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FOREWORD

This report was prepared by the Armour Research Foundation of the
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Plant Labvoratory, Directorate of Laboratories, Wright Air Development
Center, with Mr., J. D, Delano, Jr. as project engineer, and is covered hy
RDO No, R«536w232, "Power Plant Power Transmission Systems".

This report is presented in two parts. Part 1 is concerned with the
besio assumptions for the various types of aireraft accessory power
transmission systems concernmed, while this part (Part 2) consists of the
derivations of the squations which were utilized in Part 1.
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ABSTRACT

A method is presented for evaluating four possible types of aircraft
accessory power transmission systems as listed below.

1. Pneumatic
2+ Hydraulic
%+ Electrie

L. Wechanical

This evaluation method is intended for use in deciding which type of
gccesgory transrission system should be used in a given type eircraft.

These systems were analyzed on & minimum weight basis. Weights as
well as the increasse in fuel weight to compensate for power extracted from
the engines were considered on the basis of mission profile and power
charscteristics of the accessory systems. The minimum weight was mainly
determined by the transmission line sizes in the respective systems, while
other components were essentially constants in the analysis.

This report is divided into two parts. Part 1 is devoted to listing,
for each system, the basic assumptions and required data, and t¢ present-
ing a step by step procedure for caleulating the minimum total weipght of
each basic systems This part {Part 2} containe derivations of the equa-
tions which were utilized in Part 1 without derivation or detailed ex-
vlanation.

The security olassification of the title of this report is MUNCLASSI-
FIED®, While each individual section of this report is no% considered
classified, the compendium of information contained in this report is
considersd to be of sufficient importance to require the protection
afforded by a RESTRICTED classification.

POBLICATION REVIEW

This report has been reviewed and is approved,

FOR THE COMMANDER

Q. BRI L.
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Chief, Power Plant Laboratory
Directorata of Laboratories
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SECTION I

INTRODUCTION

This report is a supplement to Part 1 of Evaluation of Aircraft

Accesgory Power Transmission Systems Selected A Tcal Meth
Emﬁ Report No. t3- ’55 'ﬁﬁ?ﬁ eon%ns the mnys:.s.-proceﬁ

ods, WADC

a 1n concise

form for the analysis of the following types of transmission systemss:

1.
2,
3
Le

Preumatic
Bydraulic
Electric

Mechanical

This report contains the derivations of the equations which were used in
Part 1 without derivation or detailed explanation,

WADC-TR 53=36
Part 2
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ABALYSIS OF THE WEIGHT OF PNEUMATIC

POWER TRANSMISSION SYSTEMS

Section I

A. Introduction

The derivations of the various major parameters and curves used in
the analysis of the pneumatic systems are grouped under three main headings:
Straight Bleed System, Eleed and Burn System, and Weight of the Air Turbine,
These headings are parallel to those used in Part 1 of this report, The
derivations under these headings are presented in the order in which the
parameters arise in the apz2lysis procedure,

Some of the parameters and their derivations are the same for both the
straight bleed system, and for the bleed and burn system. The head loss

parameter, ,4 s the dimensionless pressure drop parameter, X*, and the specific
fuel consumption, Gl';x, fall in this category and are derived in sections 1,
2, and 6 under the Straight Bleed System. '

B. HNomenclature
A annular area of the rotor, in.2
a taper

Cbl thrust correction factor st erulse conditions

C'bl fuel flow correction factor at cruise conditions

C“bl gpecific fuel consumptiop chargeable to the accessories, 1lb
of fuel per hr/lb of bleéd air per second

Cq nozzle coefficient

c per cent increase in rotor blade height over nozzle blade height

°p specific heat at constant pressure Btu/lb °F

D duct diameter or diameter, ft

D dimensionless duct parameter

d turbine tip diameter, in.

Fo ret engine thrust, 1b

£ friction factor, factor or function

g acceleration due to gravity, ft/se02

WADC-TR 53-36
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blade height, in.

h

HP horsepower
K head loss coefficient or proportionality constant
k

ratio of specific heats

:K total head loss coefficient

L length of duct, ft

N revolutions per mirute, 1/min
P absolute pressure, 1‘!'::/1"(.2

R gas constant, ft-1b/1b °R

Re Reynolds mmber

ratio or radius, in.

ratio of fitting weight to weight of duct alone, or pitch, in.
allowable stress, psi

taper factor or temperature, °R

thickness, in.

velocity, ft/sec

weilght, 1b

weight rate of air flow, lb/sec

bleed air flow, lb/sec

dimensionless bleed air flow parameter

weight of fuel required to cperate accessory system for time, r[_-,, 1b
fuel flow for engine, 1b/hr

width, in,

dimensionless pressure drop parameter

inverse of pressure ratio, PbO/Pbl

}13 Sk M, @ & = gf% gf: A G U R I

h'ead loss parameter

WADC~TR 53-36 3

RESTRICTED
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weight density, 1b/ft

aspect ratio

efficiency

admission angle

blade solidity

duration of power extraction, hr
horsepower parameter

specific thrust fuel consumption, 1b/1bwhr

duct weight coefficient

Wk increment of total aircraft weight due to additional structural
requirements and to the fuel required to overcome any increased
aerodynamic drag chargeable to the transmission systems, 1b

Subscripts

A area

a air

Am  ambient condition

BL. bleed air

b blade

bl conditions at compressor‘outlet

b3 conditions at burner inlet

by conditions at turbine inlét

b0 conditions at turbine discharge

c casing

e cruise

cr critical

D duct

d  disk

WADC-TR  53-36 k
Part 2
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B engine
£ fuel
G- governor

GB gear box

insulation

[ ]

Jjet

mean

nozzle

pitch line

tarbine

tangential or throat

velocity

w2 =« o w3 W = B o

wheel

Ce Straight Bleed System

4 schematic diagram and a temperature~entropy diagram of the straight
bleed system are shown in Figs, II~l and IT=-2,

1. Derivation of the Head Loss Parameter, /M , and the Dimensionless

Pressure Drop Parameter, x*

This derivation is concerned only with the duct and the flow in
the duct; therefore, it may be used for both the bleed and burn and the
straight bleed systems.

In designing a pneumatic transmission system, it is important to kmow
the pressure drop in the duct. This makes it possible to compute the ap-
proximate energy available to the turbine at the end of the duct and to
determine weipght of air necessary to supply a given horsepower requirement.

The pressure drop in a duct is a function of the length and diameter of

the duct, the number of fittings, the compressor bleed temperature and
pressure and the weight of air flowing through the duct. Introduction of ﬂ

and X in the expression for pressure drop simplifies the equation and provides
a means for correlating the major duct variables with the duct inlet conditions.

The pressure drop in an air duct is due 4o frictional losses in the

WADC-TR  53-36 5
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(am) Engine

(b1}
Sleed Air Duet

{ bhl Air Tarbine
(00)

Fig. I1-1 SCHEMATIC DIAGRAM FOR 8 ELEED ATR SYSTEM

Fig. IT-2 AIR CYCLE FOR BLEED ATR SYSTEM
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various duct components such as straighf sections, bends, elbows, valves,
etcs The pressure drop in these duct components can be expressed in terms
of pressure loss coefficients, Kn’ defined as

AP
K = n

n ﬁ%}-vz

(II-1)

where:

Kn = head loss coefficient of any particular duct component

¥~ = weight density of the air, 1b/ft>

v = velocity of the air inside the duct, ft/sec

APn = pressure drop, lb/f'b2
Values of the coefficient Kn are determined experimentally and are found in
the literature, (Refs, IT-1 and II-2),
For the straight portions of the duct the pressure loss is given by:

S L1y, 2
AP fﬁgéfv Ks-éaév (11-2)

where:

H

= friction factor

length of straight portion of duct, ft

diameter of duct, ft

L] L= B o
]

g < Pressure loss coefficient for straight pipe section

The value of the friction factor can be determined from charts such as the Moody
Diagram, (Refe. II=3)e

For the straight section of the duct, the K is a function of the diameter,
However, since the influence of this quantity upon the ZTK is smail, its
functional dependency on D can be reglected for this analysis,

The pressure loss due to an individual duct component is then given by:

2

n

AR, =Ky ?'ign v (11-3)

WADC-TR 53-36 7
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The density of the air is given by the gas law as
. (11-1)
n
where:
R = gas constant, fi-1b/1b °R

T = absolute temperature, *R

The velocity can be expressed in terms of weight rate of air flow, air
density and the duct cross-sectional area (An - 121 T/

W R T

BI n
V = e (11-5)
n a /h Dn pn

Introducing Eqss (II-4) and (II-5) into Eq. (IT-3) yields:

16R wBi T,
AP =K s T (11-6)
2g M P D

The total pressure drop in a given duct system is the sum of the individual
pressure drops of the component,

2
16R W K T
BL n n
AP = (I1-7)
2 : Pn Dl;

The pressure, Pn’ lies between Pbl and Pbl-AP, the exact value can only be

determined by actual test of a given installation. For purposes of this
analysis it will be assumed that P is the mean pressure existing in the duct,

that is

1
Pp =Py =3 AF (11-8)

and the temperature is assumed constant and equal to the duct inlet temperature,
This results in a slightly higher velocity and hence a somewhat larger pressure
drop through the duct. Therefore, any error incorporated due to the ap=-
proximation should introduce a safety factor. With this assumption Eq. (II-7)
canbe written as: '

WADC-TR 53-36 8
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w2 b
16R T D
b TeL (T") K, (1I1-9)

25772(Pb1 ) Dh /

If the duct diameter is uniform, as is ordinarily the case, then Eq. (II-9)
becomes:

AP =

2
16R T.. W |

AP = o BL —— K (II-10)
2¢T (P, - %) D

Solving this equation for AP one obtains:

16RT IZK W °

AP =P il1- BL (1I-131)
bl 2 "
g% P,y °

The head loss parameter, /3 , is defined as;

16R T, 57K
b2 (11-12)

2 2
gl P

3#
The dimensionless pressure drop parameter, X , is defined as:

W
= BL (TI-13)
\l: 2
AP
¥y -\l | (TI-1L)
- l (11-15)
Pbl

WADC-TR 53-36 9
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and )
P
& =1 - _FPA (I1-16)
N bl

3t
2s¢ Derivation of the Dimensionless Horsepower Parameter, HP

The dimensionless horsepower parameter, HP*, is defined from the
equation for turbine output horsepower, It is a convenient instrument for
relating the required turbine horsepower with the duct characteristics,
(duct diameter, flow rate, and pressure drop) and design conditions, (bleed
air temperature and pressure, and ambient pressure).

The power output of a turbine expressed in terms of the turbine inlet
conditions is given by:

k-1
W [+ T, P i
gp = _BL P YlT by 1 - __Pbo k (I1-17)
0.707 bl
where:
Pro

F_Z = ratio of turbine exhaust pressure to turbine inlet
b pressure

ey ™ turbine inlet temperature, °R
Wg = bleed air flow, 1b/sec

0.707= conversion factor, Btu/HP-sec

7¢ = turbine efficiency

The turbire inlet conditions, Tbﬁ and th, can be expressed in terms

of compressor outlet conditions, Tbl and,Pbl, and the duct losses as expressed

byJ/Q and De

The temperature, Tbh’ can be computed from

k=1
T o X
P I1-18
T B ( )
Substituting from Eq, (II-15) givess
kK=1
B _ e 2k -
Ty, ™ T (1 =X°%) (I1-19)
WALC-TR 53-36
Part 2
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The inverse pressure ratio, <, is defined as:

3
K - 2O IT-20
FIE { )

Substituting Eqse. (II-15), (IJ-20), and (II-19) into Eq. (II-17) and assuming
the specific heat of air is 0.2L Btu/lb °F, gives:

5 k-1
W T 3 2k
BL):ET bl (1 - X )
HP = II-21
2495 (11-21)
From Eq. (II=-13)} the bleed air requirement, HBL’ can be expressed as: )
2

W = X (IT-22)

EL»\J’/T

This value of WBL can be introduced into Bge (II=21) and by regrouping the

terms the following dimensionless equation can be obtained:

o (k=-1)/2k (k - 1)/k

295 HF [ 8" . 4% (1-3%) - X (I1-23)
]1 T o°
T bl

The left hand side of Eqe {I7-23) is defined as the dimensicnless horsepower,
HP*, which can be rewritten using Eq. (II-12)

p* —2‘22\'477'}? = L8l NEX P (1I-2L)
)ET Tea D }ZT Pbl\l T P

Eqe (II-23) can now be written as:

B =X | (1 - x*2)(k - L)/2x oo (e = 1)/k

(I1-25)
The variation of HP* with ¥ for several values of oCis shown as Fig, II-3.

3+ Power Loss Due to Pressure Drop in the Duct

The effect of the energy loss due to the pressure drop in the duct

WADC-TR 5336 1n
Part 2
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can be evaluated from Fig. II-3 in terms of power or bleed air flowe. In ths
absence of pressure drops in the duct, X £ 1, the turbine inlet conditions

can be assumed to equal the compressor outlet conditions and the power
relationship can be detemmined from Eq, (II-25) which reduces to the following

approximation for small values of X (X%2 negligible as compared with unity):
o . [1 o (k- 1)/k]x*

This is the equation of the tangent to the HP vs X' curve at X = O,

(II-26)

The effect of duct losses on power output and air consumption is shown
schematically in Figs. 1I-hke. If the operating point of the system corresponds
to point (1), then the power loss is proportional to the distance 1-3, where
point (3) corresponds to the power output that could be obtained from the
turbine maintaining the same air flow in the absence of duct losses.

The increase in bleed air requirement due to duct losses is proportional
to the distance 1-2, where point (2) corresponds to the bleed air requirement
of the turbine delivering the same power in the absence of duct losses.

Le Determination of Duct Diameter from the Dimensionless Horsepower

Parameter

For a required power output, HP, a given duct configuration,s'¥, and
the power available in the bleed air (expressed in Tbl and Pbl)’ the duct

dlameter canbe determined.  Using the derivation of part 2 above, the required
duct diameter can be obtained from Eq. (II-2h), if the dimensionless horsepower

parameter, HP*, is known., HP® can be taken from Fig, II~3 if maximum permissible
pressure drop is specifieds FromAP= th - Pbl’ X* can b e calculated using

Eg. (TI-16) and the corresponding HP® value determined for a given value of .
The duct diameter corresponding to a given &P then is:

p-|29548 w (11-27)
}(T T, HP

#

If the permissible pressure drop is not specified, the maximum value of
3

Hp", for the givenC, is taken from Fig. II-3. In this instance the duct
diameter calculated from Eq. (1I-27) is the smallest diameter capable of
supplying enough air to satisfy the horsepower requirement.

