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S U M M A R Y 

The eccentricity effect of stiffeners is studied for stiffened cylindrical shells under axial com

pression, · Classical simple .supports and classical clamped ends are considered. A detailed physical 

explanation of the causes of the eccentricity effect and its behavior is proposed and verified by com

putations for 350 typical shells, 

As for buckling under hydrostatic pressure and torsion studied earlier, the behavior of the eccen

tricity effect in the case of axial compression also depends very strongly on the geometry of the shell, 

represented by the Batdorf parameter, while the geometry of the stiffeners only influences its magnitude, 

Inversion .of .eccentricity effect occurs at very low Z , but for practical dimensions outside stringers 

always stiffen the shell more than insipe ones; The eccentricity effect has a pronounced maximum at 

practical values of Z , and the behavior of the eccentricity· effect is very similar for clamped and sim

ply supported shells, Rings, which are much less effective stiffeners than stringers under axial com

pression, are also considered. Results are compared with those. of other investigators, 
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1, I N T R O D U C T I O N 

In 1947 van der Neut [ 1] showed, for the case of buckling under axial compression, that the eccen

tricity of stiffeners wilh respect to the skin has great importance. Later some analyses of bending and 

buckling under external pressure, [ 2] - [ 4], took the effect of eccentricity into account, but the impor

tance of placing the stUfeners on the inside or· outside of _the shell for external pressure loading was 

only recently emphasized [ 5]. The simple method of analysis of [ 5] has also been employed for the 

analyses of stiffened conical shells under hydrostatic pressure, [ 6] and [ 7]. 

Experimental evidence of the importance of the eccentricity of stiffeners was first given by tests 

carried out at the College of Aeronautics, Cranfield [ 8] and more recently by the spectacular results of 

tests at the NASA Langley Research Center [ 9] and of tests performed by the Lockheed Missiles and 

Space Company [ 10]. Further recent experimental evidence can be found in tests on Mylar cylinders 

carried out at the DFL in Germany [ 11] . · 

Many investigators have recently studied the effect of eccentricity of stiffeners on the buckling of 

cylindrical shells, ,especially for the case of axial compression, [ 12] to [ 18] and [ 10 ], and a partial 

physical explanation of the effect in stringer stiffened shells has recently been given by Thielemann and 

Esslinger [ 19]. However, in view of the inversion of the eccentricity effect, first noted in stiffened 

conical shells under hydrostatic pressure [ 7] and later investigated in detail for cylindrical shells under 

external pressure and torsion in [ 20] and [ 21] and also found in the calculations of [ 15] and [ 17] , a 

closer look at the effect in axially compressed shells is warranted, 

In [ 20] a more complete physical explanation of the eccentricity effect for ring and stringer stiffened 

shells under external pressure was presented and the physical arguments ,were verified by extensive cal

culations, covering a wide range of shell and stiffener geometries, A similar approach is adopted here, 

A detailed physical explanation of the phenomena is given and then the numerical results are analysed 

in the light of the expected physical behavior. The eccentricity effect is again shown to be made up of 

two opposing contributions: the primary effect - the influe~ce of the membrane stresses in the shell on 

the bending stiffness of the shell- sti ffener combination ; and the secondary effect - the influence of the 

bending strains on the membrane stresses in the shell, The influence of the variation in shell and stiffener 
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geometry on the eccentricity effect is then explained by the interplay of the two effects, · Inversion of 

the eccentricity effect is therefore possible also in axially compressed shells, but here it occurs only.for 

extremely short shells which have no practical application. Again, the behavior of the eccentricity effect 

depends very strongly on the geometry of the shell, while the geometry of the stiffeners only influences its 

magnitude. In the case of axial compression, the eccentricity effect has a pronounced maximum which 

o~curs for values of the Batdorf parameter, Z =( 1-v2 ) ½ (L 2 i Rh), representing dimensions commonly 

Jsed in aerospace practice, Since very large eccentricity effects can be obtained in axially compressed 

cylindrical shells of practical dimensions, the design implications of variation in shell and stiffener ge

ometry is also studied. 

The analysis is an extension of that presented in [ 5]. 1 However, since here axisymmetric buckling 

may also be important, the axisymmetric case is added. The analysis of [ 5] is then extended to clamped 

cyilindrical shells in order to study the effect of rotational restraint at the boundaries on the eccentricity 

effect. Classical clamped ends, as given for example in [ 22] are considered. In view of recent work on 

the effect of the "secondary" boundary conditions on the buckling load of unstiffened cylindrical shells 

(see for example [ 23] - [ 25] ) , consideration of only 2 of the 8 possible end conditions may seem imcom

plete, ·However, from a recent study of the effect of boundary conditions on the buckling of orthotropic 

cylindrical shells [ 26 ], it appears that the effect of the secondary boundary conditions may be less pro

nounced in stiffened shells than in unstiffened ones, whereas restraint of end rotations is more important 

in stiffened shells, , The comparison between classical simple supports and clamped ends is therefore 

significant, 1 A more complete investigation of the effect of the boundary _conditions has also been initi

ated at the Technion to revaluate the conclusions of this comparison, 

2. SIMPLY SUPPORTED SHELLS 

For simply supported shells the analysis for nonaxisymmetric buckling is identical to that of [ 5] 

and [ 20], except for different prebuckling stresses, , Hence only the main assumptions of the analysis 

are repeated and then the final results for axial compression are presented. The main assumptions are: 

a) The stiffeners are "distributed" over the whole surface of the shell, 
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b) The normal strains fx(z) and f¢(z) vary linearly in the stiffener as well as in the sheet. : The 

normal strains in the stiffener and in the sheet are equal at their point of contact. 

c) The stiffeners do not transmit shear. , The shear membrane force Nx¢ is carried entirely by the 

sheet. · 

d) The torsional rigidity of the stiffener cross section is added to that of the sheet (the actual in

crease in torsional rigidity is larger than that assumed). 

The middle surface of the shell is chosen as reference line and the expressions for forces and mo

ments in terms of displacements are : 

N ,i=N/4 =[Eh/2(1+v)](u,k+v) 
x'P ..,_,x ,'P ,x 

. (1) 

(2) 

where ,µ 1 , µ
2 

, 11
01 

, 11
02 

, Tltl and ,,t
2 

are the changes in stiffnesses due to stringers and frames and 

x
1
,x

2
, .~

1 
and i;:-

2 
are the changes in stiffnesses caused by the eccentricities of the stringers and rings, 

as in [ 5]. Since the analysis is concerned with instability, u, v and w are the additional displacements 

during buckling, and as in [ 5] they are non-dimensional, the physical displacements having been divided 

by the radius of the shell. 

The classical simple support boundary conditions 
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w 0 

M 0 
X 

N ,= 0 
X 

(3) 

V 0 

are assumed and 

u A n sin tcp cos n{3x 

V B n cos tcp sin n{3x 

w C n sin tcp sin n{3x (4) 

are the displacements which solve the Donnell type stability equations for general instability, Eq. ( 12) 

of [ 5], in the presence of these boundary conditions. 

Assuming that the prebuckling stresses are represented satisfactorily by the membrane stresses 

Nxo = -(P/2rrR) 

N<PO = 0 

0 

the third stability equation, Eq. ( 18) of (5], becomes for the case of axial compression 

where A is a non-dimensional axial load parameter defined by: 

X = (PR/rrD) = [ 12 ( l -112) PR/rrEhs) 

and a
0 

and b
0 

are given by Eqs, ( 16) of [ 5), · 

(5) 

(6) 

(7) 
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The integer values of t and n (the circumferential waves and axi·al half-waves, respectively) 

which make ,\ a minimum pave to be chosen to yield the critical axial load. 

