. For the range of expansions considered in Table 2, the displacement 
method solutions, in general, exhibited less satisfactory convergence than the 
mixed formulation and the nodal discontinuities of the moment and transverse 
shear force were more pronounced. 
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TABLE 1. Edge Loaded Cylindrical Shell 
(Case r Element Division) 

Dist. 

Z (in) !Theoret. Theoret. 
Results der o Results 
(Ref.21) Cubic Quartic Cubic artic Ref.21 C bic uartic Cubic uartic a.a 0.00 .:.28.50 - 5.82 0.00 0.00 -1.00 -2.24 -1.38 -0.97 -1.00 

0.1 -53. 23 -42.21 -51.84 -53.63 -53.22 -0.17 0.18 -0.25 -0.18 -0.17 
0.2 -50.28 -53 .14 -51.91 -50 . 06 -50.27 0.16 -0.28 0.32 0.17 0.16 
0.3 -30.64 -29.98 -30.43 -30 . 55 -30.64 0.20. 0.14 0.21 0.20 0.20 
0.4 -13. 02 -14.25 -13 .15 -13 . 12 -13. 01 0.14 0.19 0.14 0.15 0.14 
0 . 5 - 2.59 - 1.09 - 2.44 - 2 . 61 - 2.61 0.07 0.14 0.07 0.07 0.07 
0.6 1.67 1.05 1.59 1.67 1.66 0.02 0.03 0.03 0.02 - 0.02 
0.7 2.40 2.58 2.49 2.37 2.39 -0.00 -0.12 -0.01 -0. 00 -0.00 
0.8 1.74 1.69 1.73 1.72 1. 74 -0.01 -0.01 -0.01 -0.01 -0.01 
0.9 0.88 0.93 0.92 0 . 87 0 .88 -0.01 -0.01 -0.01 -0 .01 -0.01 
1.0 0. 28 0.17 0 .29 0 . 27 0.29 -0.00 -0 . 00 -0.00 -0.00 -0.00 

a Resu l ts as per Ref. 15. 

... TABLE 2 • Cylindtjcal S~ell Under Hydrostatic Loading _, 
(14 Uniformly Spaced Elements) w 

Dist , Meridional Moment t,\o (in.lb/in x 10.j) Transverse Shear Force On (lb/in x lOL) --
Z (in) Results Displ. Finite Elem.c Mixed Finite Elem. Results Displ. Finite Elem.c Mixed Finite Elem. 

as per Order of Exoansion Or der of Exoansion as per Order of F.,m;ms:i nn Order of Exnansion 
Ref.15b Quadratic Cubic Quadratic Cubic R,ef.15b !Quadratic Cubic Quadrat·ic Cubic 

0.0 0.00 0.00 0.00 0.00 0.00 o.oo -0.01 0.00 0.00 0.00 
89.1 - 0.04 - ·O. 05 - -0.05 - 0. 04 - -0.04 0.04 0.07 0.04 0.04 0.04 

133 . 7 0.46 0.45 0.46 0.46 0.46 0.20 0.34 0.30 0.20 0.20 
178.2 1.80 1.81 1.80 1.80 1.80 0.39 0.65 0.39 0.40 0.39 
200.5 2.68 2.71 2.69 2.68 2.68 0.38 0.63 0.39 0.39 0.38 
222.8 3.34 3.40 }.35 3.34 3.34 0.17 0.27 0.18 0.20 0.17 
245. l 3.17 3.27 3.19 3.17 3.17 -0.39 -0.68 -0.37 -0.35 -0.39 
267.4 1. 20 1.36 1.22 1.20 1.20 -1.47 -2.51 -1.45 -1.42 -1.47 
289.7 - -3.87 - 3.68 - 3.84 - 3.87 - -3.87 -3.19 -5.41 -3.16 -.3.14 -3.19 
312 .0 -13.47 -12.43 -13.43 -13.47 -13 .47 -5 .49 -8.43 -5 .67 -5 .46 -5 .50 

b With sixth order expansions; c Result; s as per Ref. 15. 
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This shell is moderately thick and the effect of shearing deformation is 
noticeable as the transverse shear and the meridional moment at the fixed end 
are approximately 3-4% lower than the corresponding values when the effect of 
shearing deformation is neglected (21). 