5« Determination of the Bleed Air Flow from the Dimensionless Horsee

povwer Parameter

The bleed air flow is important in computing the accessory fuel
consumption and pressure drops For a fixed system with a given Z X and engine
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3
| With Duct Losses
'/
o »—————— ——i
1

HP
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POWER 10SS.AND INCREASE 1IN BLEED AIR REQUIREMENT DUE TO

DUCT LOSSES
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performance, the bleed air flow, 5 required for the power output, HF,

W
BL
and a duct diameter corresponding to a given duct pressure drop AP (or X*)
can be determined, from Eq. (II-22), Substituting the value o?}g& from

Eq. (II=12) in Bq. (II-22) gives:

A = Py D2
Wpp, IL\E{ Tblz:x * H-E)
A] bl
or
P, D° N

W, = 0.61
BL
"I Tbl nEK

The value of X* can be taken from Fig. TI-3,

X (11-29)

6s  Derivation pf the Specifiec Fuel Consumption for the Accessory

System, C“bl

Included in the total weight of an accessory system is the weight
of fuel required to operate the accessories throughout the flight of the
airplane. The specific fuel consumption indicates the amount of additiocnal
Tuel a given engine must burn in order to sunply the accessories with one
pound of bleed air each second for one hour and provide required thrusts

This derivation 1s valid for both the straight bleed and the bleed
and burn systems.

The specific fuel consumption of the accessory system is defined by:

bl W

C“
BL L

(TI-30)

where:

W, = weight of fuel required to operate .accessory system for
F . —
time, L, 1b

Yo

Ve d

C"bl = specific fuel consumption, 1b of fuel per hr/1b of air per sec
= bleed air, 1lb/sec
L

= auration of power extraection, hr

It is desired to develop an expression for C"bl in terms of engine operating
conditions which can be caleculated from available data.
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The effect of bleed air extraction on the fuel consumption and thrust
of the jet engine is shown schematically in Fig. TI-5. When air is bled from
the engine, the mass flow to the turbine is decreased, momentarily reducing
the power available to the turbine. This tends to reduce its speed. However,
since ihe engine contrel i1s primarily speed sensing, it acts to return the
engine rpm to its initial value by increasing the fuel flow (point A to point
B}e The loss in mass flow also causes a decrease in thrust output of the
engines The power loss may be recovered by increasing the setting of the
power control lever in the aireraft. This raises the base speed of the
engine control and results in a further increase in fuel consumption (point
B to point C).

Although not in accordance with Mil=E-5008, the following notation will
be used in this report:

The changes in thrust and fuel consumption along a constant rpm line
due to air bleed are:

e,
AR () Fy (I1-31)
and
AWﬂC'(-EL—)W (11-32)
£" % VW Ve -3
where

cbl" Cbl = air bleed correction factors for fuel
consumption and thrust respectively

AF_ = change in engine thrust, 1b

W,, = weight of bleed air, 1b/sec

W_ = air flow through engine, 1b/sec
AW, = change in fuel consumption, lb/hr

W, = fuel consumption, lb/hr

From the engine specifications the change of net thrust is known for
a given change of fuel flow, Fige II-6 shows a plot of fuel consumption versus
net thrust for a constant flight speed and an unburdened engine {no bleed air
being extracted)s In the normal operating range of the engine this plot is
nearly a straight line. The slope of the line is given by:

a W}
: }b « £ (11-33)
dF
n
WADC-TR  §3-36 16
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With Airbleed

T Without Airbleed
AW':E.
l constant rpm

Fuel Consumption, Wos 1b/hr

Net Thrust, Fos1b

Fige I1I-5 ENGINE OPERATING 'CONDITICNS

Feel Consumption, Wp, 1b/hr

Thrust, F_, 1b

Fie. II-6 VARIATION OF FUEL FLOW WITH CHANCE OF THRUST FOR CCHSTANT ATRPLANE SPEED
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The change in fuel flow for a given change in thrust along a constant flight
speed line is given by:

A, =/¢ AF_ (II-3L)

where:
AW', = change in fuel consumption, 1b/hr
The net increase in fuel consumption due to bleeding of air from the

compressor while maintaining a constant thrust, as shown in Fig. IJ-5, is
given by

AV = Awf + A (TI-35)

where

zﬁ%ﬁg' = total change in fuel flow due to air bleed,.H%E

With consideration of Egs. (II-31), (II-32), (II-34), this can be
written as:

C F Ct W
LW - ¥ 2, _Bf W (11-36)
a a
Let
F + (01 W
C“bl - }b Cbl qw bl f (IT-37)
a .
then
AW“f = C"bl WBL {I1I-38)

The coefficient C"bl as defined by Eqe. (II~37) is called the specific fuel

consumption chargeable to the accessories and is determined from engine
specifications, for any given operating condition of the engine,

7. Determination of the Optimum Duct Diameter

The total welght of the accessory system is written as:

EW =Wy W W W (I1-39)

WADC-TR 53-36 18
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wheres
Wy = turbine weight, 1b
WD = total duct weight ineluding fittings and insulation
Wp = total fuel weight, 1b
Wk = increment of total aircraft weight due to additional structural

requirements and to the fuel required to overcome any increased
aerodynamic drag chargeable to the transmission sysiem, 1b

The cuct diameter for which the total weight, X7 W, becomes a minimum
is called "optimum duct diametert,

For the derivation of the optimum duct diameter, it is assumed that
the system is designed for the power reguirements at cruise conditions and
no overload capacity is necessary.

The usuzl method for minimizing such an equation would be to express
the terms of the right side of Eg. (II-39) in terms of the duct diameter,
differentiate, with respect to the diameter, and equate the resuwiting derivative
te zeros The duct diameter which sstisfies this condition is then the
optimum duct diameter.

' %
In this analysis, however, the dimensionless pressure drop psrameter, X ,
is used as the independent variable instead of the duct diameter., When the

optimum value of X* is determined, the optimm dict diameter can be obtained

from HE relationships.

It is first necessary to express the factors in Eq. (II-39) in terms

of the independent variable, X*. For this derivaticn, the turbine weight,’
Wy and the increased structural weight and fuel weight, W, are assumed

constante.

8. Express the Duct Weight, W . in Terms of X
>

The duct weight is given by:
Wy = WL (II-L0)

Since the duct weight coefficient, J, and the duct length, L, are constants,
it remains to express the duct diameter in terms of X' Solving Bq. (II~23)

for D2 gives:
2 2.95 HE 1
D = — (IT=h1)
2 (K- 1)/2k k- 1)/k
ET bl Xt [21-}(* ) - K ]

WADC=TR 53-36 19
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3y the following definitionss

# - 2‘9f.b1HP (11-L2)
T
and
2 (k-1)/2k (k- 1)/x
P00 = (1-%") -oC (12-43)

Equation (IT-Ll) can be written as:
D= &h 12‘ (II‘M)
N P, o0N

b. Express the Total Weight of the Fuel, W, in Terms of X

The weight of the fuel is given by:

Wy = Gty W T (II=45)

whera:

1b of fuel/hr

1b of air/sec
bleed air flow at cruise conditions, 1b/sec

C“bl = specifie fuel consumption of accessories,

War,

T » duration of power extraction, hr

A1} of the terms in Eq. (II-L5) are constants except the bleed air flowe. To

express the bleed air flow in terms of I*, solve Eq. (II-kl) for o X*/W
This givest

2
\r%-_, X = 7 é; 5 (1I-16)

and from Eqse. {II-22), (II~42) and (TI-L3):

Wor ™ § (TI-L7)
50 (X5 L)
WADC-TR  53.36 20
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ce Differentiate the Total Weight Eguation

The total weight equation may now be written as:

bln! :,cr,“ |
S = Wy Wt WL ,‘6 son Th—2 (I1-L8)

bl *
,\| X P, L) P, L)

In order to find the optimum value of I*, (which is the value of £ that will

minimize the total weight), Eq. (II-48) is differentiated with respect to X e
The derivative is then equated to zero:

aZv_ . JEW,_JZW To) . (T119)
a ¥ dx d ‘f(x*,oﬁ-) y
For this derivation, let,
C"b1§ T=a (11-50)
and
Wi/EY A~ 8 (11-51)
then,
_9_.2_,_‘!— - g 577 1 77 (11-52)
Jx X [(f’(x*, &L )]
JEW 1 A

B
. - (11-53)

1/2 3 2
J Pa*, %) x* [c,v(x*, oc)] 7 [?(x*, oc)]

and
_J So(x*,ob) o k-1 ¢ 1 _
T - X 5 (Ew T)77% (II-5L)
| Q-x)
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4 .
Introducing these values into Eg. (II-49) and seclving for E-glves:

{ 2 {k +1)/2k
b1 | PO, )k PELK) o g )( v (12-55)
B 2 '\ X* k-1 *2
X

. TR .
Iet the dimensionless time parameter, { s be defined as:

/1‘:’* Y "[_\é (11~56)
s WL W
then,
" N s k*1
T* - %,\’ id (X008 e pL) -y g (IT-57)
X ka1l 3

X

*
Equation (II-57) is shown graphically in Fig., IT-7 for several values of X

de Determine the Optimum Duct Diameter

R
The dimensionless time parameter, [ ~, can be caleulated from

design data with Eq. (II—Sé); Then the value of X which satisfies Egs (II-57)
can be obtained from Fig, IT-7. This is the optimum value of the dimensionless

3
pressure drop parameter, (X*)opt. With this value of(X )opt’ the optimum

3 .
dimensionless horsepower parameter, (HP )op s can be obtained from Fig, II-3,

t
The optimum duct diameter can then be calculated from Ege (II-27)s

D, Bleed and Burn System

A schematic diagram and a temperature-entropy diagram of the bleed and
burn system are shown in Figs, IT-8 snd II-9, respectively.

The bleed and burn system is the same as the straight bleed system except
that & combustion chamber is inserted just ahead of the air turbine. This
slightly alters the equations for the dimensionless horsepower parameter,
and the duct diameter., Consequently, these factors are derived below for
a bleed and burn system,

R : : X
1. Derivation of Dimensionless Horsepower Parameter, HP

For maximum efficiency the turbine inlet temperature is usually
maintained at the maximum permitted by manuf.cturer's specifications. Therefore,
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Pho
b
1
5o
[
£
Q
0,
B
&S
Entropy
Fige 139 TEMPFRATURE = ENTROPY DIAGRAM FOR HLEED AND BURN SYSTEM
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the turbine inlet temperature, Tbh’ is independent of the compressor discharge

temperature. Substituting Eq. (II-15) into Eq. (II-17) the basic horsepower
equation can be written as:

k-1

W T k-1

Hp = i_)LEh 1./ \TX (I1-58)
2095 1 - x*2

Substituting Bq. (II-22) for WBL gives:s

— k=1
2.95;% B oot i1/ T (11-59)
}?'r ™ "ok «|1 S

The left member of Eg. (II:SS') 15 defined as the dimensionless horsepower

parameter, HP*.
" - 2_;4@ (11-60)

95 P
D)?TTbh

k-1
i D G- S X (1I-61)
1 - 3%

Equation (II«61) is shown graphically in Fig, I1-10 for several values of I*.

Then,

2o Determination of the Duct Diameter and Eleed Air Flow from Dimen-
sionless Horsepower Parameter

If the horsepower parameter, HP*, is known, the duct diemeter can
be computed from Eqe (I1-60) which can be written as:

T L]

D ’:\I 2495 HP - (TI-62)
)( v Twy HF :

The bleed air flow can then be calculated from Eqe (II~13). The diameter, D,

shown in this equation, is determined from Eq. (II-62), and the value of X
can be taken from Fige. IT-10.

E. Weight of the Air Turbine

In evaluating a pneumatic system it is necessary te estimate the weight

WADC-TR 53-36
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of the turbine. The size and weight of a pneumatiec turbine are based
initially on the nouzzle throat area and jet velocity of the gas leaving
the nozzled

The wheel diameter of an axial flow turbine is determined from the
nozzle area and the jet velocity. The size and weight of the wheel and
casing are in turn based on the wheel diameter,

Nozzle throat area and jet velocity equations are derived for a straight
bleed system in sections 1 and 2 below. The nozzle throat area for a bleed
and burn system is derived in section 3 below. Equations of casing weight,
Weo and the combined wheel and casing weight, WWC’ are derived for an axial

flow turbine in sections Y and 5 below,

1. Derivation of Nozzle Throat Area, At, for a Straight Bleed System

The following derivation makes it possible to express the nozzle
throat area of a furbine in terms of the known duct characteristics, 52K,

D, and K*o

The throat area required to pass a given amount of air is given by
Ref, II-8,

.
Yer Al Tol

A =
+ 0.532 th

(I1=63)

The pressure and temperature can again be expressed in terms of the come
pressor outlet conditions. Using Egs. (II-15) and (II-19) gives:

v o (k= 1)/hk

< BL A% (- %)

& 7 5. 32 Py (- x_*z)‘ 1/2
or —
K

- BN b1 1

A= 52w 2k + 1)/IK (TI-64)
bl (1 - X* )

Introducing the value of WB as given by Ege {[II-28),

L

W Ag' D X

Ay 7 ; (II-65)
t 2 k ¥ 1
N A.]R'iZKl 0.532 - )y ~TE

2 *
D X
= 1,148 T (1T=66)

ZE 1.y "TIE

Ay

WADG-TR 5336 _
Fart 2

RESTRICTED



RESTRICTED

Defining the dimensionless pressure drop function for the stralght bleed
=
system, g(X"), as

* vl
g(x') = 2 T+ 1 (TI-67)
Q-1 =
Eq. (TI-66) becomes:
D2 #*
A, = 1.148 g(x™) _ (11-68)

® N
The function g(i*) is shown as Fig, IT-11,

Under some operating conditions, such as partial load at low aliitude

and high thrust output of the main engine, the values of K* become very small
and the use of Figs., IT-3 and IT-8 becomes difficult. For this range the
following approximations can be used:

For Eq. (II-25)

. k-1 .
H = (L= "k )X (Ix~-69)
and for Eq. (II-68)
D2 *
Ay =18 —— X (II-70)

J=¥

Eqs. (IT-69) and (II-70) show that for small values of X" the dimensionless

power HP'M~ and the throat area are linear functions of the variable X*.

2. det Velocity at the Exit of a Convergent Nozzle

The following derivation results in an expression for the jet
velocity in terms of the bleed air temperature which is determined from the
operating conditions of the engine.

