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DEVELCGPMENT OF ADVANCED STRUCTURAL OPTIMIZATION
PROGRAMSI AND THEix APPLICATIUN TO LARGE ORDER SYSTEMS

Ronald A. Gellatly* and Richard H, Gallaghepd* .

Textrop' s Bell Aeror ulems Company
Buffalo, New York

The wethuds of matrix strociural analysis have 'wen coupled with
some o the techaigues of operations fo provide integrated computer
programs capsble of performing the fully automated desigoof minimum
weight siruri.res subjected 0 a pwldplicity of loading conditions.
The proiesl pveper digcusses seme methods used v the development
oi such programa, Details of the auaiysis methods inciuding the discrete
elemenlz cortiimed in the program library are presented along with a
descripticn of tie soarch nrocedure usqd to find the minimum weight.
Two new prog:ams w«! their possible range of practical applications
are discugsed and the paper is concluded with somne brief remarks on
prospects for future developmental rsearch,

INTRODUCTION |

Ihe feaslbility of developing practical technigues for siructural optimization has been
stugied with increasing wigor in recent years. The motivation for this increased activity
s ween the realization toat the well-devcloped methaode o©f matrix structural analysis,
vher coupled with operations rusearch methodology, can provide hugnly automated procedures
ar optimum  struecturs] design with wioer scope than had bersiofore been possible. Such
fforts have led tn a considerablé number of computer proprams of varying degrees of
sniplexity and sophastication, In determining the degree of complexity at which the various
‘csearchers have simed, many factors have been taker into account. Firstly, there has been -
a2 guestion of assioming the absolute importance to the hierarchy of variable design param-
ter:  which mav b considered, One possible arrangement in order of importance is as
Shewar (1) merber mizes, (2) variable dimensions, (3) variable material propertios, (4)
yras oyl gtructures,

2 ta to be anticipated, the inclusion into a structural optimization program of additional
l s503 of design paramelers, as delineated sbove, will almost inevitably increase the com-
BN -L”y of the computational procedures and hence the computational expense,

Ttk then introduce= the second oriterion which bas hitherto been ¢ controliing factor in the
u;mmt of optimization programs — the quesiicn of economics. R is clear that. given
Nt amounts of time and money, anv optimization-search program, no matter how ineffi-
snt and cumbersome, could eventually generate an optimwn structure. Clearly, however,

sgues are mandatory which can bring ahout a am'ing of weight greater than their compu-
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In the work performed at Bell Asrosystems (Reference 1), & careful review of the relative
costs of introducing the various design varisbles led to the belief that the major effort should
initially be concentrated into the development of programs of maximum efficiency in which
member sizes were the only variables. That is, the configuration and material properties
are assumed to be fixed. Factors which influenced this decision included the practical natare
of the aerospace structural problems in which the envelope and layout of a system is dictated
by other than structural considerations. Consequently, in the technical desecriptiun of the
redesign procedures, the discussions are only concerned with this class of problem. Some com-
ments pertinent to the extension of the techniques to include configurational variables are
provided in later sections,

The state of the art has now been advanced to the extunt that efficient techniques are indeed
available and have been demonstrated in pilot program form. With the knowledge gained from
the development of these programas, the further developnient of large scale optimization pro-
grams is now being undertaken, '

We must first clariiy what is meant by large scale capabilities. Experience has been re-
corded In the analysis of structures encompassing more than 10600 degrees of freedom. Yet, it
is fair to say that such experience does not represent a routine analysis capability or, more
importantly, confidence that the numerical results are free from error. On the other hand,
at Bell Aerosystems, extemnsive experience has been accumulated in the routine analysis of
structures of 500 degrees of freedom. Computational costs st this level do not often sxceed
3500 and there is considerable assurance based on numerical evidence, that error-producing
difficulties can be circumvented.

