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ABSTRACT

A complete feasibility study was performed on a new technique for
determining ACV aerodynamic derivatives, A circular track simulated
"ground' while the vehicle, tethered to a centerpost by means of a light
cable, flew a circular flight path above the track surface. A step on the
"ground" perturbed the vehicle from equilibrium and the resulting oscillations
were recorded by a movie camera, The results obtained indicated that many
derivatives were functions of height.

Although scatter in the data permitted a qualitative study only, it was
concluded that the scatter resulted from random errors in the recorded
time histories and the manner in which the cable was attached to the vehicle.
By making certain improvements in the experimental design and apparatus
(especially using a larger track) it was concluded that all derivatives could
be obtained with satisfactory precision with this technique.
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exit area of the annular jet
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constants used in reducing film
measurements to vehicle parameters

moments of inertia relative to body fixed axes

(Tex's Iyy, Le'z’)
blowing coefficient (C}‘ -T)

equivalent diameter of the vehlcle

products of inertia relative to the body

fixed axes ( Iy; ) Ix &) IX)!)
acceleration of gravity (ft/sec?)
¢. g. perturbation from equilibrium
mirror height defined in figure 8
total height above "ground''-see section 2.1
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p.q, T angular velocity perturbations
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1. INTRODUCTION

During 1957 to 1962, investigators in several countries performed exten-
sive studies on the ACV or Air Cushion Vehicle. Small free flight and wind
tunnel vehicles (Ref. 1 and 2} were used to verify the theories developed
during this period and these investigations indicated that the vehicles were
feasible, that they were relatively insensitive to the consistency of the sur-
face that they travelled over (i.e. water, snow, mud, etc.) and finally that
they were stable if certain height restrictions were met. This research, how-
ever, dealt mainly with lift augmentation, drag, power requirements, curtain
studies and efficiencies. There was a marked lack of information about aero-
dynamic derivatives. For example, of the thirty papers presented in Refer-
ence 2, only 3 produced anv moment data while only 2 investigated nlunge
damping. This indicated that research into the vehicle's aerodynamic deri-
vatives would indeed be useful. Derivative information can be obtained by
several means such as the wind tunnel, free flight, rotating arm, and the
UTIAS light~line-tethering technique, Let us consider these methods.

Many experiments have been conducted in the wind tunnel (Ref. 2, 8 and
13). The vehicle is usually fixed to 3 struts while a balance system measures
lift, drag, side force, and all the moments. Since b, 8, ¥ , and V¥ do not
exist, the damping derivatives cannot be measured, If the vehicle were har-
nessed with one degree of freedom such that pitch were free, we could deter-
mine Cmq; with freedom in height we obtain Czfj. The underlying point in
this is that with a simple harnessing mechanism, the damping derivatives
are usually obtained individually and not all at once. Thus a prime disad-
vantage of wind tunnel testing is that one requires an extremely complicated
and expensive harnessing system, which allows six degrees of freedom to
the model, before all the vehicle's flight derivatives can be measured simul-
taneously.

Another difficulty is that of ground representation., With an unmodified
wind tunnel, a vehicle's response to a step or sine wave in the ground cannot
be determined., Furthermore, P.E, Colin (Ref. 8) indicates that the wind
tunnel's boundary layer interacts with the curtain air and affects the resulting
vehicle reactions. A moving belt (Ref. 3) and boundary layer bleed off would
relieve these problems for smooth, but not for rough, ground.

Free flight testing can, of course, be used in determining the vehicle's
flight derivatives. The prime advantages are accuracy and that many deri-
vatives can be obtained simultaneously, while the obvious disadvantage is, of
course, cost. Furthermore, if the vehicle is relatively large, outdoor testing
is required; the vehicle would then be subjected to undesirable disturbances
produced by weather conditions such as atmospheric turbulence, or side winds.

1



The rotating arm technique, used at the David Taylor Model Basin (Refs.
2 and 31) has two distinct advantages, The need for expensive monitoring and
control equipment is eliminated (data can be obtained by photography) and the
vehicle need not be self-propelled if pressure lines are included in the rota-
ting arm.

A disadvantage to this method is that one must minimize the effect of the
rotating arm by making the vehicle mass to arm mass ratio extremes=ly large.
This factor results in a fairly large installation (Ref. 2). Furthermore, the
natural frequency of the rotating arm will usually be low and serious inier-
actions between arm and vehicle motion may result (Ref. 31).

The light-line~-tethering technique, a new method first proposed by Prof.
B. Etkin, is by far the simplest and least expensive. It is analogous to the
rotating arm method in that the vehicle is forced into a circular flight path;
however, the rotating arm is replaced by a light cable. This method reduces
the interaction between the harnessing mechanism and vehicle and permits the
use of a smaller installation. The main disadvantage is that the model must
be self-propelled.

This report then, describes the UTIAS track facility and presents a
feasibility study conducted of this method. The problem areas investigated
are as follows:

(i} The development of the track facility (this includes data recording
and data reduction).

(2) The development of a relatively efficient self-propelled vehicle.

{3) A survey of the available mathematical techniques for determining
the aerodynamic derivatives.

(4) A theoretical investigation of how progressively increasing scatter
in the raw data affects the accuracy of the stability derivatives
(this includes a comparison between the above and the actual ex-
perimental results.)

As an illustration the derivatives for the particular vehicle developed are
presented. The resulis are based on data obtained from 9 separate runs.

In the light-line-tethering technique, the method of harnessing, i.e. of
attaching the cable to the model, determines the cable consiraints, and the
effective degrees of freedom of the model. The least restraint, of course, is
provided by attaching the line at the C.G. In the tests described herein, the



attachment is at the left side of the model (see Fig. 12) and hence the cable
provides very large constraints in roll and yaw. The experiment is therefore
one in which the nominal degrees of freedom are only the longitudinal ones,
pitch and plunge. Only the corresponding aerodynamic coefficients would
therefore be expected to be deriveable with useful precision, In fact, the
gyroscopic coupling terms generate appreciable rolling and yawing motions,
and some information is obtained about aerodynamic derivatives in roll and
yaw as well. Obviously, other harnessing systems can produce other effec-
tive degrees of freedom - for example, the roll resiraint can be released by
attaching cables at two points on the x axis, fore and aft.



2. EXPERIMENTAL APPARATUS

2.1. Track Development

Initial experiments on the circular track were conducted by J. Liiva
(Ref. 4). Eighteen segments of 3" thick plywood formed the horizontal "ground"
surface, the width of the annular track being 2.5 feet (Fig. 1). The wooden
surface, was supported by a framework made from Dexion angles; this assembly
facilitated the adjustment for "ground" leveling. The bottom of the Dexion
framework was fastened to the concrete floor with Ramset bolts and each frame
was cross-braced to form a very strong and stiff structure. The horizontal
table, or "ground" was approximately 30 inches above the floor providing con-
venience in preparing the vehicle for a flight. The outer diameter of the track
was 21 feet,

The preliminary tests (Ref. 4) indicated that the following improvements
should be made:

The level of adjacent segments of plywood varied throughout the
length of the track creating small step-up and step-down inputs to
the vehicle while in flight. An improvement was realized by fairing
the gaps between adjacent plywood sections with plastic wooed and
accurately leveling the table. The leveling procedure was performed
at 36 stations around the track and at three radial distances from the
centre (8, 9, and 10 feet). The 9 foot station measurements provided
the accuracy in ground height ( t1/64 inches) while the 8 and 10 foot
stations produced a measurement of the warp in the table (1 .1l degrees).
Some station levels were checked upon completion of runs (see Fig. 1
for the improved track assembly).

2.2. Flight Recording

During a flight, the vehicle was photographed by a 16 mm. movie camera
with an electric drive. Originally, a Bolex camera was used with an exposure
time of 1/64 secs. at 32 frames per second (Ref. 4}. Since the model's for-
ward velocity was from 10 to 20 {. p.s., the vehicle moved from 1. 8 to 3. 6 ins.
in horizontal translation during an exposure blurring the vertical gridlines
(Fig. 1). This necessitated the use of a new camera, which was adjusted by
the manufacturer to produce an exposure time of 1/1000 secs. at 32 frameas/sec.
(Fig. 2). The camera was fixed rigidly over the center of the track by a wooden -
Dexion structure which overhung the track and which was firmly attached to the
walls of the room housing the whole facility (Fig. 1). The optical path from the
camera to the model was completed with a mirror mounted at an angle on a
sleeve (Fig. 2). The cable from the model swung the sleeve and mirror in
such a way that the mirror was always aimed at the vehicle; the model was
always in the camera's field of vision. This type of mounting system was pre-




ferred for the safety of the model. If the camera were mounted directly onto
the centerpost sleeve, the inertia of the camera would drag the vehicle towards
the centerpost and off the track when the model was accelerating (start of
flight) or decelerating (end of flight).

To compensate for the reduced camera exposure time, 33 three hundred
watt flood lamps, positioned 2 feet above the tracktable, provided the illumi-
nation (Fig. 1}, This illumination was increased further by painting the track
surface with a white reflective lacquer. These steps produced good pictures
when Kodak XX movie film was used (lens aperture f = 2, 2).

For data reduction purposes, there was a reference grid with horizontal
lines one inch apart and vertical lines every four inches. This background
stood six inches in height and was 21 feet in diameter (Fig. 1). It was attached
to the flood lamp posts such that the very bottom horizontal reference line was
4 inches from the tracktable. A black curtain was then positioned behind this
structure for maximum photographic contrast. A check on the gridline height
relative to the track was performed for each leveling of the track; gridline
accuracy was 1 1/64 ins.

The reason for the "gap' between the background reference lines and the
"ground" was as follows: An experiment was conducted to determine whether
the vehicle flew into its own wake on continually circuiting the track. Tufts
were placed on approximately 3 feet of the track's circumference (the table
top, grid lines and light standards) and the motion of these tufts studied while
the ACV was in flight., We found that the wake spilled radially away from the
track center and curled up the background grid; the tufts became motionless
after the vehicle had passed them by approximately 6 feet. The ""gap' then
facilitated the removal of this wake from the track ""ground" surface; this
study proved that no wake problem existed.

There were three reference points on the vehicle; nose, tail and body tar-
get points. A frame-by-frame film analysis of the behaviour of these points,
both relative to the ground and relative to each other, produced pitch, roll,
yaw, and height. histories of the vehicles progress around the irack (see Sec-
tion 3). The camera filming speed was calibrated both before and after experimenta-
tion by filming the second hand of an electiric clock.

Data reduction was performed on the analyzer shown in Fig. 3. The film
was projected onto the comparator by a time-and-motion movie projector. It
contained a zoom motor, a frame counter and a special transmission which
detached the electric drive and permitted manual operation by means of a
handcrank. Furthermore, while the electric drive was detached, a filter
positioned itself between the lamp and film in the projector preventing the
overheating and warping of the film.



The projected picture was viewed on the table of the analyzer (Fig. 3).
This table could be rotated 3600 if necessary until the horizontal track back-
ground gridlines appeared parallel with the lines of a graph paper attached to
the slide panel; the protractor could then be used to produce the angle of
viewing (accuracy t .10°). This angular reading was used to determine ve-
hicle velocity pertiarbation (u = o, see section 4. T7); as the model proceeded
along the track, the image of the track rotated in the camera frame due to the
stationary camera-rotating mirror arrangement (see above).

The comparator table consisted of two parts: the rotatable section dis-
cussed above and a removable white slide panel (Fig. 3). The principle be-
hind this construction was that of the conventional slide-rule. To plot a cer-
tain target point at a particular rdinate line on the graph paper, we slid the
front panel until that target po. .t rested on the proper line. A screw-spring
system was provided for clamping the forepanel to the rotatable table section.
The whole assembly could be displaced vertically or horizontally by means of
iwo electric motors providing more degrees of freedom in properly positioning
the projected picture relative to the graph paper.

The data reducing procedure, once the above alignments were made, was
to plot the target positions on the graph paper versus frame number (the ab-
scissa).

For quicker, and more accurate measurements, a steel rule, calibrated
in 1/100 of an inch, was used. This alteration eliminated the necessity of
sliding the forepanel back and forth and produced a measurement directly.

2.3. The Centerpost-to-Model Assembly

The centerpost (Fig. 2) consisted of a three-legged frame bolted to a
wooden platform which was Ramset into the concrete floor. This assembly
housed a 3/4 inch diameter steel rod that was adjustable in height, or held
rigid by means of set-screws (Ref. 4). The rod was fitted with two ball
bearings at the top and an aluminum sleeve was pressed over the outer races
of the bearings. The mirror assembly was held firmly on this sleeve, by
means of a set-screw. Upon changing the centerpost height relative to the
track table, the mirror slant angle could be altered to position the vehicle
properly in the camer's view finder (see Section 2.2.)

