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ABSTRACT
 

This is the first of three volumes of a report that describes methods for 
predicting the aerodynamic and stability and control characteristics of STOL 
aircraft which .utilize either the internally ducted jet flap, externally blown 
jet flap, or a mechanical flap with vectored thrust system. It is 
the intention that this methodology will provide design personnel with a 
capability to predict static and dynamic longitudinal and lateral-directional 
stability and control derivatives and coefficients during takeoff, approach, 
and landing phases of flight both in and out of ground effect. 

For the three selected powered high lift systems, a common theoretical 
basis for the formulation of analytical engineering methods is presented. 
The theoretical methods developed and described herein include the 
following: 

•	 The Elementary Vortex Distribution (EVD) Jet-Wing Lifting Surface 
Theory 

•	 The Ground Effect Method (an extension of the EVD method) 

•	 The Jet-Wing Flow Field Method 

•	 The Vectored Jet Flow Field Method 

•	 The Modified Slender Body Fuselage Method 

•	 The Empennage Method 

An extensive comparison of results obtained with these methods and those 
obtained with other theories and with experimental data is included. The 
computer program required for the solution of each method is described in 
Volume II. Engineering methods for applying these theoretical methods to 
practical STOL aircraft configurations are presented in Volume III. 
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between the lower and upper surfaces 

Root chord of wing 

Sectional	 leading-edge suction coefficient 

1. Sectional thrust coefficient (t/qc) 
2. Tip chord of wing 

Portion of sectional thrust coefficient contributed by 
circulation (pressure) only 

Portion of sectional thrust coefficient contributed hy jet 
reaction only
 

Sectional jet momentum coefficient (J/qc)
 

Total induced drag 

Distance from the wing trailing edge to 
infinity EVD in a jet-wing section 

d.	 Sectional induced drag 
1 

d.	 1. Jet thickness 
J 2. Local jet diameter 

3. Major axis of ellipse 

Jet exit diameter 

1. Flap-chord ratio (cf/c) 
2. Jet entrainment 

El ,E2,E3 Jet entrainment empirical parameters 

the vortex point of the 

e	 Induced span-efficiency factor - or ratio of the induced drag 
used on the assumption of an elliptical loading distribution 
to the actual induced drag 

F	 Surface of body in slender-body solution 

F	 Pressure force on jet boundaryp 
H Horizontal tail (subscript) 
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h 1. Height of wing above the ground
2. Perpendicular distance from discrete horseshoe vortex to 

control point 

Vertical displacement of the wing leading edge above the wing 
apex point 

ht Initial R~ due to wing twist and dihedral 

J Total jet momentum 

J Sectional jet momentum 

ki Jet entrainment empirical parameter 

L 1. Total lift 
2. Total rolling moment 

K Number of fundamental cases 

~ Sectional lift 

M 1. Total pitching moment 
2. Number of spanwise divisions used 

m 1. Sectional pitching moment 
2. Jet to freestream velocity ratio 

N 1. Total yawing moment 
2.	 Total number of EVD elements 

in the EVD method 

(VJo/U) 

Number of chordwise division of a jet section used in the 
EVD method 

Number of chordwise divisions of a wing section used in the 
EVD method 

+ 
n Normal vector to the body surface 

p 1. Static pressure 
2. Rate of roll 

p~ Free stream static pressure 

Qi Velocity induced by a discrete vortex filament 

q 1. Dynamic pressure (t puz) 
2.	 Rate of pitching 
3. Strength	 of source distribution used in fuselage axial 

flow solution 
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q Total velocity (U + u, v, w) 

ql Perturbation velocity (u, v, w) 

R 1. Longitudinal radius of curvature of jet sheet 
2. Radius of curvature of jet centerline 

r Rate of yaw 

r,e,x Cylindrical coordinates defined in Section 4.1 

S 1. Wing planform reference area 
2. Body cross-sectional area 
3. Distance along jet centerline 

T Total thrust 

t	 Sectional Thrust 

U, U 
co	 

Free-stream velocity 

-u,v,w	 Perturbation velocity components in the x,y,z directions, 
respectively 

u' ,Vi ,Wi	 Perturbation velocities in the x,y,z directions, respectively,
induced by the image jet-wing 

Perturbation velocities in the x,r.8 directions, respectively 

Vertical tail (subscript) 

1. Jet velocity 
2. Non-dimensional jet velocity VJ/VJo
 

Initial jet velocity
 

Total velocity above and below the jet sheet, respectively 

Tangential velocity 

w 1. Downwash (w = -w)
2. Complex velocity 

x-coordinate of the aerodynamic center of the wingxa•c 

x-coordinate of the center of lift of the wingXC.L.
 
X x-coordinate of the center of gravity of the wing
c.g.
 
X x-coordinate of the center of pressure of the wing
c.p.
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X	 x-coordinate of reference moment center m.c. 
x,y	 Local rectilinear coordinates defined in Appendix A.l in the 

calculation of downwash influence coefficients 

x,y,z	 Cartesian coordinates as defined in the te~t for the jet-wing 
problem (x parallel to free-stream velocity and measured from 
the wing apex point) 

x-coordinate of a wing leading-edge point 

x-coordinate of a wing trailing-edge point 

x	 Fraction of chord measured from the leading edge of a wing 
section (x - x£)/c 

X	 Sectional center-of-lift location in terms of fraction of chord
C.l. 

x	 Sectional center-of-pressure location in terms of fraction ofc.p. chord 

y Total side force 

Ordinate of the upper surface of an airfoil 

Ordinate of the lower surface of an airfoil 

Ordinate of the airfoil mean line 

Ordinate of the airfoil thickness distribution 

Vertical displacement of the wing trailing edge below the 
corresponding leading edge at a wing section 

z Jet deflection below the wing trailing edge 

z-coordinate of the jet sheet 

a Angle of attack of a wing 

Downwash angle or jet angle with respect to freestream at 
infinity downstream 
Twist angle of a wing section 

1. Deflection angle (8 f , 8J , or 8 )s 
2. Sideslip angle 
3. Angle of normal to fuselage section boundary 

IT Complex potential 
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NOMENCLATURE 

Density of freestream flow
 

Jet flow density
 

Source strength used in Neumann solution
 

Perturbation velocity potential
 

Total velocity potential
 

Slope of fuselage meridian
 

w Complex velocity 

r Total circulation around a jet-wing section 

r 1. Strength of a discrete horseshoe vortex 
2. Dihedral angle 

y Infinitesimal horseshoe vortex intensity (per unit area) 

y* EVD vortex intensity 

y Leading-edge EVD mean vortex intensity 

Half of spanwise width of an EVD base 

Chordwise interval lengths of an EVD base 

Ideal flap-deflection angle 

Jet-deflection angle with respect to wing trailing-edge slope 

Chordwise interval length of a leading-edge EVD 

Leading-edge-flap deflection angle 

Local incidence angle of wing 

Camber angle 

Incidence angle of the vortex wake in the Trefftz plane 

8	 Jet deflection angle with respect to freestream 

Jet efflux angle relative to the freestream 

Deflection angle of the leading-edge flap with respect to main 
chord in a wing section 
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Local wing leading-edge sweepback angle tan-l(dX~(Y))dy 

Wing quarter-chard-line sweepback angle
 

Wing taper ratio (ct/c r )
 

Doublet strength used in fuselage cross-flow solution
 

Jet-strength quantity defined by 2/(c c~)
 

Cartesian coordinates (dummies of x,y,z)
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1.0 INTRODUCTION 

The increasing emphasis on the development of powered high lift systems 
for STOl aircraft applications as well as the broad range of aerodynamic para­
meters associated with them have intensified the need for methods that would 
enable both the performance and stability and control characteristics of a 
given configuration to be predicted. Several problems unique to each system 
have, unfortunately, hampered the development of suitable and accurate aerody­
namic methods. These problems are, to a large extent, either the result of 
the synthesis of the propulsive system of an aircraft with its airframe, leading 
to a significant and often desirable aerodynamic-propulsion interaction, or 
the employment of pure jet-lift in conjunction with mechanical high lift systems 
in a role in which any jet/airframe aerodynamic interferences may not at first 
seem important. 

In view of the complexity of the aerodynamic phenomena associated with 
powered high lift systems, it is often argued that the aerodynamic character­
istics of a specific STOl aircraft configuration should be obtained simply by 
resorting to wind tunnel testing. This approach is sometimes justified on the 
ground that a theoretical solution of a specific aerodynamic problem is not 
considered tractable. On the other hand, although it is unlikely that one 
could ever dispense completely with wind tunnel testing, there is a need for 
a more rational basis for the evaluation, design, and development of STOl 
aircraft. This rational basis must include the aerodynamic methodology 
mentioned earlier. 

Several of the powered lift systems in which interest has been expressed 
in recent years involve, in part, the utilization of the jet-flap principle 
to generate the requiredliftfor takeoff and landing. To achieve this lift, 
the jet flap in its basic form requires the complete integration of the pro­
pulsive system and airframe with the entire propulsive jet being ejected in the 
form of a thin,full-span sheet from the trailing edge of the wing. This might 
well be considered as the most effective approach to achieving the required 
STOl performance, if it were not for the lack of a practical solution for the 
structural, powerplant, acoustic, and aerodynamic problems that have been 
encountered. There are, however, several alternative systems which overcome 



several of these problems while still relying to a degree on the underlying 
principle of the basic jet flap. The externally blown jet flap, upper surface 
blown flap, and the augmentor or ejector jet flap would fall in this category. 
As might be expected, each one of these concepts exhibit a strong aerodynamic­
propulsion interaction. This, in turn, requires that any analytical approach to 
the estimation of the aerodynamic characteristics of configurations employing 
high lift systems which utilize the jet-flap principle would have to consider 
the jet and wing as an integrated system. 

It has been suggested earlier that an alternative approach to the 
development of the high lift required for STOL operations is the employment 
of mechanical flap systems with the vectoring of the propulsive thrust. In 
this way, the integration of the propulsive system and the airframe is not 
essential. This does not imply, however, that an aerodynamic-propulsion 
interaction is avoided. In fact, there is now sufficient experimental evidence 
to suggest that important interferences between the vectored jets and the air­
frame can exist. These aerodynamic interferencffi can be either favorable 
or unfavorable depending on, for example, the location and orientation of the 
vectored jets relative to the wing. Thus, an ability to pre~ict these inter­
ferences is required. 

In recent years, our understanding of the aerodynamics of many of the 
powered lift systems,mentioned earlier, has been broadened as a result of 
experimental studies conducted both in this country and abroad. In addition, 
noticeable progress in the development of methods suitable to the prediction 
of their aerodynamic characteristics has been made. Some of this methodology 
has been developed by the Douglas Aircraft Company under the sponsorship 
of the Air Force Flight Dynamics Laboratory (e.g., the investigation reported 
on herein). It must be understood, however, that despite the progress made 
to date there remains room for further development. 

The primary goal of the present study has been the development of a uni­
fied set of analytical methods which would provide the capability to calculate 
the stability and control characteristics of an arbitrary STOL aircraft configu­
ration that might employ the internally ducted jet flap, externally blown jet 
flap, or a mechanical high lift system with vectored thrust. This report, in which 
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the results of this and related studies are presented, has, for convenience, 
been divided into three volumes: 

• Volume I ­ Basic Theoretical Methods 

• Volume I I ­ STOl Aerodynamic Methods Computer Program 

• Volume II I - Engineering Methods 

Volume I presents the complete theoretical development of the relevant 
analytical methods. In addition, it presents comparisons of these methods 
with other analytical solutions and with experimental data. 

Volume II provides complete details for the use of the STOl 
Aerodynamic Methods Program (STAMP), including a brief review of the theore­
tical methods, fundamentals of program use including element spacing guide­
lines, instructions for input to the program and for interpretation of the 
output, and a complete description of the program. The STAMP computer package 
has been developed for use on both a CDC 6000 seri es and the IBM 360/370 seri es 
computers. It is written in the Fortran IV language. 

Volume III of the report, Engineering Methods, provides additional 
analytical and semi-empirical methods to supplement and modify the results 
obtained from the theoretical methods and their associated computer pro­
grams (Volumes I and II). The methods presented include several which are 
based on methods contained in the USAF Stability and Control Datcom 
(reference 68) as well as other related sources. Contained also in Volume III 
is the information necessary for the effective implementation of STAMP as a 
preliminary design and data analysis tool. Finally, comprehensive methods 
validation studies are presented for each of the three STOl powered lift 
systems being considered: the internally ducted jet. externally blown 
jet flap. and mechanical flap system with vectored thrust. 

As a more detailed introduction to this volume (i.e., Volume I), the 
reader's attention is drawn to the fact that several analytical methods, each 
of which has the capability to evaluate the aerodynamic characteristics of a 
particular STOl aircraft component, and several interference methods to 
account for the influence of one component on another, are described herein. 
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These methods include: 

•	 The Elementary Vortex Distribution (EVD) Jet-Wing Lifting Surface 
Theory 

•	 The Ground Effect Method (an extension of the EVD method) 
•	 The Jet-Wing Flow Field Method 
•	 The Vectored Jet Flow Field Method 
•	 The Modified Slender Body Fuselage Method 
•	 The Empennage Method 

In general, these methods are distinguished from previous analytical aero­
dynamic analysis techniques by their ability to predict the aerodynamic char­
acteristics, not only of conventional or STOL aircraft, but also of STOL aircraft 
under conditions in which aerodynamic/propulsive interactions or interferences 
might be important. 

An essential ingredient in the evaluation of the aerodynamic character­
istics of jet-flap concepts is a recently developed lifting surface theory for 
jet-wings which is based on the finite element scheme - the method of Elementary 
Vortex Distribution or the EVO method. This method utilizes a set of indepen­
dent but overlapped elementary horseshoe vortex distributions to represent the 
wing and jet sheet on which are satisfied a set of mixed-type boundary condi­
tions. The solution includes chordwise and spanwise loading distributions, 
from which sectional and total aerodynamic quanti.ties (e.g., lift, pitching 

moment, induced drag) are derived. The present method, which is applicable 
to jet-wings of arbitrary planform, camber, twist, partial-span flaps, 
and arbitrary trailing-edge jet-momentum distribution, reduces to a con­
ventional lifting surface theory when the jet momentum is zero. 

Stability and control coefficients and derivatives associated with a 
limited range of motions of the wing can all be evaluated with the EVD method. 
In addition to static longitudinal and lateral characteristics, dynamic 
derivatives associated with pitching, rolling, yawing, and sideslipping 
can also be evaluated on the basis of quasi-steady assumptions. Proximity to 
the ground can be considered with a mathematical model consisting of the 
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basic EVD jet-wing and its image. The resulting vortex distribution in 
ground effect is, of course, a linear function of, for example, angle of 
attack. A second-order correction to the aerodynamic loading has, however, 
been applied. Although this provides better agreement with exact theories and 
experimental data, it is not completely satisfactory. It is concluded that 
scope exists for the improvement of the ground effect method and suggestions 
to this effect are mentioned. 

The capability to consider mechanical flap systems with vectored thrust 
is partly the result of the work of P. T. Wooler (reference 55 dnd 56), who has 
developed a method for calculating some of the aerodynamic features of a cir­
cular jet issuing into a uniform freestream. The approach utilizes a sink­
doublet model to describe the flow external to the jet. The equations of 
continuity and momentum for the inner flow of the jet are developed in terms 
of an unknown rate of entrainment and arbitrary cross-sectional jet shape 
or envelope. These equations are solved not only for the singularity strength 
but also the trajectory of the jet. To solve these equations, it is still 
necessary, however, to postulate the cross-sectional shape of the jet and to 
establish the coefficients in the empirical equations for jet entrainment and 
the so-called cross-flow drag force. The latter is assumed to act perpendic­
ular to the local jet centerline direction and, along with the freestream 
momentum entrainment contribution, is assumed to supply the necessary force to 
produce a centripetal acceleration of the local jet mass, thus causing the 
jet to bend. In general, the necessary coefficients are chosen to give a 
good correlation with available test data for jet trajectories. 

Although there are a number of simplifying assumptions involved in the 
Wooler approach, good agreement has nevertheless been obtained from the results 
of this simple method and the experimental data for single jets emerging from 
infinite flat plates and from wings. For the type of STOL aircraft under consid­
eration the efflux of the vectored jet system is unlikely to be in close proximity 
to any aircraft component. Hence, the jet trajectory, for example, can be 
assumed to be independent of the wing and the associated aerodynamic interfer­
ence effects can be interpreted in terms of superimposed jet induced downwash 
fields which are akin to camber and angle of attack Changes. Thus the 
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aerodynamic interferences can be evaluated,in the case of the wing, with the 
use of the aforementioned EVD lifting surface theory. 

In addition to the aerodynamic characteristics of a jet-wing or the 
aerodynamic/propulsion interferences associated with the wing/vectored jet 
combinations, it is also necessary to consider the contributions of other 
aircraft components to the overall aerodynamics of a STOl aircraft. The 
capability to undertake this task is provided through a series of so-called 
interference techniques. The techniques depend to a large extent on the 
evaluation of the flow fields induced either by a jet-wing or vectored jet 
system. With the flow fields known, the aerodynamic characteristics of the 
fuselage and empennage can be readily determined providing the mutual interaction 
between these component and the jet-wing-wake are neglected. Fortunately, 
satisfactory results can be obtained on the basis of this assumption. Methods 
for predicting the contributions of the empennage and fuselage to overall 
stability and control characteristics based on this procedure are, therefore, 
presented herein. 
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2.0 INTERNALLY DUCTED AND EXTERNALLY BLOWN JET FLAPS
 

Since the aerodynamic characteristics of externally blown jet flaps tend 
to be closely associated with those of pure jet-flap high lift systems 
(e.g., internally ducted jet flap), jet flap or jet-wing theory, together 
with the development of theoretical methods to calculate flow fields and the 
contributionsof other aircraft components (i.e.,fuselage and empennage) to air ­
craft stability and control characteristics are subjects of direct interest and 
will be considered in later sections. Some elaboration of the approach used to 
evaluate the aerodynamic characteristics of externally blown jet fla~and 

internally ducted jet flaps, which are discussed in detail in Volume III, is 
desirable before discussing the theoretical methods that have been formulated 
as a framework to the development of prediction techniques. 

To introduce the basic aerodynamic concepts of externally blown jet 
flaps, it is helpful to consider first the behavior and influence of a single 
jet directed towards a slotted flap system. Typically, the jet efflux distorts 
rapidly into a flat jet sheet as the flap deflects the jet flow and guides it 
over and/or under the flap. From the trailing edge of the flap, this jet sheet 
is deflected downstream by the freestream flow. Flow visualization studies 
indicate that the downstream deviation of the jet sheet is analogous to that 
of basic jet-flap schemes. Furthermore, experimental studies associated with 
the development of a transport aircraft incorporating the externally blown 
jet flap also indicate that most of the aerodynamic problems of consequence 
are similar to those encountered with internally ducted jet-flap systems. For 
example, both the downwash, E, and its rate of change with angle of attack, 
~, increase steadily with the so-called jet momentum coefficient, CJ , 

affecting even high horizontal tail locations. The trimming power of a con­
ventional horizontal tail has been found to be inadequate due to the large 
pitching moments involved. There is also experimental evidence of large roll ­
ing moments due to sideslip generated at high flap and/or jet deflections and 
high thrust levels. This effect can be alleviated by the addition of dihedral 
and sweepback, but the reduction from sweepback has been found not to rise 
steadily with increasing lift as would be deduced from conventional arguments. 
Sweepback has also been found to cause substantial increases in yawing moment 
and side force derivatives due to sideslip as a result of sidewash variations 
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over the fuselage and vertical tail. 

The effects of ground proximity on all concepts which utilize the jet 
flap principle result in significant reductions in lift curve slope and stall ­
ing incidence if the jet momentum or jet angle relative to the wing is suf­
ficiently large to cause jet impingement on the ground. The influence of the 
ground does, of course, lead to a constraint on the jet path which, in turn, 
has been shown to drastically reduce the downwash aft of the wing even at 
high horizontal tail positions. 

It has been suggested that the jet-flap effect is likely to be responsible 
for the major part of the aerodynamic/propulsive interaction associated with 
the externally blown jet flap, at least insofar as the overall aerodynamic 
characteristics of the wing and the contributions to them of the fuselage and 
empennage are concerned. If this were so, this jet flap-theory could provide 
the theoretical framework for the development of suitable analytical engineer­
ing methods. There are, of necessity, some assumptions in existing jet-flap 
theories which could be strongly criticized. Fortunately, the assumptions that 
the momentum flux along the jet is constant and that the jet is locally in­
clined at only small angles to the undisturbed freestream flow, have been sup­
ported by its successful application to the analysis of basic jet-flap schemes. 
The application of jet flap theoretical methods to externally blown jet flaps 
would, however, involve a number of additional assumptions which, though 
possible as a means of making the problem tractable, would have to be justified 
on fundamental grounds. For example, there would be little justification for 
neglecting the presence of the jet beneath the wing or its entrainment pro­
perties. In addition, the application of jet-flap theory would require the 
postulation of a physically acceptable momentum distribution at the trailing 
edge. A clarification of the fundamental mechanism by which the jet is turned 
and spread would be valuable for this purpose. Despite all these misgivings, 
comparisons (reference 1) with experimental results so far suggest that 
jet-flap theory provides a realistic and useful working basis for the prediction 
of externally blown jet-flap aerodynamic characteristics. 

Thus, the analogy between the externally blown jet flap and internally 
ducted jet flaps has been introduced. Also, jet-flap theory would appear to 
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have some practical value in the development of techniques to predict the 
aerodynamic performance and stability and control characteristics of both 
concepts and justify further refinement and extension. 
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2.1 BACKGROUND
 

2.1.1 The Basic Jet Flap High lift Concept 

In recent years, both commercial and military planners have shown an 
increasing interest in the potential advantages inherent in aircraft which 
possess a short field operational capab"i1ity. Such aircraft would have to 
be economical, safe, have an acceptable noise level, and, in the case of a 
commercial aircraft, achieve public acceptance comparable to or better 
than conventional aircraft. For a short takeoff and landing (i.e., STOl) 
performance to be possible, one obvious necessity is a means for the gener­
ation and control of very high lift coefficients. Although a large number 
of STOl high lift concepts, each one possessing certain intrinsic merits, 
have been conceived during the past several decades, three main trends can 
hitherto be seen. In one, a small fraction of the energy available from the 
propulsive system is used to provide boundary layer control so that the 
ultimate theoretical performance of an ideal wing can be almost, but not 
qui te, real i zed. In the other two, there has been a growi ng tendency towards 
the synthesis of the propulsive system with the airframe. Of these, the 
development of gas turbines has reached a state where their employment for 
the generation of pure jet lift seems attractive. Thus, several STOl high­
lift concepts have emerged which depend upon nothing more than the use, for 
example, of light-weight lift engines or the mechanical vectoring of the 
propulsive engine momentum. In other words, it is the underlying intention 
that the generation of the additional lift required for STOl operation be 
achieved independently of the wing. In the other, a significant increase in 
aerodynamic lift over and above the lift component of the jet reaction is 
realized with the complete integration of the propulsive and lifting systems. 
One such example ;s the pure jet flap. 

The term jet flap has been used to indicate that the entire propulsive 
jet is directed to leave the trailing edge of an airfoil or wing as a thin 
sheet at an angle of inclination to the mainstream. Because of the jet, an 
asymmetrical flow pattern is generated which provides additional circulation. 
This contributes appreciably to the total lift which includes the direct lift 
associated with the vertical component of the jet momentum. The propulsive 
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thrust lies between the corresponding horizontal component and the full jet 
momentum. Although novel, the underlying physical principle of the jet flap 
is by no means new, for the increase in circulation lift can be attributed 
to the effects of boundary layer control and to what is sometimes termed 
supercirculation or circulation control. The latter is commonly found as a 
side effect in experimental investigations on boundary layer control by 
blowing over the upper surface of conventional trailing edge flaps. Since 
boundary layer control in its original and concise conception was thought of 
as a means of raising the lift coefficient of a wing to the theoretical pre­
dicted value, circulation control, on which the jet flap principle is based, 
is regarded to start where boundary layer control ends. The relative magni­
tude of the contribution resulting from either one is largely dependent on 
the magnitude of the jet momentum. 

As mentioned above, the discovery of supercirculation was a byproduct 
of boundary layer control studies. Although Shubauer3 , Hagedorn and 
Ruden 4 were responsible during the 1930's for some of the first experimental 
results on supercirculation, it was not until 1952, according to Oavidson 5 

and Stratford6 , that the significance of supercirculation and its practical 
application in the fonn of the pure jet flap was truly recognized. In France, 
the discovery of supercirculation was made independently. The first relevant 
French publication was by Poisson-Quinton 7 in 1948 while, in late 1954, 
Jousserandot 8 described the results of extensive experiments in which the 
active principle of the jet flap was all but isolated. More detailed experi­
mental investigations of the jet-flap mechanism were conducted by Oimmock9 , 

Williams and Alexander lO , and Lowry and Vogler ll during the early 1950's. 
Experimental studies that followed were either directed towards providing 
data for preliminary design activities or to assist in the development and 
validation of analytical methods. Notable among these are the wind tunnel 
tests by Gainer I2 on a semi-span rectangular jet-wing model of aspect ratio 
8.3, the tests of Williams and Alexander I3 on a similar model of aspect 
ratio 6, the six-component tests of a complete jet-flap model with variation 
of aspect ratio, dihedral, and sweepback by Butler et al l4 , and the experi­
mental investigation conducted by Oas I5 of jet wings of rectangular and swept 
planforms. Much of British research on jet flaps during this period led to 
the design, manufacture, and testing of what is now known as the BAC H-126 
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jet flap research aircraft which was built to flight test the jet-flap 
principle (reference 69). 

2.1.2 Applications of the Jet Flap Principle 

It is unlikely that the pure jet-flap principle will ever be adopted 
for STOL aircraft unless it is possible to control the jet deflection during 
flight and provide an alternative means of generating lift in the event of 
a failure of the jet blowing system. Several concepts (figure 2.1) have, 
therefore, been conceived in an attempt to provide, in part, a practical 
solution to these problems. For example, the gas can be ducted through the 
wing to a slot at the knee of a flap which is used for varying the jet angle, 
or the gas can be ducted to the trailing edge where a jet control flap or 
plug will accomplish the same task. In general, the jet flap/mechanical flap 
combination or jet augmented flap is aerodynamically superior to pure jet ­
flap systems, providing that the tangential blowing at the knee of the flap 
ensures a proper flow over the flap at any desired deflection. It should be 
realized, however, that several additional factors have to be considered 
before any of these jet-flap schemes, often referred to as "internal flow" 
systems, can be regarded as ultimate solutions to problems associated with 
the adoption of the jet-flap principle. It has been shown, for example. 
that the aerodynamic performance advantages attributed to the utilization of 
a number of basic jet-flap concepts may be appreciably reduced in practice 
when consideration is given to structural. power-plant, and aerodynamic 
stability and control problems. 

It must be realized that the unquestioned adoption of the jet-flap 
principle for STOL high lift concepts must be met with some reservation 
unless a practical solution to a number of technical problems is available. 
Several alternative and technically feasible concepts that provide an attrac­
tive solution to such problems have been conceived in recent years. For 
example, the underslung podded engines of a jet aircraft can be arranged such 
that the jet efflux is directed toward a slotted flap system which in turn 
deflects the jet flow and guides it over and/or under the flap to form a 
flattened jet sheet at the trailing edge. Alternatively,either circular or 
fishtail nacelles could be mounted above the wing for blowing over a mechanical 
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flap system. Such "external flow" systems (figure 2.1 ) have the advantage 
that the reduction in propulsive efficiency resulting from duct losses and 
the increased aircraft structural weight associated with internally ducted 
systems can be eliminated. This is not without sacrificing, however, the 
advantages of cross ducting, which, in the event of an engine failure, can be 
used to reduce control requirements. Although duct losses can have a signi­
ficant effect on the .installed thrust required for a specified STOl mission, 
several jet-flap "internal flow" concepts which utilize the jet-efflux to 
give augmentation of wing lift and jet thrust, thus compensating for any 
reduction in overall performance due to such losses, have been proposed. Aero­
dynamically, there is no doubt that ejector or augmentor jet flaps will realize 
a high lift efficiency if there is the slightest augmentation in jet momentum, 
since this will result in increased supercirculation and reaction lift. What 
should not be overlooked, however, is an increase in "ram ll drag resulting from 
the ejector secondary or entrained flow from the freestream, although this 
might be partly compensated for by the reenergizing of the wing boundary layer. 