In terms of actual structures, what can be accomplished with use of 500 degrees of freedom?
This question will be answered in this paper with specific reference to the displacement
method of matrix structural analysis, wherain each displacement component at 8 juncture
point of discrete elements (l.e., at each node point) represents a degree of freedom and an
equation to be formed and solved. In a three-dimensional truss, three degrees of freedom
are specified at each node point and in a space frame six degrees of freedom are generally
required. The scope available to these types of structures, with the limits of 500 degrees of
freedom, can be readily visualized, )

The scope available to airframe-type structures is perhaps less evident. In order to give
more meaning to these important olasses of conditions, therefore, some recent experience
In the design of an actual aircraft is cited. This aircraft, shown in Figure 1, 15 the X-224A
ducted fan VTOL. A comprehensive review of the structure of this aircraft would disclose
a minimum idealization requirement of from 3000 to 5000 degrees of freedom for the complete
airframe — a requirement well beyond the existing capabilities of advanced structural
analysis techniques, Henoce, even these procedures must reduce to independent examination of
components such as the wing, tatl, fuselage, and so forth,

During the design phase, nearly all portions of the X-22A were analyzed with use of
discrete element techniques. A good example is furnished by the idealigation of the fin shown
In Figure 2, The idealization consists of 136 elements and results in 141 degrees of freedom.
This s much less than routine capacity, but it is to be recognizcd that inclusion of any part
0i the fuselage immediately introduces many more degrees of freedom. Furthermore, the
multitudinous number of design conditions for this type of component, as compared with the
fuselage, makes imperuative the rapid execution of an analysis for each condition.

A second and entirely different problem appears in Figure 3. By the use of truncated cone
elements of the form shown in Figure 3b, the complete tank can be analyzed in a single
operation. There is only a single loading ~ pressurization — and the regions of interest
from the standpoint of stress analysis are quite localized, being at the juncture point of the
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Figure 1. X-22A VTOL Research Afrplane

2ad and shell and at the flanged opening at the end. The total of 350 degrees of ireedom is
*presentative of this type of problem. ’

With the foregoing necessarily brief review of the features of a large scale analysis
ipability, attention can be turned to the envisioned requirements of a computer based, mini-
um weight design capability of corresponding scope. Clearly, the latter capability must
ssess the following attributes (in addition to large capacity) if it iz to be responsive to the
‘mands of an actual design organization: (1) Versatility {(2) Efficiency (3) Maximum Auto-
ation. These attribates, which have been referred to briefly in the context of the foregoing
scussion, are examined more closely in the followlag.

Very few structural desigu organizations are limited in their sitention to simply one type

structural analysis problem (e.g., trusses). Aerospace industrial orgunizations, in partic-
ar, are faced with a variety of design configurations, It {s not unusual for these to extend —

a single company - from underwater craft to space vehicles, involving the airframe,
nks, and rocket engines. The only unified means for dealing with these problems is through
ie of the discrete element techniques of matrix structural analysis. These techniques are a
bject in themselves, and hence thia paper will only outline the fundamental concepts and
dicate specifically the extent to which they are implemented at a practicing organization.

One of the major impediments to the introduction of computer based analysis methods has

en the view that such techniques add unnecessary cost to the product. This view will also
:rede practical application of -optimization techniques unless it cgn clearly be shown that

233

e [ R cema e -v;;ﬁ‘ ;ﬁ;m, 4

L T



AFPFDL-TR-66~80 *

T

e e i

23 AXIAL MEMBERS

21 QUADS/TRIANGLES IPLANE .
8 QUAD SHEAR PANELS
72 WER EL EMENTS

136 TOYAL ELEMENTS

141 DEGREES OF FREEDOM

X-22A Fin Idealization

Figure 2. Discrete Element Ideaiization.
- /

)
234 7 .
Vot



AFFDL-TR-66-80

15.753 IN. 16,456 IN:
- 6.428 IN. ——|-31B4IN 6. 141 IN. 611 N~ 10.316 N
1. :
L B—_— |___
T X I W
| 1:938 IN. , 1,064 IN. ||1.260 IN.
‘ — 7 1
l
t
: FLANGE END CLOSED END i
1

Number of Elements 108

a, LEM Fuel Tank Number of Degrees
of Freedom 350

b. Truncated Cone Element
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cost savings as well a8 animproved product will result, Direct improvements in the efficiency
of the optimization technique are an obvious route to the desired objective but one should
also seek to supplant, through directed redesign, some of the present costs of analysis,

Maximum automation has a close tie to desired efficiency, since this is also a means to
reduce cost. It has been found through long experience with computer techniques, however,
that automation is essential to eliminate the human errors which preclude any large scale
operations from being a working proposition without almost complete automation,

In the following section of the paper, the general concepts of optimization are dealt with,
followed by a discussion of the matrix analysie procedure employed. A detailed description
of the redesign technigues follows and the paper is concluded by a section on the specific
programs under development with applications and future prospects.