One light dacron line (tensile sirength 6 lbs. and density 8.56 x 10~ 5 Ib./ft.)
was used as the connecting link between centerpost and vehicle. At the center-
post, this line was attached to the end of the mirror holder (Fig. 2); the long
centerpost arm provided a restoring moment to the rotating mirror if it tended
to lead or lag the vehicle. At the vehicle, the line was attached to a bellcrank
which rode on a vertical post fixed to the vehicle (Fig. 4a). The body side



target point was glued to the bellcrank such that the target center corresponded
to the dacron line's attachment point to the model (Fig. 4a).

The installation provided no control over the vehicle other than forcing
the model into a circular flight path. Once started, a flight continued until
either the fuel tank became empty or until the vehicle was manually caught,
at the entrance to the track (Fig. 1), and the fuel turned off.

2.4. Model Development

Some preliminary feasibility tests were made, by J. Liiva, on a GETOL
model based on a Vertol Design (Ref. 4). This vehicle, however, was
unsuitable for the following reasons:

1.} The engine overheated rapidly permitting only approximately 3 cir-

cuits around the track.

2.) Due to the extremely bad matching of fans to engine and model

ducting, the vehicle's efficiency was poor; many collisions between
ground and vehicle occurred.

A systematic program was then initiated to produce an adequate model
(Ref. 5). Based on a survey of the available fuel and electric power plants,
a .35 cubic inch displacement Fox glowplug engine was selected for the new
vehicle and a matching propulsion system designed. Performance studies on
the vehicle's propulsion system were performed by R. C. Radford (Ref. 5).

This vehicle was not used for the final tesis because:

1. ) Breakages continually occurred; repairs and modifications ultimately
increased the weight of the vehicle beyond an acceptable value.

2.) The jet momentum flux distribution along the peripheral slots was
very poor. Some portions of the annular slots were starved of air
creating a break in the curtain and, consequently, a lower hover
height. Attempts were made to rectify the situation by:

(a) Placing vanes inside the wing forcing air to the tips.

(b) Using screens to smooth the distribution. Some success was
achieved; however, the resulting large pressure losses dras-
tically reduced the total dynamic pressure at the vehicle's exit.

3.) Upon mass balancing (trimming) the vehicle for equilibrium forward

flight, the maximum height above ground was reduced to only % inch.

The final model (ACV 4) was built and calibrated by B. Gowans (Fig. 4a
and b - Ref. 6). This vehicle was poweredby a Cox ''Special 15" model air-
plane engine which developed . 46 horsepower at 18, 000 r.p.m. A simple
axial fan (a commercially available two bladed propeller) 8 inches in diameter



supplied air to the peripheral and stability jets. For propulsion, some of the
air was bled off behind the fan and out through the propulsion duct (Fig. 4b).
Additional propulsion could be gained by flying the ACV in a nosedown attitude.
The model, in its normal configuration (weight 2.6 lbs.), could fly at a height
of 13 inches above ground (engine cps. = 225) and at speeds ranging between 5
and 20 feet per second. The forward speed was a function of c. g. position; an
approximate 2 degree equilibrium pitch angle produced the 5 fps. forward speed
and a -2, 0 degree equilibrium pitch angle produced 20 fps.

A model Jetex (Rocket) unit was tested to see whether variations in for-
ward speed could be obtained while maintaining a constantc. g. position. The
thrust was measured by a dynamometer constructed by B. Gowans (Ref. 6);
some results are shown in Fig. 5. These tests indicated that these units were
unaccepiable because;

1. } Rocket thrust was unrepeatable - probably because of impurities in

the fuel,

2.) The Jetex unit usually became red-hot and finally ruptured during a

test - this could destroy the model.

The vehicle's equilibrium height was changed by adding weight to the ve-
hicle. Coils of solder were positioned around the intake just below the bell
mouth (Fig. 4a). Duct Seal was then used as a fairing over these weights to
minimize drag. The operational heights above ground were from l. 4 inches
(vehicle wt. = 3,08 lbs.) to . 9 inches (vehicle wt. = 4,63 lbs.) Table 1 and
Fig. 4b illustrate the physical dimensions of the vehicle.

2.5. Measurement of R, P, M.

The jet momenturn flux of the vehicle was experimentally determined for
an engine speed of 225 cps. (Ref. 6). Since the flux is directly proportional
to the square of the engine r.p.m., J and V3 can be determined when the en-
gine r.p.m. is known,

This parameter was obtained by the acoustic equipment shown in Fig. 1,
The sound level meter, at the center of the track, responds to the noise of the
engine, The signhal from it was passed through a 1/3 octave band filter and
finally displayed on a counter. Since the engine noise was in the form of a
distinct "pop' once per propeller revolution, the electronic counter recorded
the number of engine "'pops" per second and hence displayed the engine
frequency in cps.



3. FILM ANALYSIS

3.1. Reduction of Data

While in flight, the vehicle was photographed by the movie camera situ-
ated at the centerpost (see section 2. 2.). The raw data could then be reduced,
by a frame-by-frame analysis of the movie film, to produce time histories of
the vehicle variables and forward flight speed (u = o, see section 4. 7). These
records, in conjunction with the equations of motion, could then be used to
determine the required derivatives.

Film reduction involved the distance measurements of target points Pj,
P2, and P3 both relative to each other and relative to the ground (see Fig. 6).
P32 is on the harnessing side of the vehicle and is situated in the model's fixed
X'Y' plane {see Fig. 7). Zl'," 25’, th I?_(1+and 15—(; are the measurements taken
from each frame of film analyzed, where + indicates that the measurement is
made relative to the reference gridlines of the track (Fig. 1},

The assumptions made for this analysis were:

1} The vehicle was stationary during the exposure time of one frame
(with an exposure time of 1/1000 secs., displacements in the X' direction
(Fig. 6) were .12 inches for a forward velocity of 10 fps. From an analy-
sis of the flight records (Figs. 18 to 29}, angular motions never exceeded
. 029 and height motion never exceeded . 008 inches during exposure).

2) Vehicle angular displacements were small permitting linearization.

3) Since the center of gravity distance from the centerpost is large in
comparison with the model dimensions, radial translation towards the
track center was negligible (less than 1/1000 inches).

Due to parallax; the actual height of Py, from filmm measurements is

(Fig. 8),
= Rn (57_7 1 ()
Zn=57 (Zn-h) +h

Projecting this point onto the vehicle's unperturbed X'Y' plane produces
a view similar to Fig. 9. Point P, is shown for the vehicle's principal axis
perturbed from equilibrium.

By geometry

Rn =R +dn)/cos (§n + 1)



But experimentally, 7//% <£.03 where 7/n ~ 7 0

Thus to a good approximation

R, = R+ dn (2)
CoSs ’)/n

Substituting equation {(2) into (1) produces

Zn (Rtdn) Z7 _h).F
(l?+-d)co.sqfn ( )+ ©)

L}
The geometrical X' distance (Fig. 9) between P2 and Pp is given by AX -
(Pn)x' - (P2)x' where {Pn)x' and (P2)y' are the X' distances from the unper-
turbed Y' axis. This becomes

AX =P, B + &X'
where B B (R-i»—dn) tan ’}/n

Since SX < . 003, a good approximation for X' becomes
N
AX'<{Redn) " where X = (R4d 4
(R+d) Xn wher Xn (R-f- )Tan’)/n (4)

Equations {3) and (4) give parallax and gridline curvature corrections re-
quired for the reduction of film data.

Let us now determine some geometrical relationships when the vehicle is
perturbed by all the variables. Perturb the X'Y'Z' axes in height only and let
the X""Y"Z'" coordinate system correspond to the vehicle axes perturbed from
the above by a pitch, roll and yaw, using the conventional flight-dynamics
definitions. The Eulerian relationship between the coordinates of a point in
the two reference frames is then given by (Ref. 7)

X! ?cas Beos '9&)) (5 in ¢5¢'n Bcos }5_ cos¢5x'a}&))[casyf_s;ne cas}é,r. sin 9?55/»%) !
vi\= (coses,-nnp) , (5in¢5.in Esin ]//,a.cosgfcos}ﬁ/, (605555!0495;)7}4 —s;'ngfcasﬁ) ¥
z') | (-sinB), (ansﬁ cos 5)) (6—05 Q/COS 9) z"

(5)
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By assumption 2, this becomes

—

X! e ][ x
p=¢ Y/ " (6)
A _8 LP ' J A

Using equation (6} and the dimensions shown in Fig. 7, we obtain

o= V4 __/4 O =_¢ where 4, 19///, &-002 (See Tabk )
y G+ G Y (7)
3 ‘—/ / G =_ where j 6/4 K.002 (See Fable /)

dy :Y,/=/Z}A+[¢

-Y’,,f;/ / (8)
‘Ys ——/}é-x—jﬁﬂ

zy =461,

ZY =_,¢é¢9_/£9ﬂ (9)
y =36 L5

M
| i

¢

Q.
o
i

Q.
Lo}
I

where the subscripts of the LHS relate to the n of point P,.

Equations (7) give the distances of P from the undisturbed Y' axis of the
vehicle when Py is projected conto the undisturbed X'Y' plane (Fig. 9). Simi-
larly, equations (8) give the Y' distances of Pp from the undisturbed X' axis of
the vehicle when Pp is projected onto the same nlane.

Keeping the Z axis vector in mind (Fig. 6 and equation 5), the signs of
equation (9) were changed to produce the height of Pp above the ground,

These heights are
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Z) :"46?4—'//(94-/4 +ﬁ
Z—g =/gcﬁ+,/@ +/§/+‘hﬂ (10)
Zy = —/5—5- +%

where heg is the height of the unperturbed X'Y' plane above the ground and h
is the perturbation.

3.2. The Symmetrical Parameters

From equation (10), the center of gravity height becomes

%+%=Z;—%9—/4 {11)

On combining the first and third of equations (10)

Z-,—/éﬁ—-/z; .—_73 wl—-//ée——/_j—

whence
o _ L, _ Zsz . (//4 - ) 12)
4 s (£ + -45)
substituting dj and d4 of equation (8) into equation (3)
‘Z-,_l = K + E"‘P 1 ECIO
7, D —EY + F¢ "
where - — — —_—
T - R(Z>_+£) D - zZi 5 d
A j?z cosY:(R+ch b A+ (R( 3 %)/COSYS(R*“ )
= _ - i} Z _ o
§ sr,(f-?—»dy 3 /C L (R+d)

L, (Z7 _Z)/cosy(R+d) F ,4,— (23 — Z)/cos Q@(R-{-—d)

12



3.3. The Antisymmetric Parameters

From equation (7},

XXy =4 - 4 Ly = AX'

Substituting equation (4) into (14} (d, = dj)

(R+£I/I+j¢4):x:f:%—/ﬁ/@—,/g¢

R + d

And on simplification,

wzﬁ[z,__/éﬁ

where

X1

|+ [4>—'—E+ J
R +d R+d

Po(R+d)/(4 (Red)+ LX)

The second equation of (10} may be rewritten as
I —
¢=—-—-—lizz - %Cg’ -—é‘—"/é @:l
7z
By the use of equation (11}, equation (16) gives

(fa':' 45 - [(Z.—Zz)——(//i-//@)ej

where

e £,

13

(14)

(15)

(17)



3.4. The Track Reduction Equations

When the proper values of Zp are substituted into equations (12), (15), and
(17), one obtains

9___@—5)+(_E_5+E)¢+(CT—F=)9” -y
L + s

(18)

/- A+ (B_7) (W_BY (4- f}} o

yomall

%: P[/:_ 4, _ RX, _ M(_}O (20)
R+d R+d

where H = '!;_/,/é and
(o b5))(4 1 4)

Equations (18), (19), and (20) form three equations in the unknowns 6,
and . All other quantities in these equations are functions of track, model,
and movie film measurements.

By substituting equation (20) into (18) and {19) to eliminate 3& , the re-
sulting two equations can be rearranged to give

- _ ! [T C—Q O _ ] (21)
- QS (¥4,-.2,)

Y- S| 0 + (/,__/;)GJ (22)

14



=
[

A-D (B+E)P J_ 4L _ XF
where [+g3 2z, +_£3 [ R"f'd 3

S = (R+d)/[(R+d)(jz +C) 4 (O_B) P, X, J
R=(C-F)/ (£ +4)-(BLE)PLX/(L L L)R+d)
D=//2H+ (5_5)4.(&3_6)5(»2._/-R’)?.V(r-?w))

Equations (21), (22), (20) and (11 ) were used to determine 9, 9’7 s % and
h for all film frames analysed. The time histories shown in Figs. 17 to 29
were obtained by plotting the vehicle variables against frame number (Camera
speed = 32 frames/sec. }.