For a perfect gas, the jet velocity at the exit of a nozzle is given

by:
v, = |2 AT
3 N gJ % (I1-~71)
wheres
J = mechanical equivalent of heat, .—FB—I";‘:!;L—
WADC-TR 53-36 28
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¢, = specific heat at constant pressure, -i%EE'F

AT = temperature drop across the nozzle, °R
The temperature drop across the nozzle can be written as:
AT = Tl (1 - rT) (11-72)

where:

r. = ratio of temperature at nozzle exit to the
entrance temperature

The temperature ratio, Tqs can be expressed in terms of the pressure ratio,
r, by:

- p (k= 1)/k (1I-73)

Tp

Equations {II~73) and (II-72) can now be introduced into Eqe (II~71), and
since

e, = (x/k = 1)(R/3), (11=7L)
Vj 'J & ,'__kl_ 2g RTbh \]1 -T (x _.l)/k (I1-75)

When the pressure ratic across a converging nozzle is equal to the critical
pressure ratio, then:

2 k/(k - 1)
T T T T CEET) (11-76)
and
1. ek - Dk, g (1T-77)

With this expression, Eqe. (II-Th) reduces to

k o
Vj ’«J T T 2g R Tbh for [-r = rC%] (IZ=78)
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This velocity corresponds to sonic velocity at the nozgle exit. If the
pressure ratio is larger than the critical ratio, the exit velocity is
subsonic and is given by Eq. (II-75) which can be written as:

[ 1
= k -7C
v, qu K zgrT (13-79)

C, fJ i : % J].- Ll - 1)/k for [% >.rc%] (1I-80)

When the pressure ratio is less than the criticzl ratio, uncontrolled
expansion of the gases occurs after exit of a converging nozzle., This
uncontrolled expansion takes place at low effieiencies, and the extent of
the free expansion of the guses depends on the geometry of the nozzle bank,
(Refas II-6)s

where:

The jet velocity for this case is given by Eq. (II-75), which can be
written as;

-

= k T

where:

c, = Gx\l ;j ;L. Jl S - DE [r(rcr] (11-82)

Cx = free expansion coefficient

The coefficient, Cx’ can be determined experimentally for a glven nozzle
bank, The variaticn of the coefficient, Cu’ with the pressure ratio, r,

is shown schematically in Fige. IT-12. For design conditions the ratio, r,
will be less than critical, and the coefficient, C , can be taken eaqval
to unity. v

Since the turbine inlet temperature, Tbh’ is independent of the com-

pressor discharge temperature for a bleed and burn system, Eq. (II-81) may
be used to determine the jet velocity for a -bleed and burn system. The
temperature Tbh in Eqe (II-£1}) can be expressed in terms of the compressor

inlet temperature for a straight bleed system. Using Eq. (II-19),

, S 2 k- 1/lk
J TbE-J T, (1-X) (I1-83)

WADC-TR =36 ;
%art é 53-3 kil

RESTRICTED



~ RESTRICTED

1/r 1/r

cr

Fige II-12 VARIATION OF THE VELCCITY COEFFICIENT C WITH THE
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2
Since X* is smaller than one, (1 - bl ) is less than ones The value of

k can be taken as 1l,L. With this value for k,

56 I

k-1
ok

That is, the fourteenth root must be extracted from a number smaller than ones
For the range of values of X" encountered this can be assumed to be equal

to one,
42 % - 1/Lk
Using these two approximations, that is, Cu(l -X ) =1,
Egse (II=-78) and (II-81) can be written as:
k
= < -
vj \lm 2 R Tbl for [r < rcr] (11-8k)

The jet velocity at the exit of the nozzle can be evaluated from the
compressor discharge data.

3¢ Derivation of Nozzle Throat Area, A., for a Bleed and Burn System

L4

The air flow through the turbine nozzles is given by:

0.532 A P

- bly
L - (11-85)

bl

The air flow can also be expressed in terms of the dimensionless pressure
drop parameter, X", See Ege {TI-13). Substitute Eq. (IT-13) in Eq. (II-85).

0.532 4, P
_..2.2_.;{* - ¥ bh‘ (II-86)

T

Substitute from Eqe. (II-15) and solve for Aye Then,

T, D2 ¢
A, = sbh . (11-67)
0.5 Fy 8" | 2
bl, 1 - ¢t

The dimensionless pressure drop function for the bleed and burn system, h(x*) ’
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is defined as:
%
1w x*2
The function, h(X') is shown graphically in Fig, TI~13.

Substituting this definition in Eq. (II-87) gives:

2
T D
A, - A! bl h(x*) (I1-89)
0s532 Py | A

or using the definition fozﬁ given by Eq. (II-12),

2 T.
A, =15 —2 L nx* (11-90)
= Lk

L. Derivation of Turbine Casing Weight, W,
The welght of the turbine casing can be approximated by replacing

the casing with a c¢ylindricsl enclosure having the same dismeter as the tip
of the turbine wheel,

v, -’/]’dwcta/d- 2 f{FdQ A (11-91)

vwheres

L/ width of the casing, in.
d = tip diameter of the turbine wheel, inme
t = thickness of turbine casing, in,

Y - weight density of casing material, 11:/5.113

Eqe (1II-91) can e written as:

.
Wg TR e < 3 (11-92)

The wheel diameter can be expressed in terms of the anmilar area, A.
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and the ratio of blade height to mean wheel radius, h/rm, as follows:

d=2r + h= 2::-m (1 + h/2rn) (11-93)
and since f“"‘
then —

2r, =&/ / b (11-95)

Equation (IT-92) can now be written as:

2r A
Wo '?/_Jc?/t ( :c + -%—) 7;%'5- 1+ 111/2rm)2 (11-96)

> Q + wer )2
W r
- C + 1 B
Wou A v q - * 5 —
n

Se Derivation of Combined Weight of Turbine Wheel and Casing, W ;

The turbine wheel weight is given by Eq. (II-39) of Part 1 as:

(13-97)

LA S F(h/rn) (11~-98)

wheres
W, = wheel weight, 1b
&S = aspect ratio, blade height/blade width
h = blade height, in,

F(h/rm) = a function of blade height to mean radius
ratio {see Ref, II-5)

The combined weight is given by the sum of Egs. {II~98) and (IT-97).
2
hi F(h/rm) 1 (1+ h/2rn)

L
R s S “Y('a'c'* ) s, ()
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The anmular area can be expressed as follows:

A=2 ’77;nh «2 T2 (r - /b) (11-100)

Solving for h glves:

i |
h = \—2-? (—rf-—) (1I-101)

Substituting in Eq. (II-99),

2
Yo 1 ) h )
% + 1+
s = F(b/r,) W/, 32, d T T 4 (I1-102)
2 (/7_' 5 b/; 2:"!
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HYDRAULIC POWER TRANSMISESI (N SYSTEES

Section IIT

Aa Introduction

The material presented in this section consists of derivations of
equations used in the analysis of the hydraulic power transmission system.
In most cases where the result has been shown graphically in Part 1 of this
report, the respective figure is reneated here for easier reference.

Be Nomenclature

A

o

4]

paramster representing the fixed welght of a constant flow
variable pressure system, defined by ®q. (III-110), 1b

face area of the oil cooler, in2

area of metal in transmission line eross-section, ft2

flow area of transmission line cross-section, ftz

parameter in the total weigzht equation of & constant flow,
varizble pressure system defining the increase in weipght of

the system due to system inefficiency, defined by Eq. (III-111)
constant in determining the weight of a pump-motor combination
parameter in total welght equation of a constant flow, variable
pressure system defining the weight, the transmission lines and
the reservoir, defined by Eq. (ITI-112)

constant in determining the weight of a pump-motor combination
thrust correction factor of engine due to power extraction
fuel flow correction factor of engine due to power extraction
specific fuel consumption of the engine for the increment of

total engine power which is extracted by the power transmission
system, ibs/hr/HP

D inside diameter of hydraulic transmission lines, f%
D, outside diameter of hydravlic transmission lines, ft
D* non-dimensional parameter representing the inside diameter of
the hydraulic transmission line
Fn Jet engine thrust at design cruise conditions of the airnlane, 1bs
WADC-TR 53-36 39
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f friction Tactor from Moody diagram

@ energy parameter, secz/ftg, defined By Eq. (ITI-7)

g acceleration due to gravity, ft/sec2

H . parameter representing the fixed weight of 2 constant pressure,

variable flow system, and defined by Eq. (TII-117)
power output of the system

HP
HP power output of the pump
HP
HP

a
op Dower requirements from system at design cruise conditions
- maximum power required from system including overloads
HPn power required by driven accessories at their normal rating
HPr rated power output of a pump;mctor combination at rated pressure
HPREF a reference power used for comparison of jet engine performance
at any operating condition and arbitrarily chosen as lO per cent
of the Jjet power at sea level static ceonditions
HPEXT total power extracted from engine by the power transmission system

AHP; power losses due to line inefficiency
OHP. power losses due to pump and motor inefficiency

FZAHP total power losses of the system

h ratio of the weight of the filled reservoir to the weight of
the fluid contained by it

J average weight per unit length of the amxdliary and control
lines, 1b/ft

X velocity heads loss of the individual fitting unit, or bend
indicated by its appropriate subscript

=K total velocity heads loss in the transmission line system

L total length of the hydraulic transmission lines, ft

M parameter defined by Eq. (IIT-119) and representing the weight

of fuel required by engine due to pump and motor inefficiency
in a constant pressure, variable flow system

mn -ratio of the weight of a complete hydraulic line, inclnding
fittings, to the weight of a bare tube of equivalent length

WADC-TR 5336 Lo
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Na design rated speed of pump, rpm

Nb design rated speed of motor, rpm

Nr design rated speed of combination (same speed as the rated speed
of the motor), rpm

P pressure difference between the ports of the pump, lb/ft2

Py pressure difference befween the pdrts of the motor, lb/i‘t2

Pm maximum pressure difference between ports of the pump, lb/ft2

Po operating pressure of pump-motor combination, used to determine
the weight of the combination, 11::/:?1:2

Pr rated operating pressure of pump-motor combination, lb/ft.2

PS maximum gage pressure of system - this is the maximum pump pressure
plus any supercharge pressure, 1b/i"t2

AP pressure loss due to transmission line inefficiency, lb/ft.2

Q flow rate in system, ft3/sec

Q* non-dimensional parameter representing the flow rate

R parameter defined by Eq. (ITT-118), and representing the increment
in weight of constant pressure, variable flow system due %o
increased pump, motor and oil cooler capacity which is required
becaunse of system inefficiency

) parameter defined by Eq. (III~-120), and representing the weights
of the transmission lines and reservoir of a constant pressure,
variable flow system

5 maximum permissible working stress of the metal in the transmission
line wall, lbs/ft.2

t thickness of transmission line wall, ft

v fluid velocity in the hydraulic transmission lines, ft/sec

3

v non~dimensional parameter representing the fluid velocity in
the hydraulic transmission lines

VL volume of fluid contained in the lines, ft3

V. volume of fluid contained in the reservoir, ft3

W weight, 1b

WAUC-TR  53-36 In
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=W total weight of the hydraulic transmission system, 1b

Wé welght of pump, 1b

Wy, weight of motor, 1b

W weight of oil cooler, 1b

c

wCL welght of avxiliary and control lines, 1b

W% weight of fuel, consumed by engine to deliver the power extracted
by the accessory drive system, 1b

Wf fuel flow rate to engine at design cruise conditions, without
accessory drive system operating, 1b/hr

We,  weight of fluid in reservoir, 1b

wk weight increment of asirplane due to any structural requirements
chargeable to the system as well as the fuel required to overcome
any aerodynamic drag chargeable to the system, 1b

Wy welght of transmission lines and fluid, 1b

Wl weight of fluid in the transmission lines, '1b

Wﬁ weight of tubing in transmission lines, 1b

W, weight of reservoir and enclosed flnid, 1b

Ws welght of pump-motor combination which, when closely coupled,
kas the s ame power output as that desired from system, 1b

A ws welght of pump-motor increment required for overcoming line
losses, 1b

Wﬁ weight of pump-motor combination required by the system, 1b

x* pressure loss coefficient evaluated at cruise power output
conditions

2: pressure loss coefficient evaluated at maximum power output
conditions

2 function of X defined by Eq. (III-129)

ol fraction of hydrauvlic transmission line fluid volume carried in
the reservoir for fluid expansion and de-aeration purposes

ng fraction of transmission line fiuid volume carried in the reservoir
per hour of power extraction to compensate for small seepage leaks
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yr  weieht density of the hydrawlic fluid, 1b/ft>

Jﬁ% weight density of tube wall metal, 1b/ft3

ma efficiency of the pump, expressed as a decimal

Wb efficiency of the moitor, expressed as a decimal

VL eff%ciency of the hydraulic transmission lines, expressed as a
decimal

v factor in weight of pump and motor combination to account for

the weight of accessories, such as scavenging pumps, supercharging
pumps, filters, etca

duration of power extraction, hr

line density parameter, lb/ftB, defined by Eg, {IT[=51)

My =

sb specific thrust fuel consumption, 1lb/hr/1b

() flow coefficient, ft3/sec, defined by Fg. (III-22)

*
Cs Derivation of the Non-Dimensional Pressure Drop Coefficient, X

The pressure drop in & fluid line is due to frictional losses and to
losses in kinetic energy of the fluid at the several fititings and bends in
the line. For purposes of this study, it is assumed that the kinetic ensrgy
losses will be considerably larger than the frictional losses. This assumes
that there will be few long straight lengths of tubing, and that the Reynolds
Mumber will be great enough to irsure turbulent flow.

Under these conditions, the pressure loss in the lines may be expressed

ye v

v ,
e (LS AL SEUPRNES f%‘ (11I-1)
g

by

AP
2

where:
AP = total pressure loss in line, lb/ft2

fo = density of hydrsulic fluig, 1tht3

v fluid velocity in line, ft/sec

g gravitational constant = 32,2 ft/sec2

Kl’ K2, etca ™ velocity head loss coefficient of each individual fitting,
unit or hend in line (see Ref, ITYI-2)
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£ = friction factor from Moody diagram

L = length of pressure line, ft
D = inside diameter of pressure line, ft
Let
L
XK =K, +K, + Ky ¥ eees +K + f =5 (I11-2)
Then
AP = —2-—-3/1' sz:x (171-3)
g
where:
AP = total pressure loss in the transmission lines

The flow in the lines is
(III-k)

Substituting the value of V from Eq. (ITI-L) into Eq. (III-3)

2
16 5 Q

(1II-5)
26> D

ar =

et
P = pressure difference between the intake and

discharge ports of the pump, (pump working
pressure)

Then, dividing through by P in Eq. (IIT«5)

8 ¥t Q?
%' mﬂK (111-6)

Let
8 yp =k -
G 3'77?—_——— (I11.7)

and
x =20 - (II1-8)

WADC-TR 53-36
Part 2

RESTRICTED



RESTRICTED

where %
x = pressure drop coefficient
Then o
APP = ' (I11-9)

D. Power Output of a Hydraulic System in Terms of the Pressure Drop

Coefficient
A schematic diagram of a2 simple hydraulic power transmission system
is shown in Fig. 1II-l1. The pump, driven by the main engine, draws fluid
from the reservoir, and forees it under pressure through a transmission
line to the motor at some remote location in the aircraft. The moior
converts the hydraulic energy into mechanical energy which drives an acs
cessory gearboxe. The fluid from the motor discharge port returns through
a heat exchanger to the reservoir for de-aeration and recirculations
Some energy is lost in the pump, the lines and the motor.
The power output of the hydranlic mobor is expressed as:
q P
HE = 2 (b (I11-1C)
550

wheres

BP = shaft horsepower output of the motor
q = flow rate, £47/sec

P, = pressure differential between the vports of the
motor, lb/ft2

nk)= efficiency of the motor

550 = conversion factor, ft 1b/sec/hp

The working pressure at the motor iz expressed by

P, = P = AP (111-11)
where:
P = pressure difference beiween intake and discharge
ports of the pump
WALC-TR  53-36 45
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Fig, ITI-1 SCHEMATIC DIAGRAM OF SIMPLE HYDRAULIC

POWER TRANSMISSION SYSTEM
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Substituting the value of ) Eq. (III-11} into Eq. (ITI-10)} yields:

Q
HP = —;%2 P (1 _A_g_ (I11-12)

The power output of the pump is expressed by:

HP, %Eg— = HPper )?a (I11-13)

where:
HPa = power output of the pump
HPexT
}za = efficiency of the pump

= power extracted from engine power take-off shaft

Eq. {(IT1-12) and Eq. (IIT-13) may be combined to give:

HP = HPyo ){a ){b (1 -%—) (III-1k)

The efficiency of transmission is the ratio of the power output to
the power input of the transmission line, Hence, Eq. (III-lhL) may be
rearranged.