2.1.3 Theoretical Treatments of the Jet Flap 

As might be expected, the pioneering experimental work on jet flaps 
stimulated a number of theoretical investigations into idealized jet-wing 
systems. Quite early, a simple but rigorous analysis by Maskell and Gates1f. 
established the properties of the thin two-dimensional jet "in inviscid flow 
and the overall momentum relations satisfied by the two-dimensional jet-flap 
system. The first analytical treatments of the two-dimensional jet-flap air­
foil were based on semi -empi ri ca 1 arguments and an analogy between the jet 
and a conventional mechanical flap. Subsequent mathematical treatments, in 
which the jet sheet is assumed infinitely thin but possesses finite momentum 
flux independent of the region under consideration, have been largely based 
on the usual approximati ons associ ated with small perturbati on theory. 
Spence 17 ,18, for example, has obtained a solution by adopting the classical 
approximations of linearized thin airfoil theory. The effect of the jet on 
the outer flow is assumed analogous to that which would cause a surface of 
discontinuity of pressures emanating from the trailing edge and forming an 
extension of the airfoil to downstream infinity. Both the airfoil and jet 
can, therefore, be considered as a sheet of vorticity. 
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The vorticity along the airfoil and the jet must, however, be such 
as to make them streamlines (i.e., "kinematic" boundary condition). On 
the jet sheet, a "dynamic" boundary condition which expresses its state 
of equilibrium, namely, that the pressure differece across the jet is 
proportional to its local curvature and momentum, must be introduced. 
These boundary conditions produce integro-differential equations in two 
variables, the vorticity along the airfoil and the slope of the jet. 
The solution of these equations becomes tractable if the jet is shallow, in 
which case by introducing the approximations of small perturbations inherent 
in the airfoil theory, both the kinematic and dynamic boundary condition can 
be reduced to a simpler linearized form and transferred to a semi-infinite 
line parallel to the undisturbed flow and passing through the trailing edge. 
For the purpose of evaluation of the perturbation velocity it is further 
assumed that the vortex distribution representing the jet and airfoil are 
aligned in the undisturbed-stream direction. This, in part, leads to a 
single integro-differential equation for the slope of the jet. On the basis 
of these considerations, Spence obtains the solution of this simple mixed­
boundary-value problem by finally considering the vortex distribution repre­
senting the airfoil and jet to be expressed as a Fourier series, together 
with functions possessing the correct ~.e., logarithmic) singular behavior 
at, for example, the trailing edge. The problem is finally reduced to a 
system of linear equations which can be solved without difficulty by a 
computer. The overall lift and pitching moment in the most general case 
can be deduced by a linear combination of three fundamental solutions. The 
lift, for example, can be determined by the relation: 

aCt aCt aCt 
c lI = - a + - 0 + - 0 
~ dO. dO f f aO JJ 

aCt aCt dCt 
where the derivatives dO.' aOf' and dOJ are, respectively, the fundamental 
solutions for a flat plate at an angle of attack at a flap set at an angle 
Of' both with simple blowing from the trailing edge of the flap, and the jet 
forming an angle oJ relative to the flap. Useful interpolation formulas 
derived by Spence for some of these derivatives are summarized below: 
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ac~ 1 
an = 2rr(1 + 0.151 c~ /2 + 0.219 c~) (2. 1) 

where c is the jet momentum coefficient. From a global and local balance of 
1.I 

forces on the airfoil. taking into account leading edge suction. it can be shown 
(reference 17) that the derivatives given by equations (2.1) and (2.2) are 
related, that is: 

(2.3) 

Spence's theoretical method is limited to the calculation of the pressure 
distribution. jet shape. and overall aerodynamic forces and moments of thin 
jet-flapped airfoils only. A separate method has been developed by Kuchemann 19 

for evaluating the pressure distribution taking into account thickness and 
camber effects. but this method requires the overall lift and thrust to be 
specified. An extension of this method to the problem of finite-aspect ratio 
jet-wings also is presented in reference 19. This has provided what may be 
considered as the first method for calculating the pressure distribution of 
three-dimensional jet-wings. 

Spence's two-dimensional formulation has been extended to include three­
dimensional effects by Maskell and Spence20 • They considered a thin jet-wing 
of finite aspect ratio in an inviscid stream. The transverse transport of 
momentum within the jetwasneglected which is tantamount to assuming that no 
significant rolling-up of the jetsheet takes place. This simplification is 
found particularly useful since it implies that the streamlines of the jet 
flow stay permanently in their plane of emission. and as a consequence, the 
boundary conditions for each streamwise section are identical to the two­
dimensional ones. In principle. equations (16), (17). and (18) of reference 20 
are suffi ci ent to render y(x ,y). the di stri buti on of elementary horseshoe 
vortices, determinate. Unfortunately, the double integral equation (i.e., 
equation (18)) for the upwash wi(x,y,z = 0) induced by the bound and trailing 
vorticity is intractable. Maskell and Spence, therefore, take the limit of 
equation (18) as x tends to infinity for the special case for which camber 
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and twist are zero. Furthermore, they prescribe an elliptic spanwise distri ­
bution of both wing chord and jet momentum with constant jet angle over the 
span. They define ~i(x) as the upwash due to the trailing vorticity and 
denote its value in the 1imit as x tends to i nfi ni ty by wi =-Uai \'Jhi ch 

00 00 

is independent of y because of the special spanwise loading considered. 
Maskell and Spence also derive (see Section (2.2.4)) exact expressions for 
the total lift and induced drag in terms of ~ which is found by making 

_ '00 

an arbitrary assumption as to how wi (x) varies between wi' its value at 
the wi ng, and wi. Since w,. is taken to be independent of x it is, in 

00 00 

effect, assumed that the trailing vorticity system induces a change of 
incidence but not camber. Maskell and Spence make two alternative assumptions 
for the variation of wi(x) and refer to them as the first and second inter­
polations. The first interpolation is so chosen as to make use of the known 
two-dimensional jet-flap solution thus enabling the total lift to be expressed 
by the following relation: 

(2.4)
CL = AR + £. acg, _ 2 (1 + a) 

'IT 3a 

where a is a factor relating the induced downwash, ai' at the wing to 
1 a· 

a. far downstream, a = 1 - -2 1. It will be noted that the first inter­
1 a· 

poiati on gi ves the conventiona1 r:~u1 t (i. e •• = t~R2) in the 1imit CJ=O, CL 

if a = 0 and aCg,/aa = 2n. This agreement with Prandtl's theory occurs 
because the bound vorticity due to the induced incidence is assumed to be on 
the wing only. In effect, this is equivalent to disregarding the fundamental 
principle of the jet flap; that the jet can support a pressure difference. 
The second interpolation is based on the assumption that wi(x) is linearly 
related to the total upwash. ~laskel1 and Spence argue that, for small CJ ' 
the total lift is still given by equation (2.4) and use the second interpo­
lation to evaluate a. After making further approximations, it appears that 
a depends solely upon the parameters (CJ/nAR) and a. /(oJ+a) = A, say,

100

and can be expressed as follows: 
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(2.5)
a = 

where 

A = 
aCt 

AR + 2 aa - 27T( 1 + a) 

For most practical purposes it is permissible to treat a as a constant 
equal to zero when the aspect ratio is greater than 4. These assumptions 
nonetheless can be strictly valid only in the limit CJ equal to zero. With 
this approximation, the derivatives ~~L and ~c; for the finite wing are 
obtained by multiplying the correspondin~ two-dimensional values discussed 
earlier by the factor: 

AR + ; CJ (2.6) 
AR + 2 + 0.604 C ¥2 + 0.876 CJ J 

For the elliptic wing, Maskel~~by a general momentum analysis, was also able 
to establish ~hat the induced drag coefficient CO., or mQre specifically

1 
the deficiency (CJ - CT) of the net thrust CT, is simply given by: 

C 2 
L

CD. = (2.7)7TAR + 2 C1 J 

Based on Multhopp's21 lifting surface theory, Das IS has developed a 
method for predicting the spanwise and chordwise loading distribution of 
jet-flapped wings. Multhopp and hence Das employ the so-called influence 
function technique which requires the chordwise vortex distribution to be 
expressed by a linear superposition of a set of fundamental distributions 
with unknown coefficients. The unknown coefficients are normally determined 
through the application, at selected points, of the known boundary conditions. 
Although the calculation of the influence functions, that is, the downwash due 
to each fundamental vortex distribution, demands considerable effort, they can 
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be determined in advance once and for all. Accordingly, Das assumed the 
vortex distribution along the wing chord to be represented by the first 
three terms in Birnbaum's expression for the chordwise vortex or loading 
distribution of a two-dimensional thin airfoil, and the vortex distribution 
along the jet to be represented by the first three terms of Spence's jet-flap 
solution. From there on, an approximate procedure is introduced, in which 
jet-flap characteristics derived by Spence are used to reduce the independent 
unknown coefficients to three. As a result, the method requires only three 
points along a chordwise section to satisfy the boundary conditions, these 
being at the 1/4 chord, 3/4 chord, and infinity downstream. The particular 
method employed by Multhopp in the spanwise integration of the downwash 
integral dictates, for a given number of spanwise stations, the spanwise 
location of the pivotal points at which the boundary conditions are to be 
satisfied. Inasmuch as there is no limitation to the number of spanwise 
stations selected, Das' method is claimed to be applicable to a jet-wing 
system of arbitrary planform geometry and spanwise distribution of jet momen­
tum and jet deflection. Obviously this is not entirely true. The selection 
of spanwise stations and the assumed spanwise variation of bound vorticity 
might not, for example, be satisfactory for the solution of some partial span 
blowing problems. In addition, since only three chordwise pivotal points are 
selected, it is unlikely that the effects of camber or flaps can be predicted 
with suffici"ent accuracy. 

The rheoelectric analogy technique has also been successfully applied 
to the three dimensional jet-flap problem by Malavard 22 • Based on the same 
linear approximations adopted by Das, the problem is reduced to one of finding 
a harmonic function for the perturbation velocity potential set up by the 
presence of the \'Jing and jet sheet. The perturbation velocity may then be 
found from the velocity potential. This velocity potential is measured by 
Malavard as an electric potential in the electrolytic task. Although this 
approach can produce both spanwise and chordwise loading distributions, it 
does require the facilities of an electrolytic tank. 

In recent years, several new theoretical developments have emerged. 
Erickson and Kaske1 23 have developed a method for low aspect ratio rectangular 
jet-wings with full span blowing. A uniformly valid asymptotic solution has 
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been constructed by Tokuda24 for high aspect ratio wings using the method of 
asymptotic expansions. h useful method has been developed by Lopez 1 for 
moderate to large aspect ratio wings with arbitrary jet momentum distribu­
tions. Other methods for high aspect ratio jet-flapped wings have been 
developed by Lissaman 70 and by Kerney71. 

Despite the linearized nature of the theoretical methods described 
above, the lift predictions agree quite well with experimental results for 
full-span trailing-edge blowing. As mentioned earlier, some difficulties 
still arise in applying them to the case of part-span blowing over flaps. 
Primarily because of losses due to viscous effects, these methods have also 
been found to markedly overestimate thrust. 

To date, there have been several experimental and theoretical studies 
conducted to i nves ti gate the effects of ground proximity on jet-fl apped wi ngs. 
Insofar as theoretical methods are concerned, however, only a simple mathe­
matical representation of the two-dimensional jet-flap airfoil has been formu­
lated 25 • The flow behavior with jet-flap wings of finite aspect-ratio has 
proved substantially different from that observed in early small scale two­
dimensional tests, primarily because of so-called spanwise venting. There is, 
as yet, no realistic two or three-dimensional theoretical treatment for jet­
wings under conditions of jet impingement on the ground. The prediction of 
certain jet-flap aircraft stability derivatives has, to date, been made by 
simple modifications to the method of Maskell and Spence. Taylor26 has under­
taken a theoretical investigation of the longitudinal stability and control 
derivatives and response characteristics of jet-flap aircraft, and Thomas and 
Rose 27 have developed methods for predicting rotary lateral stability deriva­
tives. All these studies were restricted to wings with an elliptical distri­
bution of both lift and jet momentum. 
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2.2	 THE ELEMENTARY VORTEX DISTRIBUTION 
JET-WING LIFTING SURFACE THEORY 

In the preceding section, the concept of the jet flap or jet-wing has 
been introduced. It is understood that the presence of a jet sheet behind 
the trailing edge of a wing could greatly influence the flow external to the 
jet, thus producing induced pressure forces on the wing in both the thrust 
and lift direction. In addition to the magnitude and spanwise distribution 
of jet momentum at the trailing edge, the location or shape of the jet deter­
mines the magnitude of these changes. The shape of the jet is, however, 
influenced by the configuration and attitude of the wing relative to the free­
stream. There is also experimental evidence that this interaction between 
the jet and the lifting system is sufficiently significant that any analysis 
of the jet-wing problem inherently requires that the wing and jet be treated 
as an integrated system. 

Several applications of the jet-flap principle have also been discussed 
in the previous section. ~ince all these schemes exhibit a jet sheet at the 
trailing edge, which characteristically has the same effect of inducing 
supercirculation (pressure lift), the authors are of the opinion that jet ­
flap theory could provide the theoretical framework for the development of 
suitable analytical methods for predicting their aerodynamic characteristics. 
In other words, all these jet-flap schemes could be considered to be equiva­
lent to a basic jet-wing system with a thin jet sheet of known strength 
emerging from the trailing edge. Local aerodynamic disturbances or effects 
associated with some of these schemes would have, however, to be considered 
separately. 

Although the IIgeneralll aerodynamics of basic jet-flapped wings is now 
reasonably well established, there is clearly scope for further theoretical 
developments aimed at specific problems. The jet-wing lifting surface theory 
described in this report has, therefore, been developed to meet the need for an 
analytical method sufficiently versatile enough that the aerodynamic performance 
and stability and control characteristics of complicated jet-wing systems can, 
with confidence, be predicted. 
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2.2.1 Theoretical InteXQretation of the Jet-Wing Problem 

Thus far, theoretical treatments of jet-flap aerodynamic problems have 
been based on the method of small perturbations. The method presented in 
this report employs this approximation. The approach adopts a theoretical 
model similar to that suggested by Maskell and Spence20 • In the following 
paragraphs an interpretation and generalization of their approach is, there­
fore, made. 

2.2.1.1 Statement of the Proble~ 

The basic jet-wing system considered in the present analysis is illus­
trated in figure (2.2) , in which the essentials involved in the mathematical 
formulation are displayed. As depicted in this figure, the jet-wing system 
is placed in an inviscid, irrotational, and incompressible flow of velocity 
U and density p. It is assumed that the jet emerges from the trailing 
edge and forms an extremely thin and curved jet sheet which extends to down­
stream infinity. Unlike the two-dimensional jet flap, the jet sheet will 
never completely turn to the free-stream direction. 

A right-hand rectilinear coordinate system will be used in the analysis. 
Its origin has been chosen to coincide with the apex of the wing. The x-axis 
is parallel to the free-stream direction and positive downstream. The wing is 
defined by the geometric characteristics of its projection on the horizontal 
plane xOy. The wing has a span b, an area S, a mean aerodynamic chord 
(MAC) c, and an aspect ratio AR. In general at any spanwise station, 
the wing section leading-edge and trailing-edge x-coordinates and chord are 
denoted by x~(y), xt(y), and c(y), respectively. The local 
incidence or slope of the wing is denoted by €c(x,y), twist, at(y), 
trailing edge flap deflection, 0f(y), leading edge flap deflection, 
0s(y), etc. 

The conditions of jet emission are selected so that at each point along 
the trailing edge of the wing the y-component of jet momentum is assumed to be 
negligibly small compared to the x- and z-components. In the plane y=constant, 
the di recti on of the jet is defi ned by the angl e e(y) formed by VJ (y), the 
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resultant mean velocity vector in this plane, and the free-stream direction.
 
The angle which VJ(Y) forms with the tangent to the camber line at the
 
trailing edge is designated by 0J(y). Hence, e(y) = oJ(Y) + Et(Y) where
 
Et(y) is the local slope of the wing at the trailing edge 0. e., Xt(Y)).
 
Since the jet parameter which governs the aerodynamic characteristics of any
 
jet-wing system has been found to be the jet momentum rather than the velocity,
 
it will become convenient to introduce non-dimensional coefficients for the
 
jet momentum. Thus, a sectional jet momentum coefficient is defined as:
 

where q denotes the free-stream dynamic pressure, that is 1/2 pu2, and
 
J(y) is the sectional jet momentum flow; that is,
 

in which PJ(Y) and dJ(Y) are respectively the density and thickness of
 
the jet. Integrating the total spanwise distribution of J(y) yields the
 
total momentum of the jet,
 

b/2 

j = f J(y) dy (2.10) 
-b/2 

and hence the total jet momentum coefficient is defined as: 

_ b/2 

c = -J = -1 f c(y) c (y) dy (2.11)J qS S 1.I 
-b/2 

2.2.1.2 Basic Assumptions 

In establishing a theoretical model (see Section 2.2.1.3) for the 
analysis of the flow around the jet-wing system several assumptions, briefly 
discussed below, will be adopted. 

By adopting the classical approximations normally associated with 
linearized lifting surface theories it is possible to assume that the effect 
of wing thickness is negligible and that the local incidence of the wing which 
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is associated with its mean camber, twist, dihedral, etc., is small. It will 
not be essential, however, to assume that the variation of local incidence 
is continuous. For example, a sudden jump in incidence that would result 
from the deflection of an ideal leading or trailing edge flap will be permis­
sible. 

The jet, as mentioned earlier, is assumed to emerge from the trailing 
edge as a thin jet sheet which extends downstream to infinity. The flows 
both within and outside the jet are considered to be incompressible, inviscid, 
and irrotational. Entrainment into and the transverse transport of momentum 
within the jet will be neglected. The latter is tantamount to assuming that 
no significant rolling-up of the jet sheet takes place. This simplification 
is found particularly useful since it implies that the streamlines of the jet 
flow stay permanently within the plane of emission, that is, the plane 
y=constant. Although it might be argued that either near the edges of the 
jet close to the wing or further downstream the rolling-up might become signi­
ficant, it is likely that the contribution to the total downwash will be small. 
When the jet is thin and the mean jet velocity is substantially greater than 
the external flow velocity at the boundaries of the jet, then the jet momentum 
J(y) may be considered constant along the jet if the thickness also remains 
constant. In fact, it is assumed that the jet is represented by an infinitely 
thin sheet while within any plane y=constant the jet momentum is finite. 
Furthermore, the jet deflection angle e(y) will also be assumed to be small. 
As will be discussed in more detail in the following paragraphs, it is thus 
possible to replace the surface constituted by the jet sheet by its projection 
on the plane xOy. 

2.2.1.3 Formulation of the Theoretical Model 

Based on the above assumptions, the jet-wing problem may be treated 
as a potential flow problem for which the small perturbation concept also 
applies. In other words, the problen is to look for a perturbation potential 
~ such that ~ satisfies the Laplace equation 

(2.12) 
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and that the velocity field 

-
q = (U + u, v, w) = U e + v<jl (2.13)x 

derived therefrom satisfies the boundary conditions on the wing as well as 
on the jet. In the above, ex indicates a unit vector in the x-direction; 
and u, v, and ware respectively the perturbation velocities in the x, y, 
and z directions. 

The boundary condition on the wing portion of the jet-wing is simply the 
streamline criterion that the flow be tangential to the body surface. This 
can be simply expressed as 

o~ u = tan e: (on the wing) (2.14) 

where w now represents the downwash in contrast to w for the upwash 
(w = -w). 

To construct the boundary condition on the jet, an alternative approach 
is necessary. Cons i deri ng the potenti a1 flo\'1 ins i de the jet in additi on to 
that outside and on requiring the pressure to be continuous across the jet 
boundaries, Spence17 has derived a relationship for the pressure or velocity 
jump across a two-dimensional jet.~askell and Spence20 subsequently extended 
this to a three-dimensional jet sheet. In view of the assumption neglecting 
the transverse flow, each streamwise section of the jet may be considered 
isolated from its adjacent sections. In other words, the two-dimensional 
relationship for the jet boundary condition still applies. Instead of going 
through a review of Spence's derivation, the same condition will be derived 
by a simple physical argument. 
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Consider an element of the jet, depicted in figure (2.2) which subtends 
an angle d~ at its center of curvature and has a mean radius of curvature 
R. Since viscous forces resulting in entrainment have been neglected, the 
deflection of the jet can only be due to the centripetal action of a pressure 
force on the jet boundary. It can, therefore, be readily shown that, 

= if 
J (on the jet) (2.15) 

where Pl and P2 are the pressures on the upper and lower surfaces of the 
jet element. 

In view of the irrotational character of the flow outside the jet, it 
can be easily shown using Bernoulli's equation that, 

1 2 2)Ap = 2 p(V l - v2 (2.16) 

where 

in which Vl and V2 are the total velocities parallel to the upper and 
lower surfaces of the jet. Hence, one can derive from equations (2.15) and 
(2.16) an expression for the external velocity jump across the jet boundaries, 
name ly: 

2V - v22 = 2J (2. 17)1 pR 

To complete the boundary conditions, a Kutta condition, namely that 
the pressure jump Ap across the boundary vanishes, must be satisfied at 
the trailing edge on those portions of the wing where there is no jet emission 
and downstream at infinity on the jet. /""1"'0 summarize, 

(x -+ co when c)J (y) ~ a ~ 
Ap = a t/ (2. 18) 

lx = x~ (y ), whe n c)J (y) = 0) 
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where xi(y) is used to indicate the x coordinate immediately before the 
trailing edge. The initial direction of the jet flow at the wing trailing 
edge is determined a priori, that is, 

w +
U + u = tan a, (x = xt(y), when c~(y) ~ 0) (2.19) 

+where xt(y) is used to indicate the x coordinate immediately after the 
trailing edge. 

Equations (2.14), (2.17), (2.18), and (2.19) thus comprise a complete 
description of the boundary conditions. They appear to be generally true, 
irrespective of whether or not the wing incidence and the jet deflection are 
small, so long as both the wing and jet are thin and the transverse flow can 
be neglected. 

Now, in principle, the jet-wing problem is governed by the Laplace 
equation together with the boundary conditions. It is st"i11 not known, however, 
where exactly the jet boundary condition (equation (2.17)) should be applied, 
because the location of the jet sheet cannot be determined beforehand. This 
so-called free-boundary problem, plus the nonlinearity involved in all the 
boundary conditions, presents a formidable task for the aerodynamicist. 

Linearization 

In order to reduce the complexity of the problem, further simplification 
of the above equations is necessary. The simplification is achieved through 
the linearization of the boundary conditions. To do so, first of all, the 
perturbation velocities are assumed to be small. This is an acceptable con­
dition since this inherently requires that all the incidences and deflections 
are assumed to be small. Secondly, the boundary conditions are assumed to be 
satisfied not on the actual boundaries but on their projections in the plane 
parallel to the free-stream, or more precisely, the z = a plane. The latter 
assumption eliminates the difficulty associated with the uncertainty of the 
free jet boundary; it is expected to be approximately valid as long as the 

jet path stays shallow. 
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In vie\'1 of the approximations adopted above, the wing boundary condition 
(i .e., equation (2.14)) can be expressed as, 

IT ~ e, (z = 0, \'Jing boundary) (2.20) 

since the perturbation velocity u is neglected with respect to U, and 
tan e is approximated bye. 

az Since it has been assumed that the curvatures R(~,y) and the slopes 
ax (x,y) of the jet sheet are small, it can be shown that for any point on 
the jet, 

a2z
 
1 ax2 a2z
 = ~ (2.21)Tf ax2 

[ 1 + (:nT' 
and since the jet is also a streamline, 

az w 
ax =: - iT (2.22) 

where z = z(x,y) describes the actual location of the jet sheet. Further­
more, since it can be shown that v~ - v~ = 2U(u l - u2), in its linearized 
form, the jet boundary condition can be expressed as: 

c(y )clJ(Y) aw 
ul - u2 =: - pijz ~~ = - 2 - ax' (z = 0, jet portion) (2.23) 

The remaining boundary conditions are easily reduced to 

(x -+ 00, when clJ (y) ~ a I 
(2.24)Ix = xi: (y ). when c" (y) = 0 

and 

W'[J=:a, (2.25) 
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Vortex Model 

Since the primary objective of the jet-wing lifting surface theory, 
like that of any conventional lifting surface theory, is to derive the forces 
and moments acting on the wing rather than the potential or the velocity field 
throughout the entire surrounding space, it is only necessary to establish 
aerodynamic properties on the boundary. A successful means of fulfilling 
this requirement has been provided previously in several conventional 
lifting-surface theories. In these models, elementary horseshoe 
vortices are assumed to originate everywhere from the wing and extend 
downstream to infinity. They are bounded in the wing but are free to 
move behind the wing. In the jet-wing case, it has been suggested 
in the general formulation that the jet sheet may be replaced by a rigid 
membrane, in other words, an extension of the wing. Based on this analogy, 
it is most appropriate to assume that the horseshoe vortices also originate 
everywhere from the jet sheet. With the wing and jet both represented by a 
vortex sheet, the jet-wing problem simply becomes that of determining the 
vorticity distribution over these boundaries, or rather, their projections 
in the z =0 plane. The theoretical treatment of the horseshoe vortex 
scheme may be found in many treatises, such as Ashley and Landah1 28 • Only 
the most pertinent results or equations are to be adopted for application to 
the present jet-wing theory. If the horseshoe vortices of intensity y(x,y) 
are distributed over the wing and jet boundaries in the z = 0 plane, then 
the downwash w in the same plane induced by these vortices is given by the 
following equation 

b/2 Xt or 00 

x -w(x,y) dT] f Y(f;,n) (1 + ~) df; (2.26)= -in f (y _ n)2 r 
-b/2 ~R. 

where 

r = J(x - f;)2 + (y _ n)2 

The upper limit in the f;-integral is either xt or depending on whether00 

or not c~(n) = o. The cross sign on the n-integral indicates that the 
Mangler Principle28 value isto be taken; namely, 
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b y-E b ] 

fF(n)d~ = lim !F(n)dll + ! F(n)dn _ 2F(y) (2.27)
(y-n) E~O [ (y-n) (y-n)2 £ 

a	 a y+E 

Now the bound vorticity distribution will obviously give rise to a 
velocity jump across the vortex sheet; that is, 

(2.28) 

The substitution of this relation into equation (2.23) reduces the jet 
boundary	 condition to the following 

aw (x,y) 2 (2.29)c(y)c~(y) y(x,y)ax 

and the Kutta condition, equation (2.24), becomes 

x ~ 00, when c~(y) r 0
 

y(x,y) = 0,
 (2.30) 

x = xt(y), when c~ (y) = 0 

The other two conditions, equations (2.20) and (2.25) remain unchanged. 

Accordingly, the jet-wing problem involves the solution of the vortex 
intensity y(x,y) on both the wing and the jet sheet subject to the boundary 
conditions, (2.20), (2.25), (2.29), and (2.30), in which the downwash 
w(x,y) is expressed in equation (2.26). 

The aerodynami c 1oadi ng on the wi ng, lip = P2 - Pl' is found to be 
directly proportional to y; namely, 

lip = pUY	 (2.31) 

Incidently, this relation follows the application of the Bernoulli equation 
and the velocity jump vorticity relation, equation (2.28). Linearization of 
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the Bernoulli equation is not required, for the second order quantity (u 2+v 2+w 2 ) 

disappears in the equation for ~p on account of the flow symmetry inherently 
associated with the assumed vortex model. When the loading distribution is 
known, all the force and moment characteristics can be readily calculated 
through the chordwise and spanwise integration of the loading. 

In conclusion, it is noted that although the boundary conditions 
are greatly simplified, they are still of a mixed type. In other words, 
w is specified in one region and ~ in the other. As is well known, 
mixed type boundary-value problems are difficult to solve. 

The variables in the above formulation are now normalized as follows: 
the lengths, x, y, t, n, r, x 

t
' xt and c by b/2, the downwash w by U, 

and the vortex intensity y also by U. The ground height h is also 
nonnalized by b/2, For convenience, all the normalized variables are to 
retain their original symbols. 

Written in terms of these dimensionless variables, the normalized 
equations pertinent to the solving of the jet-wing problem are summarized 
below: 

w(x ,y ) = e: (x ,y ) , (z = 0, wing portion) (2.32) 

~~(x ,y) - - c(y) 
2 
clJ(Y) Y(x,y), (z = 0, jet portion) (2.33) 

w(x ,y ) = e(y ) , 

Y(x,y) = 0 , (2.35) 
x = xt(y), when cJ,l(y)=O 

in which the downwash w is expressed by 
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= 1 1/2 
dnw(x ,y) (2.36)- 4rrJ(y-n)2 

-b/2 

The loading coefficient 6C ' defined as assumes thep 
following form: 

6c = 2Y (2.37)
P 

The above normalized equations (2.32) through (2.35) will be adopted 
as the basis for the subsequent solution of the jet-wing problem. 