In cylindrical shells subjected to axial compression, axisymmetric buckling may occur under cer

tain conditions. The axisymmetric mode can be obtained from the non-axisymmetric analysis by letting 

t=O. However, for completeness, the axisymmetric case is briefly rederived here with axisymmetry as

sumed from the beginning. 

For axisymmetry the displacements are 

u A cos nf3x · 
n 

V 0 

w = en sin n(3x 

and the stability equations become 

N x,x 0 

and 

) 
) 
) 
) 
) 
) 

) 
) 
) 
) 

M +RN-'-+N 
0

Rw = 0 ) 
X,XX '/J X ,XX ) 

The force and moment expressions are 

M-'-=(-D/R)[vw +(2 w] 
¥I ,xx 

Substitution of Eqs.(8) and ( 10) into Eqs.(9) yields 

(8) 

(9) 

(10} 

(11) 
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and 

(12) 

where ,\ is again defined by Eq. (7). 

Hence, after substitution for a
0 

from Eq. (11), Eq. (12) becomes 

The integer value of n which makes ,\ a minimum has to be used in calculations. ·\\hen the shell is 

stiffened by rings only, Eq. (13) simplifies to 

(14) 

and if one assumes that there are many waves in the axial direction and that n can be treated as a con

tinuous variable, the critical value of ,\ becomes 

(1S) 

3, C L AMP E D ·s H E L LS 

The ~alysis of [ 5] is now extended to clamped cylindrical shelis and is presented for axial com

pression and hydrostatic pressure. · The same assumptions. are made as for the simpl_y supported shells, 

except that the classical clamped boundary conditions 

w 

w ,x 

u 

0 

0 

0 

0 

) 
) 
) 
) 
) 
) 
) 
) (16) 
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are considered instead of Eqs. (3). · Displacements similar to those proposed by Batdorf [ 22] fop un

stiffened clamped cylindrical shells are assumed here-

00 

u = I (l/2).[A1 sin(n-l)f3x-A2 sin(n+l)/3x] sintcp 
n=l n n 

v = I (l/2)[B 1 cos(n-l)/3x-B ,, cos(n+l)/3x] costcp 
n=l n .n 

00 , 

w = I C
0
(1/2)[cos(n-1)/3x-cos(n1t,-l)/3x] sint¢ 

n·=l 
( 17) 

When the shell is subjected to both axial compression and hydrostatic pressure the prebuckling 

strelrnes are taken as the sum of the membrane stresses, Eqs. (5) of this ·report and Eqs. (13) of [ 5]" 

The Donnell type stability equations in terms of displacements, Eqs. ( 12) of [ 5], are then 

( 18) 

The first two of the stability equations, Eqs. ( 18), are solved by the assumed displacements, Eqs. 

( 17), in the same manner as in [ 5]. The displacements can then be written as 

00 

u' = Ii C (1/2)1-a 1 sin[(n-1),8x]+a +1 sin[(n+l),8x]}sinti;6 
n=l n n- n 

00 

v =IC (l/2)1b 1 cos[(n-1),8x]-b +1cos[(n+l)/3x]lcos t¢ 
n=l n n- n . 

w = f C
0
(1/2)1cos[(n-1)/3x] - cos[(n+l)f3x] l s int¢ 

n=l 
... ( 19) 
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where 

(20) 

and q represents (n - 1) and (n +1) respectively 

+ ( 1+µ1) [ ( 1-JJ) / 2] q4 {34 

D2 q [ ( l-JJ)/2 ] x l + I ( 1+µ 1) x2 q
2{3 2 -((1-JJ) /2 ]( 1+µ

2
) I t9 

+ } I[ (lw) /2] JJ-(1 + µ1)( l,+-µ 2 ) I q2{3 2 - [( lw) /2] x
1 

q4 f34 }t 

..... (21) 

Note that D0 q, D1 q, and D2 q when _ q = .n are identical to D0~, D1a and D20 given by Eqs. (17). ' 

of [ 5 ] •. 

Here, however, the third of the stability equations,, Eqs. (18), cannot be solved in closed foom and 

hence it is solved by the Galerkin method. If one defines 

••• (22) 
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the Galerkin integrals, for an N term solution, can be written as 

2rr L/R 

fsin 2t¢ Lil Cnfl F(n-1) !cos[(n-l)/3x]cos[(m-l)/3x]-cos[(n-l){Jx]cos[(m+l)/3x] I -

0 0 

- F(n+l) I cos [ (n+l) {Jx] cos [ (m-1) f3x] - cos [ (n+l) {Jx] cos [ (m+l) {Jx] I J dx J d<t, 

and m = 1, 2 ••• , N (23) 

Eqs, (23) yield ·a set of N algebraic equations 

N 

n:l en (F(n-l)[~n-1 Hm-1) - 8cn- l )(m+l'.) ]- F(n+l)[ B(n+l )(m.:.. 1) - B(n+l )(m+i)] J = 0 

m = 1 ,2 , .' •• , N 

where 

and Sil is the Kronecker delta defined by 

81J O when i ~ j 

8iJ = 1 when i = j 

(24) 

(25) 

(26) 

The determinant of the coefficients of C
0 

in Eqs. (24), the stability determinant, can be resolved 

into two subdeterminants, one of th~ even components and one of the odd components representing sym

metric and antisymmetric buckling modes, · The symmetric buckling pattern is hence represented by 

n = 1, 3, 5, ••• 

m = 1,3,5, ... 

or the determinant 
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2F(0) + F(2) -F(2) 0 0 .. " 

-F(2) F(2) + F(4) -F(4) 0 

0 -F(4) F(4) + F(6) -F(6) 
0 

0 0 -F(6) F(6) + F(8) 

(27) 
and the antisymmetric buckling pattern by 

n = 2, 4, 6, ••• 

m = 2,4,6, ••• 

or the determinant 

F(l) + F(3) 

-F(3) 

0 

0 

-F(3) 

F(3) + F(S) 

-F(S) 

0 

0 0 ... 
-F(S) 0 ... 

= 0 
F(S) + F(7) -F(7) 

-F(7) F(7) + F(9) ... 

(28) 

The critical load has to be computed for both buckling patterns. However, the numerical work indicates 

that the antisymmetric mode usually yields higher buckling loads except for very long and thin shells. 

Hence Eq. (28) has to be considered only for long and thin shells. 

4. PHYSICAL EXPLANATION 

A physical explanation of the effect of eccentricity of rings on the in stabili ty of stiffened cylindrical 
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shells under hydrostatic pressure is given in [ 20]. There, the explanation is given for rings because 

ring are most effective in stiffening against hydrostatic pressure. For axial compression stringers are 

ch mu-e effective than rings and therefore the effect of the eccentricity of stringers will be .considered 

hue i detail. 

The explanation follows the lines of that given in [ 20], but there are important differences between 

the behavioc: of stringer-stiff_ened shells under axial compression and that oI ring-stiffened shells under 

hydrostatic pcessure. 

-The total geomeuicaf bending stiffness of the combined stringer-shell cross-section is not affected 

by t:he position of the stringers and is equal foc outside and inside stringers, . (Actually, the moment of 

inertia of the combined stringer-shell cross-section is larger for outside stringers but for closely spaced 

stringers this ~fference is small and can be neglected • . When the closely spaced stringers are "distri

buted• there is no difference at all.} As a result of the initial curvature of the shell, additional membr•e 

focce appear in it during buckling. If one considers the circumferential membrane forces, this is imme

diately apparent, since foc out~ard buckles the shell has to lengthen and tensile focces arise, while far 

in ard buckles the shell has to shocten and compr~ssive forces arise. 