}?a y(bHP - = (1-45) (1II-15)

EXT
Let

)11* =1- A—P'“P (II1-16)

where:

)ZL = efficiency of fluid transmission

Then, Eq. (I1I-1L) becomes

%EXT - }za }zh }zL (TI1-17)
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As shown by Eq. (IXI-9), the pressure loss coefficient is

%P = £ (111-18)
Ceas . AP
Substituting this value of 5= into Eg. (II1-16)
7L =1 - 2 (IT1-19)

The relationship between }/(L and x* is shown in Fig, 17I-2,

From Bq. (ITI~-12} and Eg. {II7-18)
HP = %;O—P- )Tb (1 - ) (T1I-20)

E. YNon-dimensionzl Relationship Between Flow Hate, Line Diameter, Flow

Velocity and Pressure Loss Coefficient x*

From Tq. (I1I1-20)

Q= 220 HP {II17.21)
13/ {1 - x*z)
let
L = ig-y?-i—jP— = (f’tB/sec) (I1I-22)
o)
Then
3t 1 -
Q = .,9_ | —— III"?.
T = (111-23)
where

Q* = the dimensionless flow

Fig, III~3 shows the variation of Q* with x* as expressed by sq. (III-23),

From Bg. (ITI-8) and (I1T-.9)

APP - _QIF G (1II-2L)
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substituting the value of § given by Eqs (IIT-23) and the value of 2*2
given by Eqe (III-18), Eq. (I1I-2L) becomes

#2 _{7@ G
x

= (ITI-25)

D= ’%[—G' VL (1I1-26)

Let
D = = , (I11-27)

NN e

where
ﬁ* is a dimensionless diameter
Eqge (IIT~27) is shown eraphically in Fig. III-lie

The veloecity of fluid in the line can be found from

I} }_L Al .
Vo= % o= (111‘28}
S
where:
Vv = velocity of fluid in the transmission line, ft/sec

©
H

~
o . 2
flow area of the transmission line, ft

Substituting the valves of Q and D from Bgs. (IT¥-23) and (III-26) res-
pectively into Eq. (IT71-28) wvields

# *2 F
vV = h -n- X (1 - X - J—I-x (III-QQ)

(1“}{*2)/”1 ¢ {L ’ﬁ"lg'

Tet

v -,.l R (TI1-30)
Tx

*® 1o . .
where V' is a dimensionless velocity.
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F. Power Characteristics of Hydraulic Systems

The power requirements of aircraft accessory drives may be quite variable.
The maximum power required may be 200 per cent or more of the normal output
of the systeme The characteristics of the system must be carefully determined
in order that the system be adequate, but not overdesigned.

For a given system, the power output is a function of the flow, pressure
and transmission line losses. If one of these properties is held constant,
the power output is then determined by the other two variables. However, the
transmission line losses can be expressed, by means of the pressure drop co-

efficient x#, as a function of either the pump working pressure or the system
flow. The system output can, therefore, be expressed in terms of one variable.

In the following, the relationship between the power output and the system
variable is derived for the two systems considered in this report. The two
systems are named from these relationships. They are

(a) The constant flow, variable pressure system

{(b) The constant pressure, variable flow system

1. Power Characteristics of a Constant Flow, Variable Fressure System

The constant flow, variable pressure, hydraulic power transmission
system utilizes a variable displacement pump and a constant displacement
motor. If the engine speed is reduced, the pump displacement is increased
so that the flow remains conctant. The power output of the motor is determined
by the pressure. As the load increases, the system pressure increases. The
maximum power output of the system depends upon the maximum permissible pres-
SUrce

For short durations, the system pressure may be allowed to rise above
the rated pressure. The constant flow, variable pressure sysiem is, there-
fore, capable of transmitting short duration loads in excess of its rated
powere

Bge (ITI=-21} shows the relationship between the power output, pump

pressure, flow and the independént variable X for a hydraulic power trans-
missgion system, ast

550 HP _ #2 AP

Q—PF 1l -x l- —15— (III-B].)
This equation may be writien as:

S0 o p AP (I11-32)

E_Yib_
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The maximum power is expressed by

550 HPm - _ -
_QT{b_ AN (I111-33)

HP = maximum power output

where

P = maximum permissible operating pressure of units

Subtracting Eqe (IIT=32) from Eq. (III-33)

Q—S% (P - HP) = B_- P (ITI-34)
ory
P _p
250_ . o (111-35)

QY(b Pm"HP

Substituting Eqe (ITI-35) into Eq. (ITT~32) results ins

P -P
m =P - ITI-
i i BP =P - AP (1T1-36)
Solving for P gives:
P - AP
P=AP+ L = Hp (I11-37)
m

Bas (III-37) shows that the Purmp pressure is a straight line function
of the power output. With a constant Flow the slope of this line is dependent
upon the pressure drop, and a pre-determined cperating point. In the preceding
analysis, this point has been chozen to correspond to maximum power at maximum
permissible pressure. If no specific overload is required, the operating
point may be chosen to correspond to the rated power required by the acces-
sories, with the system at the rated pressure of the hydraulic units,.

A schematic diagram illustrating the pressure-power relationship for
the two cases is shown in Fig, 1TI=5. The maximum permissible pressure of the
system is assumed %o be 150 per cent of the rated Pressure. Line AB represents
4 system designed for 200 per cent power at maismum pressures Line €D re-
presents a system designed for rated power at rated pressure., HPcr’ the cruise
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power requirements of the accessory system, may be any fraction of the normal
rated power HP, When Hp_, = 0, then P = AF,

2. Power Characteristics of a Constant Pressure, Variable Flow System

The constant pressure, variable flow hydraulic power transmission
system utilizes variable displacement umits for both pump and motor. The
system tends to operate at a constant pressure under all load conditions.

since the pump working pressure is to be held constant regardiess of
the load, the line must be large enough to handle the flow required at
maximum loade.

For a constant pump output pressure, the relationship tstween flow and
power may be determined as follows:

From Eq. (III-27)

2 2
AL \/—- - & x*l—-(; =X (TT1-38)

From Eq. (III-22), however:

()} - _550 &F (I11-39)
P ).’(b

- If Eq. (III-38) and Eq. (III-39) are combined, the following result is

obtaineds
—5'__2_550 EP DG . (1 X0 (111-)0)

Py

The a bove expression is plotted against x* in Fig. 1II-6. From Eq., (I11-8)

¥ -F —Dg- | (ITT-41)

-

Therefore, Fig. 6 represents the power available from a line of a
given diameter anc configuration at any flow rate. As the flow rate increases
the power increases. Since the transmission line losses are proportional

2 . . .
te @, these losses become increasingly mport.ant a5 the flow increases,

Thus, the Lorsepower reaches a maximum at x = 0.577 and then decreases. If
the power required from this sytem lies ahove the curve, it is necessary to
increase the line size, D, or the pump pressure, P.
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Gs Welght of Hydraulic Transmission Linss

This znalysis of the hydraulic transmission lines is based on the
assumption that the flow of fluid in the system may be reversible. There-
fore, all of the transmission lines may be subjected to high pressure, and
the tube walls must be of sufficient thickness to withstand the pressure
stresses.

1. Cross-Sectional Area of Metal in a Tube

The area of the metal in a cross-section of a tube is given by

T -5
A< (111-42)
m
h
wheres
A = area of metzl, ft2
D = outside diamster, ft
o
D = inside diameter, ft

The outside diameter, Do’ can be writien as

D, =D +2t (T1I-43)

where

t = wall thickness of the tube

From the well known equation for thinwalled cylinders, wall thickness
can bewritten as

t = (T1I-lL)

where:

Ps ®* maximum pressure to which the lines may be
subjected due to pump workding pressure and any
supercharze pressure. This pressure is a constant
of the lines.

s = the maximum permissilble working stress, 1b/ft2

Substituting this value of + in Bq. (IXI-L2) gives

2 2 2 2
Am -(”-'[ PS+ b PS - PS D/ﬂj PS

D
L 2s h52 28 1+ 2s (II1-45)
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2e Line Weight

The weight of the tube is given by

= I-
Wo=A Ly (IIT-L6)

n
where:
W_ = weight of the iuwbe, 1b

density of the line material, lb/ft3

it

|
H

length of the line, ft

Combining Eqe (III-L5) and Eq. (IIT~-L6) yields,

2
p® p P
WL g T2 (1 + 52 : (1I1-L7)

m

The weight of the fluid in the line is

/T’ 2

Woeal ¥ I-L—D— 7: L (TII-L8)

where:
a = flow area of the tube

The tobal weight of line and fiuid is obtained by adding Eq. {III-LT) and
qu (Hl—ha) °

T L P P T L
W = £ g 14+ 2—2- + % (TIT~L9)
(2s)
where:
Wi = combined weight of line and fluid

Thic equation may be further modified to, reflect the weight of tube
clamps and fittings, by adding a factor m to the density of the metal.
The factor m should be based upon analysis of the projecied system, or
uypon experience and statistical data. Eg. {ITi-h9) then becomes

G P J Uq
w o= M gsbfn (1 +m) {1+ é_ss_.) +__//_H_3:f_1,p2 (I11I-50)

L
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Let .
Z- T®s ¥a (12; MmOt éﬁ;fagl(lp/ftBJ
then
W= PLof

Incorporating Eq. (III-26) into Eg. (IIT-52) gives

g . BLvT 0
L x* (1 - x*z

He Welght of Reservoir

(I11-51)

(I11-52)

(IIT-53)

The reservoir capacity is assumed to be dependent upon the line volume
and upon the duration of power extraction. The volume of the reservoir may

thus be writtem:
/—-J
Vr a(VL %VL L
where;
volume of the reservoir, ft3

3

volume of the line, ft

(I11-5k)

fraction of line volume to be carried in reservoir

for fluid de-aeration, and contractien purposes

for each hour of power extraction to compensate for

small seepage leaks.

Vr =

Vi =

X =

/Ag = fraction of line volume %o be carried in reservoir
T

duration of power extraction, hrs

but,
Pt
= p° M
v D I L
Therefore,
a

Vp = —ﬁ__ L (cﬂ;tﬂgix’nz

The weight of the fluid in the reservoir is

O

W = —— @ 24D 7,0
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The weight of the reservoir may thus be written as
/'\)
- 7Y 2
WR —r' L (C(_‘% d) aé. hD (III—SB)

where:

h = weight factor for material required to enclose a unit
volume of fluid, dependent upon material, wall thickness
and shape of reservoir. This factor should include an
allowance for fiuid aeration volume in the reservoir.

Combining Eq. (III-58) and Eq. (ITI~-27)

T e Xh
7L (ot AT e L)%
Wp " (x* (1/‘? xig (I1I-59)

Ta Weight of Fuel Consumed by a Hydraulic Power Transmission System

Included in the total weight of an accessory system is the weight of
fuel required to operate the accessories throughout the flight of the airplane.

The specific fuel consumption ng indicates the amount of additional fuel

a given engine consumes to supply a unit of power to the accessory trans.
mission system for one hour while providing the required thrust.
The specific fuel consumption of the transmission system is defined by:

W

where:

Wf = wéight of fuel required to operate the accessory system
for time, /f‘, ib

C%X' speclfic fuel consumption, 1b of fuel per KEP hr extracted
HPEXT = power extracted from the airplans engine, HP

P
L = duration of power extraction, hr

It is desired to develop an expression for ng in terms of engine cperating
conditions which can be calculated from available data.

The effect of power extraction on the fuel consumption and thrust of
the jet engine is shown schematically in Fig. III-7. When power is extracted,
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Fige ITT=7 EFFECT OF ACCESSORY POWER EXTRACTION ON ENGII@t PERFORMANCE
WADC-TR 53-36 62
Part 2

RESTRICTED



RESTRICTED

the engine speed tends to decrease. Howsver, since the engine control is
primarily a speed sensing device, it acts to return the engine rpm to its
initial walue by increasing the fuel flew (point A to point B)s The thrust
of the engine is also decreased because the turbine is using a larger per-
centage of the available energy to drive the compressor and the accessories.
The power loss may be recovered by increasing the setting of the powsr control
lever in the aircraft. This ralises the base speed of the engine control and
results in a further increase in fuel consumption {point B to point C)e

Although not in accordance with Mil-E-SOOB, the followling notation will
be used in this repert.

The changes in thrust and fuel consumption along a constant rpm line
due to power extraction are:

[ ]
AT = G ”piz; F_ (TI1-61)
and _ :
[
AV = CL, —ﬁﬁgggf W, (111-62)
where - -
CPX’ CﬁX = power extraction correction factors for

thrust znd fuel consumption respectively
AF_ = change in engine thrust, 1b

HPWXT = total power extracted from the engine by the
. power transmission system

5

a reference power used for comparison of jet
engine performance at any operating condition
and arbitrarily chosen as 10 per cent of the
Jjet power at sea level static conditions

Pay Wy = change in fuel consumption, 1b/hr

Wy = fuel conswiption, lb/hr

From the engine specifications the change of net thrust is known for a
given change of fuel flow. Fig. III-7 shows a plot of fuel consumption versus
net thrust for a constant flight speed and an unburdened engine. In ths normal
operating range of the engine this plot is nearly a straight line. %The slope

of the line is given by:
d Wi
}L = (I11-63)
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The change in fuel flow for a given change in thrust along a constant flight
speed line is given by:

AW, =}Z A F, (111-64)

where:
AW, = change in fuel consumption, 1b/hr
The net increase in fuel consumpiion dve to extracting power from the

engine while maintainming a constant thrust, as shown in Fig. ITI=7, is given
by

AW, = AW, + AW, (111-65)

where

D P total change in fuel flow due to power extraction, 1b/hr

With consideration of Eqs. (IIT-61), (III-62), (II1-6L4), this can be
written as:

HP.