All computations were performed on the IBM 7090 Computer in the Uni-
versity of Toronto Institute of Computer Science.
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4. DEVELOPMENT OF THE VEHICLE'S EQUATIONS OF MOTION

4.1. Choice of Axes

The axes selected in deriving the equations of motion were the commonly
known stability axes (Fig. 10 and Ref. 7) where the X axis points in the dir-
ection of flight before the perturbation takes place, with the Y and Z axes as
shown (the X', Y', Z' axes are the principle axes). The stability axis forces
the reference value of pitch angle to be zero, thus simplifying the equations
of motion.

4,2, Moments of Inertia

The magnitudes of all moments and products of inertia relative to the body-
fixed axes were determined. By means of the bifilar suspension pendulum
technique (Ref. 6), A', B', and C', were experimentally measured. Repre-
sezntative values were A' =, 01 slugs-ft2, B! = .04 slugs—ftz, and C' = ., 04 slugs-
ft=.

Estimates of the products of inertia were
D' ~ 3x107° slugs—ftz

E' ~ 1 x10 % slugs-1t 2 (23)

6

F' ~ 3 x10°° slugs-ft 2

Since the products of inertia are at least 2 orders of magnitude less than
the moments of inertia, we neglected the products of inertia relative to the
body fixed axis.

With the vehicle in forward flight at speed U, and with a nose up attitude
of £ relative to the stability axis (Fig. 10), the stability axes moments and
products of inertia became, upon transforming ( € £ 20y,

A = A' cos2g +C'sin2g = A’
C = A' sin2€ + C'cosle =C’
(24)
E = 32{A'-C')sin2&= E(A' -C")
B = B

4.3. Linearization of Angular Quantities, Velocities, and Forces

The total pitch and roll rotations of the vehicle can be represented by

16



@:_-QO —}—9

D=, +d 2%

where 8 and (.,Uare the perturbation quantities,

H

For the stability axes and for horizontal equilibrium flight, 8, = 0. Fur-
thermore, to minimize the cable derivatives, the tethering height and the
centerpost were adjusted so that (‘P": 0.

From Fig. 11, the fotal yaw angle relative to a reference fixed in space
is, when the vehicle is perturbed from equilibrium.

t
Vo_(0nat Y + (26)

Preliminary data established that forward velocity perturbation was neg-
ligible in comparison with angular perturbations (see section 4. 7). Hence (2
is constant, and Equation (26) gives

jJ-[_f.-:__(7_f .*_'L,bo.;.’(,b (27)

Substituting equations (25) and (27) into the angular velocity relationships
(equations A-3 of appendix A) we get after linearization

P = Cib +ﬂ9
Q = 6? -~ JdL 6 (28)
R =-~Q../.’?JD.

Linearized velocity and plunge relationships can be obtained if we examine
the motion of the stability axes relative to an earth-fixed reference frame
X,Y,Z, (Fig. 11). At some time i, position the origin of the fixed frame of
reference at the c. g. of the vehicle and point the X axis in the direction of Ug
and position the X, Y, plane parallel to the vehicle's unperturbed XY plane.
Then for t = t,,, equations A-5 of appendix I give, on linearization

Uo = U (29)

n:
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A
But Zc' o~ — ,é
Thus
| d ’g 6
—_ — - o> — o(
U d¢ + (31)

The three velocities, and the forces and moments become

U = U,

v o=_ Uy (32)
W = w

X ZXo .+.A)(

Y =Y. + AY (33)
Z =ZQ+AZ

L o= AL

M =AM (34)
N = AN

where the subscripted values indicate equilibrium conditions and A terms are
a linear combination of aerodynamic effects and cable influences (Lo = M, =
N, = 0 for trimmed flight).

4.4. The Equations of Motion

Substituting equations (24), (25), (27), (28), (32), (33) and (34) into equa-
tions Al and A2 of Appendix I give

18



AX ~mg6= _m LU Y

AY _mgﬁo

Az mw - mBeU L mJIlLgPuU

AL -AG AL (C-B)-Gux]é 4 [Q7C-8)s cee; |

(35)

Am -B6 [0 (c.A)0 B+C,ccd{]cf7 H2%C A+ Qs 5| B
AN = CY

4.5, Cable Effects (General)

While in flight, the vehicle was harnessed to the centerpost by means of
a light line. When the model was perturbed from equilibrium, an impulse was
transmitted down the cable and reflected by the centerpost assembly (FFig, 2)
back to the model. This reflected disturbance could conceivably interfere with
the vehicle's motion (Ref. 4).

The velocity of an impulse, regardless of form, iravelling along a cable
is given by (Ref. 9).

v | T (36)
£

A signal of the above type arrives back at the vehicle in the time

7 2R 2R [ L where T:.rn'_\)_u_f_ (37)
v T

Since one oscillation of the vehicle is performed in the time

T, = T/U, (38)

the ratio of the two times gives

T _ 2R m,_(R) (39)
Re

75 ) m
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For minimal cable interaction, this time ratio should be as small as
possible corresponding to quasi-static behaviour of the cable. Our dacron
line relative to the vehicle's weight produced /12 =.02. Hence it is con-

cluded that there are no significant effects of cable inertia on the vehicle
forces.

4. 6. Cable Influences on Vehicle Forces

In this investigation, we attached the cable to the side of the vehicle with
the centerpost height and harness mechanism adjusted so that the cable lay in
the XY plane of the model (Ref. 4). This provided large antisymmetric re-
storing moments forcing the vehicle to simulate a longitudinal flight path
while minimizing the longitudinal cable influences.

In this section, we evaluate the cable effects by applying h, @ , Y  and h
perturbations separately to the vehicle while determining the resulting forces
and moments. Differentiating these with respect to the perturbed parameters,

then, produces the required derivatives (some of them were first presented in
Ref. 4).

The cable angle ol (Fig. 12) is non-zero because of cable drag.

4.6.1. The Height Effect

The forces and moments exerted on the vehicle by the cable, when there
is a perturbation in h only, are (Fig. 12a)

X% =_71 sin O(*N _TO‘-*

vi =_Tcos X cos Qo T

7% = Tcosa® sin § ~ T‘_ﬁ_/RC
Mx = O

N#* = _,/ZTsllr‘lO(.*N-—/ZzTc(*
L* = __ ZSEnK—T—COSO(*N _ja—l_/_é_/RC

whence AN m UE'
R Re
L, = _ LomU? (40)

R Re
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4,6.2. Roll Cable Effects
By perturbing the vehicle in roll (Fig. 12b)
p. 3 *

X* = ___TS.'nOL o _.Td..

3
*
n

_Teos o * casng -T
Tcosoc*sfn g’IN T[RC+£2] P
L% = __/sz.'n gicos OL* {{;T[Rc ‘l‘sz (_P

N
ki3
i

T Re
N#% = __/2 Tsin or.,*' ~ ,_,/2 TOL*
Differentiating these expressions w.r. 1. gives
7 =B [Res 4o )
Lig =- £am ve [R.-_.,. ,é’z]
R Re¢

4.6.3. The Yaw Cable Effects
The cable yaw effects are illusirated in Figure 12c. 'The forces and

momernts are , *
. =_T.sin(o(,*+§)~ _T[% _f_(F?c’;[z)w-]
Y = T ca.s(oL*-{- §') ~ T
ze =¥ _M*.0

Z
3
1]

_ 4 Tsin(a™s §) - £, T[ ™ (RH &) N

whence

Xy R = Y[R+ 4]

2 (42)
Nt oy -._f%_RTC___ [’Qc-/-/z]
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4.6.4. The h Cable Derivatives

From equation 31, perturbing the vehicle by an h is equivalent to flying
the vehicle with an angle of attack K = —U—‘

From Fig. 12d

sx 2 TaX
v = _T
ze :TaX g
U % -
Lx = _L, 1" h
U
M* = QO
N =_,Z£TO(*

By differentiation, these become

X
2% = Te L% = 4T (43)

where 0(.*N .02° (Ref. 4). These derivatives were found to be negligibly
small (see Table 3) and hence were dropped from the equations of motion.

The nondimensional values of all the cable derivatives are presented in
Table 3.

4,7, The Alr Reactions

The assumptions made in obtaining the air reactions were

1 ) The vehicle was rigid (no aeroelastic terms).

2) Fixed controls.

3) The aerodynamic forces and moments were functions of the
instantaneous values of the velocities, perturbation angles and their derivatives.
We thus expanded the reactions in a Taylor series about the unperturbed or
equilibrium state and assumed that all but 3 of the nonlinearities were negli-
gible. Since experimental tests (both lamp black and curtain probing - see
Ref. 6) indicated that the model plus curtain configuration were symmetrical,
the longitudinal reactions, when differentiated with respect to the antisymme-
irical motion parameters, became zero and vice versa. We excluded Z?from
this assumption for reasons given below,

4) All derivatives with respect to acceleration were assumed to
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be negligible as in Reference 7.
The Aerodynamic reactions then become

AX =X99+qu -{-X,g‘gl ~+ X?ZIIU
AZ =299+Zq‘7 +(Z£+Z;)’£ +Zé’£ +(Z;+Z¢)CP+Z£5‘£Z

(44)
AY=Y¢F('P+YPP+Y5977&+YV-V
AL =(L¢+L$)CP+LPP+ L.y,ljl’.{_ LrV‘+L’§—ﬁ+L¢g£9"

AN =Ne@ £ NP o (Ny £ NE) ¥ 4 N1

where the unstarred quantities are model derivatives and the starred quantities
are cable effects.

A comparison of equations 44 with the aerodynamic reactions of a conven-
tional airplane (Ref. 7) reveals one important difference between the two,
namely the existence of the 0, ¢, and ¥ terms and the apparent lack of angle
of attack contributions in the above. Cpyis the "static stability" derivative
of an airplane in flight. This is not, however, an adequate criterion for the
Air Cushion Vehicle in close proximity to ground. We can illustrate this by
examining the Cyg @ of our model (Eq. 31). We could perturb the angle of
attack « by maintaining zero pitch and slowly plunging the vehicle or, re-
stricting the vehicle to a constant height, dowly changing pitch. By plunging
the vehicle (for 6 = 0), the C,me o exerted on the model would be due to an
adjustment of the pressure field on the external surface of the model-plus-
curtain configuration. When Il = 0 and the vehicle is perturbed in pitch, the
principal contribution to Cmg™ becomes the strong restoring torque Cpmg €
(Refs. 2, 6 and 12) exerted by the internal cushion air. For this reason, the
conventional oL notation is not used, and the static stability derivative is
specified by Cma. Angle of attack reactions, then can be thought of as a
combination of 8 and h reactions.

Many of the derivatives in equation 44 were estimated to be sizeable from
the data of References 2, 6 and 13 or by the theoretical approach presented in
Appendix B. The magnitudes of Zg, Mg, Mg, Ly, Ly, Yg, Yy, Ny Np, Nypand N#,
however, could not be determined from the available information. We justi-
fied the inclusion of Z¢ on the following grounds. Perturbing the vehicle in
roll while in flight could alter the curtain geometry slightly. This could force
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a weak portion of the curtain into operating in the underfed condition Fig. 42(b)
creating a base pressure leak which in turn would produce a reaction in the Z
direction. We assumed, however, that changes in curtain geometry were not
excessive enough to violate the symmetry assumption (see above). A similar
argument can be presented for Cmy and Cmp; lacking curtain symmetry, the
vehicle, while in plunge, could be induced to pitch. Since their magnitudes
were unknown, the above unestimateable derivatives could not be discarded.
By deducing them experimentally, we can determine whether any of these are
negligible or not.

Certain contributions, functions of our experiment only, were not included
in Equation 44. By a frame by frame movie analysis of the vehicle's progress
around the track, we found that Y/[) < .005. Since this is second order in
comparison to the other variables, the velocity terms were neglected. Since
AT*/Jf_. 005, the cable tension term in the Y equation was also neglected.
The calibration and measurement of the engine cps (see section 2. 5) indicated
that engine frequency was accurate to within , 44%. By Reference 6, this
produced negligible fluctuations in jet momentum flux, on comparing this
variable with h, 8, ¢ and ¥ (AJ/J £ .009). Finally, Z*3 and L%} were not
included in equations (44) since these are orders of magnitude less than any of
the other derivatives {see Table 3)}.

Since U/U is negligible, the X equation of equations(35) can be excluded
from the set (Ref. 7). The variable AT*/J appears, in the Y equation only,
With AT*..0, this equation is also deleted. Thus substituting equations {44},
(29), and (28) into (3b) gives

[\/] ?ﬁ; - 0 (45)
¥
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4. 8. Ground Roughness Input

Since the ACYV is always (excluding GETOL airplanes) in the presence of
the earth's surface, ground roughness, if present, provides an input to the
air cushion's dynamic system. This perturbing influence is analogous to that
of a vertical gust input for the conventional aircraft. The airplane can be
influenced by a constant gust, sinusoidal gust or atmospheric turbulence while
the ACV may pass over steps, waves, slopes or rough surfaces (flight over
disturbed water}.