A. relatiord,etwe~n the axial ~d circumferential membrane forces is obtained by differentiation of 

the first two stabili~y equations (Eqs.('11) of [ 5] or Eqs.(4) of [ 20] ) with respect to x and 4>, which 

yields 

(29) 

By subsi:itutioo of the assumed displacements for simple supports, Eqs. (4), into Eq. (29) this rel., 

tion between the membrane forces becomes 

(30) 

As mentioned, NIP is compr,essive in a positive (inward) wave and tensile in a negative wave. 

From Eq. (29) it is seen that N" follows N¢ at every point of the shell. 

It should be noted that Eq. (30) applies to the classical simple support boundary conditions Eqs. 

(3). Foe the classical clamped boundaty conditions, Eqs, (16), a similar relation between Nir and N</> 

can be obtained whtn n"' 1, since substitution of Eqs.(19) into Eq,(29), with n .. 1, yields 
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2 
(n+l) (32 Nx = 4(3 2Nx = t2Ncp (3.1) 

For n ;i 1 the relation cannot be expressed in such a simple manner, though it is similar in character. 

However, heavily stiffened cylindr.ical shells of practical dimensions tend to buckle with n = 1, unless 

they are very long. For long shells, the buckling pattern repeats itself, and though n increases, (3 

decteases simultaneously, with the result that n/3, which is really the important quantity· in Eqs. (30) 

and (31), remai_ns nearly constant. Hence the conclusions drawn from Eq. (30) apply approximately also 

to classical clamped ends, and may be expected to apply approximately also to the other boundary condi

tions not considered here. 

In Figs. 2a to 2d, Mx represents the geometrical bending stiffness of the cross-6ection of the 

stringer-6hell combination. Mx .is the moment necessary to produce a certain change in curvature ;md is 

equa
0

l for inside and outside stringers. However, due to the longitudinal membrane force acting in the 

shell, the actual total bending stiffness of the cross-section is chang-_ed, For a stringer-6hell combina

tion with inside stringers the actual total bending stiffness is (see Figs. 2a and 2c) 

in in (32) 
MX = MX - z lNX 

in -
where M is the actu·al moment necess-ary to produce the same change of curvature that Mx would pro-

x . 
1,n 1 

duce without the membrane force N . 
X 

In the same manner, the actual bending stiffness for the cross-6ection with outside stringers is 

( see Figs. 2b and 2d) 
out - out 

M = M + z1N 
X X X 

(33) . 

h 
• Mout -

w ere agam x is the actual moment necessary to produce the same change of curvature which M x 
• out 

would produce without the. membrane force N • 
X 

From Eqs. (32) and (33) it can be seen that the actual bending stiffness for outside stiffening is 

larger than that for inside stiffening. This is the primary eccentricity effect, There is, however, another 

opposing secondary effect that influences the behavior of eccentrically stringer-stiffened shells under 

axial compression, though its influence is less noticeable here. than for ring-etiffened shells under hydros

tatic pressure, 

Consider a shell with inside stringers, In a positive wave, the moment Mx produces in the shell an 
additional compressive strain in the longitudinal direction. Due to Poisson's effect (v), a circumfer.en~ 

tial strain appears in the sheet, giving rise to an additional compressive membrane force, LiN<I>, in the 

circumferential direction, which resists this strain, This additional compressive membrane force has a 

radial component which resists radial deformation (Fig. 3a) • On the other hand, for outside stringers the 

additional force LiNcpis tensile and therefore assists deformation (Fig, 3b). In an negative wave (Figs. 
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3c and 3d) the same argument applies and the additional membrane force ~Ni;!>, resists the deformation 

for inside stringers, whereas -it assists _it for outside stringers. · 

The effect of eccentricity of stringers can therefore be summarized as follows : 

1. · Primary effect - outside stringers increase the actual bending stiffness in the longitudinal 

direction more than inside stringers, 

2. Secondary effect1- inside stringers· increase the actua\ extensional stiffness in the circumfe

rential direction more than outside stringers, 

Now, for -short cylinders the main resistance .to buckling is in the longitudinal direction, · Mx is 

the m_ain component of the resistance of the shell, : N x is very small and therefore the difference in the 

actual bending stiffness for inside and outside stringers is also small. · Since M is large and the secon-
. . X . . 

dary effect is important for very short cylinders, inside stringers may yield larger critical axial loads 

than outside stringers,as is indeed found in the computations, It should be remembered that the secondary 

effect depends entirely on Poisson's ratio v • Variation of v wi'll: therefore noticeably influenc.e the 

secondary effect, With v = 0.5 the secondary effect is enhanced while with v ~ 0 it vanishes, as is 

later verified in the numerical work. 

For medium length cylinders Mx is still important, but Nx increases and therefore the difference 

between the actual longitudinal bending stiffnesses for outside and inside stringers also increases, 

Hence the critical axial load is much larger with stringers on the outside than on1 the inside of the shell, 

For long cylinders, the difference between the actual longitudinal bending stiffnesses for 

outside and inside stringers continues to increase, The contribution of the membrane force to the 

actual total bending stiffness, Z' 1 Nx, becomes larger than Mx :and tfor foside stringers the actual 
• • in 

bendmg stiffness, M X, may even change sign and become negative, This has been verified· for a 

typical long shell • 

However, the total.difference between the critical axial load for outside and inside stringers de

creases as the length of the shell increases, or more precisely, as Z increases, This is caused by the 

diminishing relative importance of Mx and Nx in resisting buckling for long shell s, in which· Mc/> is · 

the main element of the buckling strength of the shell, · Since Mc/> is not affected by the eccentricity of 

the stringers, the total eccentricity effect declines in long shells. 
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Rings are much less effective than stringers in stiffening of cylindrical shells subjected to axial 

compression, The behavior of ring stiffened shells under axial compression is, however, of interest, 

since shell s primarily designed to withstand lateral pressure (which will be predominantly ring stiffened) 

may also be subjected to axial loads under certain conditions. 

The eccentricity effect of rings in an axially compressed cylindrical shell is basically the same as 

that considered above for stringers and given in detail for ring stiffened shells subjected to hydrostatic 

pressure in [ 20]. The same primary and opposing. secondary effects could be discerned and ranges 

should occur where the primary effect dominates-and outside rings yield higher buckling loads than inside 

rings, and where the secondary effect dominates and inside rings are better. However, under axial com

pression ring stiffened shells buckle with many longitudinal waves, unless the shell is very short, and 

hence subdivide into many short "bays", As a result, the axially compressed ring-atiffened shell is al

ways in the "short shell" range where outside rings should yield higher buckling loads than inside ones, 

The computations verify this argument, 

The discussion up to this point has only considered non-axisymmetric buckling patterns, and the 

possibility of axisymmetric buckling has now to be considered. Since in the axisymmetric buckling pat

tern no bending occurs in the circumferential direction, the eccentricity of rings cannot affect the critical 

load when the shell buckles in this mode. This is verified by the axisymmetric analysis, see Eq • . (13), 

where no terms containing the eccentricity of rings appear. Only the added area of the rings stiffens the 

shell against circumferential extension and compression, but this stiffening is the same for outside and 

inside rings. 