PRECEDING
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GENERAL CONCEPTS

A given structural design can be viewed as a point in an n~dimensional hyperspace where-
in each dimension represents a design variable. If we restrict our attention initially to
designs under the circumstances of fixed configuration and material properties, only the
cross-sectional dimensions of the elements act as design variables. For any given weight
of a structure, there exists an infinity of possibie combinations of the design variables which
produce this weight. All these possible structures form a surface (or hypersurface) in the
design space. If only one variable is permitted for each structural element {e.g., cross-~
sectional area, skin thickness, etc.), each weight is a linear function of the design parameters
and corresponds to a plane in three-dimensional space (Figure 4aj. The introduction of
additional configurational variables would mereiy increase the dimensionality of the design
Space and would also generate a nonlinear weight function,

The idea of a “‘constraint” surface can now be introduced. If a limitation is provided
on any characteristic of a structural system (e.g., the maximum positive stress in an element),
all possible designs satisfying this condition lie on a surface in the design space. Since
stresses and deflections are, in general, nonlinear functions of the design parameters, this
‘“‘constraint”’ surface is a nonlinear function of the design parameters. Figure 4b presents
the form of a typical constraint surface, which is generally concave when viewed from above.
The term “above’® refers to the space on the side of the surface distant from the origin,
If a design point lies in the Space above a constraint surface, the characteristic stress or
deflection will lie below its critical value. This is referred to as “free-point’’ space,

For every element stress and nodal displacement, upper and lower limiis can be specified
S0 that a large number of constraint surface exists. These surfaces will, in general, intermesh
in a complex fashion. When viewed from free-point space, the uppermost (dominant) constraints
form a composite constraint surface, as shownin Figure 4c, in which each “‘patch’’ represents
a segment of an individual surface. The composite surface is also of concave form. In addition
to these main constraints, there exist also “side’’ consiraints. These are limitations that
members must have positive areas and appear simply as planes parallel to coordinate direc-
tions,

Now the problem may be reduced to physical concepts. Any design process must begin
with an initial guess as to the member sizes. From this point of departure, the process can
be viewed as a trip through the associated n-diménsional hyperspace, the trip being concluded
when a design point of lowest weight is reached. This condition is defined such that it is
impossible to travel further in any direction from the lowest welght point without exceeding
initially imposed limits on stresses, deflections, areas, etc. Physically, this may be seen
as the point at which a weaight surface touches the composite constraint surface at one point,
but does not intersect it (Figure 4d).

When at a given design point, the prevailing stresses and deflections must be examined in
order that the adherence of the related design to the limiting values of these quantities
can be assessed. That is, at each design point, at the outset or immediately after the travel
from a previous point (after changes in the design parameters), an analysis must be per-
formed. The analysis operations are completely independent of the operations employed {o
achieve a directed change (a redesign) from the previous design point.

The redesign process devised herein consists of three independent modes of travel:
(1) An initial step (2) Steepest descent (3) Side-step. Once the initial siep has been taken,
modes (2) and (3) are successively and repeatedly applied. The concept of proceeding to the
ininimum weight design solely by use of the latter two modes of travel has been characterized
as the *‘Method of Alternate Steps®’ {Reference 2),
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In the initial step, the “flrst guess” at a design is empioyed o an analysis and the results
of this analysis are applied to the resizing of eiements 6o that in the new design each element
i8 subjected to ite maximum allowable stress under at least one load condition. This procedure
for revising the design is repeated as often as desired, tonding to gensrate a ¢esign in which
cich element achieves a limiting stress under at least one loading condition.

At the conclusion of the initial step, the steepest descent mode of travel 18 entsred. In
the steepest descent mode, the welght of the total structure is reduced in the most rapid
possible manner until limitations on stresses, and olher parameters are reached. Then,
the side step mode, which effects a redesign of the structure at constant woight, i8 introduced.
This mode of travel ir so contrived that it results in a new design in which all of the stresses
lie below their limiting values. The steepest descent mode is then re-entered, and the process
continues until the miniraum weight design point i8 reached.

