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ABSTRACT 

This paper documents the analysis and application of the five-layer 
beam damping system which consists of: undamped beam (layer 1 ), 
adhesive layer (layer 2), stand-off spacing (layer 3), viscoelastic 
damping material (layer 4), and constraining layer (layer 5). It 
includes the derivation of equations and development of the general­
purpose computer program to compute and provide graphical plots 
of modal loss factor, modal frequency, RMS response and peak 
resonance, each as a function of temperature. Parametric results 
are presented for variation in thickness of each layer (except the 
undamped beam layer). This technology can be used by designers as a 
means of estimating damping in beam-like structures with 
viscoelastic constrained-layer damping. 
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LO INTRODUCTION 

.-\. traciitionai uesign approach to reauce resonan, -.·1 orat1on m aircraft anci space­

crait structures is to either stiffen the struc~ure by increasing the thickness of members 

or add mass - both approaches typically result in an increase in vehicle weight. These 

approaches are not viable in today's design environment because demanding mission 

requirements dictate a need for lighter-weight structu.::-es. Two alternatives are to either 

properly integrate damping technology into the structure ciuring design and manufac­

turing, or if necessary use add-on damping treatments to reduce resonant response 

and increase structural fatigue life without significant weight increases. In either case, 

simplified analytical equations are prerequisite to good structural designs. 

A practical stand-off damping treatment for a beam structural element, which 

1s one \·ariation of constrained-layer damping [1 - 4], has been recently devised [5 -

8]. This treatment consists of a stand-off layer, the viscoelastic material layer, and a 

constraining layer attached to the base beam structure(Figure 1). The damping system 

considered in this report consist of the same treatrhen t with another layer - an adhesive 

layer added between the base beam and the stand-off layer ( Figure 2). The purpose of 

this report is to document the analysis and application of this five-layer-beam damping 

system. 

The report includes the derivation of equations and a description of a general pur­

pose computer program V5LBD (viscoelastic five-layer beam damping) to compute 

results and provicie parametric analysis. V5LBD computes and provides graphical 

plots of modal loss factor, modal frequency, Rlv!S response, and peak resonance, each 

as a fu :iction of temperature over the range of -50 to 250° F [9J. 

Sections 2.0 and 3.0 of this report present theory and derivation of the governing 

equations. Section 4.0 discusses the de\·elopment of V5LBD which calculates results 

from the governing equations. Graphics capabilities and carpet plotting programs are 

presented in section 5.0. Parametric analysis is provided in section 6.0, and conclusions 

in section i .0. 

This technology can be used by des igners to predict damping characteristics of 

structures so that viscoelastic constrained-layer damping concepts can be effectively 

used. It can also be used by engineers to design add-on treatments to dampen structures 

that might experience \·ibration problems in service . 
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FIGURE 1 - SCHEMATIC OF FOUR-LAYER VISCOELASTIC 
CONSTRAINED LAYER DAMPING SYSTEM 
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L A Y E R S 

C O N S T R A I N I N G 
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A D H E S I V E 

S T R U C t U R E S 

FIGURE 2 - SCHEMATIC OF FIVE-LAYER VI SCOELASTIC 
CONSTRAINED LAYER DAMPING SYSTEM 
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:?.O DERIVATION OF GOVER~ING EQUATIONS 

The five-layer simpiy-rnpporteci 'oeam r:::ioc.ei is ciepicteci in Figure 2. The principal 

l. Only bending and shear deformations are considereci. In-plane extensional 

strains are assumed to be small anci negiigible. 

2. Bending deformations are governeci b:: classical Euler-Bernoulli beam theory 

[lOj. 

3. Shear deformations of the base structl!:e and constraining layer (Figure 3) are 

identical. The principal shearing-energ:,. dissipation mechanism occurs in the 

viscoelastic damping layers (layers 2 anc. 4) since the shear stiffnesses of these 

layers are much lower than those of the other layers. 

It is implicitly assumed that the structural anci constraining layers are made of metallic 

materials, ,vhereas the spacing and damping layers are made of polymeric compounds. 

Additional assumptions required to complete :he devel.opment are presented as re­

quired. 

The extensional stress (a) in each layer is g:ven by the following equation: 

k = 1, ... , 5 (1) 

where E1c and (1r; are The Youngs modulus of e:asticity and strain respectively. 

The general equation for the extensional fo:-ces (F) can be written in the form : 

k = 1, ... ,5 (2) 

where .4.1.- is the cross sectional area in kth layer. 