2.2.1.4 Fundamental Cases 

An examination of equations (2.32) through (2.35) will reveal that 
these equations are linear in E, 8, w, and y. 

If, for a particular solution of the jet-wing problem E and 8 can, 
for example, be written as the linear summations, 

K 
E =2: am Em (2.38) 

m=l 

and 

K 

8 =2: am 8m (2.39) 
m=l . 

thwhere Em and am will be designated as the geometric data for the m
fundamental case, then the solution y for the particular case is also a 
linear summation which can be expressed as follows: 

(2.40) 
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In equation (2.40), e:m must satisfy the same set of equations as the total 
does, or more precisely, 

w = e: , (z = 0, wing portion) (2.41)m m


aW
m 2 = -- (z = 0, jet porti on) (2.42)i'm'ax c clJ 

+wm = em' (x = xt(y), when clJ(Y) ~ 0) (2.43 ) 

Ix + c. when c. (y) ~ 0 
(2.44)

i'm = 0, 

x = xt(y), when clJ(Y) = 0 

thThus, i'm is a solution of the m fundamental case. 

Fundamental cases commonly encountered include, for example, camber 
and twist of the wing, angle of attack, deflection of a trailing edge or 
leading edge flap, and jet deflection. These are illustrated in figure (2.3). 
For simplicity, only the sectional characteristics of each is illustrated. 
The spanwise variation is not shown. In practice, solutions for a particular 
jet-wing problem might involve the combination of any number of fundamental 
cases. Since each fundamental case can be solved independently, maximum com­
puting efficiency can, as indicated above, be realized by the linear super­
position of the required fundamental case solutions. It must be noted, 
however, that inherent in the formulation of the theoretical model is a 
restriction that prevents a change in the magnitude and distribution of clJ 
or wing planform geometry from being regarded as a fundamental case. In 
other words, the linear superposition of fundamental case solutions is only 
valid for those problems having the same wing planform geometry and trailing 
edge clJ distribution. 
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2.2.1.5 Ground Effect 

For conditions where the jet sheet does not impinge on the ground, the 
significant effect of ground proximity is to change the aerodynamic character­
istics of tile jet-wing and also to constrain the jet path and downwash field, 

which can lead to significant changes in the empennage contributions to 
stability and control characteristics. These effects should be amenable to 
treatment by potential flow methods similar to those currently being discussed. 
However, as the jet path comes in close proximity to the ground or should the 
jet actually impinge on the ground, then the flow behavior will be signifi ­
cantly altered with noticeable changes in the viscous-inviscid interaction. 

As mentioned earlier, the theoretical treatment of the aerodynamics 
of jet-wings in ground effect has received little attention in recent years. 
Ground effects on two-dimensional jet-flap airfoils have, of course, been 
examined. The flow behavior for finite aspect ratio wings has, however, 
proved substantially different from that observed in two-dimensional experi­
ments, primarily because of the spanwise venting which can occur. More 
extensive theoretical studies of jet-wings in ground proximity are needed. 

The authors have, as part of the present program, given serious con­
sideration to what would be regarded as a realistic theoretical treatment 
of the three-dimensional jet-wing ground effect problem in which the close 
proximity or impingement of the jet on the ground would be, to some extent, 
considered. In order to establish the behavior of the aerodynamics, an 
iterative approach would have to be adopted. The location of the jet sheet 
for the solution of the first step in the iterative scheme could be obtained 
from the present jet-wing lifting surface theory, modified to include the influ­
ence of the ground in a linearized sense. Use of the linearized approach as a 
first step of the iterative scheme is dictated by the fact that the jet shape is a 
function of the loading distribution both on the jet and the wing and, there­
fore,is unknown a priori. The next step in such a solution would be to deter­
mine from the jet shape if there is ground impingement of the jet. Although 
once impingement has occurred viscous effects might become important, it 
should be reasonable to assume that no further vortex shedding occurs down­
stream of the impingement point. Tile jet shape and ground impingement specified, 
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rt would then be necessary to again solve the jet-wing problem at each angle 
if attack using a fully non-planar non-linear lifting surface theory. The 
new loading could then be used to recalculate the jet shape and ground impinge­
ent point, and the process could then be repeated. 

Although a non-linear iterative technique as described above should 
provide a realistic theoretical model of a jet-wing in ground effect, owing 
to its complexity, it is desirable to investigate simplifications of such an 
approach in order to evaluate their usefulness in establishing engineering 
methods for preliminary design purposes. The simplification that has been 
adopted to date is to use only the first step of the full solution. In other 
words, the ground effect problem will be treated here within the framework of 
the linearized jet-wing lifting surface theory. The usefulness of such 

an approach might well be questioned. For wing-ground heights typical of 
STOL transport aircraft, however, the segment of the jet closest to the wing 
where most of the jet turning (and hence loading) takes place might be suffi­
ciently displaced from the ground for the linearization assumptions to apply. 
The validity of the assumptions will be assessed later when a comparison with 
experiment can be made. What must not be overlooked, however, is that the 
method described herein can at a later date be utilized as part of the more 
rigorous procedure outlined earlier. 

In view of the above, the basic assumptions adopted in Section 2.2.1.2 
for the jet-Wing in free air will again.be used in the solution of the ground 
effect problem. That is, it is assumed that the effect of wing thickness is 
negligible and the local incidences of the wing are small. Also, the flows, 
both within and outside the jet sheet, are assumed to be incompressible, 
inviscid, and irrotational. Rolling up of the wake and jet sheet is neglected. 
Based on these assumptions, the jet-wing in ground effect problem may be 
treated as a potential flow problem. Thus, the governing equation is Laplace's 
equation (2.12), subject to the boundary conditions (equations (2.14), (2.17), 
(2.18), and (2.19)~). As mentioned previously, the jet-wing problem is a 
free boundary problem with non-linear boundary conditions. In free air, the 
problem has been simplified through a linearization of the boundary conditions 
and through the assumption that, because of the small incidences and deflec­
tions, it is satisfactory to satisfy the boundary conditions not on the actual 
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boundaries but on their projections on the z = 0 plane. The validity of 

these last two assumptions must be re-examined for the ground effect problem. 

Before linearization of the boundary conditions can be further pursued, 

the basic mathematical model to be employed in this analysis must be discussed. 
Since the ground must be a streamline of the flow (i.e., the ground is imper­
meable), it is logical to place an image jet-wing below the ground such that 
the ground becomes a plane of symmetry between the "rea111 jet-wi ng and its 
mirror image [figure (2.4b)J. Although such a scheme returns the problem to 
having a fully infinite regime of flow as in the free air case rather than 
semi-infinite, the regime is now multiply connected rather than simply con­
nected. Because of its multiply connected nature, the assumptions adopted 
in the formulation of the jet-wing lifting surface theory, in particular the 
simplification of the boundary conditions, must be reassessed. 

In ground effect the wing moves, in part, in a velocity field induced by 
the image of the jet-wing system. Now the complex problem of finding the 
aerodynamic characteristics of the wing out of ground effect was simplified 
by making two important approximations. The first was that in calculating 
the velocity field induced by the jet it was permissible to ignore the 
entrainment into and the thickness of the jet. The second assumption was 
that the approximations of linear perturbation theory could be introduced. 
These two assumptions, \'Jhen valid in ground effect, imply that the loading 
induced on the wing due to the ground and hence its image can be calculated 
to first order by considering only the downwash Wi induced by the image 
jet-\'ling bound and trailing vorticity. This can be shown as follows: 

Consider the kinematic boundary condition expressed by equation (2.14). 
In the case of ground effect equation (2.14) becomes 

w + Witan £ = • (2.45)
U -to LA + u' 

where 'iJ I and u l are the perturbation or disturbance velocities induced 
by the image. NO"1 for high aspect ratio wings and providing the height: 
chord ratio is not too small and £ not too large, it follows that the value 
of Wi or u' will be of the 0(£) or higher. Adopting, therefore, the 
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linearization employed in the derivation of equation (2.20), equation (2.45) 
can be replaced by 

Wi W ( € 3 ) ( U UI)U + IT = € +"3 +.... 1 + IT + IT :::: £ (2.46) 

which is in agreement with equation (2.20) providing € is taken to be equal 
to the total downwash. 

Turning now to the dynamic boundary condition, an important consequence 
of the assumption that the jet has zero thickness is that equation (2.17) is 
exact and uniformly valid for all heights of the wing relative to the ground. 
No attempt will be made here to show that this is the case, but the reader 
can consult a paper by Maskell and Gates (reference 16) which gives results 
from which it can be shown that 

where d
J 

is the jet thickness. This yields for dJ = a the relation 
given in section 2.2.1.3 

(2.48)
 

The linearization of the dynamic boundary condition is quite straight­
forward. Combining equation (2.45) and (2.48) gives 

y = :L cos £ (2.49)
IT 2R 

where Y, as before, is the vorticity distribution which gives rise to a 
jump in velocity (i.e., Vl - V2) across the jet sheet. Substituting for 
R [i.e., equation (2.21)] it follows that 

C c d 
:! = ~ sin 2£ d~U 4 w + ~ 

U U 
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which for small first-order quantities, 0(£) say, can be written 

_ CllC d(w/U + w' /U) (2.50)- 2 dx 

This means that both the dynamic and kinematic boundary conditions derived for 
the wing out of ground effect apply equally well in ground effect, providing 

w is now the total downwash. 

At this point it is pertinent to inquire if the linear perturbation 
theory is valid over the range of ground heights of interest. A point to 
notice is that in the linearization of the ground effect problem, it was 
necessary to neglect terms of O( t) while out of ground the error would, in 
general, be of higher order. It is possible to conclude, therefore, that the 
accuracy of the linear perturbation theory may be low and that an approx11nate 
correction, at least to the lift if not the aerodynamic loading, is worth 
seeking. 

In thin-wing theory the induced velocities are assumed small in compari­
son with the main-stream velocity for deriving the boundary conditions (2.46) 
and (2.50). In particular, it was found necessary and correct in a first­
order theory to neglect, in calculating the aerodynamic loading, the Il UIl 

perturbation velocity. In other words, the exact expression for AC asp
given by Bernoulli's equation, namely: 

AC = 2 '1.. (1 + u+ u')p U IT tr 

is, neglecting second- and higher-order terms, given by equation (2.37). To 
the same order of approximation when integrating aerodynamic loading to obtain 
total lift or pitching monent, it was found useful to assume that AC could 
be evaluated using the following expression P 

(2.51) 
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In justifying the second-order correction 2(y/U)~YU) in equation (2.51) 
to the first-order theory value of 6C (i.e., 2y/U), it was found profit ­p 
able to have a look at the classical theory of an airfoil without a jet flap 
0.e., the specia~ case c =~. The most important example of the linear 

1.1 
perturbation theory, given in Appendix 1.5, is the case of the flat-plate 
airfoil at a height h from the ground. Because the freestream perturbation 
velocity associated with the image is neglected (i.e.,_ 6Cp = 2y/U), the lift 
coefficient, c~, becomes, neglecting powers of (c/4h)2 greater than the 
first, 

c = 27Ta [1 + 41 (~)2] (2.52)
~lst order £:11 

theory 

Now this is the lift coefficient that would be obtained with the present 
method as AR + ~ for an airfoil of chord c and an angle of attack a. 

Several authors have, however, developed approximate theories for the flat 
plate in which higher-order tenns in (c/4.h)2 have been considered without 
restriction on the incidence a. The reader can consult, for example, 
L.C. Woods', "The Theory of Subsonic Plane Flow,,,40 in which the following 
expression for c~ is given: 

2c~ = 2~ sln • [1 - (~) sln • + }r(~IiY (l + 3 sln .) + •••J (2.53) 

which for h + ~ gives the well-known exact fonnula for Ct. 

It follows from an examination of the last two equations that the error 
in predicting the change in lift in ground effect could be large if a is of 
O(c/2h). Consider now the magnitude of uI/U which according to Appendix A.5 
becomes 

u' _ 1 (C) (2.54)U - - % 211 cR.l st order 
theory 

Hence, if the expression for 6C given in equation (2.51) is employed, onep
 
finds
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c. · 2,. [1 -t(~h) + ~ (~)2 + 0(~n (2.55)
 

in which the restriction is that terms of O(c/2h)3 and higher are neglected 
and that u, as usual, be small. From a close examination of equations (2.52), 
(2.53) and (2.55), one can conclude that the error in predicting the change in 
lift in ground effect has been reduced by approximately fifty percent for 
sma 11 a. 

The discrepancy between equations (2.53) and (2.55) is simply associated 
with the steps taken in the linearization of the kinematic boundary conditions 
in which the second-order terms (i.e., of 0{£2» have been neglected. It is 
unlikely, therefore, that any further improvement can be made to the first ­
order theory without considering the second step in the iterative method of 
solving the "exact" ground effect problem. The iterative method the authors 
have in mind is that described earlier in this section. An additional and 
important result that can also be deduced from equations (2.53) and (2.55) is 
that the correction made earlier to the first-order theory (i.e., the u'/U 
term) can be of comparable order of magnHude as the image induced downwash 

w'/U. 

Having established a useful approximate theory for the flat plate in 
ground effect, it is pertinent to inquire if it is uniformly valid for the 
arbitrary thin airfoil in which c~ ~ o. Clearly it cannot hold for all 
conditions. Nor will any attempt be made here to justify, in a rigorous 
sense, its application to the general problem. An important consequence of 
the assumption that 6C is given by equation (2.51), has been, however,p 
a consistently better agreement in the general case between the results 
obtained from the present ground effect method and exact jet flap airfoil 
theory. This is a point which will be demonstrated later (section 2.2.6.3) 
for conditions in which c~ is greater than or equal to zero. 
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l 
.2.2 Numerical Solution 

Most STOl jet-wing high lift systems are likely, in practice, torrequire the use of part-span mechanical flaps with or without chord extension, 
rartial span blowing, etc. Since it is essential to be able to evaluate the 
aerodynamic characteristics of these configurations, the authors are of the 
:oPinion that a solution to the jet-wing problem, as formulated in the previous 
section, requires a numerical approach based on a finite-element method. 

Consider the general application of a finite-element method to the 
numerical solution of the jet-wing problem. The boundary region, or the 
vortex sheet, must be divided into a finite number of small elements, each 
containing an unknown vortex distribution. Presumably when these vortex 
distributions are calculated, their sum represents the total vortex'distri ­
bution in the boundary region. The problem would involve finding the 
individual distributions in each element through the application of the jet ­
wing boundary conditions; i.e., equations (2.32) through (2.35). In parti ­
cular, a finite element method would require that the boundary conditions be 
satisifed at one point (control point) on each element. In the following 
paragraph a detailed description of the present method will be presented. 

The downwash w contained in equations (2.32) through (2.36) is 
required to be written in terms of the summation of downwash induced by 
every element. Let the jth element be denoted by ~., then according to 

i thequation (2.36) the downwash Wi at the contr~l point (xi'Yi) may 
be expressed as follows: 

N 

Wi = L: /iW •• (2.56)
lJ 

j=l 

where 

/iw ••
lJ 

(2.57) 
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with 

i thwhere w.. is the downwash at the control point induced by the vortex 
distribu~~on at the jth element. The notation N denotes the total number 

of elements involved. 

Next, it is necessary to find a simple model to represent the vortex 
distribution y.(~,n) in the element. It is highly desirable that this 

J 
elementary vortex distribution can be expressed by a general function times 
an unknown factor Yj so that its induced downwash, ~Wij' according to 
equation (2.57), is also proportional to the same factor. In other words, 
if 

'Y·g.(~,n) (2.58)
J J 

then 

!J.w.. = a· .y. (2.59)
1J 1J J 

where 

x. -E;)
a
lJ
.. (1 + ~ i d~dn (2.60) 

The term a.. is normally referred to as the downwash influence coefficient,
lJ 

that is, the downwash induced by an elementary vortex distribution of unit 
magnitude. The advantage of this formulation is that only one unknown (a 
linear factor) is associated with an element. Thus, a set of linear equations 
can be easily constructed, with the same number of equations as unknowns. The 
problem remains to define a model of the elementary vortex distribution. 

In the solution of conventional wing problems, promising results have 
been obtained in recent years vdth the "vortex lattice ll and IIbox ll methods 
(references 29 and 30). The semi-infinite area of discontinuity and mixed 
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boundary conditions which arise in the jet-wing case were partly responsible, 
however, for the development and selection of the method described in the 
following section. In the meant"ime, it should be noted that the specific 
model of the elementary vortex distribution attempts to satisfy two criteria 
essential to the evaluation of the correct downwash distribution throughout 
the entire region. First, the vortex must be assumed to be distributive and 
secondly, continuous (i.e., the elementary vortex distribution in an element 
must join adjacent ones continuously). 

2.2.2.1 Description of the Elementary Vortex Distribution Method 

In the following, the flow around the wing and the jet sheet will 
be determined by first considering that the wing and jet boundary regions 
(z = 0) are divided into chordwise strips parallel to the free-stream, with 
each strip then subdivided, as illustrated in figure (2.4) , into rectangular 
elements. Although this simplifies the task of deriving the downwash influence 
coefficients, obviously, in the case of a swept wing, these elements do not 
exactly reproduce the leading or trailing edge of the wing. If, however, a 
sufficient number of elements are used, the solution of rectangular elements 
does not impose a serious restriction, a fact that is substantiated by the 
comparison of calculated results with those available from conventional wing 
lifting surface theories. 

A vortex model consisting, except for singularities, of a continuous 
vortex distribution in the chordwise direction, representing the correct 
distribution as closely as possible while not sacrificing simplicity, will 
now be adopted. Along each strip, this model will primarily consist of 
rectanglular elements represented by a linear vortex distribution. At 
the leading edge, the flap hinge and the trailing edge with a deflected jet, 
where the real vortex distribution approaches infinity, the model adopts the 
appropriate singularity for the leading edge, and the logrithmic singularity 
for both the hinge and the trailing edge with a deflected jet. The leading 
edge and flap hinge singularities are well-known since they are present in 
most conventional lifting surface theories. The trailing edge singularity 
with a jet is derived from Spence's theoretical analysis of the two-dimensional 
jet-flap problem. Finally, the vortex model also adopts a vortex distribution 
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for the last element on the far downstream end of the jet that prescribes the 
appropriate decay property (y goes to zero as x approaches infinity). 
The	 last element is assumed to be infinitely long t thus eliminating the need 
to truncate the jet sheet. 

The adopted vortex model and its real counterpart are illustrated in 
figure (2.4) where it is apparent that all the linear distributions are 
actually equivalent to a set of overlapping triangular distributions t with 
each of them straddling on two successive elements. In fact t the vortex model 
that has been adopted is now represented equivalently by a set of composite 
elementary vortex distributions (abbreviated as EVD's) consisting of the 
following four types: 

i.	 Regular EVD: Triangular in shape and distributed over two 
successive elements. 

ii.	 Leading Edge EVD: Distributed over the leading edge element. 
It is square root singular when approaching the leading edge 
and becomes zero at the other end of the element. 

iii.	 Hinge EVD: Consisting of two parts. One is the Regular EVD t 
the other is the additional hinge distribution having a logri­
thmic singularity at the hinge with its strength directly pro­
portional to the deflection angle of the flap or the jet (e.g. t 
0st Oft or 0q). It is distributed over the two elements adja­
cent to the flap hinge line or to the trailing edge with a 
deflected jet. 

iv.	 Infinity (Far-Jet) EVD: Distributed over the last two elements 
of the jet at the downstream end. The front half is linear t 
while the other half gradually decays to zero (proportional to 
x- 2 ) on approaching infinity. 

The four types of the EVD1s are designated specifically in figure (2.4) 
The derivation and precise mathematical definition of each of these EVD's is 
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given in detail in Appendix 1.1. 

It is understood that, associated with each elemntary vortex distribu­
tion, there are trailing vortex lines emanating from the streamwise edges 
of each element since it is assumed that the spanwise bound vortex distribu­
tion within an element is constant. This implies that a discontinuity 
exists in the vortex distribution across the streamwise edges of an element, 
in contrast to the requirement of continuity. Nevertheless, this compro­
mise was considered desirable in order to maintain simplicity. In view 
of the discontinuity, the control point is chosen on the streamwise 

center line of an element; otherwise it can be anywhere on this center line. 
The center line criterion appears, at first, to be a logical choice, which 
is later substantiated by the solution. 

In summary, the wing surface and jet sheet have been replaced by their 
projection on the plane xOy and are considered to be equivalent to a 
sheet of vorticity. The jet-wing boundary has been divided into a set of rec­
tangular elements, and the vortex distribution has been represented by a set of 
EVO's overlapping each other. The EVD permits a chordwise variation of vorticity 
but it remains constant along the spanwise direction. Each EVO can be repre­
sented by only one unknown, which is the vortex intensity value at the apex 
of the vortex distribution in the case of the Regular EVD or the Infinity EVO. 
In the case of Hinge EVD, the unknown is the apex value of the regular part 
of the distribution. The additional part is predetermined and proportional 
to a. Finally, in the case of the Leading-Edge EVD, the mean vortex value 
over the element is taken as the unknown. The boundary conditions are required 
to be ·satisfied at one control point for every element. Since there are as 
many EVD's as there are elements, the same number of equations can be set up 
to sol ve for an equal number of unkno\'ms. $i nce the present method for the 
jet-wing problem uses the EVD model, it will be referred to as the EVD method, 
an abbreviation for the method of Elementary Vortex Distribution. 

2.2.2.2 The Downwash Influence Coefficients 

The calculation of the downwash influence coefficient associated 
with each EVD will now be considered. Irrespective of the type of EVD, in 
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general, the local vortex strengh, Yj(~,n), of each one can be expressed 
by 

y"':"(E;,n) = y.g.(~) + S·h·U;) (-Ii < n < Ii) (2.61)
J J J J J ' 

where Ii is the element semispan, Yj is the unknown, and S. is the deflec­
tion angle (in radians), both associated with the jth EVD. ?he s- term 
automatically vanishes when Sj = 0, that is, when the jth EVD is not a 
hinge EVD. The S. term is either the peak value or the average value of 

J 
the vortex strength of each vortex distribution. 

With Yj defined above, the downwash liWij at a control point 
(xi'Yi) due to the jth EVD can be calculated according to equation (2.57), 
yielding the following expression: 

liW.. = a.. y. + b .. S . (2.62) . 
lJ lJ J lJ J 

which contains two downwash influence coefficients, a·. and b..• These 
1J 1J 

downwash influence coefficients are given by: 

a .. (2.63)lJ 

and 

b.. (2.64)lJ 

where the integration is performed over the base of the jth EVD, denoted by 

liAr 

The preceeding downwash expression appears to be more complicated than 
equation (2.59), but the a term is no more than a known constant, contri ­
buted by the additional hinge distribution only. The analytical formulas for 
the downwash influence coefficients associated with each type of EVD are 
derived in Appendix I.l by using the corresponding vortex distribution in 
evaluating the integrals given by equations (2.63) and (2.64). It is 
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particularly noteworthy that all the EVD's possess the unique property that 
the vortex intensity is either zero or approaching an integrable singularity 
at either chordwise end. As a result, the downwash calculated from an EVD 
is, except for singularities, continuous along a chordwise section and thus, 
complicated numerical computations are eliminated. 

Retaining the expression (equation (2.62)) for t.w .. ,
lJ 

the total down­

wash wi at a control point, (Xi 'Yi)' due to all the EVD's (Note: The 
total number of EVD's is denoted by N), according to equation (2.56), can 
be written as: 

N N 

W. 
1 =L 

j=l 
a .. y.

lJ J 
+ L

j=l 
b.. a.
lJ J 

(2.65) 

where, again, the second term on the right hand side is known. 

2.2.2.3 Modification of the Downwash Influence Coefficients for Ground Effect 

As discussed in Section 2.2.1.5, the ground effect problem is solved 
by placing a mirror image of the jet-wing below the ground such that the 
ground becomes a streamline of the flow. It is necessary to calculate an 
additiona.l set of downwash influence coefficients which relate the downwash 
induced by each element of the jet-wing by each element of the image jet-wing. 
Therefore, equation (2.62) can be reformulated and expressed as 

I:!.w.. = (a ., + a.. )y. + (b.. + 6. .) e. (2.66)lJ lJ lJ J lJ lJ J 

where a.. and b.. are the two downwash influence coefficients for the 
1J lJ 

image jet-wing which correspond directly with equations (2.63) and (2.64), 
respectively. Similarly, the total downwash wi at a control point (xi'Yi) 
due to all the elements on the real jet-wing and its mirror image becomes 

N 
+ a.. )y. + (b ....+ 6.. ) e. (2.67)lJ J lJ lJ JL
 

j=l 
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The downwash influence coefficients associated with the image jet-wing 
can be approximated by expressions simpler than those given in Appendix 1.1.1 
throughI.l.4 because the image jet-wing is sufficiently removed from the real 
jet-wing and, therefore, the details of the loading distribution on the image 
are mathematically unimportant. Hence, it is not necessary to represent the 
infinitesimal horseshoe vortex distribution of the image by the continuous 
vortex distributions used in the EVD theory. Instead, the image jet-wing 
has been replaced by a lattice of discrete horseshoe vortices, one per rect­
angular element equal in strength to the corresponding EVD. Figure (2.5) 
compares the downwash distribution induced by a triangular shaped elementary 
vortex distribution with that of a concentrated horseshoe vortex of the same 
total vortex strength and shows that the downwash induced by the two distri­
butions differs only in a region the size of the vortex element. Hence, the 
approximation employed herein should be valid except when the wing-ground 
height approaches the size of the vortex elements. For each horseshoe vortex 
on the image jet-wing, the bound segment of the vortex is placed at points 
on the image corresponding to vortex points on the real jet-wing, which are 
the leading edge points of each element. Unlike standard vortex lattice 
theory, where the bound vortex must be located at the 1/4-chord position and 
the downwash point at the 3/4-chord position, there is no stringent collo­
cation requirement here since the downwash points are on the real jet-wing 
and hence are in the far field relative to the singularities of the vortex 
lattice. The additional hinge contribution is not used for the ground effect 
solution because of the vortex lattice representation of the image jet-wing. 
The analytical formulas for the image jet-wing downwash influence coefficients 
are derived in Appendix 1.1.5. In addition, a freestream perturbation 
influence coefficient is derived in Appendix 1.1.5. This coefficientcij 
is discussed in Section 2.2.3.1.4. 

2.2.2.4 Boundary Conditions 

The EVD method requires that the boundary conditions be satisfied 
at one control point on each element. The boundary conditions denoted by 

i thequations (2.32) and (2.33) can, for the control point (x.,y.), be 
1 1 

expressed by: 
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i th(when the control 
point is on the wing) (2.68) 

i th(when the control 
point is on the jet sheet) (2.69) 

On substituting the downwash expression. equation (2.65). into the wing 
boundary condition. equation (2.68). and then transferring the known constant 
term to the right-hand side of the equation. a linear algebraic equation in 
Yi is obtained. 

N

2: aij
j=l 

(i. on the wing) (2.70) 

Although the EVD model is designed to reproduce the downwash w accu­
rately. it does not suffice to guarantee that the derivative ~ will be as 
accurate. Hence. in order to make the jet boundary condition more suitable 
for numerical computation. equation (2.69) is integrated over a small distance 
along the jet. say from one control point xi - to the following one xi.l 
to give 

Xi 

w. - w. 1 = - -c('-y""l'")"';;~~J..l.,-(y-i"'""") f Y(~ .y i ) d~. (i. on the jet sheet) (2.71)
1 1­

x.1-1 

which no longer contains the derivative. The integral on the right hand side 
of the equation represents the total vorticity contained in the interval of 
integration. Although the solution of this integral in terms of the unknown 
y.'s is derived in Appendix 1.2. in general. it may be expressed follows: 

J 

e .. y. + (2.72)=L 
N 

1J J 
j=l 

As before. the a term is known. Most of the integration coefficients e ..
1J 

and f ij are found to be zero. except for those j1s adjacent to i. 

By substituting the downwash equation (2.65) and the integration 
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equation (2.72) into equation (2.71), a linear equation for the dynamic 
boundary condition on the jet can also be introduced. 

N N
 

- a. 1 . + v{y.) e ..) y. = - ~(b1'J' b. 1 . + v (y .) f..) 13·
~(aij 1- ,J 1 1J J L..J 1- ,J 1 1J J' 
j=l j=l 

(i, on the jet sheet) (2.73) 

where v{Yi) is defined as 

v (y i ) (2.74) 

Special consideration should be given to the leading jet element at a 
chordwise section, where the integration of equation (2.69) is supposed to 

start from the trailing edge (xt'Yi) rather than xi _l ' because the 
equation does not apply ahead of the trailing edge. Consequently, _ iswi l 
replaced by the initial jet angle, e{Yi)' and the jet boundary condition 
corresponding to equation (2.73) becomes 

N N
 

e(y.) - ~ (b .. + v{y.) f .. )
~(aij + v{Yi) eij ) Yj = 1 ~ 1J 1 1J
 
j=l j=l
 

(i is the leading control point on the jet) (2.75) 

In view of this special consideration, the other boundary condition given by 
equation (2.34) has automatically been satisfied. 