Hyperboloidal Shell 

A doubly curved shell of hyperboloidal shape subjected to an asymmetric 
loading is treated in Figs. 6 and 7. The shell is assumed to be fixed at the 
base. A quasistatic wind loading which is represented by the first '10 harmonics 
of the Fourier cosine expansion is considered (23). The meridional force and 
moment resultants obtained from the present formulation are compared with the 
results calculated by a displacement method solution with 200 conical-type 
elements (24). In Fig. 6, where 10 equally spaced elements are used (case 1 
division), quartic expansions are required to find accurate moments near the 
base, For quadratic approximations of the variables, a 10 element idealization 
failed to predict the steep moment gradient in the vicinity of the base and a 
subsequent study with 20 equally spaced elements revealed that the computed 
moment at the base was 20% less than the actual value. However, when the 
number of elements near the base is increased (case 2 division), accurate 
results are obtained with quadratic approximations except for small inaccura
cies in the meridional force near the free edge. 

Results from a 10 element (case 1 division) displacement method solution 
(15) using quartic expansions are given in Table 3. Comparing these values 
with those obtained from Ref. 24, the meridional moments calculated using the 
displacement method are significantly less than the actual values near the 
base, while the moments found from the mixed solution are quite accurate. 
Both solutions yield comparatively accurate values for the meridional force. 

SUMMARY AND CONCLUSIONS 

A precise, mixed-type finite element analysis suitable for static analysis 
of shells of revolution has been presented. The formulation is based on a 
contracted form of Reissner's variational principle and includes the effect of 
transverse shear deformations. The shell element is in the form of a frustum 
of the meridional curve and fully incorporates the actual geometric data . 
The dependent variables in the formulation, the displacements and the moment 
resultants, have been represented by polynomial comparison functions which 
are continuous across the interelement boundaries and have continuous deriva
tives over the individual element domain. The continuity of the functions has 
been enforced by choosing the coefficients of the first-order terms to corres
pond to the noda1 values of the variables and by forcing the higher-order terms 
to vanish at the nodal circles. The stationary condition of the functional 
yields a set of algebraic equations and static condensation permits the global 
mixed matrix to be expressed in terms of the nodal values of the variables 
alone, regardless of the order of the comparison functions. 

The results of a number of test problems indicate that convergence can be 
achieved both by reducing the element size and by increasing the order of the 
comparison functions. However, from a computational standpoint, the use of 
high-order functions with fewer elements appears to be more efficient. 
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TABLE 3. Hyperboloida l Shell Under Wind Loading 
(Quartic Expansion, 10 Elements) 

Dist. Meridional Moment~ (in. lb/in.) Meridional Force Ncp (lb/in.) 

from Ref. 24d Displ. Finite Elem. Mixed Finite Elem. Ref. 24d Displ. Finite Elem. Mixed Finite 

base (ft) -

o.o 41.50 18. 02 41.98 84.30 84.22 84.35 
6.6 - 6.20 3.22 - 5.78 83.60 84.02 83.91 

13. 2 - 5.40 - 4.52 - 6.22 83.30 83.08 83.15 
19.8 - 0.30 - 5.40 1.46 82.60 82.51 82.58 
26.4 0.90 0.36 1.26 82.00 82.25 82.15 
33.0 0.60 5,39 0.30 81.00 81.25 81.20 
66.0 0.60 0.46 0.64 77.30 77. 78 77.68 
99.0 0.40 0.43 0.43 72.60 72.45 72.32 

132.0 0.00 - 0.08 - 0.08 64.40 64. 73 64.51 
165.0 - 0.90 - 0.86 - 0.88 53 . 50 53.76 53.42 
198.0 - 2.00 - 1.92 - 1.98 39.10 39.62 39.08 
231.0 - 3 .so - 3.17 - 3.28 24.10 24.29 23.49 
264.0 - 4.40 - 4.10 - 4.11 11.10 11.18 10.28 
297.0 - 4.40 - 3.62 - 3.93 2.80 2.92 2.34 
330.0 o.oo 0 . 05 o.oo o.oo o.oo 0.02 

d Scaled values 

Elem. 



Also, the results from the mixed method analysis were compared with those 
obtained from a displacement method solution using a similar type comparison 
function. It was observed that the mixed method solution exhibited improved 
accuracy over the displacement method solution for the same number of elements 
and the same order of expansion. 
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