ANALYSIS PROCEDURE

The unalysis portion of the design process furnishes @ list of the stresses and displace-
ments caused by the respective load conditions; these are for the purposes of comparison with
the specified limiting values. As noted previously, the analysis method utliized herein is
the “displacement’” or *direct stiffness” method (Reference 3). In matrix displacement
analysis, structural systems are idealized as assemblages of discrete elements. Relation~
ships between the element juncture point forces F and displacements 8¢, , in the presence
of a temperature change from the stress-free state, are steted in the form {(considering,
for simplicity, only oune load-temperature condition)

o i
F-k& BEL_F

aQ
where Kk iz the so-called element stiffness matrix, and F are the nedal forces representing
full restraint of displacements due to the temperature change (i.e., thermal force inatrix)

Upon numerical evaluation, the element relationships are combined, in accordance with the
requiremncats of node point equiltbrium and compatible (isplacements, to yield

p-x 8-p° (2)

where P are the node point external loads .
K is the stiffness matrix of the assembled idealization
are the node point displacements, and
P? are the node point net thermal forces

The matrices P and P® are known quantities, and the solution to these equations (after
they are modified in recognition of the geometric boundary conditlgns). by inversion of the
K ruatrix or by other means, produces values for the displacements, 9,

In order to obtain the stresses acting upon the elements once the node point displacements
are known, il would be possible to extract from the total column of displacements 8 the
nede point displacements of the respective elements and then to use these in the element
equations (Equation 1) in determination of the intarpal forces. Finally, the internal forces
can be transformed into values of stress. This is an inefficient procedure in the present
cuutext, however. Here, clement relationships are immediately formulated for the stresses
in terms of the element node point displacements

a_zsa+ad {3
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The matrix $ 18 referred lo as the element strest matrix while ‘u represents the stresses
associated with full constraint of the strain due to the specified element temperature change.
When considerad as an integral portion of an opthnization procedura In which an anslysis is
required at every stage of redesign, it is possible to increase effliclency by recomputing
only the minimum number matrices at each stage. For example, the stress matrix 8 in
Equation 3 is cntirely independent of the design parameters (e.g. cross-sectional ares or
plate thickness), it can be formulsted at 'ae start of the design process, and will remain
unchanged af tho process advances thrgugh the many changes in the design parameters.
On the other hnxd, although the K and matrices must be assembled anew at every atage,
the individua! clument stiffness W and thermal force matrices ¥ %are linearly dependent
on the design veriables and need to be calculated only once, and stored on tape, At each
stage, these elumental matrices are then resd from tap: und scaied by the current velues of the
design varizbles before ussembly into the master mairices.

From the general efficiency standpoint, every effort has been made to reduce to a minimum
the computational time for the individual matrix operations. Wherever possible, only nou-~
zero elements of large matrices are stored and operated upon. In the case of the master
stiffness ruatrix, ior which, due {0 symmetry, only one~half need be considered, the matrix
will be swred and operated upon in variable bandwldth form, which will permit equation
selving vy v uppruximately 500th order within the core of an IBM 7050,

\s noted eairlier. the redesign procedure simply reguires from the analysis section a
list of stresses and displacements of the structure atthe currvnt poini in design space.
This iist which is referred to as the behavior function of the design parameters may be denoted
as [ _2'5..] :

The behavior matrix has one coluimn for each external loading condition. The ¢, is simply
a list of stresses, one for each element, and is derived from the ¢ matrix generated in
Equation 3. For an axial force member, the reference stress is merely the axial stress, but
for plate vi othei eiements where multiple stresses are generated e.g. Oy, oy and Tyy , these
are comhined using, say, a yield siress criterion to grov!de a single reference stress for the

element, The & portion of the behavior matrixisthe 6 matrix cbtained by solution of Equation
2,

The key to the versatility of an optimization, or indeed a general analysis program,
rexides in the type of discrete elements contained within the progxam. The pilot optimization
program ueveluped at Bell contains the five types of elements shown in Figura 5. With these
elements, it i+ possible to design space frames, stiffened plates, and shells in a membrane
state of stress. In the Bell General Purpose Structural Analysis Program, approximately
twenty-five elenients are available in the ltbrary storage. For the expanded optimization pro-
grums under dovelopment at Bell, the precise number and types of elements to be incorpo-
rated has nct vet been finalized. The analysis capabilities will, however, be equivalent o
those of the General Purpose Program and the element library will be open ended to permit
addickon of new elements as desired.