Let us take the arguments presented in References 10 and 12 and apply
them in representing ground roughness, Namely, let the ground under the
vehicle be represented by the Taylor series

A=) (B8 o (2B )05
X 20 \BK X

t=1,2

j =12

(46)

where the subscript 0 denotes the vehicle ¢.g. i.e. the point (Ugt, 0, he - see
Fig. 13). The contention is that the vehicle is perturbed by the input hg with
each term of equation (46) resulting in an aerodynamic reaction. Fquation (45)

becomes .
[\/] :3 = [E] (47)
Y

where
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The elements of Gg are aerodynamic derivatives and some of these can be
related to those presented in equation (44). For example, the Z reaction
exerted on the vehicle is the same if we plunge the vehicle towards the ground
(hg = 0), or bring the ground up towards the vehicle. Thus Zy = - Zhg and Zpp
= = Zpghge oimilarly, My = - Mpg. Similarly, a slope in the ground typified
by hg% would exert a strong restoring torque on the vehicle tending to force the
vehicle's X'Y' plane to be parallel to the ground. Thus Mhg4 = - MO and th§
= = L . One can also verify that Mhghg4 = - Mhae,

Lhg$ = - L(F and Nhgg = - Nep .

At this mome{pﬁ the gurvature derivatives, those containing the double
subscripts, XX XY and YY, cannot be simply related to any of the derivatives
in equation (44) (i.e. Zhsi}‘“ to Zg etc. ), for the following reasons. During
vehicle perturbations when {HSI = 0, the cushion continually strikes a flat
ground while if hge s or hgas are non-zero the cushion strikes a curved surface;
there could be a significant difference in curtain behaviour between these two
situations, there being no information available about the latter.

In the case of the gust velocity field (Ref. 10 and 12), the theory assumes
that the wave lengths of all significant spectral components of a gust are larger
than twice the corresponding dimensions of the aircraft. We expect the same
afsungption to apply here; namely, that the ground wavelengths on the two axes
(X1, X2) should exceed twice that of the equivalent diameter.

By including Matrix[_%] in equation (45), at least 17 extra derivatives,
above those existing in matrix| V|, must be determined. Since the errors
involved in deducing any derivatives are a direct function of the number of
deArivatives involved (see Sections 5 and 6) our experiment was conducted with

F = 0,

After finding the coefficients of[V] by an experiment such as described
herein, further experiments over a wavy ground surface could in principle
yield the coefficients of [GS]. Such experiments were beyond the scope of
this investigation.

4. 9. The Nondimensional Equations

In the literature, information about aerodynamic derivatives is usually
presented in non-dimensional form. The major problem for ACV's is that a
proper nondimensionalizing quantity must be selected. If the forces are
divided by the usual %fuz the derivatives become infinite at U = 0. If (J +

U2. S) is used as in Ref. 13, the coefficients vary nonlinearly both with
pitch and q/qj.

N

When an ACV is harnessed rigidly at some specific height, lift is
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directly proportional to jet momentum flux (Ref. 2 and 3). J was thus used to
nondimensionalize lift. Table 2 lists the dimensional quantities, the divisors
and the nondimensional quantities, On use of this table the nondimensional
equations become, (for [F] =0)

.-

(48)

<<|oI
i
&)
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5. DERIVATIVE EXTRACTION TECHNIQUE

5.1. Introduction

By applying the analysis of Section 3 to the film measurements, we experi-
mentally determined the vehicle's variables as functions of time. In Section 4,
we developed the equations of motion. By substituting the flight records into
the equations of motion, we can deduce the magnitudes of the flight derivatives.
The mathematical analysis, however, can be done by many different analytical
techniques (Refs. 14 to 20), Thus, a study had to be performed to determine
which specific method was most suitable for our application.

This survey was conducted using the simple equation
aX + bY + cX = f(t) (49)

Given F (1), the various techniques can be applied and a, b, and ¢, deter-
mined. By comparing the various deduced a, b and ¢'s with known values, an
accuracy evaluation can be made.

5.2. A Survey of the Techniques

The frequency domain or transfer function method (Ref. 17 and 18) was
discarded immediately since it cannot be applied to a nonlinear system. The
power in this technique lies in the fact that ,,2_’[7(]= S[I[x]] where o{ is the
Laplacian operator. Such a simple relationship does not exist for nonlineari-
ties (i.e. CzuH H? ; CMQH & H and CLL{?H PH of equation 46). This then
leaves the time domain methods (Refs. 14 and 16) as the only means for an
analytical solution. As Shinbrot (Ref, 14) illustrated, this family of techniques
are similar to the following. Each method multiplies equation (49) by a weighting
function Y)) (t) and integrates with respect to time producing

¢ _ £ , z &
af pe)Xat . bf Yoy Xdtpcf Y, (O Xdt= [ y,@)fiodt. GO

where a, b, and ¢ are considered to be constants.
-5t
For }Q =€ and t varying from 0 to o€ , we have the Laplace method
which can be converted into the Fourier technique by letting s = 1. The deri-
vative method is obtained when Y,,= X forming one equation. By letting Yp =
7.( and finally Y p =X we obtain 3 e%uations in all, for the 3 unknowns a, b and
c(0< T 2099) When Y (t) = sin @, T, we have the Shinbrot technique and

finally with Y ), (t) =1 we have the unit weight method.
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The survey of the literature (Ref. '4 to 29) indicated that the Laplace
method was inferior to the Fourier technique (Ref. 14) and that the Shinbrot
method became very inaccurate when applied to equations more complicated
than equation (49) (Ref. 15). This reduced the number of available analytical
techniques to three; namely, the Fourler, the derivative and the unit weight
methods, Our flight records, however, eliminated the derivative method.
In the experiment, only disg)lacemgnts were measured (i.e. X (t) for Equa-
tion 49). Consequently, if)( (t) or X (1) are required, a mathematical differ-
entiation of X(t) must be performed. The errors in numerically determining
)( (t) and X (t) would create large inaccuracies in a, b and c.

We examine the remaining 2 techniques. The Fourier technique has been
used successfully in determining derivatives {(Ref. 16, 20 and 22) and, as such,
had to be tested (see section 5.1). The unit weight technique, however, pre-
sented some problems. Let us illustrate these by developing the method
completely. Integrating equation (50) with respect to time ( ), =1} or doubly
integrating equation (498) (w.r.t. time) produces

t t Vv
a[x(tl - X(O)_)'f(c:;)fl.x- b[jo Xdt _ X(O)f]m fo ix(vt)dw"I (51)

L J;.[:(u.)dudif

The following procedure is then followed. We let t, in the upper limit of the
integral, equal tj, t9~--tp---1y and then substitute the X (t) time history into
equation {51) (see Fig. 14 for a typical record); we thus obtain N equations.

The method of least squares is then used (Ref. 23) and the number of equations
reduced to the required 3 for a, b and ¢ in the usual manner.

The first difficulty lies in the coefficient of "a" (Eq. 51). For t =1}, and
X (0) = 0 this quantity becomes X (t;) - X (o) At whlle for t = tyy, we obtain
X (ty) —x (0)NAt (Fig. 14). We see that the'X (o} term becomes increasingly
important until it is completely dominant in this coefficient (i.e. at t = tyy where
X {ty) = 0, point G of Figure 14). An error in numerically evaluating X (o) could,
then, result in huge errors in the deduced values of a, b and c.

t

The second difficulty lies in evaluating the integrals. When deducing L Xdt
for each equation, the first part of the flight record is used most often while that
element of record between ty _ | and tN is used just once, namely in the last
equation; the final results are weighted in favor of the initial part of the flight
record.

The final difficulty arises from use of the double integral. OQur flight

record measurements (see section 3) sonsist of Xtotal {t) = X (t) + X (1)
where 7(. (t} is the equilibrium value (i.e. equilibrium height above the ground).
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We then deduce X (t), the perturbed value, by subtracting Xa(t) fromZ&igia (t).
If, due to experimental scatter, an error is made in the evaluation of X(t), the
first integral of our deduced perturbation becomes _f X (t)dt £ (AX)t where
A}C is the error (either positive or negative). And fhe error in the double
integration becomes X (A X)t%2. This drift, especially if t is quite large,
could produce large errors in our deduced derivatives,

As a result of this, we revised the unit weight technique to form the finite
difference method. Performing the second integration from t - th-1 to tp in-
stead of from 0 to 1 in equation (51) results in (Fig. 14)

tn +

a[ X(tn)- A(to.). X(©)aH] , b[ftn {xm)dth_yqo)m—:l
t -t e

tn t, t
+C£,,-. LX(u)dud't - 2,.-. J;.F(LL) du dt

where At = tp -t, -

(52)

and N equations are obtained when (52) is applied successively to the intervals
0 to t), t] to tg--=ty - 110 ty---, t)y - 1 to tyg of A (t). When t, - t; _ | is kept
constant, the X(o) (t, - t, . 1) term in coefficient ''a", does not increase with
time as above. Since the equation is applied to t, - t, _; of the record, each
part of X (t) bears equal weight, and finally drift seems to be small {for the

first integral ~ AX(tn - t, _ 1) and for the second integral * éﬁ(tnz - tnz__ -
2

Dr. D. G. Gould of NAE suggested another revision to the unit weight
method. If the first equation of (51) (0 to tl) is multiplied by [N the second
equation (0 to t9) by tyy . 1 etc., the final set of equations would be weighted
in such a manner as to reduce the contribution of (o)t to coefficient "a". Let
us call this revision the weighted unit weight technique.

5.3. A Comparison of the 4 Selected Methods

We then decided that a test had to be performed to determine which of the
above techniques (Fourier, unit weight, finite difference or weighted unit
weight) was most suitable for the ACV's equations of motion. The equation
selected for the test was

X4 36X £36X =0 (53a)

The exact solution, to equation 53a, was taken and programmed for the digital
computer. The output values were deduced at the same time intervals as the
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movie camera's recording rate, and the results are shown in Figure 14, the
coefficients a =1, b = 3.6, and ¢ = 36 were selected so that the damping and
natural frequency of the theoretical output were roughly similar to that of
the track data (Fig. 14).

The manner of testing was as follows. We assumed that the computed
%(t) history of Fig. 14 was given. We further assumed that the equation
producing this output was

A4 bX 4 aX =0 (53)

We then applied the 4 techniques to equation (53) and, using the X (t) of Fig. 14,
determined the values of b and a. A comparison of the deduced b and a with

b = 3.6 and a = 36 of equation (53a) yielded the accuracy of that particular me~
thod.

Other factors considered in this analysis were:

1) The effect of a small change in X (o) on the final results (a 10% error
in X (o) can easily occur if one graphically determines this initial
condition by means of a straight edge and Fig, 14).

2) The effect of initiating the integration at a minimum initial velocity
point {i.e. B) - a minimum X {0) might improve the deduced values
of a and b,

3} The effect of scatter in the raw data, X (t}, on the final results - this
included an examination of whether retaining a portion of the record
after point G in Fig. 14, or whether presmoothing the X (i} data im-
proved the final results,

The numerical integrations required for this study were performed as
follows. Since a wavelength of the output is defined by approximately 32 data
points, a trapezoidal evaluation of j;_ X dt was adequate (the error between
the exact solution and the approximate trapezmdal approximation never
exceeded 1% provided that the At shown in Fig, 14 never exceeded 1/32 of a
second).

Thus

tn
£ X(t)dt = [ A(tn) +

X(tn.) _ 71X
z Jm = Jn

(54)
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For the unit weight technique (eq. 51)

tN

{ xadt - i J (55)

t

i+l

In Fig. 14, lettj = tj and ty = t4, for example. One can easily prove inat

L

when we double integrate?f(t). Rewriting this in a more general form

A(w)dudt - [Jf L) 1 Jf:]m_

2 3

ty N -1 o X —x
g S'X(u)dudf ;[Z J,, + 2 Jdy }At_:JN (55)
ty-1 i L+1 Z
whence
ty 4 N
f X(Wduwdt =5 T, (57)
£ [+

Equations 54 and 56 were used for the {inite difference technique while
equations 55 and 57 were used in the other methods (in the Fourier technique,
7(,(t) is multiplied by a trigonometric quantity before the summing procedure
is initiated - see equation 63).