One should now remember that for isotropic cylindrical shells under axial compression the classical 

buckling load is the same for axisymmetric and non-axisymmetric buckling, provided nf3 and t (the longi

tudinal wave parameter and the number of circumferential waves) are large enough to be considered conti

nuous, or is approximately the same otherwise, see for example (27]. From an energy point of view this 

means that the same amount of strain energ,. 1s absorbed by a shell buckling in an axisymmetric pattern 

(sometimes ca lled ring-shape pattern) and by one buckling in a non-axisymmetric pattern (sometimes 

called chess-board pattern). 

For ring-stiffened shells this is no longer so, Consider first centrally placed rings (e
2 

.. 0). As 
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was already found by Thielemann for orthotropic shells [ 28], the classical linear theory buckling loads, 

characterized by chess-board (asymmetric) and ring-shape (axisymmetr ic) buckling, no longer coincide in 

general. For a ring- stiffened cylindrical shell the chess-board pattern usuall y yields a slightly lower 

buckling load than the ring-shape pattern. This may be explained by energy considerations. · The cross

sectional area· added to the shell by the rings stiffens it considerably against circumferential extension 

or compression. Axisymmetric buckling, in which most of the strain energy absorbed is the extensional strain 

energy due to the circumferential extension and .compression of the shell, would therefore require appre

ciably more energy input. On the other hand, in non-axisymmetric buckling onl y a smaller fraction of the 

strain energy is absorbed in extensional deformation and the remainder is due to bending in the longitudinal and 

circumferential directions, . For a hypothetical shell, in which the rings add only cross-sectional area but 

no increase in moment of inertia in the circumferential direction, the. chess-board pattern .will obviously 

yield a lower buckling load than the ring-shape pattern, : For, in comparison to an unstiffened shell, the 

increase in area in the stiffened shdl due to the rings affects a smaller portion of the total strain energy 

in non-axisymmetric buckling than in the axisymmetric pattern, · As the· m.oment of inertia of the rings is 

increased, for constant cross sectional area, the energy absorbed by circumferential bending increases 

and the buckling load of the chess-board pattern rises and approaches that for the ring-ahape pa~tern; 1 For 

fairly large 122 , non-axisymmetric buckling would require more energy input than symmetric buckling, and 

hence above a certain magnitude of 1
22 

the shell will always buckle in an axisymmetric pattern, · This is 

verified by computations for a typical shell (see Table 6 ). 

When the rings are eccentrically positioned, outside rings should yield higher buckling loads than 

inside ones in non.axisymmetric buckling, since axially compressed ring-etiffened shells are always in 

the "short" shell range. With inside rings , non.axisymmetri'c buckling will occur and the positive eccentri

city will lower the buckling below that for centrally placed rings. : With outside rings, however, the in

crease in buckling load that would result from ·the negative eccentricity if the shell were to buckle in a 

chess-board pattern, is not realized,since the shell now buckles in the ring-::ihape pattern which is un

affected by eccentricity and yields a lower buckling load. ' In shells with very small negative eccentricity 

and small 122 , chess-board patterns are still possible, but for practical dimensions the axisymmetric 

buckling mode always predominates in this case. • Computations for typical shells verify the arguments 



16 

presented. 

For design purposes, the small differences between axisymmetric and non-axisymmetric buckling 

for centrally placed or outside rings, discussed above, may be neglected. One can therefore conclude 

roughly that with inside rings a chess-board pattern occurs and the buckling load is reduced by the eccen

tricity of the rings, whereas with outside rings the axisymmetric pattern dominates and the magnitude of 

the eccentricity does not affect the buckling load. 

5. NUMERICAL RESULTS AND DISCU SSION 

The critical axial .loads have been computed for 350 ring and stringer stiffened shells covering a 

wide range of shell and stiffener geometries. 

The computations were carried out on the Elliot 803_ and 503 computers of the Technion computation 

center. The sheU and stiffener geometries and the resulting critical load parameters are given in Tables 

1 to 8. 

In order to study the behavior of the secondary effect, the variation of the total eccentricity effect, 
o ut in 

(P /P ), with Z is plotted for different values of Poisson's ratio in Fig. 4. The extreme values of v 

considered, JI= 0 and JI = 0.S are unrealistic, but bring out very clearly the dependence of the secon

dary effect on JI • With JI= 0 the secondary effect disap·pears,. while with JI= O~S it is enhanced. · For 
out in 

very small values of Z, the curves for JI= 0.S fall below (P ' /P ) = 1. Hence an inversion of the 

eccentricity effect is demonstrated, In the range of Z below the inversion point, inside stringers yield 

higher buckling loads than outside ones, · There the primary effect is overshadowed by the secondary ef

fect as the result of the growing importance of M relative to N • For JI = 0 there is no 'inversion and 
X X 

. • . . out in 
the curve tends asymptotically (from the pos1t1ve side) to (P /P ) = 1. This verifies the physical 

arguments that link the secondary effect to Poisson'.s ratio. 

With increase in Z, the eccentricity effect increases and _passes a maximum (which is discussed 

below), and for large values of Z all the curves merge into one. This indicates that for . large Z the pri

mary effect remains the sole ·contributor to the total eccentricity effect. 

In Fig. 5 the curve for 11 = 0.3 and simple support~ is redrawn, but with the computed points to 
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bring out the dominant dependence of the eccentricity effect on the shell geometry. Again, as is [ 20] 
1/, . 

and [ 21 ], the Batdorf parameter, Z = ( 1- v2 ) \L/R)\R/h), represents the shell geometry rather well. 

The scatter of the points about the (PoutiP jn) curve is mainly caused by the necessary periodicity of 
· · · · out i~ 

the waves in the circumferential direction, which would appear as ripples if the values of p· or P 

were plotted versus z. The curves in Figs. 4 and 5 smooth out the effect of these ripples on the ratio 
out· in out i n · . 

(P /P ). As Z increases further; the (J' /P ' ) curve ·approaches asymptotically a value larger than 

1, since in the case of long shells under axial compression the buckling pattern di:V_ides the shell into 

"sub-cylinders" having the same critical load and hence the length ceases to affect th~ buckling load 

beyond a certain (L/R), · 01_1e may observe for example in Table 1 that for (R/h) • 2000 the· length ceases 

to influ~nce the buc~ling load beyond (L/R) • 1, 

The maximum which appears in the curves of Figs, 4 and S represents ·a general characteristic be

havior of stringer-stiffened cylindrical . s~ells under axial compression that is caused by the primary ef

fect described in Section 4. The primary effect is represented there by Eqs, (32) and (33) and depends 

mainly on th_e magnitude of the governing fa~tors N,/z 1 and Mx. The larger Nxz 1 is compared to Mx: 

the more pronounced is the difference between sh~lls with stiffeners on the outside and those with 

stiffeners on the insi_d¢l, One could, therefore, expect a monoto_nous rise of the eccentricity effect with 

Z, since N x remains relatively Large even for long shells, while Mx (which depends on w,xx) decreases 

rapida:>5;. However, in this discussion only the forces and moments in the axial direction have been consi

dered,_ whereas actually also circumferential forces and moments contribute to the resistance against 

bucklin~. The _relative contrib~tion of ·Ne/> and even more so of M¢ gr,ows as Z incre·ases, But since 
ou t · in 

for a stringer stiffened ·shell N¢ and M¢ are practically unaffected by e 1 , the rise in (P /P ) is 

slowed down by this "neutral" influence as Z increases, and ev.entually is changed to ·a decline, 