For the simplified, one-dimensional analysis described below the sectional proper­

ties, namely, centroid location. Zd, and fle.xurai :-igidity, EI, are needed .. .\.s shown in 

Figure 3, Zd is defined to be the distance from t::e mid-plane of the structural layer to 

the sectional centroid. The strain-displacement :-elations for the layers are: 

(3) 

(H Z) ·I H2 , 
(z = 21 - d 9 - 2 t/J1 (4) 
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( ) ·/ ( H3) 1 H3 , 
€-, = H,,1 - zd 0 - H2 + - 01 - - L '~ ., · .., · 2 · 2 · 

where 

H21 = ½(H1 + H2) 

H3i = H2 + ½(H1 + H3) 

H•1 = H2 + .H3 + ½(Hi + H•) 

Hsi = H2 + H3 + H,, + ½(H1 +.H5) 

The prime represents differentiation with respect to x. 

f-) 
~,.) 

(6) 

(i) 

By substituting the strain equations (3) through (7) into (2) we get the force equa­

tions: 

(8) 

(9) 

(10) 

(11) 

(12) 

where 

k = 1, ... ,5 {13) 

Applying the requirement for equilibrium of in-plane forces, i.e., 

(Y~-1 () 



J 

'F· -o L- ~ -
k=I 

and simplifying produces the equation 

- [ X1 + X2 + X3 + X4 + X5] Zdo' 

+ [ X2H21 + X3H31 + X-tH11 + X5H51] ¢>' 

- [x21;
2 

+ X3(H2 + ~3
) + X4(H2 + H3 + ~• ) + Xs(!12 + H3 + H•)]t/,~ 

- [x3 ~
3 + X,i(H3 + ~•) + X5(H3 + H,i)] tt,; 

[x• , ] / - H,i 2 "7" X5 0 3 = o 

Equation (15) is rearranged to give: 

[x2H21 + X3H31 + X,iH,i1 + XsH51] = 

+ [ X1 + X2 + X3 + x .. · + _¥5] zd 

(14 ) 

(15) 

+ [x, ~' + X3(H1 + ~3
) + X,(H, + H 3 + ~•) + X5(H2 + H3 + H,)] ~ 

+ [x3 ~~ + x .. (H3 + ~•) + X5(H3 + H .. )] !~ 
...L -...L - ~ [ .... z• _ ] 0~ 
. H" 2 . X:, ¢' (16) 

The equilibrium equations for the shear forces ( r) in the X-direction are: 

(17) 

(18) 

,5 = -G• ,1;3 = F~ (19) 
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where G1.: is the shear modulus and i-· 1.: the angle of deformation in the kth layer (see 

Figure 3). The quantities F~. Fl and F~ are easily ob tained by differentiation of 

·· · ''"' .1..r-··-h (l") eyu<1.~1uu::: ,1..v1 ~a vu0 .:. . 

At this point in the derivation it is necessary to assume a sinusoidal mocie shape 

(which satisfies the boundary conditions for a simply-supported beam) in order to 

determine w1, tj,;2 and t/,•3 consistent with the definition of loss factor presented in [12]. 

Assuming for simplicity that 

w = sinKx (20) 

then 

• I K !."' <p = W = COSn.X (21) 

<i>' = w" = -K2 sinK x (22) 

and 

</)11 = w111 = -K3cosK x (23) 

Substituting equation (21) into (23) provides 

(24) 

Assuming that t/J1, t/J2 and t/;3 have the same distribution as w, i.µ1: t.:.·2 , and t/,13 are 

related to ef, by 

(25) 

(26) 

and 

(27) 

where the a' s are coefficients of proportionality. Subsequent differentiations of Equa­

tions (25) through (27) give 

t/J' t/l' Q _ I_ I 
1 - 47 - <I>" (28) 
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{29} 

and 

{30) 

Returning to equation (24) and using the relations in equations (25} through (30), 

equation ( 1 i) can be written as 

-G2!/J1 = Gl~~I = [xs(Hs1 - Zd) + X4(H,11 - Zd) + X3(H31 - Zd)]<t>" 

- [ X5 ( H2 + H3 + H4 ) + X 4 ( H2 + H 3 + ~• ) + X3 ( H2 + ~3
)] t,t,f 

- [xs(H3 + H,d + x• (H3 + ~4
) + X3 ~

3
] tµ~ 

[X H X H • H 3] 11 
- s • + • T + X3 T t/,3 (31) 

Finally: equation (31) can written in the form: 