HP,
EXT EXT
AW =Cl W + zzb F Xl (I11-66)
£ U e WP Cex Fp -
[} of -
Ct.. W_+ }bc F
PX f FX "n
DW= —=_=1 HP (I11-67)
£ - EXT
let - :
= C'P'x Wf_—}.“ CPX_PD (T1I-68)
PX HP
REF
Then
AW, = Ol HP, (I1I-69)

or, in terms of the power output of the hydraulic transmission system at
cruise conditions

AW, = m (I11-70)

The coefficient Chpy 38 defined by Eq. (III-67) is called the specific fuel

consumption chargeable to the accessories and is determined from engine
specifications, for any giver overating condition of the engine,
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Multiplying Eqe (III-69) by the time of flight gives the approximate weight
of fuel consumed by the engine,

ﬂ
1
G%X { HPcr

)(a )zb }{L

/ZJ » duration of accessory drive operation, hr

Wy = Awi'.’["= (IIT-71)

where:

HPcrﬂ cruise power output of accessory drive, HP

Je Weight of 2 Pump and Motor Set

The weight of a hydraunlic pump or motor, if similarity of design is
assumed, has been found to vary in accordance with the general equation:

W 2/3
8 wpfE +c (IT1-72)
P 1/3 N, P
r "o
r
ﬁhere

W, = weight of unit
b = constant
HP = power output for units operating at Pressure P
N& = rated speed
P, = normal rated pressure, 1b/in?
Po = operating pressure, lbs/in2

¢ = constant

Fige. ITI-8 shows this correlation.by plotting the values of W/Prl/3
against HPr/N Pr.for hydraulic pumps per Ref. [II-5 for P = Pr' The slope
el
of the curve is 2/3.

Due to differences in the basic philosophy of design, the constants,
B and C, will vary for each basic type of pump or motor design. These
constants will be found for one basic type of pump and motor, assuming the
following design conditions:

Design rated pressure of pump | 2200 psi
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Design rated speed of pump Na = 3000 rpm
Design rated pressurc of motor 2200 psi
.Design roted speed of motor By = 6000 rpm

The design rated speed Na of the pump is defined as that mimimum speed

at which the rated capacity can be maintaineds If the two units are considered
s close coupled, it is apparent that the eguivalent hydraulie horsepower

oef the pump must be greater than the output power of the motor by the ine
efficisncy of the motor. Thus:

HP = (111-73)
a ;?b -

In order to rate the pump at an eguivalent porametric value, the ratic
BB/N Po for the pump rmust be expressed a2t the some speed as that of the motor.

Since N_ = 1/2 N, the parameter may be expressed as:

HP 2 - HP
a =

b
Na Po )Qb I\Ib Po

Nb then can be defined as the rated speed, Nr’ of the motor-pump combination, -

(IIT-Th)

For the combination of pump and motor, the weight may be expressed as:

" 2 \*/° b T " (ITI-75)
= + 1 —— +c IIT-75
e 1T A
r
where:
Pr = rated pressure of the units
Po = operating pressure
Assuming a motor efficiency of 0.9,
W, P, /3
- + -
--1-)-1—'—17-3— 20703 b -T,TI:-F: [+ (III ?6)

For the units plotted on Fig. I11-9, Eq. (FII-76) becomes;
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" 6 ok /2 18 (111-77)
Ly % 16,000 [ | ¢ I-
Pr /3 ’ I\t:r' Po

Introducing a factor 7/ t0 account for the weight of supercharging
pumps, scavenging pumps, etc., which are not found on the units represented
by (Spec. 4N-P-11b} the above equation may be written as:

W w, \¥? N

L = 16,000 (1 +7Y) + 18 (I11-78)
. 173 ’ N, P,

r

The factor ']) can be evaluated for a given pump and motor design if the
weights of the units, the power output, and the corresponding pressure and
speed are known. From published data, the value of has been evaluated
for one pump and motor combination. This value was determined to be U = 04220

Eqe (III-76) may be written as:

2/3
13 [ w
4 ﬁ-—%—- (L+ V) +18 (I11-75)
r o]

W = 16,000 P,

Since I{P/Nr Po is equal to the displacement, it may be seen that the

weight is a function of the normal rated pressure and the displacenent. For
the calculated value of U/ * 0422, Eq. (III~79) becomes:

w2 [M3
W = 19,500 ;2—7 + 18 (I11-80)
P

This equation is shown graphically by Fig., III-9., Two curves are shown
for the weight power relationship. The upper curve corresponds to the normal
rated power; the lower curve to the maximum power available for short time
intervals,

Eq. (IIT-80) expresses the weight of the pump-motor combination when
the pressures are expressed in 1bs/in2. To maintain consistence of units
throughout the report, the equation may be changed to

uo /3

W = 102,200 —N'é—-—-é— + 18 (IT1-81)
r

" o o

2o
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where

P and Py = pressure in 1bs/ft2

The rate of chanpe in weight of the units with change in power output
may be obtained by differentiating Kq. (III~-8l) and gives

dw
5 68,11].0 (
= III-62)
d ERy, 2/3( ¥ \Y3 13
EIR R

Ko  Weight of Pump and ¥otor Set for a Hydraumlic Power Transmission System

The weight of the pump and motor combination may be expressed as a
continuous function of the power output,

If the units are close coupled; that is, if the line losses are assumed
to be zerc, the net power output of the system is equal to the rating of the
pump and motor combination. If the units are comnected by 2 t ransmission
line, the power required to compensate for the line losses must be added %o
the required power outputs Therefore, units of larger capacity must be used,

The increment in power rating of the units canbe determined as foellows:

From Ege (III~17)

- )fa }Yb - -Y(Hi— (III-83)

Substituting the wlue of transmission lire efficiency as shown in Eg. (I71-16)

4P i§2
HPoy }7& nb = = Hp |1 + (TI1-8L)
1 - x*2 1 - xgz
The line power losses in Eq. (III-84) are represented by the portion:
1*2
Am;' = HP (I11-~85)
1 i*?

where:

£§H3L= line power losses

70
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1, Weight of Pump and Motor for a Constant Flow, Variable Pressure

sttem

The weight of the units can now be expressed in terms of the net
power cutput and the line losses

= +- —86
Wu W, zsws (ITI-86)
wheres
Wﬁ = weight of requirsd pump~motor combination
Ws = weight of purmp and motor having powsr ouiput equal

to the net output of the system

AW = weight of pump-motor increment required for overcoming
line losses

The value of AW_ can be approximated by (dws/dHP) AHP, since for

increments of AHP; the weight-oower output curve is nearly 2 straight line.
Therefore,

aW

AN = g AHP (1II-67)

where:

daw

= - . .
= th b t
T the slope of the weipht-power output curve at peoint HPS.

Combining Eqse (III-85), (ITI-86), and (III-87) gives:

dws x*z
Wu = ws + 5 HP o x*a {IT1-£8)

Eqe (ITII-88) expresses the weight of the pump and motor combination as
the summation of a basic weight and an incremental weighte The basic weight
corresponds to the weight of the units to deliver the prescribed power output
in the absence of line losses. The incremental weight is due to the additional
capacity the units must have to overcome the line losses. Fig. III-10 shows
diagrammatically the method used in obtaining the weight of the pump and
motor combination, In the evaluation of the weight of these units, care must
be exercised to evaluate Eq. (IITI-87) at the proper power output level and
correct pressures

2+ Weight of Pump and Motor for a Constant Pressure, Variable Flow System

The weight of a punp-motor combination for a constant pressure,

WADC-TR  53-36
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Fig, IT1-10 SCHFMATIC DIAGRAM SHOWING METHOD OF DETERMINT NG
WEIGHT OF PUMP AND MOTOR REQUIRED FOR HYDRAULIC POWER

TRANSMISSION SYSTEM

Weight
iy o
u
AW
w ——————————————

>
Y R A
" ]

Power

HPa = power output of systen
HPu = power required from units
AHP = power losses due to line inefficiency
W_ = weight of units required if no line losses were sxperienced

Wn = yeight of units required
AW_ = weight increment to pump and motor to provide AHP for line
8 .
inefficiencles
WADC-TR 53-36
Part 2 2

RESTRICTED



RESTRIGTED

variable flow system is derived in the same manner as that for a constant
flow variable pressure systems However, the units must be evaluated to
provide the maximm power output at rated pressure. Their displacement,
consequently, will be larger than that of the constant flow variable pressure
system units,.

The weight of the pump and motor shown by Eq. (III-88) may be written
as:

+ _QuWs 1
u 2] dHP 1 -

o -1 (I11-89)

Since the pump and motor must be large enough to supply maximum power,
including losses, their weight should be evaluated at maximum power conditions.
Eq. (III-89) then becomes:

Wy =W+ W -1 (111~50)
n *2
1l - xm

wheres

% #* .
X, = valuwe of x* corresponding to HPm

H.Pm = maximum power outpiit of system

L., Weight of 0il Cooler

The weight of the oil cooler is proportional to the cooling area, which,
according to Spec. AN-C-~75, is proportional to the area of the heat exchanger

face, For purposes of this study, a heat transfer rate of 15 B‘I‘U/min/in.2
is assumed for the cooler, instead of the specified minimum of 1l.) BTU/min/in.z.

A curve illustrating the weight variation of the cooler with change in
cooling area per AN 4125 is shown in Fig. TII-11,

The equation of this curve is:

W, = 01364 +2 (111-91)

The oil cooler must have sufficient face area to dissipate the heat losses
of the pump and motor as well as those of the line. The losses of the pump
and motor are evaluated at rated power., Cooling area is not provided for

- overload powers, since these are of short duration onlye

WADC-TR 53-36
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The power losses due to pump and motor at rated power are:

HPn 1 1 ( )
A\HP_ = 1- lq + - ITI-92
u T e Wa I B
wheres
HPn = rated power required by accessories

The line losses may be expressed as:

AHP, = i L (IT1-93)
ol A\ e

Adding Bgse (III-92) and (ITI-93) gives the total losses as:

o

1. Yeight of 0il Cooler for a Constant Flow, Variasble Pressure System

AW = (ITI-9k)}

Eqe (ITI=-9L) may be written in the form:

n-

EP
ZIAHP = }? ]1 %L - )fa Y{b -1+1 (I11-95)
a b

Regrouping terms, substituting the value of }ZL as shown in Fq., {(III-19)

. . 3 . .
and evaluating the resulting x expression at HPcr gives:
HP
n

1~ + For 4 \ {11I-96)
)Za ){b ]Za )(lb }Za }Zb 1 x*z/

Converting the power losses to heat energy, and dividing by 15 BTU/miﬁ/ing,
gives the required face area of the cooler as

S oy f/ 2

A, = 2.83 ‘7?{3 1- )/[a }{b * 2,83 }’la flb kl R (I12-97)

FINHP =
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Combining Eqse (III-91) and (III-97) gives, as the weight of the oil cooler,

#*2
W, = __}%’;_?L?{_; HP_ (1 - yza }?b) *HP Tx__x*—z +2  (111-98)

2+ Weight of Cil Cooler for a Constant Pressure, Variable Flow System

For a constant pressure, variable flow system, the required cooling
capacity is considered toc _be one-half of the enerzy losses at maximum power.
This assumption provides for a somewhat greater gooling capacity than is
required at the nommal rated power of the system. Fecause of the relatively
light weight of the cooler, however, it.is felt that this assumpbticn is
Justified,

It should be noted that if the system is to be utilized in a manner
which may require operation at maximum powsr cutpubt Tfor any except extremely
short perieds of time, adequate cooling capacity must be provided. Under
these circumsiances, the losses should be evaluzted as the total losses at
maximm power output.

The total energy losses as shown by Eq. (III-9L) are:

FIAHP = | (R - y(b (1I1-99)
b L
Mo '}?Z'Yl' !

wheres

ZAHP = total losses

Since the losses are to be assumed as one-half of the maximum, Eq. (IIT«99)
becomes:

ZAHP=3( L -}zb)=i:-’-” 1 +H§—)-1 (TII-100)
2 b )Za YZL m; 1-%,

|

Multiplying Eqe (III-100) by the thermal equivalent of power (42.42 3TI/

EP/min}, dividing by 15 BTU/min/ing, to determine the face area and combining
the results with Eq. {(III-91) gives the weight of the oil cooler as:

Wc = (0,1925 -HPm 72‘—”-‘; { ;.L_@._._) -l + 2 (111_101)
-X
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Me Total Weight of an Optimum Constent Flow, Variable Pressure System

1, Total Weight of a Constant Flow, Variable Pressure System

The total weight of a hydraulic power transmission system is the
sum of the weights of its comporents. Thus:

z:’w-wu+wc+wL+wr+wF+wcL+wk (I11-102)

where:
Z. W = total weight of system

W = weight of pump and motor (Eq. 1II-88)

u
W, = weight of oil cooler (Eqe. TII-98)
W = weight of lines (Eq. IIT-53)
W, * weight of reservoir (Bq. IIT-59)
W= weight of fuel (Eq. 1IT-71)

‘Wel.s weight of control lines

W, = weight of any additional airframe structure due to
the system installation, and weight of fuel required
to overcome any aerodynamic drag chargeable to the
system

Combining the indicated equations, regrouping terms, and substituiing the
value of {1 and G in Eqse (III=-22) and (III-7) respectively, the total weight
of the system may be written '

P Oy TP
W =W, * 04385 it 1_}1 yz +2 4+ SL 4+ JL. + W
s ° Fia }ib a b ]?a ﬂb 3 'k
T -
aw . HP e T mp #2
+ | Py + 0385 3p—+ Bl Tor | _x
Jalo }'[a Mo | | _

~ [8 ]1/2
P17 T R
' 3/2 % #*2
1T e =, Vb £ (1 - %)

[
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2e Relationship Between %' and X

Eqe (III-103) expresses the weight of the system in terms of x-x'z,
or A P/Pcr’ for which the optimum value is required. Since the value of

Pcr is not known, it must be expressed in terms of known values, The value
of Pcr can be expressed in terms of the known maximum pressure Pm by the use
of BEq. (III-37). This gives:

ANy
P
PA P _ NP - m T (I1I-104)
cr . Po- AP AP [y P “er
AP+ HPm Ir]PcJ:‘ Pm Pm Hpm
Let,
3:2 = "Lp . (I11-105)
m .
then
xﬁz x:2 Py
. = (II1-106)
3*
1l-x (1 - X*Q) Lp
m cr
and
1 o /Pcr 3% 1
T P 5 (T11-107)
3 %2 “er m
x (1l-x k x* (1 *2)
m *n

Eqe (IT1-103) then may be rewritten:

HP 1t
= n PX cr {
ZIW =Wy + 0,365 Wfl-)’l&}{b)+2+ . + 0Ly + W
){a }{b

i

- #*2
s 04385 et A P

+ + X HP

dHE, 1,(a ),(b /la J?b m l-x;f

\ 1/?
ac — - -
= (K8 fone P [%ﬂ] sso " n (117-108)

1/ 372 5
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o
.