Or, more precisely: up to Z "' 500, stringers are very effective since they influence N x and Mz, 

which predominate in this range of Z, On the other hand, long shells, with large Z, behave approximately 

as unstiffened shells, and Mi,t,, which is here unaffected by t~e eccentricity, overshadows the other fac

tors, Between these two extremes there is a range of Z where axial and circumferential· forces and mo- . 

ments make similar contributions to the stiffness of the shell, This is the range where the maximum ec-' 

centricity effect occurs, 
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out i n 
The variation of (P ' /P ) with Z is plotted·in Fig, 5 also for clamped cylindrical shells, and 

clamping implies here the classical clamped boundary condition given by Eqs. ( 16). The behavior of the• 

total eccentricity effect for clamped cylindrical shells is seen to _be very similar to that of simply sup-
out in 

ported shells. (P /P ) again has a maximum, which, however, is of slightly smaller magnitude than 

that for simple supports and occurs at a larger Z. The total eccentricjty effect also falls off. more slow

ly with . Z for the clamped shell than for the simple supported one and outside stringers remain noticea-
. · out · in 

. bly better than inside ones even at very high values of Z, The scatter of the points about the (P' /P', ) 

curve is wider here than for simple supporte4 shells. In ciampe4 shells the scatter is partly caused by 

the necessary integer values of the number of circumferential waves, as for simple supports, and partly 

by the· appearance of. longitudinal antisymmetric buckling modes (see Table 1) . · The physical explana

tion of the eccentricity effect, discussed in Section 4, applies also to clamped shells, and indeed the 
oµt In 

main influence of the clamping of the eccentricity effoct seems to be a· shifting of the (P /P ) curve 

to higher values ol Z. 

Fig. 6 shows the str\Jctural efficiencies of eccentrically stiffened shells. For a typical ,stringer• 

geometry, the ratio of the buckling load of stiffened shells to that of equivalent unstiffened shells is 

plotted versus Z for outside, inside and centrally placed stringers and for: simple supports and clamped 

ends. Equivalency here implies identical weight. The critical loads of clamped stiffened shells are 

actually compared with those of equivalent unstiffened shells on simple supports instead of clamped ends. 
. . . . 

However, except for very low values of Z (not represented in Fig. 6) unstiffened shells with clamped 

ends have practically the same bucklin_g loads as simply supported ones, see [ 24], and hence the com

parison is valid. Note also that the buckling loads are calculated with linear theory, and hence the va

lues for unstiffened shells are unrealistic, ·Hence the curves in Fig. 6 are conservative and the actual 

structural efficiency of stiffened shells is higher than that shown in Fig. 6. In Figs, 11 and 12 below, 

the structural efficiencies of stiffened shells is revaluated by comparison with empirical buckling loads 

· of the unstiffened shells. 

In the computations, some interesting results were obtained for M~ in shells with inside stiffeners. 
put in 

According tq Eqs. (32) and (33), M x and M x are increased and decreased respectively by the influence 

of the membrane forces, The validity of Eqs. (32) and (33), and the physical explanation they represent, 
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is confirmed by the numerical results. In certain cases it was found that Mx is not only decreased for 

inside stringers but actually changes sign (for example, for the typical shell (R/h) = 250, (L/R) = 4.0, 

(A/bh) = 0.5, (e/h) = 5 and (l11/bh3) = 5. ) • This means, that in certain cases, a negative moment 

Mx has to be applied for a positive curvature of the shell in order to reduce the positive moment contribu

tion of the eccentrically applied membrane forces (see Fig. 2). In the mathematical formulation, Eqs. (2), 

this change of sign of Mx means that the bending stiffness of the shell-stiffener combination, representP-d 

here .by ( l + r,0 ) w , is overshadowed by the term - , 1 u that represents the bending contribution of the l 1xx , ,x 

membrane forces, 

In Fig, 7 and Table 3, the influence of stiffener geometry parameters on the buckling load is investi

gated for 3 typical shell s. The 11ariation of (Pout/PuNs)· and (P
1
n /PuNs) with m gnitude of eccentrici 

ty, cross-sectional area and moment of inertia of stringers is plotted, where PUNS is the classical buck

ling load of the unstiffened shell, Except for verr low values of Z, the buckling load is not increased 

appreciably by variation of (1 11/bh3), (e/h) and (A1/bh). Indeed, in long shells with inside, stringers 

increase of eccentricity, (e1/h), reduces the buckling load below that of the equivalent orthotropic cyli~ 

der, (e/h) = 0. This behavior can also be observed in Fig. 6, where the curve for (e/h) ~ 5 falls below 

that for (e/h) = 0 as Z increases beyond 300. 

In Figs, 8 and 9 and Table 2, the influence of stringer cross-sectional area A1 and magnitude of 

eccentricity e 1 on the eccentricity effect is investigated. The moment of inerti a of the stringer about 

its centroid 111 is only a parameter of secondary importance, since it does not influence x 1 and ( 1 

which determine the eccentricity effect, In all the curves in Figs, .8 and 9 a maximum occurs at almost 

the same value of Z. Even a radical change in magnitude of eccentricity from (e/h) = 1 to (e/h) = 10 

causes only a slight shift. in the position of the maximum from Z = 200 to Z = 800. In very heavily 

stiffened shells, for example, (A/bh) = 3 and (A/bh) = 5 with (e/h) = 10 in Table 5, differences in 

buckling- load of more than 500 % are obtained between outside and inside stringers. Such stringers are 
out in 

not realistic, but they indicate that the (P /P ) ratio continues, in principle, to rise monotonically 

with increasing stiffener rigidity. 

The torsional rigidity of the stiffener Y/ii has been neglected in the preceeding discussion. ·For the 

case of ring stiffened cylindrical shells under torsion [ 21), the influence of the torsional rigidity was 
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found to be . appreciable for certain geometries. Hence the influence of TJt1 on the buckHng load is ,in

vestigated here in Fig. 10 and Table 7.· The range of values of 11ti = 5 to 1lt1 = 40 considered, is •re

alistic and represents fairly large stringers with open and closed sections. The influence of the torsional 

rigidity of the stiffeners is larger for inside stringers, and is important here, in the case of axial .compres

sion, even for large Z that represent practical design dimensions. For example, for 1lt1 = 10 .,.. 20, in

creases of 20-30% in buckling loads are found in Table 7, or increases of up to 25% in Table 8, where 

the theoretical calculations are correlated with the experime~tal results of [ 9]. 

The buckling loads of the stiffened and unstiffened cylindrical shel)s compared in the discussion '. 

were· calculated by linear ~ma.II deflection theory, • For unstiffened cylinders .under axial compression, ·ex

perimental results are well known to be much below the buckling loads computed ·with linear theory, : Close-
• ' • • I ', • ' ' 

ly stiffened shells, on the other hand can be adequately analysed by linear theory as is seen from the ex-. . . . . 

perimental confirmation given for example in [ 29 l for ring-stiffened cylinders and [ 9) for stringer..stiffened 

shells. Hence, if one wants a clearer picture of the effectiveness of stringers ·as stiffeners of axi.ally com

pressed cylindrical shells, one has to correct the buckling loads of the unstiffened shells, .considered in 

Fig. 6, according to experimental results, An empirical formula for this correction is proposed in [ 30 ]. 

According to Fig. 3 of the same reference, the correction, Eqs • . (34) below, is conservative in comparison 

with test results .of 14 different investigators. The proposed correction• factor is 

(34) 

The influence of the length of the shell on K has not been explored in great detail in [ 30] or earlier 

investigations, Preliminary experimental stlldi.es discussed in [ 30) indi.cate that the length has only a 

small effect on the correction factor K of Eq. (34), and length is therefore not included in the empirical 

correction employed here. 