[x5(H51 - Zd) + x• (H• l - Zd) + X3{H31 - Zd)] = 

[ 
G2 H4 H3 ] th" + K 2 + X5(H2 + H3 + H•) + X•(H2 + H·3+ 2 ) + X3(H2 + 2 ) ~;, 

' [ ( I ) ( • ' H• ) H 3 1 tµ~ -,- X5 H 3 ,-H4 +X4 H3-,- T +XJTJ ¢" 

+ XsH4 +X• / +X3-;f -:-Jt · [ 
H H ] t/:~ 
- - <p 

{32) 

Similarly, equation (18) is written as 

-G3t/J2 =GI~;= [xs(H51 - Zd) + X4(H•1 - Zd)]<t>" 

- [xs(H2 + H3 + H4 ) + X-t (H2 + H3 + ~•)] t/J~' 

- [xs(H3 + H,i) + X4 (H3 + ~4
)] ¢~ 

- [ Xs~• + X 4 ~ •] t/;~ (33) 

Rearranging equation (33) gives 

-G4 f/;3 = G~~~ = [ Xs(H51 - Zd)] ¢>" - [ X5(H2 + H3 + H• )] t/J~' 

- [x: (H3 -+H• )] 1£·~ - [x5H•] tp~ (34) 
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Also equation (19) can be written as 

G . G-1 it•~ r ,. (H Z )] ·" f .,,,,. (H . H . H ) ,:.',' 
- -1 !,:)3 = I{ 2 = l ·'\. 5 51 - d j (!) - t • \. 5 2 -:- 3 ~ • v 

- [ X5(H3 + H• )] 1,'.J~ - [x5H4] 0~ (35) 

Rearranging equation (35) gives 

(36) 

Thus equations (17), {18), and {19) are replaced by equations (32), (34), and (36) 

respectively. 

Since the assumption that plane sections remain plane is being used, the bending 
I 

moment }J can be related to deflection by 

EI¢'= i\,f (37) 

where EI is the flexural rigidity. The total bending moment is expressed by 

5 5 

l-J = L M1:1r. + L F1:(Hu - Zd) (38) · 
k=l k=l 

where 1.'vflck is the bending moment of the k th layer given by 

(39) 

Equations (37) and (38) define the flexural rigidity as follows: 

EI= [E1I1 + E2I2 + E313 + E•I• + Esls 

+ X1Z/ + X2(H21 - Zd) 2 + X3(_H31 - Zd) 2 + X,t(H,u - Zd) 2 + X5{Hs1 - Zd) 2] 

[ 
X2H2 ~ H3 

- E2I2 + E3l3 + E• I• + 2 (H21 - Zd) + X3(H31 - Zd)(H2 + 2 ) 

+ X,.(H•1 - Zd)(H2 + H3 + ~•) + Xs(Hs1 - Zd)(H2 + H3 + H•)] !! 
[ ) H3 H• ] 0;,-- £3!3 + E•I• + X3(H31 - Zd T + X4(H•1 - Zd)(H3 + 2 ) + Xs(H51 - Zd)(H3 + H4 ) ¢7 

- [x• (H•1 - Zd) ~ • + X5(H51 - Zd)H• + E•/4)]' (40) 
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To compute the loss factor 17 (11 = 2~, the fraction of critical damping) for the 

five-layer system, it is necessary to replace the elastic { £ 2 , £ 4 ) and shear moduli ( G2, 

G4 ) of the viscoelastic layers by t.he following complex moduli: 

( 41) 

(42) 

and 

(43) 

(44} 

where i = J=T. 
The complex flexur3:l rigidity EI' can be found by substituting equations (28) 

through (30) into equations (16},(32L (34) and (36) and solving for Zd, a1, a2, and a 3• 

By substituting these values into equation (40) and replacing the moduli with equations 

(41} through (44), 

(45) 

The intermediate manipulations required to determine Eireal and Elimag are 

straigh.tforward but very lengthy; consequently, they are not included. The system 

modal loss factor, 77m, is found from 

Elimag 
T7m = EI 

real 
{46} 

Using the boundary conditions for a simply~supported beam leads to the equation for 

the eigenvalues sinKL = 0 where KL = 11', 2,., 311, ... and the wave number is 

K 2 - (N;)2 
N- L · 

The modal frequency (! N) for Nth mode-of vibration, is calculated from 

. 1 
IN= - X KJ.., 2,r 

Elreolg 
5 

L H1cP1c 
k=I 

CCB-15 
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where: 

H k = kth layer thickness: 

Pk = kth layer ciensity. mass;'iimi1. ,·oium~: 

N = mode number: and 

g = acceleration of graYity. 