Cptimum Line Pressure Urop for Constant Flow, Variable Pressure

System

%qe (ITI-106) expresses the totael weight of a constant flow, variable
pressure hydraulic transmission system designed to deliver a given maximum
power, in terms of the variable, x;?, which is defined as ZlP/Pm. It should

be noted that the weight of the system is dependent upon the maximumfpower
output and the duraticn of system cperation. The only other power rating, HPn,

appears in a constart terms The line losses are constant regardless of the
power ocutput, since the flow is constanta

The optimum value of AP/P is ¢btained b’y differentisting I W, as
expressed by Eqge (ITI-108) with rcspect to x o and equating the result to

zeT0. This results in:

T no L
o (s, ooy, % é)

HE, ?Za)Yb Ha Mo i
~—(o(+ 4T /“‘#(m [nzj

ﬁg, Pb

(-_J

1 - 3x%2
m
- (I11-109)
2*3
m
Let,
7=
on [
A=w o+ ‘385 1- X _HP 4 g+ W (117-110)
5 alfib 3 k
T~
B = dWS O 385 + G" L

dHP ytb )Z )(b (IT1-111)

7 8 v wx | 1/2
550 (o(_‘fﬁ yeh +f_?5 (1) [2@ K] (IT1-112)
{/Tgl/e)ﬁl p 3/2
m

[
[}

Eq. (III-109) may be written:

: #2 )
1-3x% 2B
= G {IIT-113)
*3
X
m
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Fig. I1T-12 is a graphical representation of this relationship. After
evaluating the ratio 2B/C, the optimum value of x can be obt.a.lned from

this curve. Solution of Eqe {IIT-26) using this value of x produces the
optimum line diameter,

L4e Total Weight of an Optimum Constant Flow Variable Pressure System

The total weight of the optimum system is found by substitution

of the optimum % into Eqe (III-108)., This may be simplified by use of
Eqs. (IIT-110), (ITI-111) and (III-112) to read

*2
xm - HPm
ZW=A+BHP +C (III-11L)
#2 * x2 .
1-x xm.( l-x")

No Weight of an Optimum Constant Pressure, Variable Flow System

l. Iotal Weight of a Constant Pressure, Variable Flow System

Substituting Eqs. (I1I-90), (III-101), (ITI-53), (III-59) and
(III-?l) into Eq. (II7-101), the weight of the system may bte expressed as:

W 1
W=y  + —=yp -1 =0.1925 HP
sm P fn 1.2 m
[
N
. 0.1925 HP 1 - [ up

cr
[ N e

550%1.[8 =25 Y2 w

+ cr
1/2
Te ¢ %)
550 (K+B7) Ly, n [8 ffle?/a'HPcr
)-lgl/2 P3/2 sz x (1-x*2)
+JL. + W

3 k _ (111-115)

WAPC=-TR 53-36
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Fig, ITI-12 VARIATION OF CPTIMIM x°
WITH PARAMETER -%—
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Rearranging terms, Eq. (II1-115) becomes:

dw
- - S -
v Wsm VS HPm 0.1925 HPm +2+ JL +W

m 3 k
HP
+ WMs_ o 1 » 041925 n
dHp m 1o X-R- 2 M 1 *2
n m ' = X
e
11
CPX ¢ HPcr 1

+

}(a ]/Zb 1 - xesé

£50 L[};+ :ﬁ:/fh (o(%’[“)] l:a 4::1{]1/2 HP__

+ (I11-116)
Te M2 p3/2 }zb & (1 - x°9)
Let:
dWS

H=W_ - T HP, - 0.1925 HP_ +2 + JLy + Wy (II1-117)
dw

B = 5. 4 0.1925 117-118
dHPm ya J?b ( )
cn T

Moe e dX (I11-119)
y(a VZb

£ £ wear] [ o]
;. 550 L |+ 4~ ypho (o(+4/() [8 g;ZK] (II11-120)

P—J
/g e 32 /fb
Then, Eqe (III~116) may be written as:

HP HP HP

W= H+R ——-—E-Q—- + M °r2 +8 er (III-121)
+* * # 32
1-x 1-x x (1-x7)
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The minimum system weight will occur ab some value of x . This optimum

3
value of x* may be found by differentiating ZJW with respect to X o

+#
However, it is first necessary to find the relationship between X and

3 % ., *
x and to express xm in terms of x .

#* #*
2. Relationship Fetween X and x

* .
The basic relationship between powszr output and x is shown by
Fqe (IIT-hO).

g0 ¢?

= X (1 - 5% (I11-122)
‘ 2
P }T D
b
. Y: xx
Substituting the velue of G = ——y——?2-2—, as shown by Eq, (IIT-7).
T g P
1/2
550 [8 X HP

‘ ff ot *3 {ITI-123)

V(b T2 p3/2 2

The practical working range of BEq. (I11~123) is from x* = (0 to x-ze =

1
A 3

with a quadratic equation by a modified method of least squares, produces
the approximation:

= 0,57735. Approximating Eq. (III-123) within the working range

550 I:S {fz.'ﬂl/z HP 5

V{b /”-/gl/E P3/2 »°

2 ~0.96225 x'° + 12004 X - 0.01283

{I11-124)

Fig. TII-13 shows graphically the approximation expressed by Eq. (ITII-12hL)
compared to the originel equation showa in Eq. (III-123). Within the working.
range of X = 0,06 to x = 0457735, the maximum error is 3,85 per cent at % =
Oslhe
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Eqe (III-12L) shows the relationship between cruise power output HPcr

*
and the corresponding wvalue of x ,

The maximum power output may be expressed as:
1/2
55 8 y,EX
/e 3/2 2
%Iqué P iy

#2
HPm -0.962285 X

+ 1240k x; - 0,01283 (I1T1-12%)

where

3+
yjn_.

vaiue of ¥ at maximun power output conditions

Dividing Eqg. (1IT-125) by Eq. (II1I-12L) gives:

HP - 096225 X% + 1.2L4k X2 - 0.01263
LU I i (III-126)
HPcr 3#2 3
- .0.96225 x © + le2hhl x7 - 0.01283
Solving for xﬁ produces:
x; - - 102)-”-'-,4
-2(0,96225)
—
2hlihy 2 1 #2 * HPm
o |{Le )E- (=0401283) = (=0,96225 x +mex-mmﬁnﬁr
L(=0.96225)°  =0.96225 or
I\
(1I1-127)
This may be simplified to
—
* #2 3 “m
%, = 0.6L66 = 10.39454 + 1.0392 (0.96225 ¥ ° - 1,24kl x + 0,01283) e
cT
(II11-128)
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Let:
1
32 3% HPm
z 2[0.3945L + 1,0392 (0.96225 x ° - 1.2LLL x° + 0.01283) 5 - {I11~129)
’ cr
Then:
;{; = 0,666 - 2 (TI1-130)

at
fig. IIT-1ly shows the relationship between x; and x as expressed by

HP
Ege (III-128) for

ratios of 1,2,3, and L. Values of k; for any x
er ' .
HP
m
HPcr
HP
—n
For

. ¥
and intermediste wvalnes of may be obtained by plotting the X values

for the two adjacent ratios of and interpolating therefrom,

3¢ Determination of the Optimum Line Pressure Drop For a Constant

Pressure, Variable Flow System

Substituting the value of x into (1 - x‘r":e) shown in Ea. (117-119)
gives

1 - 1 (II7-131)
32

1- X 1 - 0.,41813 + 1.29332 z - z2

Eqe (III-121) may then be written as:

R P, M HP S HP
EW=H+ + =t cx (I1I-132)
005818? + 1.29322 - 22 1 - * x'* (l - x*z

Differentiating Eq. (III-132) with respect %o x#, and equating to zero, the
following expression is obtained:

_ 86
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: X »
d_Z'e_‘H_ = R (0.6466 « 5)3 (2x + 1.2932) — 2Mx chr
C A N
o M-, 1-x")
*2

e HP . =0 (III-133)

(1 -a)

Dividing by the second term, and transposing the third {emm,

3 * : 2
(0-&66 -3) (_231 + 10292a ..%_ +2 = .%. 1; X (III-lBh)
3 x
Zx

Ege (ITI-134) expresses the change in the slope of the total weight curve of

the system with change in the independent variable, x*, and the parameters,
- R/M and §/M. By calculating the values of the left member of the equation

for various values of x*, keeping R/M constant, a curve of the left member
of the equation can be drawn. Assuming successively different values for
the parameter R/M, a famlly of curves is obtaineds The same procedure can
be followed with the right member of the equation, The resulting curves are
shown in Part 1 of this report (Ref. III-h)e Fige III~7 of Part 1 is a plot

HP

of the curves obtained from Eq. (ITI-13L) for the ratio -H-P# =1, Figs, III-8,
er

HP,
I111-9, and ITI-10 of Part ] are similar curves calculated for HPn ratios
er

of 2, 3, and k4 respectively.

The optimum value of x* is obtained by locating the intersection of the
proper curves of the left and the right members of the equation, which for
convenience are called the R/M curve and the S/M curve, respectivelys. The

optimum value of x* lies directly below the intersection of the above two
curves,

ke Weight of an Optimum-Constant Pressure Variable Flow System

The total weight of the system is obtained by substitution of the
optimum values of X and x; (obtained from Pig, ITI-1k) inte Eq. (ITI~121),

The weights of the components of the system are similarly obtainsd, using the
appropriate equation derlved in this report. :
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WEIGHT ANALYSIS OF THE ELECTRIC

POWER TRANSMISSION SYSTEM

Seection IV

A+ Introduction

The material presented in this section consists of derivations of
equations used in the analysis of the electric power transmission systema
In the case where the result has been shown graphically in Part 1 of this
report, the respective figure is repeated here for easier reference,
B« Nomenclature

A area, ft°

E voltage, volt

I current, amp

L length, f't

W weight, 1b

n .Tumber

power factor

weight density, 1b/ft

pt

¥

ZAY difference
)? efficiehcy, per cent

5 resistivity, ohm-ft
Subscripts

c conductor or cable

g generator or alternator
1 insulation

J single

m motor

90
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o output
r rated

C. Determination of Combined Cable Density

Since the weight of the cable is composed of that of the insulation
and the conductor, the total weight may e expressed by

W, = fc AL + fiAiL - (I7-1)

where

W
¢

e

A = cross-sectional area of the conductor, ft2

£
A, = cross-sectional area of the insulation, ft2

L

weight of cable, 1b

]

weight density of the conductor, 1b/ft3

weight density of the insulation, lb/ft3

length of cable, ft

By grouping terms, Eq. (IV-1) can be written as

A.
Wom (et K —5—) AL = AL (Iv=2)
where

¥ = combined weight density of cable snd inswlation, 1b/ft3

The value of this combined density can be closely approximated for the
larger size cables if a plot of the weight of the cable per unit length is
made against conductor area. Then since those points which correspond to
the larger cables lie in a straight line, the slope of the line gives a
mmerical evaluation of % Fig, IV-l shows the determination of 2~ for
cable using a copper conductore

D. Weight of the Cables

The weight of the cables is given by

LI
W, = yAln, = -3-/1—— n, (1Iv=-3)

Iy
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where
¥ = combined weight density of cable and insulation, /863
A = ecross-sectional area of conductor, f'b2
L = length of cable, ft
n = mmber of cables in system {one or two-wire system)

I = current carried by cable, amp
The voltage drop along a single cable of length L1 is given by

AE = 41§ (IV-L)

where
AEJ. = yoltage drop, volt

.5: = resistivity of the conductor, ohm-ft

The total volitage drop between the generator and the motor, AE, is
equal to AEi for a grounded system, For a itwo-wire system the total voltage

drop AE is equal to 2 & Ey since an additional voltage drop occurs in the

return line, The current density can now be expressed in terms of the total
voltage drops

For one-phase systems

I AE
e - -5

and for a grounded three~phase system

..i_ = AL (Iv-6)
Ly
The current carried by the cable for a given power output can be obtained
from Table IV=1 for the several systems analyzeds

If the equations for the current and current density are introduced into
Eqe {IV-3), the following expressions are obtained for the total weight of
the transmission cables:
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for d-c systems:

2 2
W, = yire * (Por/ }7“3 (IV-7)
I\E
Eg E. - -—Eg—] AE

for one-phase a-c systems:

2 2
W b e fnc L (Por/: )7 m) (17-8)
B, (pf) I:l - E—g‘}(—ﬂ-g‘i\AE

and for three-phase neutral grounded systems:

2
L P
W, = )’S) (or/ y]m) (1v-9)
AR
Eg(pf)_i [1 - W}AE
WADC-TR 53-36 ol
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TABIE IV=-l

Carrent Carried by Cable for a Given Power Output

D-C SEtems
2-wire system l‘ ES _'I
e o I = Por/ N
or AEB
E,(1-—-5—)
grounded return |_..Eg ___] £ 2
(1 wire) e ‘=
A-C Systems
E
ha 2=ui. l:_ g-l
1~ -wire system
phiase, ya . L= POI‘/ nn
l-phase, grounded return :_ g_"{E E_ (pf) { . AE l
| = g T, (o)
s\
%
¢\ e
% T m Por/ T
= AE

3-phase, neutrsl grounded

Por = rated powsr output of motor, watt
= genersator or alternstor voltage, volt

Eg
AR = rated voliage drop betwsen gensrator and motor, voli
Ne _mot,or efficiency

pf = power factor
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WEIGHT ANALYSIS OF A MECHANICAL

POWER TRANSMISSION SYSTEM

Section V

A+ Introduction

The derivation and source of the following factors used in the evaluation
of the mechanical system may not be apparent:

Torgue parameter, # s and the solid shaft diameter, Ds
Critical speed parameter, L Ncr

Weight of the piliow block, Wp

Weight of the shaft per unit length, -g—

Weight of fuel, WF

Weight of shaft housing, Wh

Optimum shaft diameter, (D.) opt

The equations and curves for these factors are derived and explained in this
section,

Be Nomenclature

A cross-sectional area which must be added to standard pillow block
to provide clearance for torque tube, in,?

radial clearance between outside diameter of the shaft and the
inside diameter of the shaft housing, in.