REDESIGN PROCESS
[niligl Step
Any design process must begin with an initial estimate of member sizes. i convenrtional
cut-amd-try procedures are applied to the initial estimation of member sizes, the automated
design process adds cost to the conventional design procedures. Preferably, the automated

desin procedures should serve to reduce the cost of conventional design procedures as weil
8 W accoinplish structural weight reductions,
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Figure 5. Discrete Elements for Synthesis Program
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In view of this consideration, it is suggested that the process begin by designation of the
specified lower limits of the respective member sizes as the initial guess as to these same
member sizes. This procedure would appear to prejudice computational time, since it would
seem that a number of redesign attempts are necessary before realistic member sizes are
reached. One purpose of the initlal step portion of the redesign process i8 to obviate this
disadvantage. The initia} step mode of travel ~an be described us foliows.- *

Let the first guess as to the designparameters be designated by the superscripi *‘o”’. Also,
let all computations associated with the first guess be designated by the same superscript.
On this basis, all steps In the analysis process described previously {Equations 1 to 3) are
underiaken, producing a corresponding behavior function of the design parameters {c 8.
The stresses jisted in this behavior function must then be compared with the specified upper
and lower limiis [ @}Yand [ &l respectively.

4

The inequalities which must be satisfied by the final design can be written as
L u

(ol ol < [o]

if the lower limits on member Size are used as the basis for this first computation of the
behavior function, { & 8 [°usually lies well outside the specified stregs limits. These iimits
are then used in a determination of new member sizes, Each value ctf o is compared with the
corresponding limiting values and the ratios hetween o® and o and o are formed. The
lurgest ratic (which will be greater than1,0) then dictates the change in Jie value of the design
parameter in the pertinent element, that is, the design parameter is multipled by this ratio.
The process is repeated for each row of stresses in {or 8)°, resuiting in complete change
of all design parameters,

The resultant change in design parameters willoftenbring the design to a point which is not
far removed {rom the minimum weight, but in any case, the procedure is repeated as often as
it is considered necessary. Clearly, repeated application of the process until convergence i
obtained in successive applications leads to a “fully-stressed’’ design; that is, one in which
each clement reaches limiting stress under at least one of the load conditions, A fully-stressed
denign would not be acceptable if displacement limitations prevail. Less obvious is the
possibility that, in the absence of displacement limitations, there is a design which is of less
weight than the full-stressed design, This possibility dictates the continuation of the design pro-
cess uader such circumstances,

If anv elements of the atructure are statically determinate, the design process can be slightly
simplified for these elements. Therefore, a testfor static determinancy of any or all elements
18 incorporated into the initial step mode. In a statically determinate element, the load in
the member is not a function of its stiffness apd hence is independent of its cross-sectional
are2. Thus, in making the first step from an iriiial guess, the load in any statically determinate
member is unsltered when the area is altered. As described above, an attempt i8 made in this
step t: modify the design parameters such that the stress in each member would reach its
critical vaiue, If the element load were to remain constant. If, ai the second iteration, any
element struss Hes exactly at its oritical value, the load must have been constant, and hence
the member is determinate. When only stress limits are present, the determinate membex
will require no further redesign and can be removed from the synthesis process, If, however,
displacement constraints are present, this simplification is not possible,

Steepest Descent Mode of Travel

in the n-dimensional hyperspace representation of the minirmum weight design problem, akl
possible structures of a given weight can be defined by peints which lie upon a surface {or
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hypersurface), Thue, all possible weights of a particular configuration can be considered as
a family of such surfaces, With member sizes as varisbies, the structural welght is a linear
function of the design parameters and the weight surfaces are planar (Figure 4a).

In the redesign process, the weight of the structure can be reduced most rapidly if the
directior, of travel iz normal to the weight surfaces. Travel in this direction is the so~called
“Steepest Descent Mode’”, As in any mode of travel from some initial design point, it is
necessary o define both direction and distance of travel, Clearly, if the direction can be
established, the distance may be determined by some iterative process, The direction of
travel is established in the present case as follows.