In practice the complex modulus is evaluated for a given temperature and an esti­

mated modal frequency: le. The modal frequency is calculated from IN and compared 

to the convergence criteria 

I /e I 11 - IN ~ €.FREQ = 0.01 (48) 

If this condition is not met, the new estimated frequency is taken as the old calculated 

frequency and the process repeated. 

First-order verification of the equations derived for the five-layer beam damping 

system was made by comparing predictions with those for a degenerate case. This 

comparison was made by setting the four-layer beam system thicknesses for layers 

three and four equal to zero (stand-off and viscoelastic layers) in the five-layer program 

and thickness for layer two equal to zero (stand-off layer) in the four-layer program. 

Predicted outputs for modal loss factor, modal frequency ratio: RMS response and 

peak resonance were compared and found to be identical (See Figures 4 and 5). This 

comparison partially validates the five-layer equations~ but other extensive comparisons 

beyond the scope of this study could be made to totally validate them. 

3.0 COMPARISON OF RESPONSE 

The undamped/damped amplitude ratio for a single-degree-of-freedom system un­

dergoing sinusoidal excitation is 

X pea/cundamp md 
X =-x 

· pealcdamp mu 

2 

(
fd) X 11d 
f u 11u 

(49) 

where m is the weight density of the structure. The subscript "u" refers to the un­

damped base structure and the subscript "a~ the response with damping treatment. 

The root-mean-square amplitude response H'rm.s, is obtained by using the equation 

CCB-16 
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derived in [13]; which is 

~oting that 

I( = mw 2 = m(2rr f) 2 

The undamped/ damped response ratio is given by 

(Wrms/F(w))u 
(W,.ms/F(w))d 

the response with damping treatment. 

[ 1 + '}l + 11a] 

[1+J1+11J] 

(50) 

( 51) 

jru ( ff du)~ (52) 
X y 17u X 

In summary the four main governing equations derived are: modal loss factor 

equation which results by solving equation ( 45) and calculating the response ratio 

(46), modal frequency equation (47), peak amplitude e·quation (49), and R..!.\1S response 

equation (52). 

4.0 PROGRAM DEVELOPMENT AND COMPUTATIONS 

An overview of the computer program V5LBD computations scheme is presented 

in the flow diagram shown in Figure 6. The geometry of the base beam, thickness and 

material properties for each layer, and the vi.scoelastic damping parameters are input 

\·ariables. The follo\',·ing quantities are calculated for a specified temperature: frequency 

estimate ( approximate frequency), temperature shift function, reduced frequency, shear 

modulus, and the material damping of the viscoelastic layer. Next, modal damping 

and frequency are calculated. The calculated modal frequency is then compared to the 

estimated frequency using-the convergence criterion. If the convergence criterion is not 

satisfied, the calculation is iterated for an improved value of the frequency estimate. 

Once convergence is achieved, the RMS and peak response values are calculated. 

The five-layer damping system analyzed in this report includes two different vis­

coelastic materials for one damping application . When using only one viscoelastic ma­

terial the effective temperature range of that material may be narrower than the re-
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,1u ircd cemperature range for an cti'cccivc damµing design. One way of broadening the 

temperature range over which maximum damping can be achieved is to use multiple 

•;i:; coei astic materials with peaks in loss factor occurring at different temperatures (see 

Figure 7) . . -\.s an example : suppose the temperature range for which the damping de­

sign has to operate is from 0 to 150° F. l; sing the analysis procedure in section 2.0, two 

materi als are selected: LTIMP and 3:vl-468 . The first material has its peak damping 

at -25° F (Figure 8) the second at 55° F (Figure 9). B)' placing the two materials 

m the order shown in Figure 10 the combined effect gives the desired results over a 

broader temperature range than provided by either material used separately. 

The order in which the viscoelastic layers are applied is ?-lso important . Analysis 

ha.s shown that the layer nearest the structure has to have the higher temperature 

damping properties to get ~ wider range of damping performance. To illustrate this 

concept consider two cases . In the first case, 3M-468 was used as the second layer and 

LT L:v1P as a fourth layer. In the second case these materials were reversed. It was 

found for a loss factor of rJ 2:. 0.1, that the first case gave a wider temperature coverage 

-20 through 130° F (see Figure 10), while the second case resulted in a more narrow 

temperature coverage, -60 through 34° F, (see Figure 11). 