Fig, 11 compares the buckling load of axially compressed stringer-stiffened shells with that of equi

valently thickened ones (the equivalence refers here to equal weight). The buckling loads of the equiva• 

lently thickened unstiffened shells are corrected according to Eq. (34). Hence 

out - out 
·(P /P) = (P /KP UNS.EQ) (35) 
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and similarly for Pin . Note that P is the critical load of an equivalently thickened shell corrected by 

Eq, (34). Fig, 11 is therefore a "corrected" restatement of Fig. 6 for simple-supports, However, here 

the plot is not versus Z as in Fig; 6, but versus (R/h), with (L/R) as an additional parameter, since 
out · - in -

the correction factor K depends on (R/h) and not on Z. The minil!la in (P /P ), or (P /P'), ob-
out · · 

served in Fig, 11 are due to different rates of decrease of K and .(P /P UN S.E Q), with (R/h). It 

is seen that outside stiffening is alw11ys better than equivalent thickening of shell irrespective of shell 

geometry, For insi~e stringers there seems to be a range of (L/R) and (R/h) for which equivalent 

thickening is preferable, 

In Fig, 12 the influence of stiffener cr.oss-sectional area on the "corrected" structural efficiency . . ' . 
is studied, The cross-eectional ·area of the stringer is chosen as .a parameter to show that increase in 

stiffener area may be detrimental to structural efficiency, and may mean such a weight increase that equi

valent thickening is better -even after the empirical correction is applied. 

In Table 8 the experimental buckling loads obtained by Card"[ 9] are compared with values .calcu

lated for classical simple supports, ._Eq, (6), and for classical clam~ed ends, Eqs. (27). Only the 4 inter 

grally ma~hined cylinders are compared, Theoretical values without Tlti and with r7t 1 are given in Ta

ble 8 and again neglect of the torsional rigidity !'/ti is not justified here~ · The experimental buckling 

loads fall between the computed simple supports and clamped end values, slightly closer to the clamped 

end values, Since the test end conditions, flat ends between platens of a testing machine, are nearer to 

clamped ends than to simple supports, the correlation is satisfactory, For comparison, the theoretical 

buckling loads computed by Hedgepeth and Hall [ 14] for Card's test cylinders are also presented in Ta

ble 8, Hedgepeth and H_all neglect the torsional rigidity .and hence their values are similar to those com

puted here with 7/tl = 0. They also neglect in th~ir theory .[ 14] the bending and twisting stiffness of the 

skin, but in the case of Card's cylinders this neglect is permissible. The small differences are mainly 

due to slightly different interp~etations of the geometries presented· in [ 9 ]. 

A more general comparison between the theory of Hedgepeth and Hall [ 14] and that employed here, 

which was originally derived in [ 5 ], may be useful. In [ 14] an at~empt is made to simpHfy the theory by 

neglect of "unimportant" stiffness contributions in order to facilitate deduction of general conclusions, 

For stringer stiffened shells _the bending and twisting stiffness of the skin as well as the torsional rigidi~ 
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ty of the stringers are neglected. Hence, for simple supports, one can summarize the comparison with 

the present theory by the following relation 

(36) 

where P is the critical axial load obtained here and PHH is the critical load obtained in [ 14]. The 

importance of the torsional rigidity has already been discussed. The first term in the -square brackets 

of Eq. (36) is important only when t is large. Hence neglect of this term is often justified, but some

times considerable errors may result. For example, in a typical shell with (R/h) = 500, (L/R) = 1.0, 

(e/h) = 5, (A/bh) = 1.5 and (l 11/bh8) = 5, the buckling load :is 40% higher when the term 

(2/n2f32)(n2(32 +t2) 
2 

is included. 

6. C O N C L U S I O N S 

The results of the calculations for 350 typical shells under axial. compression show that the beila

vior of the eccentricity effect depends very strongly on the geometry of the shell, while the geometry of 

the stiffeners only influences its magnitude, For all practical geometries outside stringers yield higher 

buckling loads than inside ones, The eccentricity effect has a pronounced maximum which occurs for 

values of Z which are common in aerospace practice. The behavior of the eccentricity effect for shells 

with clamped ends is very similar to that for simply supported shells. Rings are much less efficient as 

stiffeners, With inside rings the buckling load is reduced by the eccentricity, whereas with outside 

rings the axisymmetric pattern, that is not influenced by eccentricity, dominates, 
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fABLE 1. 
AXIAL LOAD PARAMETER >. FOR STRINGER STIFFEHED CYLINDERS 

EFFECT of SHELL GEOMETRY for CLAMPED & SIMPLY SUPPORTED BOUNDARY CONDITIONS 
A1/bh=0.S 111 / bh8 -S e / h=!S v=0.J 

SIMPLY SUPPORTED CLAMPED 

L/R R/h z c1>0 inside el -0 e1 <0 outside e1>0iasidc e1 <0 outside 
,1.+/,1.UNS >.+ >." 

>.+fAuN! ,>.D/AUN! p.-/ >.UNS ,1.-1>.+ 
>.+ t n t n >,.- t n t >,.- t 

0.25 50 2.981 46640 8 1 46360 3 1 70.50 70.08 0.994 

0.35 50 5.843 23890 7 23650 0 .. 28.48 28.19 0.990 
·•--·· ,.._ 

0.5 50 11.92 11800 6 1 4991 6 1 12110 0 17.84 7.545 18.30 1.026 46700 8 '6360 'J 70.66 

100 23.85 12050 8 5714 9 1 14830 5 9.095 011 11.19 1.231 47000 9 '6380 1 35.46 

250 59.62 12980 11 20050 12 3.'61 5.973 1.544 

500 119.2 15030 14 26440 16 2.275 4.000 1.758 50170 15 64770 13 7,591 

1000 231.S 20000 17 37640 19 U12 2.U6 1.882 55990 19 86160 20 4.234 
2000 477.0 31590 21 58020 24 1.195 2.195 1.837 70740 24 . 12270 27 2.676 

1.0 50 47,JO 3156 5 1 1814 6 1 4659 5 4,771 2.742 7.042 1.476 11930 6 12130 1 18.03 
100 95.39 3551 6 2561 7 1 6016 7 2.679 1.933 4.540 1.695 12310 7 14890 4 9.285 
250 238.S 5045 9 4914 9 1 9411 10 1.526 1.486 2.846 1.865 14030 10 21540 10 4,243 
500 477.0 7933 11 8865 11 1 14500 12 1.200 1.341 2.195 1.828 17690 12 30720 13 2.676 

1000 953.9 14300 13 16860 14 1 24030 14 1.081 1.275 1.8 17 1.680 26480 15 47260 17 2.002 
2000 1908 28080 16 42280 17 1.062 1.599 1.506 45200· 23 78200 21 1.710 
5000 4770 70650 28 2 94870 21 1.069 1.435 1.343 90000· 31 156000• 33 1.362 

50000 47700 701900 80 5 847600 38 1.062 1.282 1.207 

1.5 50 107.3 1648 4 1 2805 5 2.494 4,239 1.701 
100 214.6 2160 6 3961 6 1.630 2.988 1.834 
250 536.6 3908 7 6985 8 1.182 2.112 U87 

2.0 100 381.6 1673 5 1 3193 6 1.262 2.409 1.909 
250 953.9 3~93 7 6008 7 1.117 1.817 1.627 
500 1908 7020 8 8219 8 1 10700 8 1.062 1.244 1.620 1.525 