The welght of the structure is the sumn of the weights of the individual elements, that is:

4 {5)
wzk A+ REAZ +§3A3 +- -

where A, , A, are the design variables
A 1 Az are constants depeadent upon
material properties, geometry, ete,

For the axial force member, for example, the design variable is the cross-sectional area and
Azyd . where y iz the specific weight of the material and £ is the length of the eloment,
Equation 5 is the equationof the weight surface in a coordinate system defined by the variables
A , A, etc. Now, if Equation 5 is differentialed with respect to the individual design
variabies and the resultant derivatives are normalized, the direction cosines Vw; of the
normal to the weight surface ara obtained. Algebraically, this can be written as

xi
Y s =
. 2 2 2
1
\/)\' X, R+ {:]
The steepest descent process can now be expressed in the matrix form:
D = (D -~ €V ‘ i7)
(%), ,, " (%), w .

where Dp, is anassembled vector consisting of the individual design variables (e.g. A LAy, l).
V,, is the vector of the direction cosines, and th th
€ is some distance of {ravel along the normal between the p~ and (p+1) " iteration,

IL is possible ‘o travel alongthe normal to the weight surface until some limitation is reached,
These limitations can be stresses and deflections, which are referred to a3 main constraints,
or on the design parameters themselves (gide constraints). It is, however, not possible to
determine directly the distance measured from any point along the steepest descent path to
the neuresi constraint, Thus, as indicated previously, an iterative method is employed.

A distance € is chosen arbitrarily and the design parameters are modified as indicated
by Equution 7. If the new design does pot violate the constraints, this distance is doubled.
This process is repeated until a design is reached which violates on a main constraint (side
constraints are ignored at this stage). Upon violation, the incremental distance ¢ is halved and
the direction of {ravel reversed. Inall subsequent iterations, the distance is always halved and
the direction reversed after each transition between a violated and ponviolated condition.
Thus, the process is directed to and converges upon the constraint surface, No difficulty will
be encountered if the initizl choice of adesign violates constraints; the atecpest descent mode
will immediately ‘“‘agcend?’’ toward the oonstraint surface.
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It should be emphasized that each “travel” in the steepest descent mode or any other mode
is simply a change in the design parameters and should strictly occasion & recomputation of
the stiffness matrix (Equation 2) and redetermination of the bebhavior function of the design
parameters, ihese being required for comparison of the resuits with the iimiting stresves and
displacements in order to determine if s constraint has been reached, :

Upon reaching the main constraint surface, the design variables are tested against their
side constraints If any values of the design variables violate the side constraints, they are
restored to their lower limiting values and a steep descent mode (with the limited design
variables suppressed: is re-entered, This directlon of travel prevenis further violation of the
side constrainis associated with the limited design variables. When a main constraeint which
does not viclate side constraints is reacbed, the side-step mode I8 entered.

Side-Step — Optimuw Vector Mode

The method developed herein for the mode of travel from the constraint surface following
completion of 2 steep descent is designated asa “side-step’ in the direction of the “‘optimum
vector®,

It is clear from the definition of the optimum structure that if one constraint condition
predominates, the lowest welght plane will be tangential to the constraint surface 3o that the
respective normals to the weight and constraint surfaces will coincide. This consideration
provides a basis for the selectionof adircction of travel in a constant weight plane, 1t must be
emphasized, however, that the minimum weight design will most often lie at the Intersection
of many constraints, that is, the minimum weight design :s bounded on many stresses and
deflections. in this case, the individual normals to the constraint surface do not coincide
with the normal to the weight surface, but the average normal will tend to coincide (sec
sketch),

\j

An algebraic development of this procedure is as follows. This first operation consists of

the determination of the vector Vc = %% of the diroction cosines of the normal to the current
i

constraint surface. (Assuming, for the moment, that only one constraint is active.) Each
element of this vector represents the partial derivative of the bounded behavior paramaeter
q, Wwith respect to a particular design parameter Aj. The consiraint surface in question is,
of course, a representation of the limiting value of the pertinent behavior parameter g, which
may be elther a strese ¢ or a displacement 8. '
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The relation between total external loading and nodal displacements {8 given by Bquation 2,

p+pP*-x8 | (2)

If the design varisble of the 1} elemant of the structure is altered by a small amount VA, ,
the stiffness matrix, ond the thermal force matrix of the modified structure become

K'= K+ VA, k; ' (8a)

PY: P24 WA, £ | (8b)

where k. and F-,a are expanded stiffness and transformation matrices for the ith element ‘or
a unit value of A . The displacements and stresses are also altered by small quantities

al: e+ 93 {9a)

=0 + Vo {9b)

Edquation 2 maynowbewriftenas
p+pP? =k 8
or a a
P+ P + Va F .