Equation (2.73) or (2.75)does not, of course, stipulate that the jet 
boundary condition is satisfied precisely at the control point, nor at any 
other specific point on an element. It is apparent that wi-wi _ is directlyl 
proportional to the mean value of the derivative ~ over the interval from 
x. 1 to x., and also that the y integral is proportional to the mean 
1- 1 

value in the same interval. If the exact solution had been known for both 
wand y, a point could be found within the interval, where both the local 
values ~ and Y take the corresponding mean values of the interval. So, 
effectively speaking, equation (2.73) or (2.75) requires the jet boundary 
condition to be satisfied at a point somewhere in between the two consecutive 
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control points. It should also be noted that the Kutta condition prescribed 
by equation (2.35) has been built-in inherently within the EVD model. On the 
infinity or far-jet elements, the Infinity EVD is assumed. Since" vanishes 
as x tends towards infinity for this EVD, the Kutta condition at the blown 
sections is fulfilled. On the trailing-edge elements where there is no jet 
emission, the Regular IItriangular li EVD is used. This guarantees that the 
value will be zero at the trailing edge. Thus, the Kutta condition at the 
unblown section is also satisfied. 

In conclusion, equations (2.70), (2.73), and (2.75) now contain all the 
necessary information or conditions for solving the jet-wing problem. These 
form a system of N linear algebraic equations to be solved for N unknown 
" values, which are mostly the local vortex intensity values. 

So far the location of the control point relative to an element has not 
been specified except for the restriction that it lie on the streamwise center 
line. In principle, any point on the center line should serve the purpose. 
Those integration coefficients and given in Appendix 1.2, however,eij f ij 
are derived specifically at the midpoint of the center line. 

2.2.2.5 Determination of Aerodynamic Loading or Local Vortex Intensity 

In summarizing, the linear equations, (i.e., equation (2.70), (2.73), 
and (2.75») may be combined in simple form: 

N

L: Aij"j = Bi , (i = 1,2, .••.. N) (2.76) 
j=l 

where the coefficient matrix A.. is given bylJ 

a· .lJ 
, (i , on the wi ng) 

A..
lJ = a ..

lJ 
+ \) (y. ) e ..1 lJ 

, (i , the leading point 
on the jet) 

(2.77) 

a ..
1J 

- a. 1 .1­ ,J + v (y . )e ..1 1J , ( i , other points on the jet) 
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and the coefficient matrix Bi is 
N 

E: i - I)ij 13 j • (i, on the wing) 
j=l 

N 

= e(y .)
1 

-~ [b .. 
~ lJ 
j=l 

+ v (y . ) f .. J 
1 lJ 

13 •• (i, the leading 
J points on the jet) 

(2.78) 

N 

-L:[bij - bi_l,j + v(Yi)fijJSj.(i, other points on the jet) 
j=l 

The downwash influence coefficients and required in the aboveaij bij 
equations may be calculated according to the formulas given in Appendix 1.1, 
while the integration coefficients and required are those given eij f ij 
in Appendix 1.2 if the mid-points of the elments are selected as the control 

points. For the ground effect solution, the coefficient matrix becomesAij 

a .. + a.. , (i, on the ~/ing) 
1J 1J 

A.. = a .. + a.. + v(y.)e .. , (i, the leading (2.79)
1J 1J 1 1J1J point on the jet) 

(a .. + a.. ) - (a. 1 . + a. 1 .) + v (y . )e. . • 
1J 1J 1- ,J 1- ,J 1 1J 

(i, other points on the jet) 

while the column matrix Bi remains the same as the free air case, equation 
(2.78). The ground effect downwash influence coefficients may be cal­aij 
culated according to the formulas derived in Appendix 1.1.5. 

The linear system of equation (2.76) can be readily solved (reference 2) 

for the unknown Yj'S with the aid of the digital computer. Most of the 
Y - values of the solution represent the peak value of an elementary vortex 
distribution. Since the peak value is also the local vortex intens1ty of the 

resultant vorticity distribution, the vortex intensity is then known discretely 
at a large number of points throughout the jet-wing system. All these points 
are located at the chordwise ends of rectangular elements. In Section 2.2.1.4 
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the concept of fundamental cases was introduced. These fundamental cases can 
be considered as additional columns on the right hand side of the matrix 
equation (2.76) and so solved simultaneously. This feature has been found to 
be particularly useful in increasing computer operation efficiency. 

As a result of having adopted the classical approximations of linearized 
theory, it has been shown in equati on (2. 37) that the 1oadi ng or pressure jump 
coefficient ~cp across either the wing or the jet sheet is proportional to 
Y. Hence, the loading coefficient at a point (xi'Yi) is 

~c = 2 y. (x . ,y . ) (2.80)Pi 1 1 1 

In ground effect it has been shown in equation (2.51) that the pressure jump 
coefficient ~cp is proportional to both Y, the local vortex intensity, 
and u~ the perturbation flow induced in the freestream direction by the 
image wing on the real wing. Hence, the loading coefficient at a point 

(xi'Yi) in ground proximity is 

~cPl' = 2 [1 + u~{x.,y.)l y.(x.,y.) (2.81 ) 
1 1 1 J 111 

To obtain, in general, a continuous chordwise loading distribution ~cp{x) 

in any chordwise section, it is necessary to use a curve fitting procedure 
that passes an approximate curve through all the known points. The ordinary 
curve fitting method, which considers bounded functions only, is not satis­
factory, because the actual loading according to the jet-wing lifting surface 
theory becomes singular in certain places. These singular loadings have 
been "incorporated in the EVD model; that is, the square root singularity for 
the Leading Edge EVD and the logarithmic singularity for the Hinge EVD. A 
very accurate representation of the chordwise loading distribution can 

be obtained by incorporating the expressions for the singular EVD's which 
are given in Appendix 1.1 into the curve fitting procedure. In other words, 
the loading in the singular region is represented separately by the corres­
ponding singular EVD plus the relevant part of the Regular EVD, while 
throughout the remaining region, where discrete values of the loading exist, 
a regular curve fitting is applied. 
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The chordwise loading distribution ~cp on the wing obtained in this 
section can be integrated to provide both sectional and total aerodynamic 
characteristics. In addition to the pressure contribution, there is always 
a reaction contribution associated with the jet. Both will be discussed in 
detail in the following section. 
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2.2.3 Aerodynamic Characteristics 

In this section, the detailed formulas for the aerodynamic (including 
propulsive and stability and control) characteristics are defined. They are 
expressed and subsequently used in their non-dimensional form only. 

2.2.3.1 Sectional Aerodynamic Characteristics 

2•2. 3. 1.1 Lift 

The sectional or local wing lift coefficient c~r resulting from 
the circulation around a wing section can be obtained from an integration of 
the chordwise loading distribution ~cp obtained in the preceding section. 
The sectional wing total lift coefficient at any spanwise station y which 
also includes a component of the reaction force c~, can be expressed by 

~ 

(2.82) 

where 

1 

~cp(x,Y)dX =Jf ~cp(x,Y)dX (2.83) 
o 

and 

cR, (y) = c (y) 8 (y) (2.84) 
~
 

~
 

In equation (2.83) it will be noted that for convenience an auxiliary 
- )( -xl/,(y)

non-dimensional coordinate x = c(y) has been introduced. 

2.2.3.1.2 Pitching Moment 

To obtain the pitching moment, a moment center must first be 
selected. In the theoretical analysis of the aerodynamic characteristics of 
conventional wings, it has been clearly established that the effect of the 
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induced drag on the pitching moment can normally be neglected. It has, 
therefore, been the general practice to consider only the horizontal position 
of the moment center. In the case of the jet-wing, both the horizontal and 
the vertical component of the resultant jet reaction can lead to a first-order 
contribution to pitching moment. In the derivation of the relevant equation 
for sectional pitching moment it will, therefore, be assumed that the moment 
center is fixed at the leading edge of each wing section. Accordingly, the 
total sectional pitching moment coefficient, cm' can be written as: 

(2.85) 

where 

xt(y) 1 

tlCp(x,y)(x - x£(y)Jdx = - f tlCpCx,y)'XdXJ 
x£ (y) o (2.86) 

c (y) = - c (y)e(y) (2.87) 
m ~
 
~
 

and 

c (y) = c (y) ~ (2.88)mt ~ c(y) 

In the above expressions, Cm 
f

' cm~' and cmt designate the pitching moment 
(positive nose up) contributed by the pressure and the vertical and horizontal 
components of the jet reaction, respectively. The term tlZ is used to denote 
the vertical displacement of the trailing edge relative to the leading edge of 
a wing section. 

Suppose that the local angle of attack at a section, that is, the wing 
angle of attack a plus the twist at(y), is measured from the chord line 
joining the leading and trailing edges, then ~z(y) may be expressed as 

K c (y) 
tlz(y) _ ( ) () "" f i
c{y) - a + at y - 8s Y + LJ Si (y) c(y) (2.89) 

i=l 
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It will be noted that this expression for ~z takes into account several 
ideal leading and trailing edge flap deflections, each with a deflection 
angle 9i and flap length Cfi measured from the hinge to the trailing edge. 
The angle 8 denotes the resultant inclination with respect to the free­s 
stream due to the deflection, if any, of all leading edge flaps. 

In view of the above, expressions for the center of lift, naturally 
including the aerodynamic center, can be readily established. Introducing 
xc•p• as the center of pressure lift and xC•

i
• as the center of total lift 

in the plane xOy, by definition 

c (y)m 
- - c 

r 
(y) (2.90) 

i r 

and 

(2.91) 

where it will be noted that Cmt is not required in the above calculation, 
even though it contributes to the total sectional pitching moment. 

2.2.3.1.3 Thr.ust and Induced Drag 

In 'contrast to the two-dimensional jet-flap case, complete thrust 
recovery is not, in view offue induced drag, obtained with a finite wing. It 
is to be understood that the chordwise loading distribution, leading edge 
suction, and the thrust component of the jet reaction will all contribute to 
the local thrust. In other words, the sectional thrust coefficient, ct ' can 
be given by: 

(2.92) 

where Ctr , cs ' and Ct~ are, respectively, the contribution associated 
with pressure lift, leading edge suction, and jet reaction and are given by: 
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1 . 
6C (x,y)d X,y)dX = - f 6C (X,y)E(x,y)dXp p

o 

1 

~ -f y(x,y)dx,y)dx (2.93) 
o 

271" 0R,(y) 2 
Cs (y) = '9 c(y) YR, (y) (2.94) 

(2.95) 

It has been shown earlier, that in proximity to the ground there is some 
justification for the introduction of a correction to the lift and possibly 
the pitching moment given by the first-order theory. The correction was shown 
to be equivalent to evaluating 6C by the following expression p 

AC = 2y(x,y)[1 + u'(x,y)]p 

where u' in the "U" perturbation velocity induced by the image. In evalu­
ating Ctr' it will be noticed that the term 2y(x,y)u'(x,y) has been 
omitted. This approximation is not likely to cause a serious error in the 
drag. Alternatively, it can be argued that there is no justification for 
including the second-order term in 6C in the evaluation of Ct withoutp r 
considering higher-order terms in the determination of the leading-edge suc­
tion and its contribution to drag. 

The derivation of the expression for leading-edge suction, c ' is not,s 
necessarily, self-apparent. A detailed discussion of the derivation of equa­
tion (2.94) is, therefore, contained in Appendix 1.1.3. It should be noted 
here that o£ denotes the chordwise length of the leading-edge element, and 
YR, is the mean of the "y" distribution associated with the leading-edge EVD. 
It will be recalled that YR, was chosen as the unknown in the solution of the 
jet-wing problem and, thus, is obtained directly as one of the y.-solutions.

J 
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It has already been mentioned that, in general, ct will be less than 
the section jet momentum coefficient c. The sectional induced drag coef­

]..I 

ficient is, therefore, defined as 

(2.96) 

which, by	 introducing equations (2.92) and (2.95), can be expressed by: 

2 
cd (y) =- ct (y) - cs(y) + c (y) ~ (2.97)

i r	 ]..I 

These three contributions to the sectional induced drag are second-order 
quantities and are nonlinear with respect, for example, to the angles a, 

of' <5J. 

2.2.3.1.4	 Sectional Aerodynamic Characteristics -Their Dependence on Angle 
of Attack 

Although the strength of the vorticity obtained for each fundamental 
case 1n the solution of the jet-wing problem is linear with respect, for 
example, to the angles a, oJ' and of' in ground effect the aerodynamic 
loading parameter 6C is not. Hence, both the sectional lift and pitchingp 
moment, as well as the induced drag, will be nonlinear with respect to these 
angles. 

Now in the equation for 6C ' namely:p 

6C (X,y) = 2[1 + J(x,y)]y(x,y) (2.98)p

the term ul(x,y) (i.e., the perturbation velocity induced in thex.y-plane by 
the image of the jet-wing) is calculated from 

N 

ui(x,y)	 (2.99)=L cijYj 
j=l 
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The perturbation freestream velocity influence coefficient is derived cij 
in Appendix L 1.5. Therefore, the term u'(x,y)y(x,y) in equation (2.98) is 
nonlinear (i.e., quadratic) in y. Accordingly, the fundamental case concept 
discussed in Section 2.2.l.4applies only to the vorticity distribution and not 
to ~cp and hence lift and pitching moment in ground effect. It should be 
noted that whether in or out of ground effect the induced drag coefficient, 
Cdi' is second order and thus nonlinear in y. 

It has been found useful to consider composite case loading character­
istics (for either free air or ground effect) in such a way that angle of 
attack, a, becomes the independent variable. Hence, ~cp for an arbitrary 
composite case composed of an angle of attack fundamental case and K other 
fundamental cases, each modulated by a factor am' is 

~cp(x,y) = 2[1 +u~(x,y) +"1:. amU~(X,J[Ya(X'Y) +t amym(X,Y)] 
01=1 J m=l 

= 2[1 + t "mu~(x,y) t amrm(x,JJ01-1 01=1 

+ 2{U~(X'Y) t amym(x,y) + t amU~(X'Y)]Ya(x'y)la+ [1 
m-l 01-1 

+ 2[U~(X'Y)ya(x.y)}2 (2.100) 

2= ~cp (x,y) + ~cp (X,y)a + ~cp 2(x,y)a 
o a a 

The ~cp 2 term is, of course, zero in the free-air case. It should be noted 
that u'(x,y) and Ya(x,y) are obtained from a solution of the fundamental 
matrix ~quation (2.76) for a flat-plate wing at an angle of attack of unity 

(i.e., the so-called alpha case). 

Having defined the ground effect pressure coefficient, ~cp(x,y), the 
sectional aerodynamic coefficients, with the exception of the induced drag, 
can be determined by suitable integration of ~cp(x,y) in a manner similar 
to that of Sections 2.2.3.1.1 and 2.2.3.1.2. In" the paragraphs that follow, 
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all three sectional aerodynamic characteristics will be expressed in coefficient 
form as a quadratic in terms of angle of attack. 

Lift - The sectional lift coefficient c is composed of a circulation 
t 

component c~r obtained by an integration of the chordwise loading distribu­
tion ~cp(x,y} obtained in the above, and a reaction component Ct~, and can 
be expressed by 

2 c (y) = c~ (y) + c~ (y}a + c~ (y}a (2.101)
t r r r r 2 o a a 

c~ (y) = c~ (y) + c~ (y}a (2.102) 
1..1 1..1 0 ~a 

where 

1 1 

= J ~cp Cx,y}dx; c~ (y) = f ~cp (x,y}dx; 
o 0 ra. 0 a. 

= 0 (h =co) 

K 

c~ (y) = cll(y}; c , (y) = c1..1(y} L a 8 (y}p m m
Po. \l 0 m=l 

Pitching Moment - In direct correspondence with the discussion of Section 
2.1.4.1.2 and equations (2.85) through (2.89), the sectional pitching moment 
coefficient c is composed of circulation, reaction lift, and reaction thrust 

m 
coefficients, expressed as 

c (y) = c (y) + c (y}a+cm (y}a2 (2.103)
m mr mr r r 2 

o a a. 

(2.104) 

(2.105) 
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where 
1 1 

c (y) =- f liC (x,y)xdx; C (y) = - f liC Cx,y)xdx;m p m p
0 0 f o exro ex
 

1
 

c (y) =- f liC 2(x,y)xdx = 0, (h = 00)
 
m p

f 2 0 ex 

C 

ex 

(y) = c~(y); c (y) = clJ(Y) 2:
K

a 6 (Y)m m m m
lJo llex m=l 

and AZ(Y)/C(Y) is defined by equation (2.89). 

Thrust and Induced Drag - As discussed in Section 2.1.4.1.3, the sec­
tional thrust coefficient is composed of circulation, leading-edge suction, 
and jet-reaction components, equation (2.93). As exp1a"ined earlier, each one 
of these terms is nonlinear with respect to angle of attack. In or out of 
ground effect, therefore, equation (2.93) can be written as 

2c (y) = c (y) + c (y)a + c (y)a (2.106)t t t tf fo f f 2 
ex a 

where 
1 

c (y) = -2 f 'Yo(x,y)dx,y)dXt 
f o 0 

1 

c (y) = -2 f 'Yo(x,y) + h a(x,y)E:(x,y)]dx
tr 

a a 
1 

c (y) = -2/ 'Yo(x,y)dxt 2r 0 0 

in which 'Y is expressed by: 

y = 'Yo + 'Y
0 

The leading-edge suction (i.e., equation (2.94» can also be expressed by 

2cs(y) = Cso(y) + C (y)a+ C 2(y)a (2.107)s s 
a 0 
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where 

Finally, the jet-reaction contribution to total thrust (i.e., equation 
(2.95)) is 

c (y) =c (y) + c (y)a + c (y)a2 (2.108)t t t tJ.l J.l J.l J.l 2o a a 

where 

1Ct~o (y) = c" (y)1- ~ [~ 8m(Yl] 21 
K 

(y) = cJ.l (y) L: 8 (y)ct m
J.l a m=2 

Note that the first fundamental case (i.e., m = 1) is assumed to be the 
Italpha lt case. 

2.2.3.2 Total Aerodynamic Forces and Moments 

In the derivation of total aerodynamic forces and moments it has been 
assumed (see Section 2.2.1.3) that all geometric parameters have been normal­
ized by b/2 and that, for convenience, all normalized variables retain their 
original symbols. The equations derived in the following sections apply both 
in and out of ground effect. 
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2.2 •3•2. 1 l 1ft 

The total lift coefficient Cl follows directly from a spanwise 
integration of the sectional quantities and can be expressed by: 

Cl 
l = qS = Cl r 

+ Cl J 
(2.109) 

where 

Clr 
--

+1 
1 f c(y)c.Q, (y)dyS 

-1 r 
(2.110) 

and 
+1 

Cl - - c(y)c.Q, (y)dy (2.111)S f
J 1.I-1 

The first integral (i.e. t equation (2.110)) corresponds to the pressure lift 
and the second integral the lift-reaction contribution due to the rate of change 
of momentum in the jet. Although various numerical methods may be used in the 
evaluation of these integrals t it has been established that a simple step­
function procedure (i.e. t assuming a constant integrand within the spanwise 
integral) is adequate for this purpose. FinallYt it should be noted that the 
11ft curve slope corresponds to the lift coefficient for the angle-of-attack 
case with a unit angle of attack. 

2.2.3.2.2 Pitching Moment 

To obtain the pitching moment coefficients t a moment center must 
first be selected. let it be located at the wing apex (x = Ot Y = 0). Recall 
that for each wing section the sectional moment is calculated about the sec­
tional leading edge which does not necessarily coincide with x = 0 because 
of the wing sweep. Therefore t the pitching moments C t C t and Cm m m 
(nose up positive) due to the pressure loading t and therverti~al and horTzontal 
components of the jet reaction t respectivelYt are given as follows: 

+1 

C = ~ f [c2
(Y)Cm(y) - c(y)cR, (y)xR, (y)JdY (2.112)Ill

r Sc -1 r r 
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(2.113 ) 

and 

(2.114) 

where c 
'V 

denotes the reference chord, usually the MAC. Also, in the above, 
h~ is the vertical displacement (normal to the free-stream) of the wing lead­
ing edge above the wing apex. At any section, 

Ks 
h~ (y) = h (y) - XQ, (y}a - c(y)e (y) + L cf . (y)os (Y) (2.115)st 

i =1 1 i 

where the summation is over the leading edge flap angles only. The initial 
displacement due to twist, etc., is represented by ht(y). 

The total pitching moment coefficient is simply the sum, 

(2.116) 

The moment center need not, of course, be at the apex, but calculating 
the pitching moment about any other moment center becomes only a matter of 
coordinate transformation after the pitching moment about the apex is known. 

The center of pressure may be expressed by 

xc.p. (2.117)
'V 
C 

and the center of total lift is given by 

C + C
XC•L• = _ mr mJ (2.118) 
~ CL 

Both are measured from the apex of the wing. 
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2.2.3.2.3 Thrust and Induced Drag 

By integrating their counterparts in a section, the thrust coef­
ficients due to the pressure, leading-edge suction, and jet reaction, 
respectively, are obtained as follows: 

+1 

CT =} f c(y)ct (y)dy (2.119) 
r -1 r 

Cs = ~ 
+1

f c(y)cs (y)dy (2.120) 
-1 

and 

CT = ~ 
+1

f c(y)ct (y)dy 
J -1 1.I 

g 
c(y)c (y) e (y) dy (2.121)

1.I 2 

The total thrust coefficient therefore becomes 

(2.122) 

The induced drag coefficient, as in the sectional calculation, is defined 
as the difference between the ideal value of the thrust CJ and the actual 
thrust CT; that is, 

(2.123) 

This is not to imply, however, that there is complete thrust recovery. The 
deficiency in thrust recovery is considered to be part of the induced drag. 
On substituting for CT equation (2.123) can be expressed by 
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(2.124 ) 

Note that CD; is a second~order quantity and varies nonlinearly, for example, 
with angle of attack a. 

2.2.3.2.4 Side Force 

In view of the assumptions adopted regarding the conditions of jet 
emission, the total side force coefficient Cy' can be expressed by: 

+1 dx (y) 
= ~ c{y)cs{y) ~y dy (2 0125)Cy J

~1 

where tan-1(dx (y)/dY) is, of course, the local leading-edge sweepback angle At{y).t 
It will be noted that in deriving equation (2 0125), it has been assumed that 
the resultant leading~edge suction force acts normal to the leading edge 
(see Appendix 1.3). 

2.2.3.205 Rolling Moment 

The rolling moment coefficient C, about the x-axis (right wing
I

down positive) is calculated in two components, that due to the pressure lift 

+1 

C = - k f c(y)ct (y)ydy (2.126) 
If f

~1 

and that due to the vertical component of jet reaction 

+1 

C = - ~b J c(y)cj/, (y)ydy (20127) 
IJ -1 ~ 

This total rolling moment coefficient is given by 
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(2.128 )
 

where L is used to denote the rolling moment (instead of the lift). The 
reference-span width b must be equal to two to be consistent with the 
present normalized variable system. 

2.2.3.2.6 Yawing Moment 

In the derivation of the relevant equation for total yawing moment 
coefficient (right wing backward positive) it will be assumed that the refer­
ence moment center is at the wing apex. The yawing moment comprises two 
terms; one is associated with the chordwise loading and leading-edge suction 
and is given by the expression 

(2. 129) 

The other term represents the yawing moment contribution due to any 
asymmetrical distribution of the horizontal component of the jet reaction. 
The jet deflection angle e(y) being small by hypothesis, a yawing moment 
coefficient denoted by can be expressed byCnJ 

+1 +1 2 
C = - _1 f c(y)c (y)ydy + _1 f c(y)c (y) e (y) ydy (2.130)nJ Sb ].I Sb ].I 2 

.. 1 -1 

where the first part is due to the ideal thrust. 

Finally, the expression for total yawing moment is 

C = N = C + C (2.131)n CjS6" n nJ r 

where, again, b must be equal to 2. 
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2.2.3.2 0 7 Alternative Approach to the Estimation of Induced Drag -Momentum 
Analysis 

It has already been established16 that in the two dimensional case 
the jet must ultimately become parallel to the undisturbed stream, otherwise 
the entire flow field would eventually deviate from the horizontal and possess 
an infinite vertical momentum. It has also been stated that by considering 
the horizontal flux of momentum across a plane far downstream the thrust 
experi enced by a two dimens i ona1 j et-fl ap ai rfo i 1 is independent of the jet 
deflection angle and equal to the total momentum flux of the jet. In the 
three dimensional case, however, the jet remains deflected, and the thrust T 
is less than the total jet momentum flux J. The difference between the two 
has been defined as the induced drag. In Section (2.2.3.2), a relationship 
for induced drag in terms of an integration of the detailed forces acting on 
the wing was established. An alternative approach for the evaluation of total 
induced drag based on a far-field momentum analysis will be briefly described 
below. It should be noted that all variables are considered dimensional, in 
contrast to th~ preceding parts of Section (2.2.3) and that the jet-wing will 
initially be considered to be out of ground effect (i.e., h = 00). 

Consider a control volume, figure (2.6), surrounding the jet-wing system 
whose surfaces are either parallel or perpendicular to the free-stream flow. 
The total force which the fluid in the control volume exerts on the wing is 
given by the momentum equation. This is expressed as 

F = - ffpndS - ffp~rq . r1)dS (2.132) 

1: E
 
where the integration is over the surface which bounds the control volume. 
Far from the wing, this surface is denoted by E and has a unit normal vector 
n taken positive out from the control volume. p, p, and q are the fluid 
pressure, density, and velocity, respectively. 

By adopting small perturbation concepts, both q and p can, for any 
point on the control surface, be expressed by 

(2.133 ) 

68 



and 

1 2 ~ 1~2P = p~ + 2 p(u - q ) = p~ - p(Uu + 2 ql ) (2.134) 

Hence, equation (2.132) can be rewritten as 

t = pffl(uu + t ii' 2);; -[Wex+ q') · "]cuex+ ii+s (2.135) 

E 
Now, let the control volume expand. In the limit, as the control sur­

faces approach infinity, all perturbation velocities at any point on a control 
surface will vanish except those associated with the downstream control surface. 
This surface, which is normal to the undisturbed stream is commonly referred to 
as the Trefftz plane. In fact, the perturbation flow (v and w only) becomes 
two dimensional in this plane. The momentum integral, equation (2.135), now 
reduces to a Trefftz plane integral only, that is 

(2.136) 

The second term in equation (2.136) represents the momentum flux of the jet 
which in the Trefftz plane is assumed to leave the control volume through a 
slit -b/2~y~b/2, z = 0, at a small angle ai (y) with respect to the free-
stream direction or x axis. The last term is 

~ 

the ram-drag of the propulsive 
system where Q is that part of the mass flow not emitted by a source within 
the wing. On writing out the lift and thrust components explicitly, 

b/2 
L = -pU II wdydz + I J (y)a i (y)dy (2.137) 

T.P. -b/2 ~ 

b/2 ( a' 2)
T = -p ff 1(v2

+ w2)dydz + I J(y) 1 --i dy - QU (2.138 ) 
T.P. -b/2 
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Since Q has been assumed to be zero (i.e., source type flow), the induced 
drag which has been defined as the difference between the ideal thrust J 
and the real thrust T, is then 

b/2
2

Di = J - T = p ff l (v + we) dydz + t f J (y) a / dy (2.139) 

T.P. -b/2 m 

Consider the Trefftz plane integrals contained in the above equations. 
The first integral is 

00 00 b/2

Jf wdydz = Jitt dzdy = J [cjlJy) - cjl+(y)]dy (2.140) 

T.P. -b/2_00 _00 

where w has been written in terms of the velocity potential cjl, and cjl and 
cjl+ are the cjl values on the lower and upper surfaces, respectively, of the 
jet sheet or the trailing-vortex sheet. Now, the circulation r around the 
wing and jet in a plane y = const. can be expressed by 

r (y) =~ q · d'S = cjl - cjl (2.141)"P +­

Hence, 
b/2Jf wdydz = - J r(y)dy (2.142) 

T.P. -b/2 

Incidentally, the total circulation r according to the jet-wing lifting 
surface theory is also given by 

r(y) = f
00 

y(x)dx (2.143 ) 

x.l/, 
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For the second integral, an application of Green's Theorem yields 

JfJf (v2 + W2)dYdZ~= ~~ (~~)2dydZ 
T.P.	 T.P. 

b/2 a~ b/2 a~ b/2 
= f - lfJ+ az+ dy + f lfJ_ -az-- dy = f Uai (y)r(y)dy 

-b/2 -b/2 -b/2 ~ 

(2.144) 
In equation (2.144) Uai has been substituted for w =a~+/az =alfJ_/az. 

co 

In view of the above 

b/2 
L = f [pUr(y) + J(y)ct i (y)Jdy (2.145 ) 

-b/2 co 

b/2 
Di =! f [pur(y) + J (y)ai (y)]a; (y)dy (2.146) 

-b/2 ~00 

The integrand in the lift expression, equation (2.145), can be identified 
as the spanwise lift distribution. Now it can be shown from an integration of 
the jet boundary condition (i.e., equation (2.33)), that 

~ 

J(y)e(y) = J(y)a i (y) + pU f y(x,y)dx	 (2.147) 
co xt 

Then, by definition, the sectional lift is given by: 

xt 
l(Y) = pU	 ~ y(x,y)dx + J(y)e(y) (2.148 ) 

xt 
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It follows directly from equations (2.147) and (2.148) that the sectional lift 
can also be expressed by: 

t(y) = pur(y) + J(y)Cti (y) (2.149) 
CXl 

Since similar expressions (i.e., equations (2.148) and (2.149)) for the induced 
drag cannot be derived, the integrand in equation (2.146) must not be inter­
preted as the spanwise induced drag distribution. 