2000 7632 28080 16 2 32410 12 1 36590 12 1.062 1.226 1.384 1.303 

4.0 50 763.2 73 1.7 3 1 1326 3 1.106 2.005 1.812 1507 4 2551 4 2.277 
100 1526 1454 4 1 2191 4 1.100 1.657 1.507 2513 5 4140 5 1.901 
250 3816 3608 5 1 4843 5 1.091 1.465 1.342 4670• 7 8280· 8 1.413 
500 7632 7020 8 2 9148 6 1.062 1.384 1.303 8434 10 14230° 9 1.276 

1000 15260 14200 12 3 17610 7 1.074 1.332 1,241 
2000 30530 28080 16 4 32410 12 2 34930 8 1.062 1.226 1.321 1,244 29914 18 45920 16 1.131 

6.0 250 8585 3670 4 1 4550 4 1.110 1.377 1.240 
1000 34340 14050 11 4 17270 6 1.063 1.307 1.229 

10 500 47700 7020 8 5 8713 4 1 1.062 1.318 1.241 
20 500 190800 7020 8 10 8713 4 2 1.062 1.318 1,241 

•• t • 0 meuns Axisymmetric Buckling 

• cases where shell buckles in a longitudinal antiavaunctric pattern if not otherwise mentioned this pattern is aymmetric 

,1.-/AUNS ,1.-;,1.+ 

70.08 0.992 
34.99 0.987 

9.800 1.291 

6.:115 1.539 

4.641 1.734 · 

18:33 1.017 

11.23 1.210 

6.515 1.535 

4.649 1,737 

3.575 1.785 

2.960 1.731 

2.562 1.734 

3.856 1.693 
3.132 1.647 

2.505 1.773 
2.153 1.687 

1.737 1,535 



TABLE 2. 

A/bhs=0.5 

L/R R/h z i.nside (+) 

+ 
,\ t 

0.5 250 59.62 
500 119.2 

1.0 50 47.70 1866 5 
100 95.39 2443 7 
250 238.5 4395 9 
500 477.0 7901 11 

1000 953.9 15320 13 

2.0 100 381.6 
150 572.4 

1000 3816 15320* 13 

3.0 100 858.5 
150 1288 

1000 8585 15190* 11 

AXlAL LOAD PARAMETER ,\ FOR STRINGER STIFFENED CYLINDERS 

EFFECT~ SHELL GEOMRTRY 

3 
111/bh =5 e/h=±2 

3 . 
~(bh=0.5 Ill/bh =5 e/h=± 10 

3 
A/bh=0.5 I 1/bh =15 e/h=±5 

outside(-) - + inside(+) outside (-) - + _inside C+) outside(-) - + 
,\ /,\ ,\ /,\ ,\ /,\ - + - + -,\ t ,\ . t ,\ t ,\ t ,\ t 

33810 9 49160 10 1.454 21610 11 28670 12 1.327 
34870 12: 59540 16 1.708 23660 14 35060 16 1.482 

2434 6 1.304· 8413 4 11420 3 1.357 5312 5 6814 5 1.283 
3402 7 1.393 8653 5 13980 . 7 1.616 5706 6 8172 7 1.432 
6196 9 l.410 9479 . 8 18640 10 1.967 7201 9 11:T\ 10 1.606 
10620 11 1.344· 11460 10 24960 12 2.178 10090 11 16660 12 1.651 
19120 14 1.248 16610 12 36280 14 2.184 16460 13 26190 14 1.591 

2713 5 5659 6 2.086 2211 5 3732 6 1.688 
3139 5 6886 6 2.194 2878 6 4661 6 1.620 

17340 10 1.132 13710 9 23800 10 1.736 14970 10 19910 10 1.330 

1711 4 3824 5 2.235 1713 4 2798 5 1.633 
2390 5 4862 5 2.034 · 2395 5 3630 s 1.516 

16900 8 1.113 13800 8 20840 8 1.511 14920 8 18440 8 1.236 

A/bh=l.5 

inside C+) 

+ 
,\ t 

18110 9 

19350 12 

4492 4 

4738 6 
5716 8 
8222 10 

14310 13 

1789 5 
2421 6 

14310* 13 

1476 .4 

2159 5 
14310'~ 13 

. . { • for which n = 2 ' for most cases n = I (one-longitudinal wave). e.xcept those marked by 
•• for which n = 3 

3 
I I11/bh =5 e1 /h=±5 

outside(-) - + 
,\ /,\ 

-,\ t 

33470 9 1.848 
47010 15 2.430 

7376 3 1.642 
10580 7 2.234 
16590 10 2.902 
24690 13 3.003 
38880 15 2.n7 

5387 6 3.011 
6966 7 2.878 

28630 11 2.001 

4017 s 2.722 
5526 5 2.560 

25800 9 1.803 



TABLE 3, 

STIFFENER 
GEOMETRY 

A/1:ii lu/bb.a le/hi 

0.1 5 5 

0.3 

0.5 

0.7 

1.0 

1.5 

0.5 l 5 

3 ' 

10 

15 

20 

0.5 5 0 

1 

3 

7 

10 

AXIAL LOAD PARAMETER A FOR STRf~GER - STIFFENED CYLINDERS 

EFFECT of STI,FFENER GEOMETRY 

' . L/R = 0.5 R/h = 100 · Z = 23.85 L/R = 2.0 R/h= 500 Z = 1900 L/R = 4.0 R/h = 2000 

inside(+) outside(-) inside(+) outside(-) inside(+) outside(-) 

A+/AuNS i""/AUNS >,.-:/At A+/AuNS i-/AuNs A-/A+ >,.+/AuNS 
>,.+ t >,.- t A+ t A- t A+ t A-:- t 

7293 8 8064 ' 9 5.503 6.085 U06 6925 8 7689 8 1.048 1.163 1.110 27390 11 28210 8 1.036 

9963 8 120201 8 7.518 9.072 1.207 6973 8 9224 · 8 1.055 1.396 1.323 27900 16 31590 8 1.055 
I 

12050 8 14830 1 5 9.095 11.19 1.231 7020 8 10700 8 1.062 1.620 1.525 28080 16 34930 8 1.062 

13650 7 16530 2 10.30 12.48 1.211 28260 16 37720 9 l.069 

15490 7 18040 0 11.69 13.61 1.164 ' 7130 8 13650 9 1.079 2.066 1.915 28410 18 41070 9 l.075 

17660 6 19750 0 13.32 14;91 1. 119 7230 8 16260 9 1.094 ' 2.460 2.249 28450 18 46570 9 1.076 

8605 8 11380 5 6.493 8.590 1.323 6804 ' 8 10490 8 1.029 1.587 1.542 26930 19 34880 8 1.019 

10330 8 13110. 5 7/'}94 ' 9.891 1.269 6912 8 10600 8 1.046 1.603 1.533 27650 16 34900 8 1.046 

16360 8 19140 5 12.35 14:45 1.'110 7289 8 10970 8 1.103 1.660 l.505 29010 14 35000 8 1.097 

20680 8 23460 5 15.60 17.70 1.134 · 7559 8 11240 8-' 1. 144 · 1.701 1.487 29610 14 35060 8 . U20 

24990 8 21no 5 18.85 20.95 1.111 30220 14 35130 8 1. l43 

5714 ' 9 4:311 l 8219 8 1.244 l 32410 12 l.226 

5729 9 6344 ' 9 4.323 4:787 1.107 7876 8 8613 8 1.192 1.303 1.094 31480 14 33140 12 U91 

7641 8 9477 8 5.766 7.151 1.240 7345 8 9556 8 1.111 1.446 1.301 29350 18 34010 8 Ul0 

18810 7 21460 0 14:19 16.19 1.141 27570 14 ' 35900 8 1.043 

33400 6 35220 0 25.20 26.58 1.054 ' 7107 8 14300 9 1.075 2.164 2.012 27190 . 14 ' 37460 8 l.028 

l '. 