[+]

¢ parameter defined by Eq. (V-59)
c, parameter defined by Eqe (V-60)
CPI thrust correction factor due to powsr extraction
1‘.‘,11,,x fuel flow correction factor due to poﬁer extraction
Gi:',x specific fuel consumption of transmission system, 1lb/HP-hr
Dy outside diameter of bearing, ine
Dh inside diameter of housing, in,
WADC-TR 53-36 96
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inside diameter of torque tube, in,

outside diameter of torque tube, in.

solid shaft diameter, in.

nodulus of elasticity, 1b/1n.2

thrust of unburdened engine, 1lb

acceleration due to gravity, in./sec2

normal rated horsepower output of transmission systenm
horsepower output of transmission system at cruise conditions
reference horsepower of engine

horsepower extracted from engine

rectangular moment of inertia, lIn.

diameter ratio, Di/Do

shock factor

total distance accessory power to be transmitted, ft
shaft unit length, in.

length of coupling unii, ine

length of solid shaft, in.

mmber of shaft units

normal rated shaft speed, rpm

critical speed of shaft, rpm

area ratio of pillow block

design shear stress, psi

torque, 1b-ine

practical minimum wall thickness of torque tube, ine
wall thickness of shaft housing, in.

static torque, 1lb-in.

97
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W torque tube weight, 1b
W,q  Width of adapter, in,
v, width of the pillow block, in.

W, bearing weight, 1b
=W total weight of transmission system, 1b

wcs welght of the constant speed drive, 1b
Wm coupling unit weight, 1b
WF weight of fuel required to operate the accessory system for a

given time, 7 , 1b
W fuel flow of unburdened engine, lb/hr
Wf flexible eoupling weight, 1b
Hh weight of shaft housing, 1b
Wp weight of pillow block, 1b
L intermediate solid shaft weight, 1b
K adapter proportienality constant for shaft adapter weight
ﬁ secondary proportionality constant for pillew block weight,
lb/ine2
(J primary proportionality constant for pillow tleck weight,
ll:n/:ln»2
E,_ ratlo of housing clearance to outside diameter of the shaft = ¢/D A
}z coupling unit efficiency
}?cs efficiency of constant speed device
Y~  weight density of torque tube material, 1b/in.3
Yiq Welght density of adapter material, 1b/in.>
a/h weight density of shaft housing material, :I.‘b/in.3
Y,  Welght density of pillow block material, 1b/in,’
Y weight density of solid shaft material, 11::/1::1.3

T duration of péwer extraction, hr
WADG-TR  53-36 98
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& horsepower parameter defined by Eqe (V=8)
}b specific thrust fuel consumption, 1b/lb-hr, |see Eq., (¥II-4), Part I_L]

Ce Derivations of Torque Parameter,f , and the Solid Shaft Ddameter, D_

(=1

The horsepower extracted from the engine, HPx’ is given by
. X
x n
Nos 7

The first shaft must then transmit the following torque at rated speed:

(v-1)

P 63000
T = X

(v-2)
N

where:

T = continuous rated torgue, 1lb-in,

N = rated speed, rpm

It is required that the shaft be capable of transmitting a static torque
equal to approximately L.l times the contimious torque (Ref. V-1 and V-2).
From this, Eq. (V=2) becomes

Lok x 63000 HPx

Ts = h‘h‘ T = N (v".a)

Substituting from Eqe (V-1)
277,000 HPr
T, - (v-1)
n .
VT X

where:

I, = statie torque, lb-in,
From the fundamental equation for the shear stress in a hollow tube,

7 sng {1 - Kh)
T = (V‘S)

s
léKt

99
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where:
8, = design stress, psi

Kt = ghock factor

For suddenly applied loads, the value of the shock factor, Kt’ will vary

from 1.0 to le5'with minor shock, and from 1.5 t0 3.0 with heavy shock
(Refs V=3)e

Bubstituting for K and re-arranging, Eq. (V=5) can be written as

Tk, AN -
5 = 0,196 Dg 1= ( i (V—é)
-] 4]
Multiplying BEq. (V-h) by Kt/ss and substituting in Eq. (V-6)
K 1 L
rt = 0.708 x 207} | 1- é. - -g—‘) (V=7)
N & i o
odl %5
By definitions

¥ - ____]_’?!‘Ki

n
N )ch)z ss
Equation (V-7) is plotted in dotted lines on Fig. V-l. (Fig. V-3, Part 1)
When the shaft is solid, 2t = D° and Eqs (V=7) can be written as

(v-8)

b, = 12 (F) M3 | (v-9)

Equation (V-9) is shown graphically in Fig, V-2,  (Fig. V-l, Part 1)

De Derivation of Critical Speed Parameter, L gl Ncr'

For critical speed considerations each shaft unit, as indicated in

Fig. V-3, is assumed to be uniformly loaded and simply supported. In the
actual case the reduction from the torgue tube to & solid shaft tends to
decrease the stiffness of the shaft and, hence, decrease the critical speed.
However, the stiffness is increased because the bearings are closer together
than indicated by dimension L and because the bearings are not knife~edged
supports. From these considerations it is believed that the original as-
sumption gives a conservative critical speed, Torsional critical speeds
have been neglected.

WADC-TR 53-36 100
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Fige V=2  SCLID SUAPT PRQUIRED TO TRANSMIT A GIVEN HORSEPOWER
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The fundamental equation for the critical speed of a uniformly loaded,
simply supported shaft is given in Ref, V-3 as:

e

&0 E1
Ner ™ W\———;-g- ”_W " (v-10)

where:
Ncr = critical speed, rpm
E = modulus of elasticity, 1b/1n.2
I = rectangular mement of inertia, in.h
= acceleration due to gravity, :‘m/seec:2
W = weight of the shaft, 1lb
L = distance between supports, in.

For a hollow tube,

7o

I = -_6h—9_ (1- Kh) (V-11)
7YYL D

W-—{—-—-—?-(l_-Kz) (v-12)

Substitute Eq. (V-11) and (V-12) in Eq. (V-10)

Ny = 75077 \E-‘; nil 1 + g2 (v-13)

For a steel shaft (3’¥\O.28h 1b/in.3)

l:"N] OU

- 5 D w2y 1/2

Ny ¥ U5 210° 3 aexd) Y (v-14)

Solving for 1 and expressing K in terms of Do and %, gives
/2
4745 x 105 D, ' 2|
L= — a, (v-15)
cr

WADC-TR 5336 104
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or

‘ - 1/2
La| N = |U7e5x 10° ,\] Di + (p, - 2*:.)_21 (V=16)

Equation {V-16) is plotted as solid lines on Fig, V-1l.

E. Weight of the Pillow Block, Wp

The weight of the pillow block is considered to be proportional to the
outside bearing diameter squared. Under some conditions, the torque tube
diameter may be large encugh to require that the pillow block be raised to
provide sufficient clearance botween the torque tube and the frame of the
airplane, This would require extra material and, hence, added weight on
the pillow block. The weight of the pillow block may be approximated by
the following equations

Wy = WDf + .8 (02 - DY) "/'Z'J (V-17)

The value of & depends on the relative maghitude of Do and Dy, a8 shown
belowe.

Case I: D £ 125Dy
Under this condition it is assumed that the standard dimensions of
the pillow block will provide adeguate clearance for the torque tube.

Therefore, 8 = 0, and & is determined from mamifacturer's data. = (See Fig. V-ha.)

Case II: D, > 1.25 D,
' Under this condition it is assumed that extra material miust be added
to the pillow block to provide adequate clearance for the torque tube,

(See Fig. V=lb)e Thus & takes on a value greater than zero.

B =R ¥ W (v-18)

where:
B/P = weight density of pillow block material, 1b/ine>

w, * width of the pillow block, in,

105
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Case I: D

A

1.25 Dy

Do = 1,25 D,

Dy

\ ' W~ wp?

N > b
TS SSY ST

Tig. V-la

Gase II: Do 31425 Db

" = wn% + ,d(nz - Di)

T RRRI 7
AT NRITIRNYNY

Figo V—hb

Figs V-l SCHEMATIC DIAGRAM OF PILLOW BLOCK CONFTGURATT ONS
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R is the ratio of the cross-sectional area which must be added to a
standard pillow block %o provide clearance for the torque tube and the
annular area between the outside diameter of the bedring and the outside
diameter of the torque tube,

La

Ra
77’(132 - Dg)

The value off R is a function of the particular sityle of pillow block
and musﬁ be obtained from the design of the particular pillow blocke {See
Fig. Ve n)

R W
Fe Weight of Shaft per Unit Lengih, i

From the basic equation for the weight of a hollow shaft,

7w ¥ D°
o (-x%) (V-19)

w =

I
wheres

1% = weight per unit length of torgque tube, 1b/in,
¥ * weight density of material, 1b/in.3

K = diameter ratio = Di/Do

The term (1 = Kz)' can be written-as

) (o, - 24)2
(l-K)'l-—-—l;r—- (v-20)
oxr ° .
Li(D_ - t)
(1-52) = ——:52——— (V=21)
[»)
where:

+ = wall thickness of tube, ine

. Substitute Eqe {V=21) in Eq. (V=-19),

F YYD, - t) (v-22)

07
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Equation (V-22) is shown graphically in Fig. V-5,

Ge Weight. of Fuel, W

The weight of fuel required to eperate the transmission system is
obtained from

. W _
Wp = Cfy HP, 0 (V-23)

where

cn

Bx ™ Specific fuel consumption of the transmission system,

1b/HP=hr
HPx = horsepower extracted from the engine

T = Quration of power extraction, hr

The extracted horsepower may now be expressed as:

HP
HP_ = z (v-2L)

T M T

where

HP, = rated power output of transmission system
7{ os efficiency of the constant speed drive
77 = coupling unit efficiency

n = mmber of shaft units

The specific fuel consumption of the transmission system is found from

v r, Cpy = Wy Cf

cn, = X (V-25)
HP.
EEF
where
Gi‘,x = specific fuel consumption of the transmission systen,
1b/HP_hr
b 4
Fn = thrust of unburdened engine, 1lb
WADC-TR  53-36 108
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e
n

specific thrust fuel consumption, 1b/lbwhr
ﬁo Eqe (III«}), Part 1]

C%K = fuel flow correction factor due to power extraction
CPX = thrust correction factor due to power extraction

We = fuel flow of unburdened engine, 1lb/hr

HPREF = reference HP, arbitrarily taken as 10 per cent of jet

horsepower at sea level and stationary conditions

411 of the factors in Eq. (V-25) can be obtained from engine specifi-
cations published by the engine mamufgcturer.

Equation (V-25) is derived in detail in Section ITI of Part 2,
Equation (V-23) can now be writien as:

o, B, T
N /. T i (v-26)

WF ?ch‘n n

He Weight of Shaft Housing, Wh

When a housing is required for the shaft, it is assumed that the housing
covers the entire shaft system with only minor breaks and interruptions for
fastening to the frame or mounting, the weight of the bolts and fittings
being equivalent to the weight of metal cut out for mounting.

wos 27 Y, 40 L (v-27)

where:

weight of housing, 1b

= weight density of housing material,l'hr/in.3
thickness of housing, in.

= total length of housing, ft.

= inside diameter of housing, in, = Do (1 +2E)

M P B XE
1]

- _b_c_ (assumed constant)
®
¢ * clearance between shaft and housing, in,

W, =377 ,, L(1+2£€) D, (V-28)

WADC-TR 53-36
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I. Approximate Optimum Shaft Diameter, (Do)opt

To obtain the optimum shaft diameter, the total weight equation is
differentiated with respect to Do. The resulting expression is equated to

zero and solved for Do' This gives the value of Do which will minimize
the total weight of the system.

The total weight of the system is given by:

ZW=n[% L+wcu]+wF+wh+wcs (v-29)
where:
n = number of shaft{ units
W = weight of a shaft unit, 1b
L = length of shaft umit, in.
w&u = weight of coupling unit, 1lb

‘weight of fuel required to operate the accessory system

h;ﬂ
]

for a given iime, T s 1b
W, = weight of shaft housing, 1b

L = weight of the constant speed drive, 1b

Fach of the terms in Eg. (V-29) must be expressed in terms of D, for
differentiation, This is done by means of the following approximations:

1. Approximation for Shaft Length

-Equation {V-13) expresses the critical speed as follows:

D .
77’ E 0 2
Ncr = 7,50 ,‘ ~3,§ Zg AIl + ¥

Z = ?.SOW(EXE)l/a (v-30)

5 ‘
N_. =2 ;?3,\’1 el (V-31)
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angd

v : 1/2
L= lsg— D, AL + K (v-32)
cr ’ 2 1/2
o 1/2 (Do - 2%)
(1L +Xx%) = 11+ '.'-—-52———-— (Vv-33)
[=]
Expanding, )
1/2 1/2
(1+¥%) - % bt , ‘i’z J (v-34)
B,

Assuming + 1is small compared to D, the last term in Eq. (V-3h4) can be

neglected. Dropping the last term and factoring gives

2 M2 /2
(L +K ) ,\r-{]_ - -----]1 (7-35)

Expanding in a binominal series, and using only the first two terms

1/2

1+xf)’ = \[?[ - ﬂ (v-36)
4]

Substitute Eq. (V-36) in Eq, (V-32)

1/2 '
e
cr ’ 0

1/2
Az (1 5‘—) / (v-36)
cY [o] ) .

Let

By plotting I ws (D )1/ 2, it was found that Q remained comparatively

constant over the range of D compatible with the current state of aireraft
accessory development.