Written in nondimensional forms, the lift and drag equations become 

+1 

CL = t f c(y)ct(y)dy (2.150) 
-1 

and 
+1 

- 1 (2.151)--rr f c(y)ct(y)Cti (y)dy 
-1 

CXl 

This completes for a jet-wing out of ground effect the derivation of an 
alternative expression for induced drag. A similar expression for a jet-wing 
in ground proximity can also be developed. Although the theory will be left to 
the reader to develop, two points should be noted. First, the total lift, jet­
wing plus image, will be zero. Second, the final expression for the induced 
drag coefficient (i.e., CDi) must not, of course, include the correction to 
the spanwise lift distribution for the "U" perturbation velocity induced by the 
image. In other words, the induced drag must be evaluated by making use of 
equation (2.146) with Cti being now the total downwash angle. 

CXl 

Whether in or out of ground effect the downwash angle Cti (y) may be 
evaluated according to the following formula: 

CXl 

+1 +1 
Ct () = 1 J dr(n)/dn dn __1_ f(Y - n) dr(n)/dn dn (2.152)
i", y ~ y - n 2rrU (2h)2 + (y _ n)2

-1 . -1 

where b/2 is assumed equal to 1. 
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The first integral follows either from a reduction of the general downwash 
equation (2.26), or by imagining a two-dimensional vortex distribution of 
intensity dr(y)/dn along the slit (jet and trailing vortex sheet) in the 
Trefftz plane. The second integral represents the downwash induced by the 
wake of the image jet-wing. 

Since r(y) is ~nown from the jet-wing EVD solution, the downwash angle 
a; (y) can now be evaluated numerically (see Appendix 1.4). With (y)a i 
~ 00 

so determined and the lift distribution also known, the induced drag can 
easily be determined. Incidently, this drag value provides a check on the 
drag value calculated directly by the pressure integration method outlined 
in Section (2.2.3.1.3). 
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2.2.4 Dynamic Stability Derivatives 

2.2.4.1 General Remarks 

In general, the aerodynamic forces and moments acting on an aircraft 
at any instant depend strictly on the whole history of the motion. That this 
must be so follows essentially from the fact that the aircraft sheds eddies 
or vortices in the air as it moves through it, and these vortices, which have 
a considerable degree of permanence, continue to influence the flow in the 
neighborhood of the aircraft. The evaluation of the forces and moments acting 
on an aircraft at anyone instant is, in general, extremely difficult. There 
are t however, important cases where the influence of past motions is negligible 
and others in which such influence is calculated with comparative ease because 
the past motion conforms to some simple type. In a general way it can be said 
that past history is only of great importance when there are sudden and violent 
changes of motion or configuration, for then the induced velocities in the 
vicinity of the aircraft are, therefore, large. In fact, in most investigations 
concerning aircraft stability and control, it is important to know simply the 
change in a force or moment brought about by a small change in a component of 
velocity or acceleration. The method of representing these changes in the 
aerodynamic forces and moments is essentially that introduced by Bryan. It 
is in this method that the concept of an aerodynamic derivative is introduced. 
It is important to note, however, that derivatives exist and are constant 
(i.e., independent of time) only in the following circumstances: 

(a)	 Where all the velocities of deviation are extremely small in 
relation to the displacements of deviation, and the acceleration is 
very small in relation to the velocities. The derivatives for 
this case can be evaluated on the basis of purely quasi-steady 
consideration. 

(b)	 Where all the aerodynamic perturbations are proportional to the 
exponential function of time eAt, where A is a real, pure imagi­
nary or complex constant, and the motion of deviation has existed 
for an infinite time. The derivatives then are functionsof A. 

It is	 fortunate that the kinds of motion which occur in investigations 

74 



of aircraft stability are associated with the two types of disturbances 
mentioned above since the use of constant derivatives in the derivation and 
solution of the equations of motion becomes justified. It must be admitted, 
however, that the influence of the frequency parameter associated with aerody­
namic perturbations has hitherto been neglected in most investigations of the 
stability of an aircraft, although it has been taken into account in flutter 
analysis. There can be no doubt that it is incorrect to use the same deri ­
vatives for long-period and short-period motions; for instance, the derivatives 
appropriate to the phugoid oscillation will not strictly be applicable to the 
rapid longitudinal oscillation. 

In the preceeding sections a method for the determination of the static 
longitudinal and lateral stability and control coefficients and derivatives 
of an arbitrary jet-wing was considered. It has also been argued that the 
evaluation of dynamic derivatives based on the assumption of quasi-steady 
flow conditions should suffice for most stability calculations. In other 
words, the theory of steady motion, in this case the EVD Jet-Wing Lifting 
Surface Theory, together with the correct boundary conditions for unsteady 
flow might be sufficiently accurate to permit the prediction of stability 
derivatives due to pitching, rolling, yawing, and sideslipping. This is, of 
course, the so-called quasi-static method. The following remarks may be suf­
ficient to explain the procedure which it is usual to consider and which has 
here been adopted as the quasi-static approach to the evaluation of the dynamic 
derivatives of a jet-wing. 

Consider a flat wing which rotates about an axis 1 in its own plane 
and at the same time is displaced with constant linear velocity in a direction 
parallel to 1. Let 1 be the x-axis of a system of coordinates which 
moves with the jet-wing, such that the positive direction of the x-axis is 
opposed to the direction of motion of the wing; and the y- and z-axes are in 
the plane of the wing and normal to it. 

Let p be the angular velocity of the wing, and let ~ be the velocity 
potential of the motion referred to a system of coordinates which is at rest 
relative to the medium at infinity, but which coincides instantaneously with 
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the system of coordinates defined above. Then it is not difficult to see 
directly that the boundary condition at the wing is 

_w = ac/> = py
az • 

The above equation can also be derived formally from the general 
boundary condition for unsteady flow. 

The product pb will now be considered small compared with the forward 
velocity U, where b is the span of the wing. As the wing advances, a 
sheet of trailing vortices is formed in its wake. At the same time, the jet 
sheet ;s itself displaced. An additional distribution of vorticity, in this 
case bound and trailing, can be associated with this action. The velocity 
distribution induced at the wing by the vorticity associated both with the 
jet sheet and wake is determined by the law of Biot-Savart. It can be readily 
shown that according to that law the effect of vortex elements which are suf­
ficiently far downstream (say more than three space lengths) is unimportant. 
On the other hand, if the angular velocity p is sufficiently small, as 
assumed above, and if the jet emerges from the wing at a small angle relative 
to the direction of motion ofthewing, an assumption made earlier in the 
development of the EVD method, then the remaining portion of the vortex system, 
just downstream of the wing, is approximately plane. So far as the calculation 
of the flow around the wing is concerned, it therefore will be assumed that the 
vortex system associated with the jet sheet and wing wake is situated in the 
x, y-plane. Thus, the entire problem is reduced to one of steady flow in 
three dimensions, and this simplified problem can be solved by the EVD Jet ­
Wing Lifting Surface Theory. It also appears that the wing boundary condition 
can now be interpreted as that due to a linearly varying twist in the spanwise 
direction for an equivalent steady case. 

There are of necessity some assumptions adopted in the quasi-static 
approach to the evaluation of jet-wing dynamic derivatives which could be 
critized. The authors recognize that further work on the calculation of 
dynamic derivatives will be necessary. For example, experimental measure­
ments of such derivatives under oscillatory condition should be conducted in 
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order to ascertain whether periodic variations in the jet bound vorticity and 
the wing and jet trailing vorticity can introduce phase lags of practical 
importance. In other words, the authors are of the opinion that further analy­
tical studies leading to either an improvement in the present method or the 
development of methods for predicting derivatives associated with experimental 
deviations, for example, should await experimental confirmation of the present 

method. 

The procedure or so-called quasi-static method that will be adopted 
in determining the dynamic derivatives associated with the motion of a jet-
wing in steady pitch, roll, yaw, or sideslip has been introduced. It has been 
explained that the simplifying assumptions reduce the problem to one in which 
the determination of aerodynamic loads and stability derivatives simply requires 
the use of the EVD method, together with the corresponding boundary conditions 
for unsteady flow. These boundary conditions as well as some of the details 
associated with evaluating the derivatives once having determined the aerody­
namic loads are discussed below. 

2.2.4.2 Pitching Jet-Wing 

The motion of a wing in steady pitch can be considered as the motion 
of a wing along a circular path. The boundary condition associated with the 
curvature of the flight path is equivalent to a chordwise variation in the 
slope of the camber line or, within the framework of the assumptions adopted 
earlier, equivalent to a chordwise variation in induced downwash. 

Let c.g. (x ,0, 0) be the origin of a stability axes system (figure 2.7).c.g 
For a wing undergoing a motion of steady pitch or roll, or yaw, the xs axis 
will be taken to be parallel to the original X s axis. If q is the rate of 
pitch about the ys axis, then the induced downwash, ¥-' can be expressed 
by 

6W (~CU) b (x ~.) (2.153)U - C b/
2

- b/2 

Consider next the boundary conditions pertinent to the solution of the 
jet-wing problem. (ioe., equations (2.32), (2.33), (2.34), and (2.35). Bearing 
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in mind that a quasi-static procedure has been adopted. these boundary condi­
tions must be replaced by 

aw(x,y) 2 (z=O, jet portion) (2. 155)ax = - c(y )cll (y ) Y (x ,y) • 

w(x,y) = (xt(Y) - x ) +6(y). (x = xt(y), when(~) c
2

c•g
+ 

cll (y) ;. 0) (2.156) 

{ x + w, when c"(y) ~ 0 
y(x,y) = 0, (2.157) 

x =xt(y), when cll(Y) = 0 

where x and yare retained as nondimensional variables (i.e., nondimension­
alized by b/2) and w is the total downwash (i.e., it includes the downwash 
induced by the jet-wing image (see Section 2.2.1.5}) 

For a given jet-wing geometr~ and height from the ground, equations (2.154) 
through (2.157) are linear in (~~ • Hence, a solution for th~ vorticity 
distribution due to pitching can e readily obtained by considering one 
additional fundamental case in the solution of equation (2.76). 

Having determined y one can now calculate the loading or pressure 
jump coefficient AC at any point by means of equation (2.81). In otherp
words, 

(2.158 )
 

where u' is the perturbation velocity induced in the freestream direction by 
the jet-wing image. If u· and yare written as 
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u'(x,y) = uo(x,y) + q¥ 

y(x,y) = yo(x,y) + q~ 
(2.159) 

where q = ~ then equation (2.158)becomes 

8Cp(X,y) = 2(1 + u~(x,Y) + q¥) 
~O(X'Y) + q ~"~~'Xl) (2. 160) 

This yields 

aCl 111 CJliCp (x,y) 
Clq = a~ = S a~ dxdy 

S 

for the lift pitching derivative which may also be written "in the form 

(2.161) 

Cl 
qo 

1\+ q Cl
ql 

(h < 00) 

Clq = (2.162) 

Cl qo 
' (h = 00) 

where 

Cl qo 
= t!f[(l + u~(x,y)) ¥ 

s 

+ 'Yo(x,y) ~] dxdy 

and 

?:..ffau'(x,y)=Cl ~ dxdy
ql S a~

S 

Similarly, for the pitching moment derivative about the Ys axis 
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(2.163)
 

where 

Cmqo = *ff~l + uo(x,y)) ¥
 
s
 

+ Yo(x,y) ~] xdxdy 

ay(x,y) dxdy 
= ~sff~ aq 

s 
2.2.4.3 Rolling Jet-Wing 

The rolling jet-wing was introduced in Section (2.2.4.1). It was 
shown, as an example of the application of the quasi-static method, that the 
unsteady boundary condition was equivalent in the steady theory to a spanwise 
variation of wing twist. With reference to figure (2.7b), if P is denoted 
as the rate of roll about the Xs axis, then the local angle of attack or 
induced downwash can be expressed by 

(2. 164)
 

It follows that the jet-wing boundary conditions can be written as 

w(x ,y) = (~) y + E( x,y ) , (z = 0, wing portion) (2.165) 

aw(x,y) 
ax - - 2 

c(y)cu (y) y (x,y), (z = 0, jet portion) (2.166) 

w(x,y) = (~) y + 8(Y),(X = x;(y), when cu(y) "I 0) (2.167) 
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X + ~, when cu(Y) 1 0 I 
y(x,y) = 0, (2. 168) 

{ 
x = xt(y), when cu(Y) = 0 

The aerodynamic derivatives for a steady roll motion can be expressed 
in a similar form to those derived for the pitch motion. Three derivatives 
will be considered. The first, the rolling moment derivative can be written 
as 

(h < ~)J 
(2.169) 

(h = co) 

where 

and 

= ~ff¥. a'Y~p'Y) ydxdyC1Pl 
5 

Note that p has been substituted for (~). 

The second derivative is the yawing moment due to rate of roll. In 
deriving the following expression, the reader should refer to Sections (2.2.3.1.3) 

and (2.2.3.2.6). 

en p 
(h :$ OD) (2.170) 
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where 

+ isIf¥ dx,y) y dxdy 
5 

and 

It again will be noted here that c~ denotes the chordwise length of 
the leading-edge element, Y1(. = Y~ + a~1(. ~ is the mean of the "y" distri­
bution associated with the Leading~Edg: EVO, and tan~l(~;£) is the local leading 
edge sweepback angle. 

The third and final derivative is the side force due to rate of roll. 
Although small in magnitude and normally neglected in stability analysis, 
the equation for deriving it is, for completeness, given here. 

(h ~ co) (2.171) 

where 

CYPo = 4rr 
9S 

+1 

f c1(. (y) y~ (y) 
0 

ay1(. (y) 

a~ 

dxR. (y) 
dy dy 

and 

CY 
Pl 

= 8rr 
95 

+1 

f eY1 (Y))' 
a~ 

dX~ (y) 
dy dy 
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2.2.4.4 Yawing Jet-Wing 

The analysis of the yawing jet-wing is more complex since the magni­
tude and direction of the onset flow relative to the wing are functions of 
both the spanwise and chordwise position on the wing. The components parallel 
and normal to the plane of symmety are 

(2.l72) 

and 

(2.l73) 

where r is the rate of yaw about the Zs axis. Within the framework of the
 
EVD lifting surface theor~ accepting the hypothesis of small perturbations,
 
it seems quite legitimate to neglect the velocity nornlal to the wing
 
plane of symmetry. This simplification is found particularly useful since the
 
wing can be regarded as having an effective camber, Eeff(x,y) = E(x,y)(l - ~)
 
as well as an effective jet deflection angle Eeff(x,y) = e(x,y)(l _ A~).
 

Before proceeding further, it is pertinent to ask whether it is correct 
to consider the effects of a rate of yaw as an equivalent change in camber 
and should not some correction be made to the dynamic boundary condition. It 
is not, of course, possible to strictly justify these assumptions. For example, 
A~ is of order E and in a first order theory should be neglected. It has, 
however, been the accepted practice to adopt such approximation in evaluating, 
for example, the rolling moment derivative due to rate of yaw and although 
agreement with experimental data does leave something to be desired, the accuracy 
in predi cti ng such deri vatives has normally been regarded as acceptable for the 
purpose of stability analysis. The only explanation that, at this time, can be 
offered for neglecting a correction to the dynamic boundary condition is compu­
tational expediency. By the way, it can be shown that this correction would 
be equivalent to utilizing an effective distribution of momentum at the trailing 

edge (i.e., C~eff = (1 + A~) C~). 
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Based on the above assumptions, for any point on the wing and jet the 
complete set of boundary conditions becomes 

w(x,y) = - (~) y e:(x,y) + e:(x,y), (z = 0, wing portion) (2.174) 

aw (x ,y) 2 (z = 0, jet portion) (2.175)ax c(y) C (y ) '( (x,y),u

w(x,y) - - (flJ) y e(y) + e(y),(x = x;(y), when cj.L(y)i 0) (2.176) 

Y(x,y) = 0, r-> ~:When c~(y) f 0 1 
2.177) 

x = xt(y), when c(J.(Y) = a 

where again x and y have been retained as nondimensional variables. An 
examination of these boundary conditions will reveal that to evaluate the 
effects of yawing on y will require the solution of an additional series of 
fundamental cases. These additional fundamental cases,just as in the original 
jet-wing problem, (see Section 2.2.1.4) can be expressed as follows 

-r*) y «x,y) = - ~ (~) yam_K<m_K(x,y) (2.178) 

~l 
and 

-(~) y e(y) f'. (~~) yam-K<m-K(y) (2.179)
!::r11 

where the mth cases are regarded as the additional fundamental cases. 

There are three derivatives associated with the yawing jet-wing. 
Although only the rolling moment derivative is considered of any significance 
in stability analysis, equations are also given below for the yawing moment 
and side force derivatives. 

First consider the rolling moment derivative due to rate of yaw, elf' 
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which can be written as 

= 

(h = (0) 

(2.180 )1\ 

ar 

where 

Clr = - + u~ (x ,y) ) ay(x ,y) 
0 

~JJ[(l ar 
S 

+ Yo(x,y) ¥]y d dy 

and 

lofJ¥ ay(x,y)C = y dxdylr1 a~
 
S
 

Note, that r" has been substituted for (~~). 

Next, consider the yawing moment derivative due to rate of yaw, Cnr , 
which,as in the case of the derivatives treated before, can be written as 

aCnCn = = Cn + C (h ~ (0) (2.181)r aT" ro nr1 

where 

47T l 
+1 crt (Yl)'eXt)Cnr = 9Sl) oR. (y) ~o (y) af ay dy

0 

+ 1 ffay(X,y) e:(x ,y) Y dxdySb ar-

S
 

and 

85
 



Finally, the side force due to rate of yaw can be written as 

Cy (h ~ lXl) (2.182 ) 
r 

where 

and 

This completes the derivation of the rotary dynamic derivatives of a 
jet-wing. It will be noted that the expression for some derivatives includes 
a term which is a function of their respective angular velocities. In the 
solution of the classical equations of motion, these terms are rightfully 
neglected. They are, however, retained here partly for consistency and also 
to provide a basis for a preliminary evaluation of the significance of these 
terms under-conditions heretofore unexplored. 

2.2.4.5 Sideslipping Jet-Wing 

One of the most important lateral stability derivatives is the rolling 
moment derivative due to sideslip The chief contribution to eta is fromCta• 
the wing and the wing-fuselage interference effects. The wing contribution to 
this and other derivatives due to sideslip considered here is influenced r 
wing dihedral as well as sweepback. 

Consider first a wing without dihedral (figure (2.7a)). The resultant 
velocity of the free stream relative to the wing, when the wing is moving for­
ward with velocity U cos a (where a is the angle of sideslip) and sideslipping 
with velocity U sin S, which in most circumstances is small compared with 
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u cos a, is U. It can be readily deduced from figure (2.7a) that the 
aerodynamic characteristics due to sideslip are simply found by considering 
the three dimensional problem of a jet-wing which is non-symmetric about the 
Ox axis, which is parallel to U. Two items must be considered in using 
this procedure. First, one must utilize an effective distribution of 
trailing edge momentum such that c~eff(Y) = c~(y) cos S and second, 
the stability derivatives, which are normally converted to a stability 
axes system, will be a nonlinear function of a. 

Suppose now that the wing has a dihedral angle r(y). The velocity v 
of sideslip can be resolved into a component v cos r(y) in the plane of the 
wing and a component v sin r(y) perpendicular to it. To a first approximation 
the component v cos r(y) will be neglected. However, the component v sin r(y) 
is equivalent to an effective change in wing twist and resultant jet deflection 
which can be expressed as follows: 

~£(x) = IT sin r(y) 

~ a r(y) (2.183 ) 

M (y) ~ a r(y) (2.184) 

Hence, the problem of determining the effect of dihedral simply involves the 
solution of the EVD method for one additional fundamental case. The deriva­
tives, for example, can be obtained directly from the basic equation Cla , 
given in Section (2.2.3). 
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2.2.5 COMMENTS ON CONVERGENCE AND ACCURACY - SPACING STUDY 

The accuracy of the EVD method is inherently dependent on the number 
and location, and hence, spacing of the EVD elements. One criterion which 
establishes the validity of the EVD method is the convergence of the solution 
to the jet-wing problem as the number of elements is increased. 

To begin the discussion of the validity of the present method, the 

results of a "spacing" study are presented below. 

Three numbers of spanwise divisions have been considered, namely, 7, 13, 

and 20, in conjunction with three sets of chordwise divisions, 6-4, 11-8, and 
18-10 (Note that the first number indicates the divisions on the wing and 
the second those on the jet). 

Calculations of the aerodynamic characterisitcs of an untwisted and 
uncambered rectangular jet-wing of aspect ratio 4.5 have been made with each 
of the above combinations of spanwise and chordwise divisions with the excep­
tion of that combination which involves the greatest number of EVD elements. 
Three jet-wing operating modes were considered, namely: 

1.	 An unblown wing at a given angle of attack a 

2.	 A wing at an angle a and with a uniform jet (c~ = 1) 
emitted so that oJ = 0 and 6 = a 

3.	 A wing at zero angle of attack and with a uniform jet (c~ = 1) 
emitted so that oJ = constant and e = OJ 

A summary of the aerodynamic characteristics appropriate to each 
operating mode or jet-wing configuration is presented in figures (2.8) 
through (2.10). The total lift, the center of lift, and the total induced 
drag are given in terms of a percentage error relative to some nominal value 
of these quantitites. Since there exists no exact analytical solution of 
the jet-wing problem, the 13 x 11-8 combination was selected for this purpose. 
Let the subscri pt "0 " denote the aerodynami c quantiti es associ ated \tJi th the 
above spacing, then ~CL" ~X~.L. and ~CDi I are defined as 
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Incidentally, flGDi' is shown for both the pressure integral method and the 
momentum method, and (COi)o is based on the momentum method. The induced 
spanwise-efficiency factor e, which is also given, is defined as 

It will be observed that the EVO method, in general, exhibits good 
convergence characteristics in all three cases. For a fixed arrangement of 
spanwise divisions, the convergence with increasing chordwise divisions is 
apparent, while for a fixed arrangement of chordwise divisions, the results 
also converge with increasing spanwise divisions. By increasing the spanwise 
divisions, however~ the differences between the results of two sets of chord­
wise divisions are not decreased. 

It is important to note that the number of spanwise divisions has a 
greater influence on those drag claculations based on the use of the momentum 
method as against those based on the pressure integral method. Any discrepancy 
between the drag calculated with either method is reduced as the number of 
spanwise divisions is increased. A further indication of the accuracy and 
validity of the EVO method can be obtained by observing the convergence 
characteristics of the induced drag span-efficiency factor e. It is the 
authors' opinion that, at this time, the momentum analysis method would be 
regarded as more accurate than the integral method. In both cases, however, 
the span-efficiency factor e is apparently converging to an expected 
value which, for a rectangular jet-wing, is slightly less than unity. 
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To conclude, it is apparent the EVD method will provide an accurate 
estimate of aerodynamic characteristics with a relatively small number of EVD 
elements. Also, in contrast to a number of alternative lifting surface 
theories, the present method is, in general, convergent. In the case of the 
jet-wing configuration considered in the spacing study, a 13 x 11-8 element 
arrangement seems more than adequate for accurate aerodynamic data (say ± 1%). 
A further improvement in the accuracy resulting from an increase in the total 
number of EVD elements would, in view of the increased computing time, be 
difficult to justify. 
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2.2.6 Method Validation 

The EVD approach to the solution of mixed boundary value problems cans 
of courses be much simplified when dealing with two-dimensional jet-wing 
problems. Although the corresponding results of research in this field have 
yet to be published s it should be noted that a two-dimensional EVD method has 
permitted tile calculation of AC ps cR.' and em for arbitrary cambered jet ­
flap airfoils. An extensive comparison of analytic calculations of chordwise 
loading with those obtained by the use of Spencels17s18 loading function 
method have indicated s for example, that better results could not be obtained 
by the use of alternative methods (e.g. s vortex lattice). 

In order to assess the validity of the EVD jet-wing lifting-surface 
theorys comparisons were made between the present method and other theory and 
experimental data. This section contains a summary and discussion of the 
results. 

2.2.6.1 Some Comparisons with the Results of Other Theories 

Some indication of the accuracy with which the EVD method is capable 
of predicting the aerodynamic characteristics of conventional \'dngs can be 
given by comparing the results with those obtained by more rigorous mathemati­
cal treatments of the lifting-surface problem. For example, Kinner 31 has 
considered the case of a wing of circular planform and Krienes 32 has pre­
sented results for some elliptic wings. 

The results obtained for the lift curve slope and aerodynamic center 
of elliptic wings using the present method are compared with those of Krienes 
in figures (2.11) and (2.12). Figure (2.11) also includes results for the 
limiting cases of very small aspect ratio (Jones) and of very large aspect 
ratio (Prandtl). KUchemann ' s33 general theory for wings of any given plan­
form includes the limiting cases of Jones and Prandtl and the agreement with 
the results of Kinner and Krienes is such that it can be regarded as an 
interpolation between these results. Considering the various approximations 
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adopted in the formulation of the present method, the agreement with other 
methods 1s regarded as excellent. 

Figures (2.13), (2.14), and (2.15) show typical examples of the span­
wise variation of sectional lift curve slope, center of pressure, and 
chordwise loading distribution obtained by the EVD method and Kinner theories 
for the circular wing. The span loading is found to be nearly elliptic 
(i.e., constant sectional lift curve slope ~c:) by both methods with the 
greatest discrepancy occurring in the small region near the wing "ti p". The 
chordwise loading distribution in this region also contains oscillations. 
Since the present method replaces the wing surface by rectangular elements 
and since the bound vorticity is assumed constant across each element, this 
lack of agreement was not unexpected. It will also be noted that, although 
364 EVD elements (14 semi-span x 13 chord divisions) were used to represent 
each wing, in view of the symmetry in p1anform geometry about the Ox axis, 
it was only necessary by selecting the sy~etry option in the EVD Jet-Wing 
Computer Program, to solve 182 linear equations. It is possible that the 
calculation of chordwise and spanwise loading with a larger number of EVD 
elements might be more accurate. There is definitely every indication from 
the numerical experimentation conducted to date that an increase in the number 
of EVD elements will insure convergence in, for example, lift and pitching 
moment. This has been discussed in detail in Section 2.2.5. 

As was mentioned earlier, the method presented in the report is based 
on the use of a theoretical model of the jet-wing problem which is similar 
to that adopted by Maskell and Spence20 • Typical results calculated with 
equation (2.4) using the expression for ~ given by equation (2.5) are pre­
sented in figure (2.16). A comparison of these results with those obtained 
with the present method indicate excellent agreement for both the anale of 
attack and jet deflection fundamental cases. 

The approximations adopted by Maskell and Spence and briefly described 
require that the error in wi(x) be small, which implies a large aspect ratio, 
AR, and that its minimum permissible value increases with jet momentum. The 
present theory should give more accurate results at appreciably higher jet 
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coefficients and/or lower aspect ratio elliptic wings than that of Maskell 
and Spence. 

As stated earlier, Maskell and Spence derived an exact overall relation 
between the total lift and induced drag equation (2.7), for the special case 
of constant a;,= by Gonsidering the momentum flow through a large control 
volume enclosing a wing in which both the chord and the jet momentum flux 
per unit span are elliptically distributed, the jet deflection is constant 
over the span and the camber is zero. Figure (2.17) shows that, within the 
accuracy of the numerical approach adopted by the present theory, the same 
relation between the lift and induced-drag coefficients is obtained. 