An artificial device was used to introduce scatter to the X (t) time history
{(see equation 53a). The University of Toronto Institute of Computer Science
has a library program that generates random numbers following the Gaussian
or Normal distribution; the standard deviation @ is unity. By generating a
set of these numbers and dividing each by a number L, the standard deviation
of the computed random numbers became 1/L. By properly selecting L and
then adding the altered random numbers to the exact computed output of
equation (53a), we obtained a simulated experimental X (t) time history where
the third, second or first significant figure was changed, at will, by the
Gaussian error. An illustration of this is provided by the points in the lower
part of Fig. 14 ( 0 =1/L =,00275).

1

For presmoothing the "experimental" X (t) time history, the moving arc
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method was used {(Ref. 26). This technique employs a series of polynomial
least-squares arcs, each of which smooths only the midpoint of the arc by
using a limited number of points disposed symmeatirically about it (7 points of
Fig. 14 say). The arc "moves'" by dropping one point from the left end and
adding the next successive point on the right end; the process yields a curve
without sudden fluctuations. Furthermore, this approach deduces a least
squares evaluation of the initial velocity A (t;). From examing Fig. 14, we
see that a parabola adequately describes any portion of the curve described

by a series of 7 points (i.e. 7( (t) for tn - 7 to tn). We thus used the parabola-
to-seven-point smoothing in determining the least squares time history of A (t).

The unit weight, weighted unit weight, finite difference and Fourier me-
thods were applied to equation (53). The actual procedures in utilizing the
p =1 method and all its revisions have already been discussed in developing
equations (51) and {52) - see also the discussion preceding section 5,3. The
Fourier equations are now presented for completeness.

Integrating by parts, one can show that

i>@xar Yo (b X(tn) = Vi () X — [y, Xdt

L. X,th 7 (tN)X(tN) Yo (k) X(t) yp(t ) X(tn) (58)
+V&)Mm+f " At
T - e (59)

th%-se become

‘( y th = X(t )casth X, )cos wt; 4+ Lc)j- 'X(t)snn wt dt

N L[x(t sinwti _ A(ty)sinewby 4 w y L) cos wt‘dt_](ﬁo)
y th = X(t;q)cos th - X(t )cos wf,_ + w?C(tn)s-n Co(tN)
o X(t)sin ol - co [ “x(t)coswtdt 4 i [x(t Jsiowti- X(ty)sin win
+x(tN)WCosth - A, Yo cos cot 4 w‘ej XGJSm wt oH]

tn

Multiplying equation (53) by equation (59) and integrating from tj to ty
(see Fig. 14)
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tN . tN ) tN
j)pcdtfb{ ypxat,raj’{ V. Xdt = O )
ti t; i

Substituting equations (58) into (61) finally produced

aA‘o-f.bBw =Cew

(62)
a. Aa) + b E;U.J = C/UJ
where
~Cuw=X(ty)cos wiby - X(ti) cos oty o ugx(th,)sm cotn
N
o X(tg)sineot; - wzft.X(E)Coswt"dt.
(63)

_Clw - X (t)sinewt: _ x(ty Jsincotn + X (tn)cos wty
- x(t, )wcoSwt + wzj ‘)C(f)Sm wtdt

Bl = X(tn)cos coly — X(t Jeos o b 4 ouf X(t)sin cot dT

B W = X(i'l) s5in (/Ut‘_' - X(tN)SinCUtN+ w‘ff( .X(f)COS wtdt -
tN

Aw =+({‘ x({-)COS wt‘d'fa

p tn
Aw =- L X(t) sin wt dt

The least squares technique reduces the equations of (62) to the required 2.

Two distinct advantages are self-evident when this technique is examined.
Firstly, at ty (Fig. 14), ‘){(tN) ='i(tN) = @ and each equation developed, by
letting & =, o --=- ty,gives equal weight to the whole record. Sec-
ondly, only one integration is required eliminating the problem of parabolic
drift.
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5.4. BSelection of the Most Appropriate Technique

Figure 15 presents the effect of scatter in the X (i) data, One can see
that the finite difference technique is inferior to the other mezthods when more
than the third significant figure of the raw data (}({t) ) was in error. Even
presmoothing (for 0"2 .000275) the output did not produce the accuracies in
coefficients that the other techniques produced. An explanation of this may
be that the scatter, though small in comparison to pd (t;)), becomes extremely
large in comparison to X {t_) - X (t; _ 1)

The Fourier and weighted unit weight techniques were approximately . 5%
to 2% more accurate than the unweighted method. However, the Fourier
method did have one disadvantage. The 7090 requires 400 microseconds for
the computation of a sine or cosine. Because of this, the IBM time required
for this m=thod was more than twice that required for the weighted unit weight
method (see equation 63). We thus decided to apply the latter technique in the
final deduction of the ACV's flight derivatives.

Further conclusions reached during the survey were as follows:

1} Initiating the integration at-a minimal velocity point (B in Fig. 14) im-
proved the results by approximately % to 3 percent,

2} Both the Fourier and unit weight techniques were relatively insensitive
to presmoothing (an improvement of only about .5 to 1 percent was rea-
lized. ).

3) By ending the integration at G instead of G +1 seconds (Fig. 14) all re-
sults were improved up to 3%.

4) If the initial velocity was altered by 10% in the exact solution, an error
of approximately 16% was obtained in b indicating that great care must
be exerted in the evaluation of the initial condition derivative.

5) Wnen we initiated integration at C, D, or E of Fig. 14 (for o > 90), the
results deteriorated with the amount of deterioration highest at E.

All the above conclusions were kept in mind when the weighted technique was
applied to our final ACV equations.
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6. EXPECTED ACCURACIES IN FINAL RESULTS

6.1. Introduction

The survey conducted in the last section indicated that the weighted unit
weight method was most suitable for our application. Any accuracies quoted
(Fig. 15) however, applied strictly to the simple equation used in the test and
could not be utilized for estimating the accuracy of the derived aerodynamic
derivatives. The tests, then, were repeated with the selected technique
applied to the equations of motion developed in section 4.

6.2. Application of the Technique to the Equations of Motion

The time differentials in equations {(48) are nondimensional (i.e. D in
table 2). Since our flight records were recorded as a function of true time
t, we converted the nondimensional equations of motion back into the dimen-
sional tim2 domain for consistency.

The plunge or Z equation becomszs

(CZH+C§H)&1 + CZQ .@_ﬂ + C zuy D_n_+ Cze Ea (64)
b
+ CZq E (CZCF-}-CZC{’)G = ﬂh
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where Z J""‘ and Z J X are defined by equations (55) and (57) (X =@
(t}), h(t) CP {t) or 'L}J(t) records), Wn = (N +1 - n) At and is the weighting
function required for the weighted unit weight technique. N and n are defined
in Figure 14.

By applying equation (64) for t; ~--t,~--ty of the flight records, N-i
equations are obtained which by least squares (Ref. 23) reduce to

=1 _ -
B ] N N N N N 7
Cau+Con ;ﬂﬁ;t;@nﬁmuz‘gném TR T ;g_n An ;AHHH (65)
N
Czy, ;E—l’.:
) N . .
CZHH _ t%__D_f'!
Cze ) .
C2q '
d N
G +Cz* _ZA,,G,-, “ e ZG ZGn Hz
¢ ? ber— (4 = g T ~n

b — —

Similarly, the pitching motion equation is

CouPn +CiiBr+ CmgEn + CmgFn +Cmg, By ;i:' (66)
where
n o efz_
B = ZJd, | W,
- Deq L+
and
m W o
_|]Deq™ q /o q U,
-n "'l:[ Rt ( = )*‘Tv}"c;&}%l‘jm
+ it [ ()= 6= &)t ]
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Coefficients An, Bpn, En and Fp are defined by equation (64). Equation

{66) gives

_ _-1 {(67)
7] NN N N y . J
CMH ;én E:B—“ﬁ" g—:gn&n £§Enen Z_Pr\ en %_n"in
& 2
s,
N
Cmg | = 2E.?
N
2.
Crq ;Z- Fr
N ZN' 2 n m
Crﬂ .ZAnpn . . . Eh Z_F?,.Hn
L éH LH'"" - NS i+ __J

The same analysis on the roll and yaw equations of motion produces

CeoAn + Cp B+

and

£

4

= Hf

*
+ Ciﬁ 9"1{

é * Y
C-c’;LQn +Cg,f_3.-,€ +(C€¢+C€¢)En (68)

CNpén+(CNq;+ Cmﬁ)gn +Cny Dn +CNCPEne=_’in (69)
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and for yaw

- - —~1 {70b)
B N 2 N N ] F_N_ ]
o | 2@ ZGEAT L. L 2R | |zl
. N a ] .
Cny +CN:; . Lg (C;n‘e ) .
Cur ) ) g )
N ‘e N ¢
CN(P Z E . L] . Z' (F- ) Z *’iﬂ
L - R B —

These equations were programmed for the IBM 7090 Computer.

6.3. The Conditioning Check

Before performing the error survey on how scatter in the raw data
affected the final results, (Section 6. 5), a preliminary study was made on the
basic equations themselves. For example, if the determinants of the square
matrices, whose inverted forms are shown above, ever became zero the
final deduced flight derivatives would be nonsensical. These errors are not
a function of scatter in the raw data but of matrix conditioning.

As an illustrative example, let a simple dynamic system lead to the
equations

A,.‘Cxa “+ _Ej_.n cxb = ,B_h CXC (71)
A_HCYa + BnCy, = L

when the meathod is applied to its equations of motion.

The first of equations (71) can be rewritten as
én CXa + E)_n {be-cxc} =0
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producing

C
ljl\/I] " 0 (72)
Cy, - C

Xc

while the second equation becomes

-1
Cra —_’:M] “Z An L (73)

where r ——

N M s
2AB., Z B,

on applying the method of least squares.

IfCxg and Cxp - Cxc are not zero, the determinant of [M] must
be. As a result, [MJ = 00  and no solution is possible. This linear depen-
dence of coefficients was first discussed by H. Greenberg (Ref. 27). 1If the
above occurs, additional information or assumptions are required to determine
all the derivatives individually. Fortunately such a situation never occurred
for our sei; sizeable nonlinearities (Cz, 4 2 » Cmgy O©H and C Ly ¢ H) eli-
minated the possibility.

Note that coefficients Ap, to E, of equation (64) and C,ﬁ to Gf of equa-
tions (68) and (69) each require 0n13 one of the 4 flight records (Q @, 'l(r’ or h)
for their evaluation. If any of these variables are small in comparison to the
others, a row or column in the Least Squares matrices, developed above,
could become relatively small in comparison to the other elements; bad con-
ditioning would result, producing poor accuracy in the deduced derivatives.

An available library program was used to evaluate equations (63), (67),
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(70a) and (70b). This program provided an estimate of the reciprocal of the
determinant of the square matrix involved, with estimates of expected com-
putational accuracies, This source of error was never more than 5% for the
cases calculated,

6.4, The Effects of Data Scatter on_the Final Results

The steps followed in this section parallel those described in section 3. 3,

namely;

1} Obtain representative values for the derivatives.

2) Substitute these into the equations of motion and determine the output
histories (an analogue computer was used for this step).

3) Degrade this data by adding random errors, and determine the derivatives
by applying the selected technique to the equations of motion.

A comparison between the resulis of step 1 and step 3 above, then indicates
the amount of error induced in the final results because of scatter in the raw
data.

From preliminary runs, a full set of aerodynamic derivatives were deduced
using the computer program described above (call these the set A values).
These derivatives (see step 1 above) were then substituted into the equations of
motion and the equations were scaled and mechanized for the UTIAS Analogue
Computer (a PACE 231R). The scaled equations of motion are given in Appen-
dix C while the Analogue schematic is shown in Figure 16. The variable re-
sistors on the Analogue Computer were adjusted for the Set A derivatives and
some representative curves obtained (step 2). These records substituted for
the experimental records that would otherwise be used in the digital computer
program and a set of derivatives were deduced from them. (Set B and step 3).
A comparison between Set A and Set B derivatives, then, produces a measure
of our accuracy.

The same procedure as in section 5.3 was used to introduce artificial
scatter to the analogue records with only one addition. The set of random
numbers generated by the computer program was initiated by a number selec-
ted by the programmer. If we generated a second set using the same initial
value, the numbers in the new series would be the same as the previous ones.
For this investigation, three initiating numbers were selected producing 3
different sets of random numbers with a standard deviation of ¢ = 1/L. When
each of these was added to the analogue records in turn, we obtained 3 diff-
erent simulated experimental curves. QOur error analysis then can be thought
of as based on 3 separate simulated experiments, with the same initial ve-
hicle conditions, instead of just one as in section 5. 3.
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We transferred the analogue records to the digital computation by firstly,
reading the time histories from the graph paper, and then punching the re-
sults on data cards. Since there are errors associated with the electronics
of the analogue and further errors in reading the variables from the graph
paper the total error was certainly more than just that generated by the ran-
dom number program. An estimate of the total scatter was obtained by the
following method. The analogue data was taken and presmoothed as in Sec-
tion 5 and the standard deviation between the presmoothed and degraded curve
was computed.