Z = 30500 

A/AuNs >,.-;>,.+ 

l.067 1.030 

1.l95 U32 

1.321 1.244 · 

1.427 1.335 

1 • .953 1.445 

1.761 1.637 

1.319 1.295 

1.320 1.262 

1.324 l.206 

1.326 U84 · 

l.329 l. l63 

l 

1.254 1.053 

1.286 1.159 

1.358 1.302 

l.417 1.378 



TABLE 4. INF ~UENCE OF POISSON!S RATIO ON ECCENTRICITY EFFECT 

A/bh=O.S 

v=O 

v=0.3 

v=0.5 

L/R 0.35 0.5 1.0 

R/h 50 so 100 50 100 250 500 2000 
z 5.843 11.92 23.85 47.70 95.39 238.5 477 1908 

,\+ (ins ide !I,) 26070 12860 13070 3421 3811 5348 8350 28140 
,\- (outside -) 26690 14230 17480 5299 6737 10310 15690 44990 

,\-/,\+ 1.024 1.107 1.337 1.549 1.768 1.928 1.879 1.599 

,\+ 23890 11800 12050 3156 3551 5045 7933 28080 
,\- 23650 12130 ' 14830 4659 6016 9411 14500 42280 ' 

,\- / ,\+ 0.990 1.026 1.231 1.476 1.695 1.865 1.828 1,506 

,\+ 19860 9830 ' 10070 2660 3027 4425 7103 25640' 
,\- 19540 9699 11660 . 3759 4967 8027 12600 37610 

,\-/,\+ 0.984 0.987 1. 159 1.413 1.641 1.814 · 1.774 1.467 

TABLE 5. 

ECCENTRICITY EFFECT FOR CYLINDRICAL SHELLS 
WITH HEAVY STRINGERS 

L/R R/h A/bh I11/ah3_ le/hi 
inside(+} outside (-} 

,\-/A+ 
,\+ t ,\- t 

1.0 250 1.5 5 '7 8432 7· 23380 10 2.891 
500 10150 10 33900 ' 13 3.340 ' 

1000 15180 13 50060 15 3.299 
1.0 250 1.5 s 10 14780 7 39700 10 2.686 

500 15730 9 51720 13 3.288 
1000 19240 12 70690 16 3.674 

2.0 500 1.5 . 5 10 7471 8 25890 9 3.465 
3.0 7597 7 39650 10 5.220 
5.0 13970 10 81770 12 5.852 

5000 

4770 
74300 

100600 

1.354 

70650 
94870 
1.343 

63890 
85210 

1. 334 



TABL~ 6, RING STIFFENED CYLINDERS UNDER AXIAL COMPRESSION 

AXISYMMETRIC AND ASYMMETRIC 

L/R =.0.5 v=0.3 

3 
inside rings (+) outside rings (-) 

+ R;b A/ah l2lah .e/4 + - >-. /'A 
UNS >-. t n >-. t n 

50 o.s 5 5 718.4 3 2 809.4 o* 2 1.086 

100 1420 4 3 1619 3 1.072 

250 3578 6 5· 4048 5 1.066 

500 · 7063 8 . 6 8094 6 1.062 

1000 14050 11 9 16190 9 1.062 

2000 28080 16 13 32380 13 1.062 

250 0.5 2 0 4016 5 5 •• 1. 196 

5 4033 3 5 1.201 

20 4044 2 5 1.205 

40 4046 1 5 1.205 
200 4048 0 5 1.206 

250 o.s 5 o:s 3994 4· 5 4048 0 5 1.190 

2 1 3854 7 5 4048 5 1. 148 

40 ' 1 4030 2 5 4048 5 1.200 

• t = U means ~xi symmetric buckling 

•• results for outside and inside rings are the same because e
2 

=0 

,\ /,\ IS UN 

1.223 

1.222 

1.206 

1.211 

1.224 

1.225 

1.206 

1.206 

1.206 



TABLE 7. 

L/R R/h z 

o.s 250 59.62 

2000 477 

1.0 50 4Y.7 

250 238.5 

2000 1908 

5000 4770 

4;0 250 3816 

INFLUENCE OF TORSIONAL RIGIDITY OF STRINGER (11t1) ON BUCKLING LOAD 

v= 0.3 

>. - ,\ /,\ -
1lt1 = 0 11tl = 10 ,\ I>.. ,>...,,tl =10/,\71t1=0 

11tl = 2o 11tl -0 
1lt1 := 5 77n = 20 11t1 = 40 

' 11n=s 11t_1=0 -
inside(+) outside(-; inside(+) inside(+) inside(+} outside(-) inside(+) inside(+) putside (-) 

12980 20050 14020 15020 16680 24370 19500 1.080 1. 157 1.285 1.216 

31590 58020 36000 40330 48330 78270 62980 1.140 1.277 1.530 1.349 

3156 a659 3406 3611 3931 5460 4571 1.079 1.144 1.245 1.172 

5045 9411 5744 6384 ' 7664 12790 9842 1. 133 1.265 1.519 1.359 

28080 42280 ' 30640 33200 37840 53060 46840 1.091 1.182 1.348 1.255 

706,50 94870 76060 80060 88060 112500 103700 1.077 1.133 1.246 1.186 
' 

3608 4843 3858 4108 4608 5843 5608 1.069 1.139 1.277 1.206 

• inside ,stringers are considered except for ;.,tl ~ 20 where both ins ide and-outs ide configurations were checked 

• ., ,\
71
tl = a /means axial load parameter computed with· 71 ti = a 

·x I,\ 
110 =40 11tl -o 

1.502 

1.994 

1.448 

1~950 

1.668 

1.468 

1.554 · 



TABLE 8. 

COMPARISON of THEORETICAL and CARD'S EXPERIMENTAL· RESULTS 

SHELL STRINGER GEOMETRY P (kips) p (kips) P (kips) obtained by ( 14] GEOMETRY 
No 

A/bl: I11/bh3 TEST Ref ( 9] L/R R/h e/h 11t1 simply supp clamped. simply supp. clamped ends 

• 
0 62.57 (6) 113.8 (7) 61.93(6) 114:5 (7) 

1 3.98 338 1.03 9.79 -5.83 112.6 (6) 

17 71.61 (6) 128.0 (7) 

0 35.22 (7) 47.96 (8) 34.98 (7) 47.76 -(8) 

2 3.98 345 1.06 10.5 5.96 48.0 (6) 

18.2 43.15 (5) 62.82 (7) 

0 71.0 · (7) 142'.4 · (9) 70;9 m 143.0 . (9) 

3 2.49 347 1.07 10:s -:-6 127.2 (7) 

18.6 83.35 (7) 163.8 (8) 

- -

0 36.64 (7) 63.85 (8) 35.4 (7) 61.98 (8) 
4 - 2.49 341 1.05 10. 1 5.89 61.6 (6) 

17.6 45.93 (6) n.81 (7) 

• the number in brackets is equal to the number of circumferential wave_s 
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