{i0)
: K 3+Va, k. 3+K V8 + Va, ltivB

Neglecting second order terms, and with K 8 = p + P » Equation 10 becomes
va. ri“swi ui8+uv8 _ 5 ()
thus
‘ i a
v3:-Va k™ (& 8-F’)
or
28 =-—u"(u 3-¢7) t2)
3‘1 | i
Also, from Equation 3
do _g_b_
—g—f:-md "3“‘:‘-‘ are assembled to form & behavior matrix derivative, from which the relevant
i i :
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element %%’3- can be selected. The entire process, which involves the evalugtion of Equations
I

12 and 13, is repeated for the design parameters, in turn, to generate the‘;complete vector,

It should be noted that this method ie particularly attractive since it only requires the refor-
mation of the simple matrices K; and F®and the matrix multiplications of Equations 12 and
13 for eachparasmeter A;. The matrices “! and 8 are only coraputed once and used repeatedly.
Otber methods of deiermining the vector V. all involve acomplete re-analysis of a modified
structure for evusy design parameter,

The =econi necessary item of information is the direction cosine vector of the normal to
the weight surfaces, Viy . This vector will have been developed during the steepest descent
mode, 2 described by Equations 5 and 6,

With ¥, and V, both evaluated, the desirable direction of travel in the constant weight
plane represected by the vector Vp can be determined. This direction is orthogonal to
Vw . By the right iriangle of vectors shown in Figure 6:

R Vc =z VD" + Vw {14)

where R is the length of the resultant vector in the V, direction. V,, is a unit vector due to
its normalizaticn, so that V;, being a hypotonuse, has a length greate. than unity). Thus

vD = R Vc "vw “5)‘
Also, since Vp and V; are orthogonal
T -
Vw VD =0 (16}
then, substituting 15 into 16
T T
R vw vc-vw szo (7}
but, since V,, is & normalized vector; i.e., V,I Vw © 1, Equation 17 becomes
RV, V.-1:0 18)
w ¢ 7 -
or
i
R=
T
Vw Vc
Substituting Equation 18 into Equation 15,
#
— |

Equation 19 defines the direction of travel within a constant weight plane. After the new direc-
tion of travelorthogonal to the line, AFis chosen (i.e., after Vy i8 computed from Equation 19),
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a step of arbitrary magnitude (AB) is taken (see Figure 7). This and the following steps in the
side~atep, in aggregate, are taken in a manner similar to the steepest descent mode of travel,
If a violation occurs as a result of the travel {(AB), thie distance is halved until a free point
is reached, Certain provisions have been incorporated to permit selection of a new direction
of travel when new bounds are encountered, but this is discussed at a later atage.

Figure 6. Triangles of Vectors for Side-Step Mode

F

NP

Figure 7, Travel in Side-Stsp Mode

_If, as in Figure 7, the point B i8 free (not bounded), the initial increment is doubled and step
8L} is taken. This process is repeated until a violation D occurs. Since an exact knowledge
of the displacement_boundary is not required, it can be assumed that it lies at the midpoint
{E} of the last step (CD) . Then, a free point (G), halfway between A and E is chosen as a suit-
able point from which o initiate a steepest descent.

If the size of the initial arbitrary increment in the above side-step procedure is € , then
the distance {AD) traveled after i iterations, when a violation occurs, is

(B):(2'-1)e (20)
and the size of the tast increment is '- *

246




AFFDL-TR-66~-80

(ep)= (27" (2n
Thus, the distance (DG) through which the design point is returned from D is

(56): (76)- (%) - (75)- (AE)

{22}

n
——
ol
o
g
'
|
T
ol
©
e
}

2
€ i"Z__
T[(SI(Z) l]

To prevent any element from becoming disproportionately large, as may occur in early
stages of a side~step mode, an additional limitation is introduced to ensure that no element
is increased in size by more than a given factor (approx. 1.5 or 2.0) during any one travei
in the side-step mode.