6.5. Preliminary Error Analysis

Figures 17a and b illustrate the results. The ordinate is the % error be~
tween set A and set B derivatives while the abscissa is the Deviation Index
(the X can be &, h, CP or 1/’ depending upon which derivative is being exam -
ined --- i.e. X = 0 for the C zecurve). If our developed equations of motion
represent the vehicle's dynamic system adequately, these curves can be used
for determining the % error to be expected in each deduced derivative due to
scatter in the raw data. This presupposes that there are no inputs from small
irregularities in the ground (see section 2.1 - leveling) or from small engine
rpm fluctuations (see section 4.7). A further discussion of these errors is
continued in section 7.
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7. FINAL RESULTS AND DISCUSSION

7.1. Testing Procedure

A test program was selected to illustrate the lightline cabling technique
and to determine how all the ACV derivatives varied with height, As a result,
O runs were performed at three different heights with 3 runs per height. The
model's all up weight (see section 2. 4} was selected by the following procedure.
By prearranging at what engine r.p.m. a test would be conducted (see section
2.5), and selecting a test h/Deq. ratio Fig. 34 (available data) was used to
determine A for q/qj = 0 and the vehicle's weight became W = L. = JA. The
velocity U was kept constant (U = 10. 2 T 3%) by maintaining the model's c. g.
position at .42 I . 007 inches ahead of mid chord.

On weighting the vehicle with lead, the body side attachment point was
adjusted so that it lay in the vehicle's X'Y' plane (see Fig. T} and the model's
principal moments of inertia relative to the body fixed axes were then measured
(see Section 4. 2). Knowing vehicle velocity, weight and expected ¢.g. equili-
brium height above ground for any run, the centerpost height was then
adjusted so that the cable, near the vehicle, lay parallel to the model's X'Y!
plane minimizing the cable derivatives (see Ref. 4). After starting the engire,
its r.p.m. was "tuned" by adjusting the needle valve until the prearranged
r.p.m. was obtained; the vehicle was then launched by hand. The flight itself
consisted of the following:

1) One circuit of the track while only engine r.p.m. was recorded. This
provided adequate time for the vehicle to accelerate to equilibrium and
permitted an inflight check on the steadiness of the engine r.p. m.

2) The three subsequent circuits were then filmed (Section 2. 2) and used in
the data reduction.

If the vehicle behaved erratically in the above allotted iime or if the en-
gine r.p.m. fluctuated during part I of the above, the test was terminated and
another initiated. This schedule was sirictly maintained for two reasons.
Firstly, the head of the engine usually worked loose, after the vehicle has
completed 5 circuits around the track, creating a loss in engine compression
and in vehicle height. Secondly, by keeping our flight time to a minimum, the
fuel consumption was negligible; no correction had to be applied for change in
vehicle weight or c.g. position.

While in flight, the vehicle was perturbed from equilibrium by a 1-1/4"
down step on the ground. After an adequate length of level track to allow the
transient to decay, a gently sloping ramp raised the vehicle again to its ori-
ginal height.
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7.2. Reduced Data and Analogue Comparison

Figs. 18 to 29 present the time histories of 8, h, ¢f and Y as determined
by the analysis of Section 3. The reduction was initiated after the tailpoint of
the vehicle had passed the step by 3 ft. From experiments conducted in refer-
ence 6, a '"ground' pulse does not influence the vehicle's dynamic system if
this pe’{turbation occurs at least 6 inches from the rear target point (we can say
that [F] = 0 in equation 47).

Each figure presents the resulis of 3 consecutive runs. The differences
illustrated are not a result of changes in vehicle weight, H, r.p.m., or c.g.
position since these remained constant during any three circuits around the
tracl'{. They can be attributed to changes in the initial conditions (e. g. G(ti)
and 8{tij) }. We had no control over these once the vehicle was released.

The flight histories were subsequently used in the equations of motion
{Section 6. 2) and all the aerodynamic derivatives were determined (table 3).
These values were then substituted into the equations of Appendix C and an
analogue comparison performed. Figures 30 to 33 are the resulis of this in-
vestigation. A discussion of these analogue comparisons will be presented in
Section 7. 5.

7.3. Equilibrium Data

Figs. 37 to 41, excluding 38b, present the derivatives as determined
from the equations of motion; the results are corrected for cable effects.
Figs. 34 to 36 were obtained by analyzing the equilibrium flight paths after
all perturbations had decayed.

At equilibrium, lift equals weight. Thus plotting L./J for the various ex-
perimental H ratios produced the augmentation curve shown in Fig. 34, A
comparison of the curve for q/qj # 0 and Gowans curve for q/oﬁ = 0 (see Ref.
6) indicates that we obtained a loss in lift due fo forward flight. This effect
is also indicated by Figs. 35 and 36, This trend can be atiributed to the fol-
lowing.

In hover, the pressure under the vehicle equals p,; + & p (see Appendix B)
while for forward flight this pressure becomes pe + py + & p where p. is the
static pressure on the exiernal surface of the curtain induced by the forward
velocity U. While suction pressures (p, €<0) are to be expected along the ex-
ternal sides of the vehicle, positive pressures (pg>0) may occur on other parts
of the annular jet. L. K. Mack and Ben-chie Yen (Ref. 2) indicated that the
integrated effect of p,, on the pressure under the vehicle, tended to create a
loss of lift for forward flight,
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In Fig. 35, we have a comparison of L/Lg vs. Cu . P.E. Colin sugges-
ted that the boundary layer on the wind tunnel ground board interacts strongly
with the vehicle's cushion air creating an optimistic evaluation of lift with re-
spect to forward speed (L/LS =1 for C/u.>4). R. Kuhn and A.W. Carter (Ref,
2), however, found negligible differences between towed-model and wind tun-
nel results. Furthermore, G.D. Boehler (Ref. 2 and Fig. 36} indicated that
there is a loss of lift with forward speed when experimentation is conducted in
a wind tunnel (L/LS < 1), This is in contradiction to the results of P.E. Colin.

This point was further investigated at UTIAS. After our experimental
tests, the vehicle was mounted in the UTIAS wind tunnel (Ref, 32) and another
lift evaluation made. The results (Fig. 34) indicate that there are negligible
differences in the Augmentation curve (q/qJ = ,034) between the track and
wind tunnel data. This substantiates the results of R, Kuhn and A. W, Carter.
Fig. 35 shows that the differences between the track and the wind tunnel lift,
as a function of C/u, are not as large as predicted by P.E. Colin.

The fair agreema=nt between our results and P.E. Colin's pendulum results
indicates a further point; namely, our vehicle was not too large in comparison
to the dimensions of the track, With U ={1R (see Fig. 11) the relative wind
over the tethering side of the vehicle becomes JL(R - b/2), while that over
the opposite side is{L (R + b/2), where b is the span of the ACV. The velocity
difference between the two sides can then be given as AU/U = b/R.

When this factor is too large, the velocity gradient along the vehicle's Y
axis could so disturb the pressure distribution over the vehicle as to make
longitudinal flight simulation impossible, The fair agreement of our and
P.E. Colin's L/Lg data indicates that the above effect was small even though
our AU/U ratio was larger than that of P.E. Colin (our LL’J 19 as compared to
his AU/U . 05).

7.4. The Extracted Derivatives
Figure 37 shows a plot of Cz 4 vs. H. A comparison was made with the
results of the augmentation curve. By fitting a parabola to the data in Fig.

34 (9/9;#0 ),

L 2
3O 6.16 - 124H + 80¢H

Differentiating this expression with respect to H gives

Czpy = 124 - 1618H, Czyy,= - 1618
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A similar analysis on B. Gowans' results {q/qJ = 0) produced
Czy =87.5-1000H, Czyq = - 1000

Fig. 37 indicates that the agreement between extracted, theoretical (see Ap-
pendix B), and evaluated C 2z w 1s only fair {the black dots indicate extracted
derivatives}).

Due to scatter the extracted Cz,u varied as -3000 £ Cz,u £ 2000 (see
table 3)., This qualitatively agrees with the values Czyn= -1618 and C =z H#H =
-1000 above (see section 7.5). Comparing the q/qJ = . 034 and q/qJ = 0 values
obtained from the augmentation curves indicates that forward speed increases
the curvature of the augmentation curve; Cz 4y was increased by 60%. This
analysis clearly shows that the more reliable way of getting Cz 44 is from
the augmentation curve (i, e. the value -1618}, and that the value o¢btained from
the general analysis procedure should be discarded.

Figure 37 also presents the variation of C z 3 with H. Agreement be-
tween experimental and theoretical results is again only fair (see Appendix B).

Figure 38a is aplot of Czy, Czg and Czq vs. H. Theory predicts
that both Cz ¢ and Cz e should be zero when the equilibrium angles are
zero. In Fig, 38b (a figure reproduced from Ref. 13), CL‘o{ is negative
valued at & =0 (for g/qy = 0 and q/qy = .07). Since Z = -L, this suggests
that, even though Dau's configuration is very different, Z g and Z ¢ would
be positive. This is consistent with the results shown in Fig. 38a (K, Dau's
definition of C¥ = L/(gs +J) ).

Figure 39 shows the variation of Cmgand Cmgq with H. Because of the
scatter, it is difficult to be certain whether forward speed had a substantial
effect on these derivatives; B. Gowans' data was obtained at q/qy = 0 (Ref. 6)
however, the data suggests that both derivatives becoma more negative with
forward speed, H. Chaplin on the contrary (Ref. 30), indicates that forward
velocity has little effect on Cimgwhen 0 < U £ 20 fps.

Cmy and Cpyyy are depicted in Figure 40, Due to the large scatter one
cannot determine whether Cmy is a function of H. Inclinations are, however,
that Cwmy, increases with decrease in height,

Chy, Cep , Cpy. Cj:, arid C/¢, are shown in Figures 40 and 41. As
can be seen, Cfy, Clo , and Cgy are qualltatlvely consistent with the
theoretical predictions; the cable derivative C,(H is known exactly, (see Eq.
40) and is given in table 3 while the theory for Cé¢ and C ¢, is given in
Appendix B. For airplanes, C/.. is estimated by considering theli{t on the
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fin. Since our fin lay in the wake of the intake, no such estimate could be
made. The figure indicates that Cp, decreases with a reduction in H.

The yaw derivatives are also presented in Figure 41. The excessive
scatter however precludes any conclusions as to whether these are functions
of H.

The extracted nonlinear derivatives Cmgyand Cogpare presented in
Table 3. Due to scatter, Cmgy varies as -38< Cmgy < 58 while Cg ¢y lies in
the range -165 £ Cy,,, < 437. By computing the mean theoretical slope of
Cmg ,» in Fig. 39, and Cgg , in Fig. 40 (Cmgu~ 17, Chepr~15), we see that
the experimental results qualitatively agree with the theoretical predictions.
As with Czuy, it appears that the more satisfactory method of determining
Cmgy and Cp,, is from plots of Cmyg and Cg, as H.

To our knowledge, Cmq s Cmy s Cmp > Cgp Cf-q, , Cgr and all the
yaw derivatives, presented above, have not been previously presented in the
literature.

7.5. Error Analysis

Scatter in our time histories, Figs. 18 to 29 inclusive, was due to both
film measurement errors (see Section 2. 2), and inaccuracies in the level of
the reference gridlines (see Fig. 1). The film measurement errors cccurred
because of the following., With the camera, lighting, and film used in recor-
ding our data, a clear image of the vehicle was obtained when the film was
projected to 3 full scale; the image deteriorated if we projected to a larg:r
gize. All Distances (see Figure 6) were then measured to an accuracy of
* 1/100 inches, The reference gridlines, on the other hand, were level to
an accuracy of X 1/64 inches, The combination of these two errors resulted
in an angular measurement error of approximately X ., 003 radians and a
height error of approximately X .03 inches.