5 .0 GRAPHICS 

Graphical plotting capability was built into the program using D13000 software. 

The software allows users to plot the following four curves on the same graph: modal 

los:, facto r , u10Jal frcquc11ry , H.M S rcspousc ratio, and peak resonance ratio , eac h as u. 

function ,)f temperature. Users also have the option of inputting the required range of 

temperatures and choosing whether to plot results on the printer or only display them 

on the screen . 

. -\. general purpose computer program CP 5LB ( carpet plot for five-layer beam) to 

generate carpet plots for the five-layer damping system was also developed [9]. The 

first part of the program consists of developing carpet plots of maximum modal loss 

factor Yalues versus temperature (Figure 12) . The second part of the program gen­

erates carpet plots of maximum RMS response ratios versus temperature for different 

combinations of layer thicknesses of viscoelastic (H4) and constraining (HS) layers (Fig­

ure 13). The input data for the program consists of the material properties; geometry 
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of the un<lamµeJ beam structure. the a<lhesivt> layer. and stand-off layer: and desired 

thickness ,·;dues for H4 and H5 (four different thickness values for each H4 and H5 

are used. see figure 12) . The program calculates the maximum modal loss factor at 

different combinations of H4 and H5 and uses an EvlSL subroutine to fit · a quadratic 

function to the data which forms the carpet plot cun·es. These carpet plots can then 

be used to choose optimum damping configurations for the fi,;e-layer systems. This 

shows the effect on damping properties created by different combinations of system 

layer thicknesses. 

The computer program. CP5LB which generates carpet plots. can provide a com·e­

nient way to show trends in the maximum values of modal damping and RlvIS response 

ratio ;1.s functions of temperature . 

6.0 AN EXAMPLE PARAMETRIC STUDY 

To obtain an understanding of the behavior of the five-layer beam damping system, 

an example parametric study was conducted by varying the thickness of each layer 

( except the base beam) by 20 %. The baseline model consists of: a base beam 0.005 

inches thick and 5.0 inches long; 0.005 inches of 3M-468 adhesive; a 0.10 inches stand­

off layer: 0.005 inches of LTlMP viscoelastic material; and an aluminum constraining 

layer 0.01 inches thick. The results of the example parametric study are shown in Table 

1. These results indicate that the stand-off layer is the most significant parameter to 

effect damping. It decreased the damped response by 19.18 % compared to 0.89 % for 

the adhesive-layer. 

7.0 CONCLUSIONS 

This damping technology is very effective in helping designers predict damping 

characterist ics in beam-like structures . The temperature range can be broadened over 

which maximum damping is achieved by applying two different Yiscoelastic materials 

with peak in loss factors occuring at different temperatures. By using the computer 

program V5LBD, which utilizes the developed governing equations, it was shown that 

the order in which the viscoelastic layers are applied is very important. The viscoelastic 

layer nearest the structure must be the layer that has peak damping at the higher 

temperature , in order- to achieve ma.ximum damping over the broadest temperature 
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range. 

The carpet plotting program. CP 5LI3 is an effecti\·e tool to show r.rends in damping 

characteristics as a funct ion of temp erature for parametric changes in the geometry of 

applied layers . It was demonstr:itcd h y ,ond11n.in ~ paramctri~ sr.u<lir~ for the fhf"-layN 

system by varying the thickness of each layer ( except the base beam) by :W 1
: , that the 

stand-off layer had the most significant damping effect on respohse : decreasing R:-1:::i 

response by 19.18 :r compared to 0.89 % for the adhesive-layer . . -\.dditional verifications 

of V5LBD need to be <lone as well as a comparison of the program output with actu al 

test data. The five-layer system presented can be a very effective technique in helping 

the designer to select proper damping treatments for reducing resonant vibrations. 
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TABLE 1 - Parametric 

H2 H3 H4 H5 E5 XRMSu/XRMSd TEMP % 
( in. ) ( in. l ( in. l (in.) (psi) (MAX) (OF. ) CHANGE 

0.005 0.10 0.005 0.010 10E6 24.66 5 BASE 
0.006 0.10 0.005 0.010 10E6 24.88 5 0.89 
0.005 0.12 0.005 0.010 10E6 29.39 5 19.18 
0.005 0.10 0.006 0.010 10E6 24.98 0 1.30 
0.005 0.10 0.005 0.012 10E6 27.52 0 11.60 
0.005 0.10 0.005 0.010 12E6 27.06 0 9.i3 

I 
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