Thus, L is a function of Dys

1/2

L =e(,) (v-39)

WADC-TR  53-36 12
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2. Approximation for Shaft Weight

For a thin walled tube the weight can be approximated by
w -
=¥t o, (V-40)

3« Approximation for Coupling Unit Weight

The coupling unmit weight is the sum of the component weights,
(See Figu V-é)-

Wcu"2Wa +2wp+2wb+wfc+ws

d (V—hl)

where:

=X
]

weight of the adapter, 1b

weight of the pillow block, lb

,dﬁ
]

=
o
]

weight of the bearing, 1b (from manufacturerts data)

H’i:
u

weight of the flexible coupling, 1b (from mamfac-

®  turer's data)

WS = weight of solid, intermediate shaft, 1b

From Eqse (V-11), (V-12), (V-13) of Part 1

2.
2 2 2 2. 2 7Y ¥ glels . _ W
Wcu'2°((no"ns)"'2[6(1’0"]313)+wnb]+2wb+wfc+(“_—f_‘_'s -1 L

(v-12)
Regrouping the terms,
2
‘= 2 2 2 71y LDy W
Weu 2{xX+43) D, - 2!%(];8 + (A-1) Db:lo 2+ W —— = F Ly
. (V-43)
Collect the constant terms by letting
§ =2 (0x+8) (V-LL)
WADC-TR 53-36 13
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and
2
- T & LD
E= 2 +Wg, + 5:—5 - % L~ 2 E’(Dg + (B -w) ngl (V-L5) .
Then,
W, = &0+ E (V-16)

The total weight equation can now be written as follows by substituting
Egse (V=39), (V-L0), (V-Lé), (V-26) and (V-28) in Eq. (Vm20)

' n e
ZWB—J——- I:ﬂ’a’tp (Q,J—D_')-FJDZ#- E}+ M(m'jﬂqm)
A ° ° ° Hes

MYy, L+ 28) Lo+ (V=L7)

Let

x = W (v-58)

Substituting Eq. (V-L8) in Eq. (V-L7) and collecting terms

ZW = iqd- x3+%fl§/t+ b’hth(1+26)] x° + "ff"

o wp_ 7 -
. il 1 Z =) Lra= L (v-L9)
cs

Differentiating Eq. (V-L9) with respect to x and equating to zero yields:

2 ZW
dx

-3 %’5 22+ 20l |t + Xhth(1+25)]x

1LE WmT -az’l»v?(] 1 . -
{C’ T Y Cl I

WADC-TR 53-36 -
Part 2

RESTRICTED



RESTRICTED

Let

%-3£%ie

cy =2 ﬁﬁf{?& L Ne Q +a;£.)]
ol = Ofi . G?:xﬁprvcg-gﬂ/%
Q n
375 N

Substituting Eqe (V-51), (V~52) and (V-53) in Eq. (V-50) and
mltiplying by'x?

o =+ g - Cf =0

3
Let
01-._0_1._..
1
¢
and
1
Lo
C, = =
ct
3
Then,
L -
o, ** + G, X -1%0

Substituting Eqs (V-L8) in Eq. (V-56) gives

3/2, 2
c2(Do) 1-¢ D

(v-51)
(V=52)

(V~53)

(V-3k)

(v-55)

(V= 56)

(V- 57)

(v- 58)

Equation (V-58) is solved graphically in Fig. V-7. The value of Do

which satisfies this equation is the optinum shaft diameter, (Do)

opt a

nd,

it is found at the intersection of the two integral curves drawm for the

calculated values of Cl and Cge-
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By making appropriate substitutions in the above equations, the
parameters Cl and 02 become

C. = 6(0(. +/€)71n
t 2
7 ¥ gteP W 2 2 Cly BTl
™ f( ety el + (0 on e o
(V-59)
—T
169N A2 - B, [‘Yt*xh"'h (1.+2£‘)jl
C, = -
2
_. R
'y L_D . A o HP /0'%77
o s, #fOsts’s W o _2[@2“5_@ 2] n Oy B
b fe < L L c\> s +( i 7( 7(cs
(v- 60)
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WEIGHT ANALYSIS OF A SINGIE-STEP SPEED REDUCER

Section VI

A. Introduction

The equations and curves for the following factors are derived and
explained in this section:

1+ Solid Shaft Diameter
2e Reiationship between ds and db_for Equal Strength Shafis
3. Minimum Number of Pinion Teeth for a Given Gear Ratio
L. Weight Factor
5s Projected Areas for Gear Housing Weight
Be  Nomenclature
A projected arsa perpendicular to the centerline of the gears, in?
a weight factor
c height of gear box, in.
c hole factor
D pitch diameter, ine
d diameter, in.
F tangential force at pitch line, 1b
F(R) function defined by Eqe (VI-L2)

b face width of the gears, in.

h spline addendum, in.

HP horsepower

J scale factor

Kt shock factor for shaft

K, housing width factor, in,

L length of line tangent to outside diameter of both gears, in.
WADC-TR 53-36 120
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minimum thickness of material above keyway, in,

. 8peed, rpm

number of gear teeth

diametral pitch, 1/ine

gear reduction ratioe

number of spline teeth

service factor for gears

worising stress for gear teeth, psi
design stmés for shaft, psi
torque, lbwin,.

thickness, in.

‘plteh line wvelocity, fpm

weight, 1b

width of gear housing, in,
form factor for lewis Equation
diametral pitch x addendum

weight density, 1b/in.”

angle between line through gear centers and a line perpendicular
to common tangent of the outside diameters of the gears, degrees

Pressure angle of gears, degrees

SUBSCRIPTS
1 input
2 output
ave average
e equivalent
G gears (both pinion and large gear)

WADC-TR
Part 2
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H b
h housing
i inside

L large gear
o outside

P pinion

pd pad

r rim

sp spline
t total
w web

Ce Solid Shaft Diameter

It is desired to determine the solid shaft diameter required to transmit
a given horsepower at a specified speed,

From the basic equation for shear stress in a round shaft under torsion
3
-«Ssd 8
16

KT = (VI-1)

where:
T = torque, lb-in,
K, = shock factor
. 8g = design shear stress, psi
d, = shaft diameter, in.

The value of the shock factor, Kt’ will vary from 1,0 to 1.5 for suddenly

applied loads with minor shock, and from 1.5 to 3,0 for suddenly applied
loads with heavy shock., (Ref. VI-1) v ape

From the fundamental horsepower eguation,

T = 5250 x 12 - lb-in, (VI-2)

WADC-TR 53-36 122
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Substituting:

HP Kt

= 3,12 x 1078 dg (VI~3)

N Ss

This equation is shown graphically in Fig. VI-1.

Ds Relation Between ds and do for BEqual Strength Shafts

Given a solid shaft splined to a hollow shaft of equal strength, it
is degired to determine the relationship between solid shaft diameter and
the outside diameter of the holiow shaftie

For both shafts to have equivalent strength, the maximum stress in the
solid shaft must be equal to the maximum stress in the hollow shaft. From
elenmentary strength of materials:

For a solid shaft:
16T
g = (VI-4)
s 771 dz

where:

s_ = maximum shear stress, psi

-3
]

torque, 1b-in.
d_ = diameter of solid shaft, in.

For a hollow shaft:

16T
5_* (VI-5)
somra [1- (4"
T
[+
where:
db = outside diameter, in.
di = inside diameter, in.
Equating BEqs. (VI-l4) and (VI-5) gives:
1% %
el - (VI—é)
d IS
[+] h &
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29 Figs VI-1 SOLID SHAFT REQUIRED TO TRANSMIT
A GIVEN HORSEPOWER AT SPFECIFIED SPEED
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o
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2
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The diametral pitch of the spline is defined as:
Py, = ~p— (VI-7)
P sp

where,

Psp diametral pitch of spline, 1/in.

S = number of teeth in spline

DSp = spline pitch diameter, ina

For this investigation it is assumed that the spline addendum and dedendum
are equal, Also, it is assumed that the minor diameter of the external
spline is equal to the solid shaft diameter, and the major diameter of the
internal spline is equal to the inside diameter of the hollow shaft. This
is shown in Fig. VI-2,

Then Eqe (VI~7) can be written as:

Top © T+ W (V1-8)
and
di - ds
h= (VI=9)
h
Substituting in Eqe. (VI-8)
P = —25 - (VI~10)
sp ds + ai -
According to S. A. E. spline standards:
+
g = __._____SP 1.8 (VI-11)
ap
Solving for Psp and equating to Eq. (VI-10) gives:
S + 1,8 28
= . (VI-12)
di ds * di
or 7
- S + 1.8
% =4 [E'm] (V1-13)
WADC-TR 53-36
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Fig. VI-2 SPLINE DETAIL
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Substituting in Eq. (VI-6)

6, . [do (S - 1'8)] ! | (vI-1h)
4 [ 4, (8- 1.8)] b [ds (s + 1.83“

Rearranging and simplifying gives

L

d d ; b
2 0 5+ 1,8

- = b {VI~15)
ds ds 5 - 1.8

The relationship between do and S given in this equation is shown
graphically in Fig. Vi-3. 8

E. Minimum Number of Pinion Teeth for Given Gear Ratio

The geometry of involute gears is such that if too small a pinien
(with an insufficient number of testh) is used with a given gear, interference
will occur between the addendum of the pinion teeth and the radial portion
or flank of the mating gear teeth, With these considerations in mind, the
foilowing relationship is derived in Ref., VI-1:

2, bz(n, + z)
np 21'1p DL —--Sl—nz-f-— (VI—-lé)
where:

np = minimum mumber of teeth on pinion which will operate
. without interference with a given gear

n = largest mumber of teeth on the large gear which will
operate without interference with a given pinion

f = pressure angle, deg
z * (P) x (addendum),

The gear ratio is defined as:

R = =z (VI-17)

Substituting for o in Eqe (VI-16) and assuming the addendum equal to 1/P:

5 5 I (Rn_+1)
n, + 2Rnp = ————2—-?—-— (vI-18)

sin §
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Fig, VI-3 DIAMETER RATIC FOR EQUAL STRENGTH
SOLID AND HOLLOW SHAFTS
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Shaft Diameter Ratio, do/ds
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Equation (V1~18) can be written as:
r{'; (sin’f+ 2R sin’f ) - WRa, - b= 0 (VI-19)

Substituting in the quadratic equation gives:

hR+16R2 + 16 sinzé(l'!-m)!

2 sin’ P (1 + 2R)
This equation is shown graphically in Fig. (VI-4) for 20 degree full depth
teeth.

F. Weight PFactor

The weight factor of a gear is defined as the ratio of the weight of
a webbed gear with lightening holes to the weight of a solid gear.
Figure VI-5 shows a schematic diagram of a typical gear. Using the notation
as indicated in the diagram it is seen that

a = {{:— % [(92 - dnz.-) £+ ety (df- - dlzi ) * f(dﬁ)a] (VI-~20)
T
where:

¢ = hole factor, ratio of gear web weight with holes to weight solid
gear web, Factoring Eq. (VI-20) gives:

2 . 2 2 2
a = 1-(;_1) +_;‘3_(dE _(;ﬁ). + (i.‘lg_) (VI-21)

The following proportions, obtained by empirical methods, are taken
from Ref. VI-2. Referring to Fig. VI-5, the rim thickness, t, is found
from

- 1
b, 0511 - (VI-22)
The web thickness is determined from
= 1 -
t, = 0.5+ 0.125 (vi-23)
WADC-TR 53-36 129
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The minimum permissible thickness of metal above a keyway is found from

ne L[

(VI-24)

Good gear design dictates that.the face width should be approximately

10/P.
Then, since the gear dedendum equals 1/P,

- 2 £
a@*D- F-T5

or

d. "De(2+T) s

g = ’ﬂ;g— + 0,125

w

f
dy = 4, ¢ oy E‘

Substituting in Eq. (VI-21) gives:

2 2 d
aw [1-(1-%6 %]-ﬁ c(g-ﬁc‘i_%) Q-%@) _(52

d . 2
(- &)
Examine the temgﬁﬁ ,

f Tt 1 n
ES TN 125 02

Since,
n
F D
and
- 20
P 7
Then,
£, ', 1 s
BN\T T 3L NS
WADC-TR 53-36 132
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Substituting in Eq. (VI-29),
2 e | o 2
- 2 +7)¢ 77 0,125 2 +7)f
a=ql- [1- 905 +olgp + 2D 1. L

d Y b , 1 [£1)?
Al -y \F- C 5 b)) o

Now let

X=1- L21_;7_'/)_1’; (VI-32)

D
B c(g_'{_;+ 0.125 ) (VI~ 33)
do 1 £

2= 5 * 3—.551"13 (V1-34)
Then,

a=1l-X+B (x°-2%) +2° (VI-'35)
Expanding, factoring, and regrouping gives

2 2
a=wla(1-B) (X2 (VI-36)

G. Projected Areas for Gear Housing Weight

To calculate the weight of the gear case, it is necessary to determine
the projected areas, Ai and Ao, illustrated in Figs. VI=6 and VIeTe

In this derivation it is assumed that the ocutside diameters of the two
gears are tangent and that the housing is tangent to both gears as shown
in Fige VI-8e It is further assumed that:

d; "R dop (VI-37)

where:

doL

dbp = outside diameter of the pimion, in.

R = gear ratio

outside diameter of the gear, in,

These assumptions will result in a slightly oversize gear c¢ase which
will allow for clearance around the gears and an oil sumpe.

Referring to Fig. VI-8, it is seen that the projected area of the inner
volume of the gear case is given by:

WADC-TR 53-36 133
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FIED GEAR CASE (INNER VOLUME)
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VI-6 MODI
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(a_)? ma_)? L(d, -4d_)
where;

L = length of the tangent line between gears, in,

@ = angle between a line through the gear centers and a line
perpendicular to the common tangent of the cutside diameters
of the gears, degrees

From the geometry of the gear and gear housing:

L= dop.l R (Vi-39)
2AR

@ » arc tan {VI- o)

Then, Ege (VI =38Ymay be written as:

Ei'dopz{—g— E%z l~ T%'-ﬁ-arc tan -1%[%—-:)4- T%‘-O-arc tanﬁ-ég{j:l
s B (1, a)} (VI- k1)

Let: :
F(R) = -?I:RZ (I-T%arctan%ﬁ-l* -I:éﬁarct,ang_ﬁ

+ AE g ep (VI- k2)

Equation (VI=}2) is shown graphically in Fig. VI-9. Equation (VI .i1)
now becomes:

2
8y = a, % B(R) (VI-13)
For 20° spur gears the addendum is equal to %- o Then,
a_ =0 (1+2 (VI-Lk)
oP p oy
and
WADC-TR  53-36 136
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Lo
Fig. VI-9 F(R) VS REDUCTION RATIO
30
= 20
2 /
//
/
10 /
/
/
v //
//
/
2 3 I
Reduction Ratio, R
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(VI-L5)

) 2,2
Ay on(R) (1 + np)

Thus, the projected area of the imner volume of the gear housing has been
determined in terms of a basic dimension of the gears, Dp‘

It is now desired to determine the projected area of the outer volume
of the gear case by multiplying the basic length dimension of the inner
volume by some scale factor,

The inside height of the gear box, Ci’ (See Fig. VI-8) is given by:

2
o R ) (VI-16)

The outside height of the gear housing, Co, (See Fig, VI-8) is given by:

2
C, Dp (1 +R)Y(1 + Fp—- + 2tave) (VI- 47)
The scale factor, j, is given by:
Co
j - G (VI- hB)
: i
2%
5214 ave . (V- L9)
D (1+R) (1+ —)
3] n
P
Multiplying the basic length term in Eq. (VI-}4S) by the scale factor,
21t 2
a, =D F@R) |1+ ave 5 1+ 292 (VI-50)
P D (1+R) (1+ —=2) T
o) n
P
Expanding and factoring gives:
2
2t
2 2 ave
B "B ER) 14 g+ gty (V1- 51)
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