In section 6.5 (see Figs. 17a and b for the results) an analysis was per-
formed to determine the effect of the above errors, or scatter, on the final
deduced derivatives, This theoretical error evaluation was related to our
experimental results as follows. The time histories (Figs. 18 to 29) were
presmoothed by the moving arc technique (Section 5. 3), and the experimental
standard deviation between the raw and smoothed data was determined. The
mean experimental Deviation Index was then computed and is shown in Figures
17a and 17b, For the amount of scatter associated with our flight records
(indicated by the experimental Deviation Index) Figs., 17a and 17b were used
to predict the expected percentage errors for the deduced aerodynamic deri-
vatives (see Table 4). The mean percentage errors of the ACV's flight deri-
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vatives, (Table 3) were also determined and are shown in Table 4 for comparison
{see Table 4 for the definition of these errors) Fig. 41la is a plot of predicted
versus experimental errors. An examination of the longitudinal derivatives
indicates that these are quantitatively consistent with the expected theoretical
error except for C, , C C Zeo (see Fig. 41a). For the asymmetrical

"My
derivatives, the differénces between predicted and actual errors is at least a
factor of 2 except for C Ly . and C, (see Fig. 41la). Other factors,
not accounted for in Sectlon 6 , then produced these discrepancies. One

cause for the differences in Table 4 could be the following. In determining the
experimental Deviation Index, we used the difference between a smoothed
approximation to the output and the actual data (Figs. 18 to 29); we could not
compare with the true (unknown) curves. This index, then could be an errone-
ous estimate of the true deviation; the experimental mean shown in Figs 17a
and b could be different from that shown increasing the predicted theoretical
error. Another gource for this difference, between theoretical and actual
derivative errors, lies in the use of Equation 45. We assumed that the
vehicle's dynamic system was not subjected to inputs during analysis

{for -F (t) = 0 in Eq. 49). Small fluctuations in ground height (Section 2. 1)
and small changes in r.p. m. (Section 4.7) could provide such inputs affecting
the final accuracies of the extracted derivatives, producing a progressive in-
crease, with time, in the difference between the analogue and experimental
curves.

Fig. 30 indicates that, for pitch {t % 20/32) this effect was small.
Some influence, however can be seen whent > 20/32. This factor is more
evident in the plunging results shown in Fig. 31 an: is especially so for
H=.054 and H =.043. With the vehicle subjected to the same ground
fluctuations and inputs for each run, the large differences hetween analogue
and experimental records, for H= .05 and H = . 043 (t < 30/32) may not be
attributable entirely to '"ground' effects in light of the good agreement for
H=.070{t < 30/32) This indicates, however, that r.p. m. fluctuations
and jet momentum flux inputs, though evidently small for the H = . 070 run
shown in Fig. 31, may have been sizeable for the H = . 054 and H = . 043 runs
shown. The engine frequency must be controlled more accurately than that
for this investigation (i.e. our r.p. m. was accurate to * cps. ). Finally, the
T 's used in developing this error analysis were based on the results of only
3 runs for each height. With more runs for analysis, we would expect better
consistency between predicted and experimental errors. Namely, the de-
rivative points shown in Fig. 4la would lie closer to the predicted = experi-
mental line.

The method of vehicle harnessing affected derivative accuracy. The
side body cable attachment point minimized the longitudinal cable deriva-
tives while creating large cable restoring moments in the yaw and roll
equations (see C:.* and C'i » in Table 3). This effect can be generalized
as follows (see H = . 043 of Fig. 32). The aecrodynamic terms in the roll equation
are determined from the curve f; (t). The scatter, then, may be small with
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respect to £ () yet large with respect to f; (t) increasing the error in the final
results. In Figure 32, the inertia, cable and gyro terms constitute 40% of the
roll output; the analogue comparison was made for C: - =-.62and Cyg, =-.37
(Table 3). When C 4, = -.03 and C}?: == 62 (H = . 043 in Table 3) the aerodynamic
derivatives could be swamped by the’cable restraint producing up to, or more
than, 100% errors in the extracted asymmetrical (Table 4) results. Figure 33
(H = .054) illustrates this fact, In this case C?\w = -.52 and C ~ = 0. The
inertia and cable terms have completely dominated the output so t\ﬁat little
accuracy can be expected. This could account for the rather large errors
associated with the yaw equation (i.e. Cw, error predicted ~ 70%). We
would expect maximum accuracy for these derivatives since this equation has
the smallest number of derivatives to be determined (i, e. 4). This would also
account for the large differences in error between the C Lg and C 5 =~ de-
rivatives. Both plunge and roll equations had 8 unknown derivatives (see
Table 4 and Fig. 41a).

7.6 Track Improvements

Assuming that cable influences are small, the accuracies of the final
deduced derivatives could be 95% if the Deviation Index were reduced hy
a factor of at least 10 and if the equations of motion represented the vehicle's
dynamic system adequately (Fig. 17a and b). This means that the time records
must be obtained {see section 3) with a higher degree of precision than in this
investigation. This can be done by either improving the photography technique,
or by recording the data by means of accelerometers.

Assuming, for argument's sake, that S?_’l_"-_fiq,) -{z, and d are negligible,
equation 12 becomes ko ks

03 2 _i; — Z1) + original error

—_ _{ 1 Y 53__‘_
where Z;! and Zjyare measured from a 1/2 full size projected picture (see
Section 7.5). If a lower ASA rated film (finer grain) and a 35 mm camera
{(double the size of the one used) recorded the data, one could project the vehicle
image to double full size reducing the original error by 4, assuming the same
- 'Ac-c of an inch error in measurement. Meanwhile, by selecting a new

vehicle {  §, « {¢ = 10 ft.), a further reduction of approximately 3 (our _.\\ + lew'.& &)
can be achieved (for 8 ~ 27 ) reducing the total pitch error by a factor of 12.

Thus, with the pitch angle equation as an indicator, the required precision
in the flight histories can be obtained. A new track, however, would be required
(see =Y/ in section 7.3), about 60' in diameter. This would present new
problems of model development, especially in relation to motors.

By placing an accelerometer at the ¢, g., and at points corresponding
to Py and Py of our vehicle (Fig. 7), all variable accelerations could be de-
termined; from our flight records the total accelerations would be less than
32.2 ft/sec. 2 if a vehicle the size of ours were used. In our analyses, the
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selected derivative extraction technique required the use of the double integral
and the evaluation of the initial velocities for all flight records (only displace-
ments were obtained). With acceleration histories, both of these error pro-
ducing computations could be avoided resulting in better derivative accuracy
than that predicted by our error analysis. Thus another evaluation of the
various techniques presented (see Sections 5 and 6) and another error analysis
would have to be made to evaluate fully the gains to be expected from including

accelerometers in the instrumentation.
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8. CONCLUSIONS

The feasibility study initiated in Ref. 3 has now been completed. A rela-
tively inexpensive technique has been developed whereby an ACV's aerodynamic
derivatives can be determined. We found that the large inaccuracies obtained
in our final derivatives were caused by inadequacies in our data recording and
reduction system; these errors are not intrinsic in light line tethering technique
itself. We found, further, that the m=thod of tethering can influence the final
results. In our case, the vehicle was harnessed such that the longitudinal
cable effects were minimal while strong yaw and roll cable effects existed.
This literally "swamped' the aerodynamic asymmetrical derivatives, for some
runs, producing large errors in the deduced asymmetrical derivatives; this
effect, however, can be avoided if the cable is attached at the c. g.

With additional development, either photography or accelerometers can
be used to record the data accurately enough so that all derivatives would be
extracted to an accuracy of 95%. This presupposes that there are no inputs
either from irregularities in the ground, or fluctuations in the vehicle's jet
momentum flux,
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APPENDIX T

The dynamic and kinsematic equations produced inRef. 6 are collected

below for convenience.
The force equations in the X, Y, and Z axes directions are
X -mgsin@= m(O+QW_RV)
Y + mgcos 8 siné—_—_ m(\./_,_ RU_PW)
Z + mg cos 6 cos b= M(W+ PV_ QU)

The momeant equations for the X, Y, and Z axes are
L=AP_ER,+QR(C-B)_.EPQ,; Qhz - Rhy
M=BQ+RP(A-C)LEPLRY,LPh,.Ph;
N=_EP,CR,LQP(B-A)+EQR 4+ Phy - @ hy

where h,:', "!;, and h'z terms are spinning rotor contributions.

The angular velocities about these axes become

%_'L.'Jsine

P =
Q = écosé +.{pcose.sin§
R =1i;cosecos % - és{n§

where

8 = Qcob% - Rsiné
= P4+ Qsingtan® 4+ Rcos g tan 6
‘lP = (Qsin@ + Rcos %) Sec O

O
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Referring to Prof. B. Etkin's definition of fixed and vehicle axes systems
(Ref. 6)

J_f = Ucos 8cos¥  V (sinPsinBcos¥ _ coS%sin‘P)

o0

+ \/\/(cos @.sinecos‘{/ —+ 55”‘% sin‘k{-’)

d4' _ Ucos@sin¥ o V(sindsin@sin¥ 4 cos deos¥)
dt

+ W(Cos% sinBsin¥ _sin ?Fco.s\")

d3 _ Usine + Vsind cos@ L Weosd cosO
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APPENDIX 11

A Theoretical Evaluation of Som= Aerodynamic Derivatives

"Lhe momentum equatiion when applied to the curtain air flow gives

Ap,ﬁ, ____/o\/J_ZG(I_sinf)/)% B-1

when we assume an incompressible, inviscid flow with the curtain air beha-
ving as in Figure 42a. The 7a and "?J are included as a correction factor;
they take into account various influences which are not considered in invisid
flows, i.e. viscosity. "a /7y . then, should not be considered as some
form of an efficiency but as an empirical quantity which corrects the ideal
pressure rise to that obtained in the actual vehicle.

Now, with augmentation given as

- L APS i}
A =D =zcosy 4 =L B-2
- J

where S is the base area of the vehicle, the lift force can be written as

2
L =Jcos’}/+_£_\_/;’___6_§,(l_5inf)/) M a B-3
4 Ma
when B-1 is substituted into B-2.

The non-dimensional Z reaction then becomes

Cz =_.co.sf}/__g_D‘e°[H(f_s.n‘Y) B-4

where C is the total length of annular jet, and

.3 ny) 1A ]
Cy, = 2 DquHz(l_ser)ﬁr B-5
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In Ref. 2 (paper 8) M. P. Tulin presents the basic concepts for evaluating the
heave damping derivatives for an ACV.

Suppose the vehicle approaches the ground (Fig. 42f). A pressure build-
up under the vehicle may then be too high for the given annular jet and soms
pressurized air will escape out to atmosphere between the ground and the cur-
tain,

Assuming no mixing between escaping and annular jet air, the pressure
rise across the curtain becomes

AP =vaij- Sl'ﬂ‘]/)(:’?A) with %’z-ﬁe +*Fg'[' _._.Gu , -‘e‘L <O B-6
J

where h, is the equilibrium height above ground.
With incompressibility, the volume flow of the air passing under the cur-
tain is

Guvuc —~ —/éks -l:of ‘é‘.(O 3!’1& B-7

for a three-dimensional vehicle.

After applying Bernoulli's equation to the escaping curtain air

Ap = L z B-8
=g pVu

where Ap is given by equation B-6. Substituting equaticn B-8 and B-7 into
B-6 gives
! p "
c /2 Ap
P

and

AP: fJVjLG(ln sin"}f) M A

. - B-9
—ﬂe+‘ﬁt +m‘ﬁ5 7}‘1
c ._a_.ﬂp
f
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From equation (B-2), we know that

[%}: (L) =S }%ﬁ: (L p) B-10

Thus

B-11

D | Li__ S* (1-sinY) ('YIA)
Ms

~ J 2p2 2
o4 C/ﬂe /?_Ap

when equation {B-9) is substituted into equation (B-10). Since Cz = - AL/J,
the heave damping derivative for a falling vehicle is

._?;(C,_)=(’7A) (1-sinY) s* -
N 7 _‘_9: 2pa
dh 7 /f’ Ap Co4

If the vehicle rises, the pressure under the vehicle decreases and if this
pressure is less than that necessary for the balanced operation of a given edge
jet, air will be sucked into the space under the vehicle. The physical situation
is illustrated by Fig. 42. The pressure rise through the curtain is given by

Gﬁ\/jzsin'y —'GuPVu—Z Ma
4 4 Mr

B-13

Ap_|Ga p V2 _
P ,ﬂf)l

where Gy and G, are defined in the figure and

R=F, _,_,éLt B-14

By continuity AQ: S ~ \/u. GU"C B-15
M Gl S and GuPVS _ As JD\/LL B-18
Vi .C -, CHh
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The total pressure at the annular jet exit is given by

-
Po=Pa=-2 + 3 £Y]

when a linear variation of pressure is assumed through the curtain.

more, for inviscid flow, the total pressure at point B is

Po — Pa= Bp +—‘,l—f\/uz

On combining equations (B-17) and (B-18)

vu.:fvf_ 4
f

and from equation (B-16)

—

Gup VL _ hsS Vi2 _ Ap
7 ) 7

By continuity, the flow of curtain air becomes

substituting (B-16) into (B-21) for G reduces to

GA= G —-—-—‘BLS
CV;
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Further-

B-18

B-19

B-21
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On substituting equation (B-22) and {B~20) into (B-13), we obtain

Ap = (G_é%) /OV-?' GpVj*

f\/-} .Slny

(’ﬂe_ L At) ) B-23
L B3P vj’*__ AP (f}?ﬂ
C(he+ht) f Ty

where & p is the pressure under the vehicle operating in the overfed condition
(Fig. 42C).