Figures (2.18) and (2.19) present results for a large aspect ratio 
rectangular jet-wing with uniform blowing (angle of attack and jet deflection 
cases) in order to compare the predictions with Spence1s two-dimensional 
results and those obtained with the Douglas 2-D EVD jet-augmented-flap method. 
(Note the EVD element notation is defined as MxNw-NJ where M is the number 
of semispan divisions and Nw and NJ are the number of chordwise divisions 
on the wing and jet, respectively). Two jet momentum coefficients, CJ , are 
considered, namely: 0 and 2. In view of the finite aspect ratio of the wing 
considered, the results obtained with the present method were expected to 
underpredict total two-dimensional circulation lift by approximately 2% at a 
CJ of 0 and 4% at a CJ of 2.0. Remarkably close agreement between the 
expected three-dimensional 
obtained in all cases. 

lift and the observed values of CL r is, therefore, 

The comparisons of the results obtained with the present method with 
appropriate theoretical results for conventional elliptical wings without a 

jet flap as well as comparable jet-flap results have been shown to be very 
favorable. Also, in the limit as AR + 00 the EVD approach to the solution 
of the jet-wing problem gives excellent agreement with the theory of 
Spence over the range of C~IS investigated. The authors have also obtained 
good agreement with the published theoretical results of MUlthopp21,36, 
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Malavard 22 , Das l5 , etc., and some comparisons between results obtained with 
the present method and this data are presented in figures (2.20) through (2.25) 

2.2.6.2 Comparisons with Experiments 

2.2.6.2.1 Rectangular Wings 

The overall lift coefficients for a series of conventional rect­
angular wings have been calculated and compared with the measured values 
obtained from several experimental programs. Figure (2.20) presents some 
of the results of this correlation study. The measured lift curve slope 
is well predicted throughout the whole aspect ratio range. 

Experimental results for rectangular wings with uniform full span blowing 
have been published by Williams and Alexander l3 and Das 37 • Both of these test 
programs were conducted using semi-span models. The intrinsic difficulties 
encountered when reducing test results for the effects of the finite size of the 
half-model end plates are well known and are briefly discussed in Appendix IV. 
In the case of the jet-wing, it is difficult to justify the application of simple 
methods that correct for these effects. Wind tunnel wall effects on the aerodynamic 
characteristics become important when the jet sheet is either steeply inclined 
to the wiD9 chord or if the wing span, for example, is large relative to the 
cross section width or height of the tunnel working section. The rate of 
change of momentum and the orientation of the jet sheet, in the case of a 
jet-wing, must also be established. These parameters are often derived from 
measurements made in the tunnel when the wind is off. Many investigators 
usually do not bother to investigate the degree of inaccuracy involved in 
the assumption that the conditions of jet emission are independent of, for 
example, a given angle of attack, flap deflection, and free-stream velocity. 
Thus, any conclusions deduced from a comparison of analytical results with 
their test data can often be misleading. Experimental data on basic jet-wing 
configurations considered essential to establishing the validity of the pre­
sent theoretical method is, however, limited. In fact, the results published 
by Das represent, at thi s t"ime, the major source of test i nformati on for the 
validation of analytical methods. Despite these misgivings, the analytical 
predictions of the aerodynamic characteristics of rectangular jet-wings are 
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in satisfactory quantitative agreement with known experimental results. 
Typical examples of the comparison of theory and experiment are presented 
in figures (2.21) through (2.25). 

It has been suggested by Spence 17 that the circulation part of the 
lift predicted by linearized theory should be multiplied by (1 + tic), 
where tic is the airfoil thickness chord ratio. There is also some evidence 
to suggest (references 1, 17, and 20) that such a correction would lead to a 
better agreement between predicted and test data. The examples presented in 
these publications should not be interpreted, however, as an indication that 
it is always possible to obtain an equally close agreement between analyti ­
cally derived and experimental results. No attempt has, therefore, been made 
to correct the aerodynamic data presented in this report for the effects of 
wing thickness. 

2.2.6.2.2 Swept Wings 

Additional experimental data (reference 38) which provides evidence 
of the ability of the EVD method to correctly predict the aerodynamic character­
istics of conventional wings is presented in figures (2.26) through (2.28). 
At angles of attack below which viscous effects are not considered significant 
the agreement between the analytic and experimental total lift, total pitching 
moment, and sectional aerodynamic characteristics is quite good. In the case 
of drag, it should be noted that CD (i.e., profile drag coefficient) was 

o 
not taken into account in the calculations. The noticeable divergence 
between measured and ca 1cul ated aerodynann c character; sti cs above an angl e of 
attack of approximately seven degrees is the result of viscous separation at 
the wing tip which becomes more pronounced at higher angles of attack. 

The analytical results for the spanwise distribution of circulation 
lift on a swept jet wing are compared with experimental data in figures (2.29) 

and (2.30). Also presented in these figures are the theoretical results 
based on Das l lifting surface theory. In the case of uniform blowing, the 
results obtained with the present method agree well with the theoretical 
values of Das. One thing to note, however, is the inability, figure (2.30) 
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of Das' loading function theory to correctly predict the section lift coeffi ­
cient distribution in the case of a partial span blowing jet-wing configu­
ration. 

2.2.6.2.3 Dynamic Stability Derivatives 

An extens i on of the bas i c EVD jet-wi ng 1i fti ng surface theory that 
enables a qualitative prediction of certain stability derivatives to be 
accomplished was described in Section 2.2.4. The evaluation of dynamic deriva­
tives is based on a quasi-steady approach, and it was argued that this should 
suffice for most stability calculations. A comparison of theory and experiment 
(reference 39) of those dynamic derivatives due to pitching, rolling, and 
yawing for an unswept and swept, untapered wing for C = 0 are presented in J 
figures (2.31) and (2.32). The observations made in comparing experimental 
and calculated derivatives indicate that the assumptions adopted in the 
present analytical method are likely to be inadequate in the prediction of 
some derivatives. The calculated contributions of the wing to those stability 
derivatives likely to be considered important (e.g., Cnp' appear,C1p ' C1r) 
however, to be fairly reliable. The large discrepancies between calculated 
and experimental values at high lift coefficients, for which the flow is 
believed to be partially separated, is not unexpected. Even a more rigorous 
approach, if based on potential flow concepts, is unlikely to provide much 
improvement in the estimation of these derivatives under these conditions. 

Since there is no published experimental data on the effects of a jet 
flap on the dynamic derivatives of a basic conventional wing, it is impos­
sible to establish at this time, the limitations and accuracy of the present 
method. This field obviously deserves further investigation. For example, 
experimental measurements of the stability derivatives due to yawing, pitch­
ing, and rolling should be made in order to ascertain whether unsteady vari ­
ations in the equivalent jet bound and wing and jet trailing vorticity can 
introduce phase lags of practical importance. In the meantime, the method 
outlined in this report represents the only known available method for the 
calculation of the dynamic derivatives of arbitrary jet-wing configurations. 
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2.2.6.3 Ground Effect 

Validation of the ground effect method is a more difficult task than 
for the free-air EVD method because of a lack of general, well-proven three­
dimensional ground effect methods, even for basic planform shapes. However, 
a large number of investigators have studied the two-dimensional ground effect 
problem, most notably Tomotika (references 41 and 42) who solved the problem by 
conformal mapping. In addition, two-dimensional potential flow methods for 
both wings and jet-wings developed at Douglas Aircraft Company have been used 
extensively to study the nature of the ground effect problem and to assess 
the validity of the assumptions employed in the three-dimensional method. 
Hence, the discussion presented here will first center on the two-dimensional 
problem and will then be expanded to include three-dimensional aspects. 

The question of the applicability of the linearized approach in ground 
effect is of prin~ importance and has been given considerable attention in 
this two-dimensional analysis of the problem. Both linear and non-linear 
potential flow methods utilizing the Elementary Vortex Distribution loading 
concept have been used in this study. The linear approach, known as the Two­
Dimensional EVD Method (reference 44), is analogous to the three-dimensional 
method presented here. That is, the deflection of the wing and jet are 
assumed to be small such that the boundary condition of no-flow through the 
wing and jet can be satisfied in the plane of the undeflected wing rather 
than on the actual jet-wing surface. This method offers the advantage of 
relative simplicity, in that the jet-wing and its image are planar and the 
downwash matrix need by solved only once per ground height. It fails, how­
ever, to fully include the effects of surface inclination. The non-linear 
approach, known as the Douglas Two-Dimensional Non-Linear Jet-Flap Potential 
Flow Method (reference 45 ), represents the wing and jet by their actual shape 
and the loading by a set of EVD's. However, since the jet shape is not known 
lat the outset of the solution, an initial jet shape must be assumed and the 
Isolution must be iterated until convergence is obtained. This method is com­
parable to the rigorous three-dimensional method outlined in Section 2.2.1.5, 
~nd it offers the advantages of being fully non-planar and hence fully 
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non-linear. However, because of the complexity of its non-planar nature and 
the need for an iterative solution, computation time for this method will be 
considerably more than for the linear solution. 

The methods described above have been used to analyze a variety of 
airfoils, both in and out of ground effect, including a flat plate and a 
hinged flat plate, with and without a jet. Some of these results are pre­
sented in figure (2.33) in which the ratio of lift for hinged flat plates 
without a jet calculated by the linear method to the lift calculated by the 
non-linear method is plotted versus the height of the airfoil above the 
ground, non-dimensionalized by wing chord. Since in the linear method the 
position of the airfoil relative to the ground is invariant with angle of 
attack and flap deflection while in the non-linear method the position is 
dependent on the deflections, there is some ambiguity in the definition of 
ground height. That is, the ground height is the same at any point on the 
airfoil in the linear method while it will differ from point to point along 
the airfoil chord in the non-linear method. Hence, the quantitative results 
in these figures will vary with the point chosen to measure ground height, 
although the qualitative results should apply irrespective of the point 
chosen. The non-linear data used to prepare figure (2.33) wetecalculated 
with the ground height measured relative to the airfoil leading edge. 

For a flat plate airfoil in ground proximity, figure (2.33a), the 
linear and non-linear theories are shown to be within ten percent agreement 
for ground heights as low as hlc = 00 5 and angles of attack as large as 
20 degrees. The asymptotic values plotted in this figure indicate the magni­
tude of the non-linear effects in free air for each particular angle of attack 
and flap deflection. Note that for the flat plate airfoil in free air the 
non-linear effect is only two percent at an angle of attack of 20 degrees. 
However, for flapped airfoils, where the flap is significantly closer to the 
ground than the main airfoil, the non-1inearities of the problem become 
significantly more important [figures (2.33b), (2.33c), (2.33d)]. Differences 
as large as 50 percent between the linear and non-linear methods were calcu­
lated for flapped airfoils at angle of attack for height-to-chord ratios of 
less than 1.0. It should be noted, however, that the magnitude of the free 
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air non-linear effects is also significantly increased for the flapped air ­
foil case, as can be seen from the plotted asymptotic values in these figures. 

The comparisons presented to this point have been for unb10wn airfoils 
only and have indicated large non-linear effects for airfoils in close proxi­
mity to the ground. However, when ground heights typical of STOL transport 
aircraft are considered, and when the magitude of the non-linear effects in 
free air are considered, it can be seen that the adoption of a linearized 
approach in the solution of the ground effect problem will provide a reason­
able capability to predict the effects of ground proximity. 

The nature of the ground effect phenomenon for hinged flat plate air ­
foils without jet flaps has been thoroughly examined using the two-dimen­
sional linearized method described earlier. Since this method is analogous 
to the linearized three-dimensional method described in Section 2.2.1.5, 
these two-dimensional results will provide some insight into the ground 
effect phenomenon over a wide range of conditions. In figure (2.34) is 
plotted the ratio of lift in ground proximity to lift in free air versus 
height-to-chord ratio for a hinged flat plate airfoil with a 40 percent 
chord flap deflected 0, 20, 40, and 60 degrees. It is observed, first of 
all, that there is a smaller percentage increase in lift (or a larger per­
centage decrease) relative to the free air case as angle of attack is in­
creased. This is a result of the freestream flow perturbations induced by 
the image airfoil, which increase more rapidly with angle of attack than 
does the airfoil vorticity. Secondly, as ground height decreases there is 
in some cases an increase in lift relative to the free air value while in 
other cases there is a decrease. This effect is shown in figure (2.34) to 
be a complex function of angle of attack and flap deflection. In addition, 
in three dimensions aspect ratio, taper ratio, sweep, etc., will also 
influence whether the ground effect will be favorable or adverse. In order 
to qualitatively understand these pheonomena, if the airfoil and its image 
are visualized as being represented by a distribution of vortices, it can 
be seen that aft loading (e.g., flap deflection or aft camber) results in 
additional downwash being induced over r.lost of the chord of the airfoil by 
its mirror image which results in a decrease in vortex strength. For a flat 
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plate airfoil, however, the loading is more concentrated on the forward 
portion of the airfoil and hence most of the airfoil is in an upwash field 
induced by the image. Thus, there is an increase in vortex strength. In 
all cases, lift is decreased by the perturbation to the freestream flow 
induced by the image airfoil on the real airfoil, so the relative magnitude 
of this effect compared to the change in vortex strength is paramount in 
determining the nature of the ground effect. 

Having looked at the unblown airfoil in ground effect problem thoroughly, 
the effects of adding a jet will be discussed, primarily to determine what 
additional non-linearities are added by the jet and to determine the impor­
tance of ground impingement of the jet. The non-linear behavior of a flat 
plate airfoil with a deflected jet is shown in figure (2.35) to be not signi­
ficantly different than that for the unblown case. That is, the non-linear 
effects in ground proximity are generally less than ten percent, and figure 
(2.36) shows, surprisingly, that for a hinged airfoil with jet the non-linear 
effects are considerably less important than for the unblown case. This 
apparent paradox has been resolved by the realization that false conclusions 
regarding the non-linear effects can be formulated by looking at lift alone. 
Looking at pressure distributions has shown, for example, that there can be 
a cross-over in the linear and non-linear pressure distributions, as illu­
strated in figure (2.37) for a hinged flat plate airfoil with jet. This 
shows that although there are significant differences in the chordwise loading 
on both the airfoil and the jet, there may be little difference in the lift 
since 

1= e . -c. =- c I . - . ]ds\ non- 11 near 1] , near c [ I\CPnon_11 near ~cPl , near 

In addition, when there is blowing, the non-linear effect on circulation lift 
~cl may be cancelled by the non-linear jet reaction lift, where the dif­

r
ference may be expressed by 

b.C· = c1 ~ll (sin e - e)lJ Jnon-linear 

Hence, with a jet it becomes quite difficult to establish the nature of the 
non-linear effects. 
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The discussion to this point has been concerned solely with a two­
dimensional airfoil in ground proximity. What has been said is qualitatively 
applicable to the three-dimensional method, which is the actual subject of 
this work. In other words, the effects of non-linearities presented for the 
two-dimensional case should lend some insight into the non-linearities of 
the three-dimensional problem. However, the three-dimensional problem is 
considerably more complex, and there are additional factors which must be 
considered to assess the magnitude of the non-linearities. For example, a 
swept wing at angle of attack in proximity to the ground has variations in 
ground height not only in the chordwise direction but also in the spanwise 
direction. But in the present linear three-dimensional method, the entire 
wing is assumed to be at a constant height above the gound, so again an 
ambiguity exists in the definition of ground height. Unfortunately it has 
not been possible to assess the magnitude of the three-dimensional non­
linearities, so at this point the two-dimensional study must be retained as 
the only guide. 

Figure (2.38) is a comparison of the lift curye slope in ground proxi­
mity prediction of the present three-dimensional linear ground effect method 
with the experimental results of Saunders (reference 46) for a simple rect­
angular wing of aspect ratio 4.0. Excellent agreement has been obtained, 
although the case is rather simple, being a rectangular wirtg with no camber. 
In addition, non-linear effects may be ~lasked by the 22 percent thickness of 
the airfoil section used in the test. Nevertheless, this comparison is an 
encouraging verification of the basic method. 

Figure (2.39) presents another comparison of the present method with 
experiment, these data being for an aspect ratio 8.3 rectangular wing with 
full span jet flap (reference 47). For a jet momentum coefficient CJ of 
1.0 [figure (2.39a)], reasonable agreement between theory and experiment is 
obtained for moderate ground heights. However, for smaller ground heights 
the theory is seen to considerably over-predict the lift. As observed experi­
mentally, the jet sheet impinges on the ground for the smaller ground heights 
before significant turning of the jet to the freestream direction has occurred. 
Tuft studies of the flow show the jet to be deflected upstream by the ground 
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board which results, in the words of reference 47, in a "captive vortex" 
between the wing and ground. A large area behind the wing and jet sheet is 
seen to be turbulent flow. As jet momentum increases, the penetration of the 
jet normal to the freestream is greater and impingement losses in lift are 
even more significant, as shown by the experimental data in figures (2.39b) 
and (2.39c). Further experimental data not presented here show even greater 
impingement losses as the jet deflection angle increases, as would be expected. 

The comparisons with fundamental wind tunnel tests presented here are 
representative of the type of agreement obtained with the present method. 
That is, excellent agreement with experiment is obtained for those cases 
where non-linear effects are not important. The present method may fail to 
adequately model the ground proximity problem for cases in which the wing is 
quite close to the ground (h/c < 1.0), for wings with large surface 
deflections, or for jet-wings with a strong deflected jet which may impinge 
on the ground. The authors recognize the need for further research on the 
ground effect problem and recommend development of a fully non-linear, 
non-planar jet-wing ground.effect solution, possibly based on the solution 
described in Section 2.2.1.5. However, within the scope of the present pro­
gram, the linear solution developed here is considered to be a significant 
advancement and should prove valuable as a preliminary engineering design 
tool. 
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2.2.7 Summary and Concluding Remarks 

During the last two decades, the jet flap has been established as an 
effective method for improving lifting efficiency. The aerodynamic prin­
ciples of basic jet-flapped wings in steady motion are now reasonably well 
established. Several interesting problems have, however, emerged from design 
studies of STOL and V/STOL aircraft which utilize powered lift concepts 
employing the jet-flap principle. Some of these problems can be attributed 
to a lack of a rational basis for the evaluation and design of such aircraft. 
To provide this rational basis requires, in part, a capability to predict the 
aerodynamic and stability and control characteristics of a given configuration. 

The jet-wing lifting surface theory presented in Section 2.2 provides 
a much needed capability to predict the aerodynamic characteristics of arbi­
trary wings ~/ith arbitrary trailing edge jet momentum distribution. The 
theoretical model of the jet wing problem adopted by Maskell and Spence20 

was selected as a basis for the present theory. The approach adopted for 
its solution utilizes the Douglas Elementary Vortex Distribution (EVD) method. 
This method was developed as a basis for the solution of two- and three­
dimensional mixed boundary-value potential flow problems and has been suc­
cessfully applied to the two-dimensional jet-flap problem. In summary, the 
EVD jet-wing lifting surface theory and associated computer program (Volume II) 
will, for arbitrary planform wings, provide in or out of ground effect the 

foll owi ng: 
1­

2. 

3. 

Spanwise and chordwise loading 
Spanwise variation of induced drag 
A capability to investigate the effects of 

(a) 
(b) 
(c) 

part span flaps 
part span blowing 
rolling, yawing, pitching, and sideslipping 

4. Total lift and induced drag (momentum method), pitching 
moment, yawing and rolling moments, and side force. 

Although the versatility of the EVD method is obvious, several advan­
tages associated with the approach adopted for the solution of the jet-wing 
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problem should be noted. For example, 

1.	 The EVD method reduces the complicated set of integro-differential 
equations for the jet-wing problem to a set of linear equations in 
a straightforward manner. One can truly appreciate its simpli­
city by comparing the present method with Spence's two-dimensional 
jet-flap theory and Das l method for the three-dimensional jet-wing. 

2.	 The EVD method is not subject to a stringent collocation requirement. 
Co 11 ocati on is only an empi ri ca1 means to compensate for the error 
resulting from the unrealistic assumption of vortex distribution. 
Since the true vorticity is represented closely by the present 
method, no collocation is, therefore, necessary. 

3.	 Due to the close approximation of the vorticity distribution by 
the EVD method, which uses both linear and singular distributions, 
the resulting solution can be very accurate. 

4.	 For the same reason that contributes to accuracy, relatively few 
EVD's are required in the solution of a specific problem, thus 
minimizing the computer time involved. 

Comparison of analytical results with those available from other methods 
and with experimental data has, in general, confirmed the validity of the 
present theory. The adequacy of quasi-steady treatments for the determination 
of the dynamic stability derivatives of jet-flap wings has yet, however, to 
be established. It is worth adding that much of the experimental work con­
ducted to date on jet-flap concepts has been undertaken using complete air ­
craft models and that the validity of the limited experimental data on basic 
jet-flap wings can be questioned. There is, therefore, an outstanding require­
ment for basic or fundamental experimental data that would primarily provide 
an understanding of the physical mechanism of the flow problems involved and 
would assist the validation and/or development of analytical methods. 

The authors have earlier suggested that an analogy can be established 
between, for example, the externally blown jet flap and ejector jet flap and 
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the circulation control characteristics of basic jet-flap schemes, at least 
insofar as the aerodynamic/propulsive interactions are concerned. If this 
is so, then jet-flap theory can provide the theoretical framework for 

the development of appropriate analytical methods. The application of jet­
flap theoretical methods to externally blown jet flaps would, however, involve 
a number of addittonal assumptions which, though possible as a means of making 
the problem tractable; would have to be justified on fundamental grounds. For 
example, there would be little justification for neglecting the presence of 
the jet beneath the wing and its entrainment properties. In addition, the 
application of jet-flap theory would require the postulation of a physically 
acceptable momentum distribution at the trailing edge. A clarification of 
the fundamental mechanism by which the jet is turned and spread would be 
valuable for this purpose. In the case of the augmentor wing, the performance 
of the ejector system would have to be known a priori and the effects of the 
intake flow (i.e., sink effect) on circulation lift, pitching moment, and drag 
must be accounted for. Despite all these misgivings, comparison of theoreti­
cal and experimental results (reference 1) and more recent research conducted 
by the authors and their colleagues at Douglas so far suggest that jet-flap 
theory provides a realistic and useful working basis for the prediction of 
externally blown jet-flap and augmentor wing aerodynamic characteristics as 
well as other jet-flap concepts. 

Although past and present achievements, partly those at the Douglas 
Aircraft Company, have provided a theoretical basis for predicting the aero­
dynamic characteristics of jet-flap concepts, this methodology cannot, neces­
sarily, be regarded as adequate. More theoretical ground work must be 
accomplished and relevant experimental programs must be conducted so as to 
assure validated engineering prediction methods. For example, there is a 
need for improved two-dimensional airfoil methods capable of handling multi­
energy flows. There are also many questions left unresolved regarding the 
limitations of linearized two- and three-dimensional jet-flap methods. Are 
thickness corrections to circulation lift justified? Why is such good agree­

. ment obtained between theory and experiment at, for example, large jet angles? 
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2.3 JET-WING FLOW FIELD METHOD 

In the analysis of complete STOL aircraft configurations employing 
jet-wings, it is necessary to be able to calculate the external flow field 
induced by the jet-wing so that interferences with other aircraft components 
can be determined. For example, it is necessary to be able to calculate the 
downwash field induced on the empennage by the jet-wing in order to calculate 
the aerodynamic and stability and control contributions of the empennage. 
The jet-wing flow field method described in this section is an approximate 
analytical method for calculating perturbation velocities induced at arbi­
trary points in the vicinity of a jet-wing powered lift system. The method 
requires a knowledge of the chordwise and spanwise loading distributions on 
both the wing and jet sheet, which is usually obtained from the EVD Jet-Wing 
Lifting Surface Theory (Section 2.2). The wing and jet, which are confined 
to the x-y plane in the linearized EVD method, must be fully non-planar in 
the flow field method in order to account for the orientation of the complete 
vortex sheet relative to the flow field point. Because of its non-planar 
nature, the flow field method is non-linear and hence it should be capable 
of predicting non-linear aerodynamic characteristics of jet-wing/empennage 
configurations, for example. The present method is applicable to conventional 
wings (i.e., unblown) as well as jet-wings. 

2.3.1 Background 

Over the years numerous investigators have studied the flow field pro­
blem both theoretically and experimentally, primarily to develop rational 
methods for determining the downwash characteristics at the tailplane. Much 
of the work on conventional airplane downwash methods has been compiled into 
extensive charts and tables (e.g., reference 48) based on experimental data 
and extended to additional configurations using a lifting line theory approach. 
Silverstein et a1 (reference 49) present a comprehensive analysis of the 
various methods commonly used for plain and flapped wings and discuss in 
some detail the problems associated with various theoretical downwash methods. 
In particular, they discuss the problem of vortex roll up and its effect on 
downwash at the tailplane and conclude that "it is usually sufficient to 
neglect the distention of the vortex sheet and to take into account the 

106
 



distortion simply by considering the entire vortex sheet to be displaced 
vertically by an amount equal to the displacement of the centerline of the 
actual distorted sheet." Silverstein presents data to substantiate this 
statement, but only for simple unf1apped wings. 

Ross (reference 50) has presented a theoretical analysis of the jet-wing 
flow field problem based on the three-dimensional solution of Maskell and 
Spence (reference 20). However, it is the opinion of the authors that there 
seem to be several simplifications in Ross' work that are likely to seriously 
affect the accw'acy of the method. Ross has assumed the jet sheet to be flat, 
as in the linearized model used in the EVD method, and has shifted the flow 
field points accordingly to account for the jet deflection. Not only does 
this method neglect jet curvature, but it has been shown using the Douglas 
Two-Dimensional Jet Flap Potential Flow Method (reference 45) that Ross' 
prediction of jet deflection for the infinite aspect ratio case is consider­
ably in error. Thus, in Ross' work both the shape and orientation of the jet 
relative to the flow field points are incorrect. Also, Ross has assumed all 
the trailing vorticity to emanate from one chordwise position on the wing, so 
not only has jet curvature been neglected but also the additional vorticity 
shed by the jet has been improperly positioned. 

The early flow field work by Silverstein and others is applicable only 
to conventional wings and then only for a specific set of configurations. It 
is clearly not applicable to jet-wings necessary for STOl aircraft which are 
characterized by mechanical and propulsive high lift systems which produce 
high lift coefficients and hence large downwash angles downstream. The 
method developed in the subsequent sections is an analytical method intended 
to provide the needed high lift flow field capability. 

2.3.2 Theoretical Analysis of the Jet-Wing Flow Field Problem 

The basic jet-wing system considered in the present analysis is illu­
strated in figure (2.2), in which the basic geometric quantities are de­
fined. The present method is not unlike the mathematical model used by 
Silverstein although it is considerably more complex owing to its capability 
to handle jet-wings, non-planar surfaces, and complex wing loadings. As in 
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the EVD method, the origin of the coordinate system coincides with the wing 
apex; the x-axis is in the freestream direction; the z-axis is perpendicular 
to the x-axis, is in the plane of symmetry, and is positive up; and the 
y-axis forms a right-handed coordinate system, positive on the fight wing. 
In the present method the wing ;s not required to lie in the x-y plane as it 
does in the EVD method, but rather the wing and jet sheet are allowed to be 
fully non-planar. The wing and jet sheet are divided into a lattice of 
quadrilateral elements in both the chordwise and spanwise directions [figure 
(2.4 )]. Each of these elements on the wing is inclined such that it lies 
on the mean camber line of its section so that the equation for the location 
of the vortex sheet on the wing is 

(2.l85) 

where xl and zl are the leading edge coordinates of the y-section, a 

is the wing angle of attack, and £c{x,y) is the camber angle in radians. 
For computational purposes equation (2.l8~ would be replaced by a finite 
summation with the camber treated as constant on each quadrilateral element. 
Each element on the jet is inclined such that it approximately satisfies the 
jet dynamic boundary condition, 

dw 2 (2.186)ax - - c(y)cll(y) Y(x.y) 

where w ; s the induced downwash on the jet sheet and y(x ,y), the vorti ci ty 
distribution, is known from the EVD solution. Equation (2.1~ must be inte­
grated twice to determine the shape of the jet sheet. First, the downwash 
on the jet is 

x 

w(x.y) = e(y) - C(Y)~ll(Y) f y(~,y) d~ (2.187) 
xt 

where xt is the trailing edge x-coordinate of the y-section and e(y) is 
the total jet turning angle relative to the freestream at spanwise station y. 
The jet shape is then 
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(2.188) 

where Zt is the trailing edge z-coordinate of the y-section. Once again, 
the integrals are replaced by finite summations. Although the vorticity is 
shed from the jet sheet continuously, it has been assumed here that all the 
vorticity shed by the last jet element on a y-section is shed from the lead­
ing edge of that element. This last jet element has been assumed to be infi ­
nitely long, to be planar, and to be inclined to the freestream at an angle 
equal to ai (y), the sectional downwash at infinity. Choice of ai (y), 

~ ~ 

which is calculated in the Trefftz plane, for the inclination of the jet 
infinity element is not theoretically correct except downstream at infinity; 
but if the last jet element is chosen to be sufficiently far downstream, 
further curvature of the jet can be neglected. 