If multiple constraints occur at the termination of steepest descent, the vector of the
normal to each constraint surface is computed and the vector V. is taken as the average
of all the normal vectors, that is,

n
Vo : i};t (Ve )i (23)

It is possible that during the side-step process, when the current point is near the optimum,
that the next step reaches new constraints while the design point is still bounded on the
former constraints, In Figure 8, the solid lines represent constraint surfaces, with the dotted
lines defining the tolerance within which boundedness is considered to exist. If a design lies
at some point B, within the boundary zone of one constraint only, then the direction of travel
may be such that the design moves into the shaded zone A, in which the design is bounded
on two constraints. If this occurs, a new averaged normal vector, which includes a contribu-
tion from the latest constraint, is generated and the side-step mode restarted. This will direct
travel away from both above constraints,

In the event that the bound point at the end of the steepest descent is bounded on side
constraints as well as main constraints, a test is incorporated to prevent travel which would
tend to violate these side constraints. Travel in these directions is set to zero and a new
orthogonal travel vector VD is computed.

PAST AND FUTURE PROSPECTS

As part of past developmental studies at Bell, a working optimization program of moderate
capacity has been generated. This program, whichcontains in its library the elements detailed
in a previous section, has been used to optimize a considerable range of structures. The
capacity of the program, in its present form, is approximately 50 variable elements or 50
degrees of freedom. As part of the checkout and use of the program, details of optimizations
performed on two structures are given here,
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Bound Point B

Figuré 8. Design Point Within Boundary Zones

In the first example, a plane frame (Figure 9) containing 46 elements and possessing 29
degrees of freedom was subjected to 10 loading conditions. Dimensions, etc. of the frame along
with a typical loading case are shown in Figure 9. For this structure, which was actually
the most complex system in a large series of optimizations used to check out the workability
of the computer program, the computational time was only of the order of six minutes,

In the second example, the twenty-five member space frame (Figure 10) optimized by
Fox and Schmit (Reference 4) was examined. This frame has 10 node points and is subjected
to six loading conditions, and both stress and displacement limitations were included, In
defining the stress limits, the effect of local Euler buckling was taken into account, Since
all members are of circular tubular cross-section, they will provide the greatest resistance
to buckling when the radius is at its maximum allowable value. r max, The Euler critical
stress is then given by

%, TEL (24)

where A is the cross sectional area and £ is the length of the strut. Substituting expressions
for A and I, Equation 25 reduces to

2 2
g, = — ( '2 )E (25)
2

Since both r and £ are fixed, the critical Stress may be defined independently of the actual
variable cross sectional area. Using the Bell program, the final weight obtained was 547.2
b, which compares well with the figure of 570.4 1b. obtained by Fox and Schmit, The differ-
ence in values is principally due to variations in accuracy criteria,

Using this program as a basis, two further computer programs are under current develop~-
ment at Bell. The initial program was written in conventional FORTRAN 1V with the allocation
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Figure 10, Twenty-five Member Space Frame
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in dimension statements of large blocks of storage of fixed size, reducing the flexibility
and capacity of the program to the aforementioned level. Accordingly, the original program is
being redeveloped to increase the totalcapacity andto provide a much greater degree of flexi-
bility of operation. The program will still operate effectively entirely within the computer
core storage and will have a high operating speed. The anticipated capacity will be approxi-
mately 90 variables and over 100 total degrees of freedom. The element library will be
extended to included relationships for wing type structures and it s intended that this program
will be applied to the optimization of actua. airframe structures, either wings or fail units.

In parallel to this moderate capacity high speed program, the development of a program
capable of handling approximately 450 variables is in work. Due io the very much increased
capacity, very extensive use of storage devices is necessary with a consequent reduction in
operating efficiency. This program will possess the open ended element library mentioned
previously and will be capable of including such special effects as insiability. Although one
version of the original optimization programs considers instability, this has not been included
in the intermediate capacity high-speed program. In addition, the large program will be capable
of handling a limited number of configurational variables using a modification of the alter-
nate step techniques discussed in the present paper. ‘

While the practicability of the method of alternate steps has been demonstrated and its ex-
tension into non-linear problems is in hand, the possibility of developing alternate methods
is not excluded, Among the new techniques under current review is the Cutting Plane Method.
This method which, in effect, generates a series of linear approximations to the nonlinear
constraint surfaces and also, if necessary, linearizes the merit function, would appear to
present an interesting avenue of further research in the field.
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