From equation (B-10)

3 (L): Ma| S°pVy  SPr /\/"‘ P s
A 173' C%e_ C‘Ble Jo

Again, withC z = - AL/J, the heave damping derivative for a rising vehicle
becomes
2
3 (C ) M8\ £5% v +] Vit _ AP 5oss
>4 J\ "1/ <C he f
In the development of the equations of motion, C wag assumed constant.

Thus the damping derivative deduced from the flight records was the mean
between equation (B-25) and(B-12), namely

Czp= L |1 (*}A) (I—siny) 5%

2 | Deqt*\ 75 = Ap C2H?
B-26
1 [Ma) f£S \V.2_ 4ap
T (’?:)JCH[J+/ 7T

where Cz/, is in the final non-dimensional form. This expression is shown
in Figure 37.

The plunge damping derivative for a rising vehicle is . 3 that of a falling
vehicle by the above theory. Further investigations should be conducted to
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determine whether such a large difference actually does occur physically, and,
if so, an allowance for this must be made in the equations of motion - the above
predictions are based on a very simple mathematical model.

B.2. The Cmg , Coyp , Czg and C z¢ Derivatives

In Figure 42d, we have a view of a compartmented vehicle perturbed in
pitch. If we assume that the stability jets prevent air exchange between com-
partiments, compartment 3 will have a higher pressure than compartment 1l
because iis mean height above ground has been reduced.

We can, then, say

Vi G
Ap,= ‘{ +,€e[ +5m(h/l) ecos If)/'] q?A B-27

and

P3 ‘;"\/.J"e6 R S!n(l}fl + 9(:05 |7/|) B-28

where the numbers 1 and 3 refer to compartments 1 and 3.

The pressure difference between these two compartments gives, on
linearization

2/, 2 .
g(ﬂ p)___ T;fvj Gl1 +sm(l'}/l)} % B-29
while the restoring moment is

- — S(Ap)/eAc B-30

Substituting equation (B-29) into (B-30), non-dimensionalizing, and
differentiating with respect to 8 produces a theoretical estimate of C"“e s

namely
2.L%Ac in B-31
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One can easily prove that

AL = Ap.AC+&p3Ac7é {(e) B-32

whence CZQ — O B-33

If the vehicle were perturbed in roll, we would find that equation (B-31)
and (B-33) provide an estimate of C-fq’ and CZcf when £ and Ac refer to the
side compartments.

These expressions are shown in Figures 39 and 40.

B.3. The Cmgand C£p Derivatives

In Figure 42e, we illustirate the vehicle perturbed by a q. With no air
interchange between compartments, the fore compartment 1 operates in an
overfed condition (Fig. 42c) while the rear one operates in an underfed con-

dition (Fig. 42b).
oh 6 2h /u
where the subscripts O and \W indicate overfed and underfed and where

(ié_ﬂ and _Q_E are determined by equations (B-9) and (B-23).
o h /o dh ‘w

since b =q4
M= _A L2 ‘(%%’”)' 1 l(aa?:)ul 1

Cor Ak’ '(Bzﬁp (de)
1 t*JDeq oh o dh/s

F, = A, ,ﬁ and F, = Ac h B-34

and

j B_35
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as before, this equation can be used to estimate Cgp (see Figures 39 and 40).

B.4. An Estimate of 14/"lg

The experimental augmentation curve (Fig. 34) was obtained with a fair
degree of accuracy and the C z, derivative (Fig. 37) was deduced in two ways
(see section 7.4). These two were, then, selected in establishing an empirical
value for 'qA/’?:r in equation (B-1). In Figure 34, the augmentation curves for

Ma/"Ms =.land Ma /"My =.2, indicate that the empirical value for MA /"7
should be approximately .15 when equation (B-2) is compared with the experi-
mental data. In Figure 37, equation (B-5) provides fair agreement between
experiment and theory whena / M5 = .2. A ratio of . 2 was selected as being
representative of our vehicle and this correction factor was applied to all of
the theoretically evaluated derivatives.
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APPENDIX III

The Scaled Analogue Equations of Motion

5% _ _H.{iooh]_H* {104 +H3§m‘oooh2}_H4;206;
I f } 5 _}H5{59}_H¢, feod] e

{é}:_Tngioo%}_r THZ{on} _THj{aoef_THq)'sé}

_THggzoCP}__THéjsﬁ'P}+TH7;200067€}

{5.5}:~PH,;.20¢{7}, PHZ{_G“C'P} +PH3§20W], PH4S 5%
~PHs f100h] _PHéjzoe}.,LPH?js“é}J, PHg §2000% 9]

C-3

{W]_-PS, f20¥] _PS,{5¥]_ PS3f 209~ PSy § 5 J_PS {200

2
where H, (CZH+CZH)/8 ; H, (CzH +C5) B ; Hi _Czun B C-4
IOO}‘I-*z IO/utt,F Deit (fOOOO)

Hy - Cze ‘n'/f' Deq ;  He— - C zq 77',6 Degq
20(180)u t*2 5(so)ut*
Deq 4 Deq U 2
He= (Cre +csf R 4 ~ vy C2af Deg B
20 (/80)/'..: t*2

TH| e Crn B2(.80) : THa= 18.0 8 CMH
w Deq t*a Lb ,rr Deq th*

THj: [-—CMQ _._DE.CIj_(‘_C "a_)-i-DR LC T:Iﬁ 20 Lb-t* THH_-CMqﬁ th*(.g)
TH= - Deq Y CMCI s /20 th*a THg= li')eq Q’ ~lg-ip )4 tep ?Zlﬁ/tbt(.?)
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TH;=Cm eHﬁ‘VDeq t*e (2000)

Sy Bl ] e o)

PH, = ._/QCgP/t *al(5) s PH_:,:CgIP,éz/zo Lat*s PHLP:C‘grﬂ/iat’f(S)

PH,= 8 [

&2 Deg U Cep
RVyt*e (5.(20)

PH5=_[.80/52Cg:/7TDeq attt PHoZ
PHy7= [D—,;i ‘—\j} (cc-in-ta)+ e %J ,5/ t*02.(5); PHa=Coypy ,57 Degt’c,(2000)
Ps,=_/52(cwq,+cw$) .:ct*z.(zo) ; P32=_CN,/8/t’fic.(5)
Ps_,,:_/szcw/uc t*2 (2 o) ; Psqz_/chP/uc t*(5)
PSs= DeqU Cnp 8%/ R Vy. t**ic (2 0)

A& is the machine time constant (i.e. t= &T)

{ ; indicates volts and should not be confused with the sign for a

column matrix. This definition only applies to this section.
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TABLE 1

Model Data
Dimensions (see Fig. 4b)

Length 293 inches
Width 20 inches
Base Area 2. 68 feet?
Equivalent Diameter 22 inches
Inlet Fan Area 0. 35 feet2
Exit Area of Peripheral Jets 0.101 feet2
Exit Area of Stability Jets 0. 0734 feet?
Exit Area of Propulsion ducts 0. 014 feet2
Perimeter of Peripheral Jets 6. 08 feet

For a Fan R.P. M. of 13, 500;

Inlet mass flow = 39. 4 x 103 slugs/sec.
Jet momentum thrust =1. 84 lbs.

4 - 14. 914 Az - -10.5 As=-15.774 Ly = -. 454
- -.594 A = -, 43
For vehicle wt, 3,08 lbs.: 1 =15.1, i, =16.1, i, = 20,
icf = .00425, Y = 48.7,
t = 0331

22.25

1

For vehicle wt. 3.75 Ibs.: iy =86.2, i;=17.4, ic

-
1l

For vehicle wt. 4.63 lbs.: 7.15, i, =19.2, i, = 24.5
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TABLE 2

The Nondimensional System

Dimengional Non-Dimensional
Quantity Divisor Quantity
XY 2 2
(force) J =f\/f AJ’ Cx Cy Cg
LMN
{(moment) J. Deg. Ce Cp CN
UV w A
(velocity) Uo w, A, X
par
(angular rotation) 1/t* P 47T

(=4 ) ~ ~
(angular rotation) 1/t* DA Do
m
(mass) /OAJ Degq. “u
ABCE 3
(inertia) fA J Deq. iy, iBs g ig
t Fal
(time) t¥ = Deq. /V; t

w
(2nf) 1/t 74
h
(height) Deg. H

Whenever p, q or r appear as a subscript (i.e. Cép ) regard the sub-
script as being nondimensional (i.e. C¢p = Cgp ). Furthermore t*

is a means for nondimensionalizing time; it should not be confused as
a cable influence.
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Experimentally Extracted Derivatives (Mean Value)

H Cn Cmi Cue Cmq Cmen
. 070 -. 4 1.1 -.8 -1.9 4.
-1.8 1.6 -1.0 -2.3 34.
-.2 .3 -. 61 -1.3 -38
. 054 -1.4 3.7 -1.1 -3.0 32.
~-1.1 2.9 ~1. 2 -3.0 4],
-2.3 2.7 -.9 -2.0 -32,
. 043 -8 3.8 -1.2 -4.4 -37.
-2, 2 4.4 1.7 5.8 54.
-2.5 2.2 -1 9 -3.9 58,
H Czn Czh Cze Czgqg Cze
. 070 12,7 32. 2.0 15. .2
12,5 17. 6.8 8. 11,9
13.6 28, 3.0 12, 2.1
. 054 28.9 80, 3.5 41. 15.2
26. 4 117, 5.5 36. 17.4
33.6 75, 7.8 40. 35.0
. 043 50. 4 39, 10.5 60. 26.5
33.0 24, 13. 2 18. 2.9
28.5 44, 6.9 8. 2.0
H CZH:’_ CLP C L.q, CLY‘ C LCP
. 070 ~793 -, 27 .07 1.6 -.24
-1136 -.48 .81 1.6 -.94
-627 -.52 . 36 2.0 -.25
. 054 1032 -. 08 . 06 . 94 - 17
701 -.30 .37 .89 -.37
2000 -. 68 .15 1.1 -.52
. 043 - - -1, 03 ) .ol +. 26
-3000 -, 19 .34 . o0 -. 37
~-2000 ~. 56 .34 .65 -, 03
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TABLE 3 (Cont'd)

;4
H CLn CLne CnNp C Nw CN»
. 070 -.01 -54, -1.1 11 -1. 7
-. 94 -157 -1.5 12 -.5
-. 69 95, 1.1 -.28 -2.2
. 054 -. 32 -54., -1.2 4 -2.1
-. 09 -78, -1.6 -. 26 -2.1
-, 14 -123 -2.4 -2.1
043 -.70 -165 -5.9 -.39 -.8
-1.51 +437 -1.1 -. 09 -1. 4
-. 57 +264 -3.3 -.24 -1.8
H CrNe
. 070 -. 44
-. 24
-. 40
. 054 -.20
-.70
-.54
. 043 -.25
-.70
-.57
* * * K * *
Wt. /u. CZH C,@H CZCP CZH Ceq CN'L]I
3.08 126. 9 .180 -.086| .86 11079 .42 -. 42
3.75 154. 5 . 219 -.105 1. 05 Ci&a -.52 -.52
4.863 190.5 . 270 -.130 | 1.30 4.8x10"% | -.82 -.62
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TABLE 4

Comparison of Predicted and Experimental
Errors (To Nearest 5%)

(1) (2) (3) (4) (5)  (6)
Derivative| Predicted Expt'l Eu Derivative | Predicted Expt'l E;,
J (%) TRy (%) T (%) T{%) (%)
Cg, 15 15 10 Cs.. 10 80 45
Cs. 30 35 20 C}_* 40 70 40
Czh“ > 240 190 110 Ci‘, a0 15 10
Ze 135 45 25 Chp 150 120 70
Czq 15 45 25 %% 15 70 40
CZ(p’ 130 105 60 G g 175 65 370
Cm, 105 70 40 C o 70 45 25
C..m;* 145 o0 30 C Ny ] =345 7200
Cmg 15 15 10 C ey 10 50 30
Crmg 40 15 10 Cag <5 45 25
C may 140 165 95
NOTES

In columns (1} and (4), Q is the r.m. s. value of the deviations from the
true value, T = ( = -x_l'z /n )72, expressed as a percentage of the
true value,

In columns (2) and (5), T 1is the estimate of the standard deviation of a
small sample, G = ( £ x;* gn-#) M, expressed as a percentage of the
mean. The value given is the average for 3 heights.

Columns (3) and (6) are the estimate of the standard deviation of the

mean B, = ( £x,%/n(n-1)) Y1 s a percentage of the mean. The
value given is the average for 3 heights.
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