The shape of the trailing vortex sheet behind conventional {unblown} 
wings or behind unblown sections of jet-wings cannot be treated in the rela­
tively simple manner as for blown wing sections since there is no longer a 
simple condition relating wake shape to vorticity. For an unblown wing, no 
additional vorticity is shed in the wake. However, as was first observed by 
Lanchester,the trailing vortex sheet behind a wing is unstable and tends to 
roll up as shown in figure {2.40}. The roll up pheonomenon is a result of 
the necessity of the free trailing vorticity to be parallel to the local free­
stream, which in turn is determined by the vortex distribution itself. Methods 
have been developed to calculate the wake shape approximately (e.g., reference 
51, 52, and 53), but these methods are iterati ve schemes whi ch converge 
rapidly for only the most simple wing loadings [figure (2.41)]. For most 
practical configurations, such as part span jets or flaps, these iterative 
roll up methods give only a qualitative picture of the wake shape and orienta­
tion [figure (2.42)J. However, these roll up methods do indicate clearly 
that the simplified wake deflection suggested by Silverstein is not applicable 
to complex configurations with discontinuities in spanwise loading. Thus, 
some alternate scheme is necessary to locate the trailing vortex sheet behind 
unblown wings or unblown sections. The scheme adopted for the current flow 
field method is a major simplification of the wake geometry but it does, in an 
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approximate sense. make account for wake discontinuities. The trailing vortex 
sheet on each y-section is assumed to be planar and to extend infinitely far 
downstream inclined to the freestream at an angle e~(y) midway between the 
freestream and a tangent to the sectional camber line at the trailing edge; 
that is. 

(2.189)
 

This particular angle was suggested by Rubbert (reference 54) in his non­
planar vortex lattice lifting surface theory. and although there is no theo­
retical basis for its choice. comparison of this simplified wake shape with 
those predicted by roll up methods show that the approximation is reasonable. 

With the entire non-planar jet-wing geometry established, it is now 
only a matter to superimpose the proper vorticity distribution on the wing 
and jet sheet. Since it is off-body induced velocities which are desired, 
the details of the loading distribution are not important and hence the con­
tinuous distribution of vorticity employed in the EVD method can be replaced 
by a lattice of discrete horseshoe vortices which are considerably simpler 
mathematically. This requires that the EVD vortex strengths y(x,y) be 
properly integrated to determine the strengths of the corresponding concen­
trated vortices r(x,y). This can be expressed by 

Yi+1)' Leading edge element 

(Yi + Yi+l) , Regular element (2.190) 

Jet Infinity element 

where 0i is the streamwise length of the i th element and xi is the 
streamwise position of the i th element. The strength of the trailing vorti ­
city on any element is easily found by integrating the bound vortex strengths 
from the leading edge of the y-section; that is 

0i (Yi + ~ 

1! 0i 

x 

r. = f Y(s,y) d€ (2.191) 
1trail 

xt(y) 
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Up to this point the non-planar geometry of the wing and jet sheet 
have been determined and the proper vorticity distribution has been placed 
on them. All that remains to be done is to calculate the perturbation velo­
cities induced by the jet-wing at each desired flow field point. Since the 
vorticity distribution has been replaced by a lattice of concentrated horse­
shoe vortices, the induced velocities can be calculated by repeated application 
of the Biot-Savart Law for straight line vortex filaments which is discussed 
in Appendix II. The off-body induced velocity is then simply the sum of the 
contributions of all the horseshoe vortices. 

Although the theoretical development of the flow field method is 
essentially complete, there are several areas which require further discus­
sion. Use of the concentrated singularity approach to represent the wing 
and jet sheet, desirable because of its mathematical simplicity, restricts 
the range of applicability of the method to the "far field" only. It can be 
shown from vortex lattice discretization theory that the no-flow boundary 
condition (i.e., the condition that there be no flow through the wing and jet 
sheet) can be satisfied at only one point per element, that point being the 
collocation point. At other points on the wing and jet sheet the flow normal 
to the surface will differ considerably from zero, which is physically impos­
sible. However, at points which are not close to the jet-wing, the details 
of the vorticity distribution become less important mathematically since 
the discrete singularities are no longer nearby. This implies that use of 
the flow field method is restricted to points removed from the wing and jet 
sheet. It has been determined that a reasonable criterion to be used to avoid 
these singularity problems is that no flow field point be closer than one 
element length from the wing or jet sheet, where an element length is defined 
as the max'imum linear dimension of a jet-wing element nearest to the flow 
field point of interest. 

2.3.3 Method Validation 

The lack of theoretical methods for calculating the flow field induced 
by arbitrary wings and jet-wings restricts method validation studies to com­
parisons with two-dimensional analytical methods and with experiment. Fortu­
nately, there have been numerous experimental programs to explore the nature 
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of the flow field induced by a finite wing, including several for jet-wings, 
and therefore, comprehensive comparisons of the present method with experi­
ment have been made. The experimental programs discussed here are limited to 
those for wing or jet-wing alone configurationsso that the effects of fuse­
lage, empennage, nacelles, etc., do not interfere with the basic method vali­
dation. Some of the problems associated with calculating the flow field 
induced by wing-body combinations will be discussed later. 

Silverstein (references 48 and 49) has done extensive theoretical and 
experimental investigations of the flow field induced by a finite conventional 
wing with and without flaps. Comparison of some of these data with predict­
ions of the present analytical method are presented in figure (2.43) for the 
USA 45 tapered wing of aspect ratio 6.2 without flaps. The comparison indi­
cates good agreement with experiment except in a region near the wake. As 
discussed previously, near the vortex wake the present method is not expected 
to adequately predict the flow field perturbations because of the close proxi­
mity of the discrete singularities used to represent the wake. Also, viscous 
effects can become quite important near the vortex wake. Finally, it may be 
quite difficult to obtain accurate flow field data in the vicinity of the 
wake by the technique employed in the work of reference 49 because of the 
possibility of significant velocity gradients across the face of the yaw 
head probe used to measure flow direction. What is important to note is that 
outside the region of the wake there is excellent agreement in both the magni­
tUde and spatial variation of downwash which indicates that the basic assump­
tions employed to locate the trailing vortex wake are valid. 

Reference 47 provides a comprehensive experimental investigation of 
the flow field induced by a jet-wing high lift system. These data were 
obtained for a semispan model of an aspect ratio 8.3 rectangular jet-wing 
mounted on the ceiling of the Langley 7 x lO-foot tunnel. The model was 
equipped with a full-span jet-augmented flap in which the jet exited from a 
narrow slot in the wing upper surface near the trailing edge and followed 
the upper surface of the flap, leaving the wing at experimentally determined 
deflection angles of 55° and 85° for the two flap deflections tested. Because 
of the small model size relative to the tunnel cross-section, no wind-tunnel 
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jet-boundary corrections were applied to either the force or flow field data. 
The jet-wing loading distribution used in the present analytical method for 
this comparison was obtained from the EVD Jet-Wing Lifting Surface Theory 
(Section 2.2). However, in order to account for discrepancies in total lift 
between EVD predictions and experiment, which are in part attributable to 
thickness effects, end plate effects (whose magnitude may not be small for 
jet-wings), etc., the wing circulation loadings obtained from EVD have been 
increased by the ratio of experimental circulation lift 

(2.192) 

to the EVD predicted value. 

Representative results of this comparison are presented in figures (2.44) 
and (2.45). In the first of these figures, the comparison between theory and 
experiment for the variation of jet-wing induced downwash with position behind 
the wing indicate generally good agreement except in those regions that are in 
close proximity to either the wing or jet. Parts (a) through (f) of this 
figure show comparisons for positions typical of empennage locations behind 
the wing. Parts (9) through (0) indicate the wide range of applicability 
of the present method. Figure (2.45) illustrates the variation in induced 
downwash with jet momentum coefficient, CJ • With the variation of CJ over 
the ~ange 0.67 to 6.46, both theory and experiment show a large increase in 
induced downwash. Agreement is again good, except in the vicinity of the jet 
sheet. Again this is not surprising because of the discrete singularity 
approach adopted in the flow field mathematical model. In addition, near the 
jet sheet measurements of flow inclination are likely to be considerably in 
error because of the relatively large yaw head probe (3/l6-inch diameter) 
used to measure the flow direction and the large velocity gradients across 
its face. What is important to note from these figures is that outside the 
region of the jet sheet the present analytical method predicts both the magni­
tude and spatial variation of flow inclination quite well and also predicts 
the variation of flow inclination with jet momentum coefficient with reason­
able accuracy. Implicit in this data is the indication that the jet sheet 
location is also being properly predicted. The comparisons presented in 
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figures {2.44} and {2.45} are only a portion of those made with the experi­
mental work of reference 47. Comprehensive comparisons have also been made 
for variation of angle of attack and for a wider range of positions, and these 
comparisons also indicate excellent agreement. 

The preceding comparisons verify that the fundamental assumptions and 
the mathematical procedures of the present analytical method are valid. 
However, in a strict sense this method is only capable of handling pure wings 
or jet-wings and is unable to account for the perturbing effects of fuselage, 
nacelles, stores, etc. In the EVD Jet-Wing Lifting Surface Theory the effect 
of a fuselage, for example, is accounted for by extending the wing planform 
to the plane of symmetry. This approximation has been shown to reasonably 
predict the fuselage carryover lift. However, the shed vorticity from the 
fuselage is not as simple to treat mathematically as for the wing because 
there is no requirement on the fuselage for the flow to leave at the trailing 
edge as for the wing {i.e., the Kutta condition}. Hence, in calculating the 
flow field velocities induced. by a wing-body combination, extension of the 
wing planform to the plane of symmetry to represent the fuselage and use of 
the present analytical method may prove to be an over-s~mplification of the 
problem. This will be further discussed in Volume III where comparisons with 
experiment for wing-body combinations will be made. 

2.3.4 Summary and Cone1udi n9 Rema rks 

A method has been presented to calculate the off-body velocities 
induced at arbitrary points by a jet-wing high lift system. The method 
requires a knowledge of the chordwise and spanwise loading distribution on 
the wing and jet sheet, which is usually obtained from the EVD Jet-Wing Lift­
ing Surface Theory. The wing and jet sheet are modelled mathematically by a 
fully non-planar sheet upon which a lattice of discrete horseshoe is placed 
to represent the loading. The flow field induced velocities are calculated 
by application of the Biot-Savart Law. 

Extensive comparisons with experiment have shown that the present 
method can adequately predict the induced flow in the vicinity of an 
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arbitrary jet-wing high lift system except for points which are in close 
proximity to the singularity sheet Hhich represents the jet-wing. To evaluate 
the flow fields at points close to the wing a jet would require that the bound 
and/or trailing vorticity be continuous in both the chordwise and spanwise 
directions. This is not an intractable problem but was considered beyond the 
scope of the present investigation. The adoption of a spline procedure and 
a doubl et singularity scheme might well be considered appropriate techniques 
that should be considered here. 
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3.0 MECHANICAL FLAP SYSTEMS WITH 
VECTORED THRUST 

~Jith convent iona1 ai rcraft it is poss i b1e to add ei ther auxi 1i ary 1i ft 
engines or to deflect the efflux from the cruise engines to augment airframe 
lift and thus provide a STOl capability. It would be logical to expect that 
the change in lift and drag, for example, would be, with the vectoring of the 
efflux, equivalent to the corresponding components of the rate of ejection of 
exhaust gas momentum. It has been established, however, that significant 
aerodynamic interferences may arise through the viscolJs-inviscid interactions 
of the efflux of the vectored-jet with the surrounding flow, which has already 
been significantly altered by the deflection of the mechanical flap system. 

The ability to analytically predict the aerodynamic characteristics of this 
type of STOl aircraft, already complicated by the deflection of the mechanical 
high lift system is, therefore, further impaired . 

• 

The difficulties associated with the prediction of the aerodynamic 
characteristics of STOl aircraft employing mechanical flap systems with 
vectored thrust are not insurmountable. If the propulsive system with its 
associated efflux vectoring device is not fully integrated with the wing 
(e.g., mounted in pods beneath the wing), then the analysis of the jet ­
efflux/airframe viscous-inviscid interaction problem might possibly be 
limited to the evaluation of aerodynamic interferences. In fact, there is 
sufficient experimental evidence to suggest that such an assumption would 
be more than justified in the case of STOl transport aircraft. 

An integrated theoretical approach to the evaluation of the aerodynamic 
interferences for arbitrary configurations is still far beyond the state of 
the art. Initial attempts at an analytical analysis of the complex jet inter­
ference effects either involved order of magnitude arguments or attempts at 
the correlation of experimental results from various models. Unfortunately, 
little consideration was given to the fundamental mechanism involved. In 
view of this, several theoretical and fundamental experimental studies of 
this problem were initiated both in this country and abroad. It was found 
helpful to consider first the behavior and influence of a single jet at an 
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angle to the mainstream. In attempting to model this jet flow to reproduce 
the proper induced effects, a distribution of singularities located on a 
surface surrounding the jet (i.e.,the jet envelope) might be used. This 
would require. however. a prior knowledge not only of the location of the 
jet. but also its cross-sectional shape and the velocity normal to its sur­
face. Unfortunately. at this time our ability to evaluate these boundary 
conditions is, at best. qualitative. In fact, a point that should not be 
overlooked here is that the jet induced and the aircraft induced flow field 
are. in a strict sense, mutually dependent. Thus, any rigorous analytical 
approach to the present problem would have to employ a convergent iterative 
procedure. If, however. the jet-efflux does not pass close to a solid 
boundary (i.e., any aircraft component), it seems logical to assume that 
the problem can be uncoupled, at least insofar as the calculation of the jet 
envelope is concerned. Further, it could be argued that approximations would 
be justified in the formulation of the aircraft problem which are consistent 
with the approximations made in evaluating the jet envelope and velocity normal 
to it and which, in turn. determine the jet.induced flow field. 

Although there may be misgivings as regards to the assumption that the 
jet envelope must be relatively far from the aircraft, several essentially 
"far-field" theoretical treatments of the efflux interferences have met with 
some success. Two theoretical models of the jet suggested by Wooler 
(reference 55), for example. have been used to predict "far-field" effects 
which are consistent with experimental observation. The first of these two 
models. a vortex representation of the jet, requires only a knowledge of the 
jet trajectory and the momentum flux of the jet for the computation of the 
induced velocity at a "far-field" point outside the jet. An interesting 
point worth noting is that the analytical treatment is similar to that 
adopted in jet-flap theory. In other words, the jet deflection and curvature 
are assumed to be solely related by inviscid theory to the pressure difference 
across the jet sheet. The second treatment, a sink-doublet model of the jet. 
describes the flow in more detail. This is still essentially a "far-field" 
theory, since any point at \'/hich the induced velocity is calculated is assumed 
to be far from the jet envelope. The equations of continuity and momen­
tum for the jet are developed in terms of an unknown rate of entrainment 
and arbitrary cross-sectional jet envelope. These equations are solved not 
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only for the singularity strength but also the trajectory of the jet. To 
solve these equations, it is still necessary to postulate the cross-sectional 
shape of the jet and to establish the value of the coefficients in the empiri­
cal equation for jet entrainment. The latter are chosen to give a satis­
factory correlation with available test data for the trajectory of the jet. 

Although either theoretical model of the jet proposed by Wooler facili­
tates the analytical treatment of the interference problem, there are still, 
of necessity, a number of assumptions which can be strongly criticized. 
Despite any misgivings, the concepts employed have some physical justification 
and Wooler, who has undertaken (see reference 56) the extensive development 
and application of the second approach, has made comparisons with experimental 
results that provide some assurance that this method,which has been adopted 
herein, will have some practical value in predicting aerodynamic interferences. 

In the sections that follow, Wooler's method for predicting the jet 
envelope and the sink-doublet model for predicting the vectored jet "far-field" 
induced velocities will be discussed. Aerodynamic interferences are calcu­
lated by classical potential flow arguments using a "small-perturbation" 
approach. 
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3.1 JET FLOW FIELD METHOD 

If the mutual interaction between two or more jets is neglected, it is 
only necessary to consider the problem of a single jet exhausting at some 
arbitrary direction to the free stream. In other words, mult"ip1e-vectored 
jet configurations will be treated as a combination of discrete jets. The 
theoretical treatment proposed by Woo1er for obtaining the flow field induced 
by a single circular jet exhausting into a cross flow is divided into two 
parts: (a) calculation of the jet envelope, and (b) following the mathematical 
representation of the jet by a distribution of sinks and doublets, the calcu­
lation of the jet induced velocity components. 

3.1.1 Jet Envelope 

On leaving the vectored nozzle, the jet efflux is deflected downstream 
and rapidly distorts into a horseshoe shape, with a pair of strong counter­
rotating vortices which trail downstream at the outer edge of the jet, growing 
in size and strength with increasing jet deflection. As mentioned earlier, 
the detailed flow mechanism responsible for the actual deflection and dis­
tortion of the jet in a mainstream are still, unfortunately, not understood. 
Pure inviscid theoretical treatments for the jet path have not met with much 
success. Other analytical treatments based on the assumption that the deflec­
tion is caused by a cross-flow drag force on the jet, similar to the drag on 
a solid cylinder, have been suggested. Although the situation still remains 
fundamentally unsatisfactory, these methods have nominally provided good 
agreement with experimental measurements. Wooler has made several refinements 
to the second type of approach by considering the deflection of the jet to be 
partly dependent on viscous entrainment in addition to a force on the jet 
boundary. It is assumed that the flow is everywhere incompressible and invis­
cid, except for the viscous phenomenon of mass entrainment by the jet. The 
latter effect is accounted for by the following empirical expression for the 
mass entrainment per unit length, E, of the jet: 

pk1E2C(VJ-U cos 8) 
(3.1) 

1 + E3~ sin 8 
J 

119
 



where U, VJ , a, C, and dJ are the free-stream velocity, local jet 
velocity, the angle between the local jet velocity vector and the cross-flow 
vector or free-stream, the local jet circumference, and diameter, respectively. 
This expression was chosen for several reasons. First, it reduces to the 
Recon-Spalding expression for the free-jet case (i.e., U = 0). Second, the 
parameter E2 can be adjusted to agree, in the fully developed region of the 
jet, with the Ricou-Spalding experimental result of constant rate of change of 
integrated jet momentum per unit distance along the jet, equal to 0.32. This 
requires that E2 = 0.08. In the development region, the entrainment character­
istics will be dependent on the jet exit condition. In this region, therefore, 
E

2 
is allowed to vary in such a way that it approaches its asymptotic value 

of 0.08. The reader is referred to figure 1 of reference 55 for additional 
information regarding the variation of E2 in the development region. The 
third and final reason for selecting the expression for E is that El , E

3
, 

and kl can be selected to give good agreement with experimental jet center­
line measurements. 

The assumption of the mass entrainment characteristics of the jet are 
not, by themselves, sufficient to allow the calculation of the jet envelope. 
It is at this point that Wooler assumes that there is a cross flow drag force 
acting perpendicular to the local jet centerline direction and, that along 
with the mainstream momentum contribution, this supplies the necessary force 
to produce a centripetal acceleration of the local jet mass, thus causing the 
jet to bend. This cross flow drag force can, for a jet element of unit lengt~ 

be wri tten as 

(3.2)
 

where Co is the cross flow drag coefficient of the jet. 

Considering the jet to be divided into a development region and a fully 
developed region, termed (figure 3.1) Region I and Region II, respectively, 
Wooler assumes that the cross-sectional shape of the jet envelope changes 
linearly from circular to elliptical in Region I and remains elliptical in 
Region II. The elliptical cross-section is also assumed to have a major to 
minor axis ratio of 4.0. The length of Region I, HI' is given by 

120 



I. vJO)
\0. 3 -U- sec 8J 

= (3.3)l VJo).,0.3 -U- Sln 8J 

where and are the initial jet velocity and angle relative to the VJo 8J 
freestream. In this region, the cross-flow drag coefficient is allowed to 
vary from 1.0 at the jet exit to 1.8 at the end of Region 1. Throughout Region 
II, the cross-flow drag coefficient remains constant and, therefore, equal to 
1.8. 

With entrainment into and the pressures forces on the jet envelope 
prescribed, the jet-efflux equations of motion can be expressed as follows: 

Continuity: 

= E	 (3.4) 

Momentum: 

= EU cos 8	 (3.5) 

Force: 

p = (3.6) 

where R is the radi us of curvature of the jet centerl"i ne and A is theJ 
local jet cross sectional area. Before proceeding to a solution of the 
equations of motion, Wooler establishes a functional relationship between 
the cross sectional area AJ , the circumference C of the jet, and the jet 
growth. 

On the basis of assumptions made earlier, the geometric characteristics 
AJ and C of the jet can be treated in two regions, namely Region I and 
Regi on 11. 

•	 Region I: In this region, the jet has been assumed to deform from a 
circular to an elliptical cross section and that the ratio of minor to 
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major axis decreases linearly with Z from 1 at z/d =0 to 1/4
V) Jo 

at Z/dJo = -HI -0.3 i£ (sin 8 a where a = (8J- f)/18 J- II. In
/dJo 

= J 

this case, therefore, the ratio of minor to major axis can be written as 

which yields the following expressions for AJ and C in Region I: 

A = ~ [+ (~)(5in oJ" (U/vJ] (3.7)J 

c =;f t+ (1 + (~) (Sin oJ" hJJ(U/vJJrr (3.8) 

• Region II: In this region (i.e., z/d S HI ) the jet is assumedIJo dJo 
to retain a similar cross section. Hence, AJ and C can be written 
as 

(3.9) 

(3.10) 

It is important to note here that Wooler has incorrectly assumed that 
C = 2.24dJ • To be consistent with the approximate equation used earlier 
for the circumference of the ellipse, the expression given in equation 
(3.10) has been used in the present work. 

The next step in the solution of the equations of motion for the jet 
envelope requires the consolidation of equations (3.4), (3.5), and (3.6). 
Consider first equation (3.4). The left hand side can alternatively 
expressed as 

d(AJVJ ) = P ds 
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Hence, 

d~}n d~/SVJ)2
E = Vj- s + pAJ VJ (3.11) 

which by substituting equation (3.5), yields 

1 d V
E = V EU cos e - pAJ ""'OSJ 

(3.12)
J 

d VJSubstituting for AJ and C, the following two equations for -az- in 
Regions I and II are obtained: 

• Region I 

= 

4(cos e - mVJ) 
(3.13)

+~ (sin e)-a (z/m) dJm2VJ sin e 1 

• Region II 

(3.14)
 

where and z and have been normalized by and dVJ dj VJo Jo 
respectively and have retained their same symbols, and m = VJo/U. 
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Considering the continuity and force expressions (i.e., equations (3.4) 
and (3.6))and substituting for AJ and C, Wooler obtains an additional 
set of equations, in this case for ddJ/dz and d2x/dz 2 , that apply to 
Regions I and II. It can be shown that these equations in their non­
dimensional form can be written as 

x m sin e 

(3.15) 

(3.16) 

• Regi on II 

d d d V
= l~ m sin edz CI"Z"(fZ 

J l"m s;~ •vJ J 

e) ~ 
(3.17)- E sin e ­

1 J 
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(3.18) 

With	 the additional substitution 

sin 8 

dx/dzcos 8 

equations (3.13), (3.15), and (3.16) applicable to Region I and 
equations (3.13). (3.17). and (3.18) applicable to Region II are seen 
to constitute a set of differential equations to be solved for V •J 
dJ , and x as functions of z and the parameters El • E2 , E3 , and 

CD. 

The numerical procedure employed for solving the two resulting sets of 
three simultaneous linear differential equations, as per the approach taken 
by Wooler, consists of an Adams predictor-corrector scheme with a Runge-Kutta 
starting condition. The initial conditions at the jet exit are 

dx z = 0.,	 x = 0., V = 1•• and dz = cot 8J •J 

Since k E is allowed to vary in Region I, E2 , as mentioned earlier,
l 2 

is determined to be 0.08 while k1 becomes 

= 1. 0 for z > 10 

= 21/32 for z > 0.8HI (3.19)= 12/32 for z > 0.6H I 
= 10/32 for z ::: 0.6111 
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The parameters E1 and E were selected by Woo1er to give good3 

correlation between experimentally and theoretically evaluated jet center­
lines and jet-induced surface pressures. This approach resulted in an 
E1 = 0.45 and an E3 = 30.0. The cross flow drag coefficient, CD' as 
mentioned earlier, varies in Region I, and is given by: 

(3.20) 

3.1.2 Jet Induced Velocity Field 

To obtain the jet induced velocity field, Woo1er assumed the entrained 
fluid to be represented by a uniform sink distribution placed orthogonal to the 

plane of the jet and the mainstream [see figure (3.1)] and a distribution 
of doublets with their axis perpendicular to the jet centerline to represent 
the so-called jet "blockage" phenomenon. The strength of the doublet distri ­
bution is obtained from a questionable two-dimensional analogy. In effect, 
the flow considered is that past an equivalent circular cylinder since the 
strength is obtained from the lIz term in the complex velocity 
expansion w(z) for the two-dimensional flow past an ellipse. In addition 
to the sink and doublet distribution, Woo1er has recently introduced a third 
set of singularities which are also distributed along the calculated jet 
centerline. This latter is a set of point sources which are blindly added 
to compensate for the invalidity of the hypothesized entrainment expression. 
The source strength are made proportional to the local curvature, which are 
justified by Wooler mainly through comparison with experimental results. 
The total jet induced velocity at a point (x, y, z) in space can be 
obtained by integrating the effects of all singularities. The details 
of the calculation procedure will be discussed below. 

Consider an element of the jet of length Os with centerline coordinates 
(~, 0, ~). The sink distribution per unit distance in the y direction will 
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be given by 

ii(s) = 6SU IEdS) sin '(s) + 

k1E 2 (S)[VJ(s)m-cos(s)C(s)] I 
dJ(s)(l + E3 (s)sin 8(s)/V (s)m (3.21)J 

The total "sink" perturbation velocity (us' vs ' ws ) at (x, y, z) induced 
by an element of jet of length Os can be obtained by substituting for ffi(s) 
in the following equations for 6Us ' 6Vs and 6Ws and integrating these 
expressions over the extent of the jet. 

= -m ~~-x) 
47T1J t(r;-z 2+(E;-x)2] 

(3.22) 

127
 



m 1 1= - 41TlJ rl;-Z )2+( ~-X)2+( dJ/2-y )2 ] /2I
 
(3.23) 

I+d /2J 
_ m (r,;-z) dn 3 
- - 41TU [{r,;-z)2+(~-x)2+(n-y)2] 6 

-d/2 

m (t-z~ = + il7iU [(l;-z)2+ t-x)2] 

y-dJ/2 

x 

(3.24) 

It should be noted that ~ws in equation (3.24) represents the downwash. 

As mentioned earlier. the strength of the doublet distribution utilized 
to represent the blockage effect of the jet is obtained from the complex 
velocity potential for the two-dimensional flow past an ellipse. By equating 
the strength of the doublet to the coefficient of the 1/2 term, the flow 
past an equivalent circular cylinder is being considered. 

The complex velocity potential for an ellipse can be written as 
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(3.25) 

where a and b are the minor and major semi-axis of the ellipse. Consider­
ing a binomial expansion of equation (3.25), the leading two terms in a series 
of inverse powers are 

w(z) = Uz + } U (a+b) b (l/z) 

where it is possible to equate the strength of the doublet, ~, with the 
coefficient of the l/ term. In other words, ~, becomesz 

~ = } U(a+b)(b) sin a 

alternati ve ly 

(i n Regi on I) (3.26) 
51TUdJ

2 sin e 
32 (i n Regi on I I) 

With the notation of figure (3.1 ), the induced velocity field at a point 
(x,y,z) due to a doublet of strength ~ at (~,n,~) is given by 

= 
8U' 
~ cos 

8W' 
a + ~ sin e 

(3.27) 

t.w D 
-U­ = 

8W • 
~ sin 

Aw •D 
e - -U- cos a 

where 

~u' 
~ = -

)
~(U 

-0/2
x'z' (X' 2+y •

2
+Z. 2) 
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!:.w' o-u- = 

in which x'. y'. and z' are given by 

x' = (~-x) cos a + (/;-z) sin 6 

y' = - n 

z' = (~-x) sin 6 - (/;-z) cos 6 

and ~ is obtained from equation (3.26). The total "doublet perturbation 
velocity (us. vs • ws ) is determined from an integration of equation (3.27) 
over the extent of the jet. 

There remains the induced velocity field (u~. v~. w~) associated with 
the additional source distribution. Wooler assumes this distribution to be 
proportional to jet curvature and has established that the best correlation 
with experimental data. over the range of velocity ratios .1 ~ U!V ~ .3. 
is obtained by taking the source strength equal to three times the ~gt 
curvature. Hence. to obtain the velocity field induced by both the sink 
and source distribution. it is simply necessary to substitute m in 
equations (3.22). (3.23). and (3.24) not by equation (3.21) but by the 
following expression 

m = -3 *+ 0sU {EI(S) sin 6(S) 

+ E2 (S)(VJ (s) - cos(s) C(S))kl } 
(3.28) 

dJ(S) 1+E 3 (s)sin 6(S)!VJ (s)m 

The total interference velocity at the point (x. y. z) is now obtained 
from a summation of the component velocities induced by the sink. source. and 
doublet distributions. 
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3.1.3 Summary and Concluding Remarks 

Wooler has undertaken an extensive correlation of analytical results 
obtained with the method described in the previous section and experimental 
data. Some typical results obtained by the authors with the computer program 
described in Volume II are presented in figure (3.2). Estimates of the 
trajectory of the jet, for example, reproduce effectively the trajectory 
determined experimentally, while the analytical results give reasonable pre­
dictions of the experimental pressure measurements on a infinite plane wall 
from which a single jet issues normally. 

Extensions of the Jet Flow Field method to include the effects of ground 
proximity and to provide a basis for the evaluation of aircraft rotary dynamic 
derivatives have been considered. In ground effect, the authors have adopted 
the approach suggested by Wooler. That is, it is assumed that the jet 

envelope is unaffected by the presence of the ground up to the point of im­
pingement. From the point of impingement, the jet is then considered to be 
parallel to the ground and freestream. The induced flow field then simply 
requires the computation of the velocities induced by both the jet and its 

image. The effect of rotary variables (i.e., pitching, rolling, and yawing) 
on the development of the jet can be considered in the basic method as a 
change in the mainstream velocity vector. Wooler (reference 56) presents a 
detailed discussion of this approach; but in general concludes that the effects 
of rotary variables can be considered as negligible. Frankly, the overall 

accuracy of the basic method should be improved before the satisfactory esti ­
mation of the effects of rotary variables can proceed. Thus, the authors are 
of the opinion that the effect of rotary variables should not be taken into 
account. But, more evidence and analysis is needed to support this. 

Although valuable progress has been made by the formulation of the 
sink/doublet mathematical model, further attempts at development along such 
lines seem of doubtful value until the mechanism of jet deflection is better 
understood. Despite the progress made in the development of the sink/doublet 
model and the alternative vortex sheet model mentioned earlier, there still 
remain objections to each theory. It might be argued, for example, that 
there is little justification for the adoption of an inviscid model of the 
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flow, except by invoking the arguments that the major region of the flow field 
can be treated in inviscid terms providing the boundary conditions take account 
of the viscous flow on the envelope of the jet. Next, the assumptions made in 
arriving at the momentum equation (i.e., equation 3.5) imply that, with the 
exception of the momentum pf the entrained freestream air, the momentum flux 
along the jet is constant - an assumption difficult to justify at large jet 
deflections or low values of the velocity ratio VJo/U. Finally, a closer 
examination of the mathematical model will reveal that the concepts employed 
are naturally questionable as the jet angle, BJ' approaches zero. Neverthe­
less, the authors have had some success in predicting aerodynamic interference 
at jet angles greaterthanor equal to five degrees. 



3.2 AERODYNAMIC/PROPULSION INTERFERENCES 

The extension of the "far field" jet-flow field theory discussed in 
Section (3.1) to the practical case of a STOl aircraft employing mechanical 
high lift systems in conjunction with vectored thrust will now be considered. 
This involves nothing more than simply the computation of the velocity 
field induced over the wing, fuselage, and empennage, followed by the deri ­
vation of, for example, the wing aerodynamic loading consistent with the 
induced downwash distribution. Two important factors might discourage the 
adoption of such an approach. Firstly, the jet flow field method discussed 
earlier suggests that a large downwash variation might be induced by the jet. 
Theoretical methods currently available for estimating, for example, wing 
loading might not, therefore, be adequate. Secondly, there has been difficulty 
in explaining, for example, wing surface-pressure distributions as effected by 
the jet efflux. Evidence and analysis are, therefore, needed to clarify and 
subsequently to solve these problems. From the point of view of the prediction 
of lift interferences, however, the experimental data (reference 57) is to a 
degree consistent [figure (3.3a)] with the simple argument that the jet flow 
merely induces a downwash velocity past the wing which combines with the 
freestream velocity to produce a change in the effective camber and twist 
of the wing. Results also give a reasonable prediction [figure (3.3b)] 
of the experimental chordwise loading measurements considering the complexity 
of the flow field. In fact some of the discrepancy between experimental and 
calculated results are, in part, due to the inability of the present method, 
in particular EVD lifting surface theory. to consider more than one wing 
element (e.g., a single or double slotted flap). 

In view of the above, the present technique for calculating aerodynamic 
propulsion interferences, in particular those associated with the vectoring of 
the propulsive thrust, comprises the following two steps: 

• Calculate the jet location and envelope for each jet followed by the 
perturbation velocities induced on the aircraft surface boundaries by 
all jets by the Jet-Flow Field method. 

• Calculate the aircraft aerodynamic performance and stability and control 
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characteristics with or without these perturbation velocities as bound­
ary conditions by the wing, fuselage, and empennage methods presented 
in this report. 

To obtain satisfactory results, two important assumptions must be 
adopted. The first requires that the mutual interaction between one jet and 
the remaining jets, as well as the mutual interaction between any jet and 
the aircraft, be neglected. The second requires that the jets neither 
impinge on, nor are in close proximity to any of the aircraft surfaces. 
In other words, the Jet Flow Field method is a "far-field" theory. 
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4.0	 ~1ETHODS FOR THE ANALYSIS OF THE AERODYNAMICS 

OF AIRCRAFT COMPONENTS 

In the preceding sections, analytical methods have been presented for 
calculating the aerodynamic and stability and control characteristics of 
jet-wings and wings with vectored jets. In addition, it is necessary to 
provide a capability to calculate the contributions of other aircraft com­
ponents, particularly for stability and control analyses. However. it is 
necessary to consider the mutual aerodynamic interferences between aircraft 

components to properly calculate complete aircraft aerodynamic character­
istics. The approach adopted in this work is to approximately account for 
these interferences by determining the flow field induced on these components 
by the jet-wing and/or vectored jets. but to neglect the influence of these 
components on the jet-wing or vectored jets. It is shown in the following 
sections that treating interferences in this manner is a reasonable approxi­
mation for transport aircraft-type configurations where the influences of 
the components on the wing are small. However. for aircraft with low aspect 
ratio wings and/or low fineness ratio bodies, the mutual interferences are 
not likely to be small. and a fully integrated solution is likely to be 
required. 

Treating the interference problem in the manner just described elimi­
nates the need for an iterative solution, which otherwise would be required 
since the location of the jet sheet and/or vortex wake, which is a function 
of the loading on all aerodynamic surfaces, would be unknown a priori. It 
is the opinion of the authors that the approach adopted here should be 
adequate for the purposes of most STOl transport design and analysis work. 

In the following sections methods for calculating the contributions to 
the aircraft aerodynamic characteristics of the fuselage and empennage (hori­
zontal tail and vertical tail) are presented. Interferences due to the 
jet-wing and/or vectored jets are treated in the manner discussed here. 
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4.1 FUSELAGE ANALYSIS 

A method based, in part, on slender body theory has been developed as 
a basis for predicting the contributions of the fuselage to the overall static 
and dynamic stability and control characteristics of STOl configurations em­
ploying internally ducted and externally blown jet flaps and mechanical flap 
systems with vectored thrust. A rigorous analytical solution of the inte­
grated jet-wing-fuselage problem is considered to be desirable but is beyond 
the scope of this study. However, the method described herein should be 
adequate for the preliminary aerodynamic design and evaluation of turbofan 
powered STOl transport aircraft. 

Although slender body theory has been used as a basis for the method 
presented, modifications to the theory have been made to account for, in an 
approximate sense, bodies with non-circular cross-sectional geometry, body 
camber (e.g., fuselage upsweep), and jet-wing or vectored jet induced down­
wash and sidewash on the fuselage. No account is made for flow separation 
from the fuselage afterbody, but even a fully integrated jet-wing-fuselage 
analysis could not account for flow separation or vortex shedding from the 
fuselage. There are no general methods for the solution of the flow about 
a body with separation from the afterbody. 

In the following sections a review of classical slender body theory58 

will be made followed by modifications to the method and an analysis of the 
fuselage contributions to the aerodynamic characteristics of a complete 
aircraft. 

4.1.1 Slender Body Theory 

The concept of slender body theory for the flow past a body of revolu­
tion was originated by Munk (reference 59) in his studies of airship hulls. 
The concept has been developed to cover a wide variety of applications because 
of its relative simplicity as compared to exact methods and because, for a 
wide variety of useful body shapes, it produces excellent agreement with exact 

methods. 
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Consider the steady flow of an incompressible fluid past a body of 
revolution at an angle of attack relative to the freestream. The body is 
oriented with its axis coincident with the x-axis and its leading edge (nose) 
at the origin (see figure 4.1). It will be convenient to use the cylindrical 
coordinate system (r, a, x) as shown in figure (4.1), related to the 
Cartesian system (x,y,z) by 

x = x, y = r sin a , z = - r cos a (4.1) 

The unconventional choice of a = 0 on the -z axis was made to facilitate 
symmetry considerations, as will be discussed in Section 4.1.2. The surface 
of the body may be described by 

r = R(x) (4.2) 

which may also be expressed as 

F(r, a, x) = r - R(x) = 0 (4.3) 

The basic equation to be solved is Laplace's equation 

(4.4) 

subject to the boundary condition that there be no flow through the surface 
of the body, expressed by 

v~ . VF = 0 on F(r, a, x) = 0 (4.5) 

where ~ is the total velocity vector V and VF is the normal to the 
surface of the body. Also, the flow must be undisturbed at infinity, so 

V~ = U00 (at infinity) (4.6) 

It is convenient to reformulate the problem in terms of a perturbation velocity 
potential ~(r, a, x), whereby equations (4.4), (4.5), and (4.6) become 
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(Voo + v~) . VF = 0 or F(r, a, x) = 0 (4.7) 

= -+-q = 0 at infinity 

Expressing equations (4.7) fully in cylindrical coordinates yields 

4 + li! + 
ar r ar 

(U sin ex cos a + ur ) ~~ + (U cos ex + ux) ~~ = 0 on F = 0 (4.8)oo	 oo 

(u r , ua, ux) = 0 at infinity 

where (ur. ua. ux) are perturbation velocities. Since Laplace's equation 
is linear in ~, the velocity potential may be expressed as the sum of two 
perturbation potentials 

(4.9) 

and the solution to equation (4.8) may may be formed by the superposition of 
solutions for	 ~1 and ~2' From equation (4.3) it can be seen that 

!E. = 1 and !E. = - bR (4.10)ar ax oxx 

so the boundary condition equation of (4.8) can be rewritten as 

(4.11) 

where U= U cos a and W= U sin ex. Using equation (4.9) and notingoo	 oo 

that it follows that 

(4.12) 
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the boundary condition can finally be expressed as 

at; (R~ s,x) = (4.13) 

Clcjl2 dRar- (R,e,x) uX2 dX + Wcos e (4.14) 

Having divided the solution in this manner, it can be seen that equation (4.13) 
is the boundary condition for the axisymmetric flow past a body of revolution 
in a freestream of speed U and equation (4.14) is the boundary condition for 

the cross flow past the same body of revolution in a freestream of speed W. 

Up to this point the analysis has been exact. It is now that the con­
cept of a slender body of revolution is introduced to make the solution of 
equation (4.4) subject to the boundary conditions, equations (4.13) and (4.14), 
tractable. Consider a body of revolution whose cross-sectional radius changes 
slowly with distance along its axis; that is, dR/dx is small. Now, since 
ux and ux are perturbation quantities that will be small for a slender 

1 2 
body, the terms ux1 (dR/dx) and uX2(dR/dx) in (4.13) and (4.14), respec­
tively, are second order small and may be neglected. Hence, the surface 
conditions reduce to the simple form 

fu ) = U dRar (R,e,x (4.15)dx 

Cl«P2 )ar (R, e,x = wcos s (4.16) 

It must be emphasized that the assumption of small perturbations is not valid 
at or near stagnation points of the body or near the ends of a body with 
rounded ends where dR/dx is not small compared to unity. For many bodies 
of interest, however, the regions where the slender body assumption is not 
valid are small. 

The solution of Laplace's equation subject to boundary condition (4.15) 
is the solution for an axisymmetric flow past a slender body of revolution. 
Based on past experience it is known that such a flow may be represented by 

139
 



a suitable distribution of sources (and sinks) on the body axis. Letting 
q(x) denote the source distribution, the velocity potential is 

dE;
<PI (r,x) = - ~ fR, 

q(E;) (4.17) 
o 

where R, is the length of the body. It is now necessary to relate the 
source strength q(x) to the body geometry. First it should be noted that 
one necessary condition is 

fR, 

q(x)dx = 0 (4.18) 
o 

since the body is closed and no mass is added to or taken from the flow. The 
linearized form of the surface condition, equation (4.15), can be used to 
develop an approximate relationship between q(x) and R(x). Consider a 
small cylinder of radius r and length dx surrounding an element of source 
distribution. As r ~ 0 the volume outflow becomes 

q(x)dx = lim (2nu rrdx) 
r~ 

or 

(4.19)
 

For small r this shows that 

.. 1 ur r 

and hence ur must be infinite as r ~ O. In Qrder to make use of the sur­
face condition, it is necessary to relate (rur)~ to (rur)r=R(x), which 
is similar to transferring the boundary condition from the surface to the 
camber line of a thin airfoil. Hence, the slender body approximation implies 
that 

(ru r)r=R(x) = (rur)~ (4.20) 
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and. therefore. the source strength can be determined from (4.15). (4.19) and 
(4.20) to be 

q( x) = 27TUR dR = U dS (4.21 )ax ax 

where Sex) is the distribution of cross-sectional area. Finally. the per­
turbation velocity potential can be expressed as 

R, 

- U f dS () df;
</> 1 (x. r ) - - 4rr ~ f; .j (4.22)

(X-f;)2+ r 2 
o 

for the axial flow solution. 

The solution of Laplace's equation subject to boundary condition (4.16) 
is the solution for the cross flow past a slender body of revolution. Since 
the cross-section of the body is circular. the flow can be represented by 
doublet distribution along the axis of the body. Letting ~(x) be the 
strength of the doublet distribution. it can be shown that 

JI. 

= 1 r cos e de- (4.23)f ()- 4rr ~ f; 2 2 I <,[(X-f;) -+r J3 2 o 

By using arguments analogous to those employed in the axial flow problem for 
the transfer of the boundary condition from the surface to the axis. it can 
be shown that 

(4.24) 

For small values of r. equation (4.23) can be integrated. using (4.24). 
so that approximately 

WS(x) cos e 
rrr (4.25) 

for the cross flow solution. 
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The total surface perturbation potential is expressed by {4.9~ 

where ~l' is determined by (4.22) and ~2 by (4.25). Once the surface 
perturbation velocity potential has been determined, the surface velocities 
can easily be calculated by differentiation of (4.9) to determine (u r ' us, ux) 
or (ux, Uy, uz ). Finally the surface pressure distribution is calculated 
from 

(4.26) 

4.1.2	 Modification of Slender Body Theory for Non-Axisymmetric Bodies in 
Non-Uniform Flows 

For bodies which are not axisymmetric, the analysis of Section 4.1.1 
does not apply. However, for nearly axisymmetric bodies, that is, for bodies 
whose cross-sections are nearly circular and/or whose axis is nearly straight, 
the assumptions of slender body theory can still be employed with certain 
modification~l Examples of bodies which fall into this category are fuselages 
with oval, elliptical, or nearly circular cross-sections, moderately upswept 
fuselages, or fuselages with mode~ately small protuberances. In addition, 
a modification to slender body theory is desirable such that non-uniform onset 
flows on the body can be considered. 

The classical slender body theory discussed in Section 4.1.1 is com­
posed of two superpositioned solutions. The first is axisymmetric in form 
and provides a source distribution to generate the proper distribution of 
cross-sectional area. In the general case of non-circular cross-sections and 
non-cylindrical shape (i.e., a non-straight axis), if the geometry is "suffi ­
ciently axisymmetric" so there are no significant velocities in the theta 
direction (us' see figure 4.1), then the axial flow can be calculated in the 
slender body sense over an equivalent body of revolution having the same dis­
tribution of cross-sectional area as the actual body. Therefore, a pertur­
bation velocity potential for the axial flow fl{x,r) can be calculated in 
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a manner analogous to the axisymmetric case. except equation (4.22) must be 
changed to 

R.

~l(x.r) = - 41Tuf (4.27) 
o 

where S = S(x) is the area distribution of the equivalent body of revolu­
tion. 

In the actual numerical solution developed here. the body is divided 
into a series of streamwise segments by planes normal to the body axis 
[figure (4.2)]. Then the velocity potential can be determined by numerical 
integration of (4.27); but since it is actually the surface velocities rather 
than surface velocity potential that is desired for the final solution. 

Ux (x.r) (4.28)
1 

and ur (x,r) (4.29)
1 

will be integrated numerically directly. Since it has been assumed that the 
body is slender. it is reasonable to assume that the area gradient, dS/dx, 
is nearly constant over a segment. If it is not, then a closer segment 
spacing can always be chosen so that the assumption is valid. Thus. dS/dx 

can be taken piecewise outside the integrals in (4.28 and (4.29). Finally, 
u and ur on the ith segment can be calculated from 
xlI 

1 t (dS) J-----'-l~ 
47T j dx j t [(~j+l-xi )2+r /]% 
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where the summations are carried out over the entire body (i.e., Mstream­
se segments) and the terms xi' ~j' r i , etc., are defined in figure (4.2). 

The second of the superimposable solutions, the cross flow solution, 
accounts for angle, of attack effects. For the axisymmetric case it is 
simply represented by the flow past a distribution of doublets on the body 
axis. The doublet is the natural choice of singularity for the axisymmetric 
case since it is well-known that a doublet can be used to model the flow 
about a two-dimensional circular cylinder in a freestream. For the general 
case of a non-circular cross-section, however, a doublet inside the body is 
no longer adequate. Instead, the body cross-section is represented by a 
continuous source distribution on the boundary of the cross-section. The 
Neumann boundary condition of no flml across the boundary is imposed and the 
problem is solved two-dimensionally to determine the source strength distri­

on. The Neumann solution is well developed (references 62 and 63) and is 
reviewed in AppendixIll. The two-dimensional cross flow solution is com­
puted for each streamwise segment of the fuselage to determine ur (r,s,x)

1 
and us(r,s,x). Returning momentarily to the axisymmetric cross flow solu­
tion, equation (4.25) for the perturbation cross flow potential clearly shows 
that there is a contribution to the axial perturbation velocity, ux' from 
the cross flow solution, since 

ux (r,s,x) W ~ (x) cos s (4.32)
2 7Tr 

However, the Neumann solution for the cross flow in the general case is 
strictly two-dimensional in the (r,s)-plane, so no x-dependence is obtained. 

, it is again necessary to revert to the equivalent body of revolution 
concept, yielding in place of (4.32) 

(4.33) 

Finally, the cross flow solution must be modified to account for non­
straight body axis and non-uniform cross flow velocities. This has been 

-+ 
done by replacing the constant cross flow freestream velocity vector Wk 

th ~ variable velocity that allows for both vertical and lateral cross flow 
-+ -+

freestreams, V(x)j + W(x)k. The vertical cross flow freestream W(x) can 
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be composed of angle of attack contributions (U~ sin a), wing induced 
downwash (w(x)), and a downwash induced by the upsweep of the fuselage 

axis (-dzCL/dx). Hence. 

dz 
W(x) = U 

oo 
cos 8 sin a - d~L (x) + w(x) (4.34) 

The lateral cross-flow freestream V(x) is composed of sideslip terms and 
wing induced terms; that is. 

V(x) -u sin 8 + v(x) (4.35)
00 

where a positive sideslip angle 8 is defined as shown in figure (2.7a). 
The modified cross flow freestream, (4.34) and (4.35), can be included in 
the Neumann solution merely by modifying the boundary conditions. However, 
for the axial perturbation velocity contribution of the cross flow, equation 
(4.33) must be modified to be 

uX2 (r,e.x) = - ;'r ~ (x) [W(x) cos 0 - V(x) sin oJ (4.36) 

The complete surface velocity distribution is then obtained by summing 
vectorially the freestream velocity, the axial contribution [(4.30) and (4.31J, 
and the cross flow contribution [the Neumann solution and (4.33)]. Finally, 
the surface pressure distribution can be calculated from equation (4.~6). 

4.1.3 Jet-Wing Interference 

The fuselage analysis developed in the preceding sections is approxi­
mate because of the slender body assumptions (dR/dx« 1) and because of 
the assumptions required to handle non-axisymmetries. Further approximations 
are made in the consideration of jet-wing interference. The flow induced on 
the fuselage by the jet-wing system is a function of (R(x),e,x). However, 
since the fuselage is slender and the wing is of at least moderately high 
aspect ratio. it is reasonable to assume that the flow induced on the fuse­
lage by the jet-wing can be approximated by the downwash and sidewash on the 
fuselage axis. Thus, it is assumed that 
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v(R(x).a.x) ~ v(x)!axis 
(4.37) 

w(R(x),e,x) ~ w(x)!axis 

Obviously this assumption will be more valid at the leading and trailing 
edges of the fuselage than near the wing/fuselage junction. However, since 
moments rather than pressure distributions are the desired end result. the 
errors introduced near the center of the fuselage by this assumption should 
be small. 

4.1.4 Aerodynamic Characteristics 

Within the context of the assumptions and limitations of the method 
described in the preceding sections, the aerodynamic characteristics of a 
fuselage in the presence of a jet-wing can be determined by suitably inte­
grating the surface pressure distribution obtained. Since the singularities 
used to represent the fuselage are single-valued (i.e., no circulation), 
however, by D' A1embert's paradox it is known that there can be no total force 
on the body. However, there is a distribution of force along the body and, 
hence, there can be non-zero total moments on the body. 

As mentioned previously, the body is divided into streamwise segments 
by planes normal to the freestream [figure (4.2)]. In addition, each stream­
wise segment is divided into circumferential segments [figure (4.3)] so that 
the surface of the fuselage is effectively divided into a lattice of quadri­
lateral elements [figure (4.4)]. Hence, knowing the pressure coefficient on 
each quadrilateral element, the area of the element, its normal. and its 
position in space, differential force and moment vectors can be calculated 
from 

(4.38) 

-+ 
d M = qScp(r,e,x) p x h rdedx (4.39) 
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which can be readily integrated for the total forces and moments. Since in 
the actual numerical method the differentials in (4.38) and (4.39) are 
replaced by finite values (i.e., the dimensions of the quadrilateral elements), 
it is obvious that more accurate results will be obtained as the fineness of 
the element lattice is increased. In addition, these equations show that 
finer divisions are required for areas where the loading gradients are larger 
(e.g., near the ends of the body). 

4.1.4.1 Pitching Moment 

The fuselage pitching moment can be calculated by integrating the 
y-component of (4.39). It is first necessary to determine the unit normal 
n on each element. Referring to figures (4.3) and (4.5), the unit normal 
can be expressed in rectangular Cartesian coordinates by 

-+ -+ -+ n = - sin 1jJ 1 + cos 1jJ sin S J - cos 1jJ cos S 1< (4.40) 

where 1jJ = tan- 1 (dr/dx) and S = tan
_1 

(dZ/cj~) . Hence 

-+ -+ dxdr or + dx sinn S j - as cos S 1< (4.41)-as' as 

Therefore, in non-dimensional form equation (4.39) can be integrated to 
yield 

where the moment arm p in (4.39) is 

-+ or.-? "t 
p ( x - x ) ,. + rsmeJ - r cosel\ (4.43)mc 

and xmc is the desired moment center on the body axis. 

4.1.4.2 Yawing Moment 

The fuselage yawing moment can be calculated by integrating the 
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z-component of (4.39). In non-dimensional form the result is 
1 2rr . 

Cn = it f f [p<r,e,x)] 1(x-xmc ) *sin 13 - r *sin e Irdedx (4.44) 
o 0 

4.1.5 Dynamic Stability Derivatives 

In Section 2.2.4 it has been argued that the assumption of quasi-steady 
flow conditions should suffice for the calculation of jet-wing dynamic stabi­
lity derivatives. This implies that the entire jet wing/fuselage flow field 
adjusts instantaneously to oscillatory motions. The same assumption will be 
used in analyzing the dynamic stability contribution of the fuselage. This 
reduces the problems to calculating the dynamic stability derivatives for an 
isolated fuselage in a freestream. Since fuselage cross-sections are nearly 
circular, it h~s been assumed that the rolling dynamic stability derivatives 
for the fuselage are negligible. 

4.1.5.1 Pitching Fuselage 

The pitching fuselage can be considered by assuming an induced down­
wash distribution along the fuselage axis 

(4.45) 

where q is the rate of pitch (radians/secJ about the aircraft center of 
gravity. The quantity 

q = (2qU~) (4.46) 

is the non-dimensional rate of pitch. Using the downwash distribution (4.45) 
with q = 1.0 and calculating the pressure distribution by the method of 
the preceding sections, equation (4.42) yields 

= aCm (4.47)af 
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4.1.5.2 Yawing Fuselage 

The yawing fuselage can be considered by assuming an induced side­
wash distribution along the fuselage axis 

(4.48)
 

where r is the rate of yaw (radians/sec) about the aircraft center of 
gravity. The quantity 

(4.49)
 

is the non-dimensional rate of yaw. Using the sidewash distribution (4.48) 
with ~ = 1.0 and calculating the pressure distribution by the method of the 
preceding sections, equation (4.44) yields 

en = (4.50)r 

4.1.6 Method Validation 

In order to assess the validity of the modified slender body approach 
to the solution of the fuselage problem, comparisons have been made between 
the present method, exact analytical methods, and experiment. In addition. 
the method validation summary presented here includes a brief study of spacing 
criteria and convergence of the numerical method for a set of body shapes 
whose analytical solution is \'Iell known. Finally. the non-potential aspects 
of the problem. particularly vortex separation from the fuselage afterbody. 
are discussed. 

What must be first established in assessing the validity of the present 
method is the range of applicability of classical slender body theory. In 
other words. how slender must a body be in order for it to be classified as 
a slender body? Although there are many excellent treatments of this topic 
(e.g., references 58 and 60). the present method has been used to verify these 
findings and to provide the reader unfamiliar with slender body theory with 
a feeling for its worth. Since there exists an exact analytic solution for 

149
 



the potential flow about an ellipsoid, bodies of this type have been employed 
for this comparison. In particular, spheroids (ellipisoids of revolution) 
of varying thickness/chord ratios have been used in the initial comparison 
with classical slender body theory. Figure (4.6) shows typical comparisons 
between analytic theory and the present numerical method for the pressure 
distribution for a body at zero angle of attack for several different arrange­
ments of streamwise elements. The distributions of streamwise divisions along 
the body axi~ include 16, 24, and 32 divisions, spaced closely near the ends 
of the body where the slope of the surface is large and spaced more widely 
near the center of the body. The calculated pressure distribution for a 
body of thickness/chord ratio 0.1 indicates excellent agreement with exact 
theory except when only 16 divisions were used, and the good agreement is 
maintained over nearly the entire body length. The strange behavior of the 
16-division solution near the mid-section of the body is indicative of the 
type of solution that can be obtained by under-defining the body geometry. 
The 24 and 32 point solutions demonstrate the adequate convergence character­
istics of the numerical method for well-defined body geometries. For a 
spheroid of thickness/chord ratio 0.2, the calculated results are in generally 
good agreement with the exact result, although the effects of increased 
body thickness are apparent in comparison to the previous result. Figure (4.6c) 
for a spheroid of thickness/chord ratio 0.4 is indicative of the results 
obtained when the body deviates significantly from the assumptions of slender 
body theory. 

Figure (4.7) presents additional body pressure distribution data at 
20 degrees angle of attack for both the present method and the exact analytic 
result. vJhat these data show is consistent with the zero angle of attack 
result, indicating excellent agreement for the spheroid of tic = 0.1 over 
the entire length of the body and increasingly poorer agreement as the body 
becomes less slender. Although the 32 streamwise element solution is plotted 
in figure (4.7), similar results were obtained for the 24 element solution. 

These results can be alternately summarized as in figure (4.8), which 
presents a comparison for the body moment versus angle of attack between the 
present slender body method and the exact analytic result. The slender body 
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result which can be shown to be simply 

C = sin (2cd (4.50)m 

where C is non-dimensionalized by the body volume, is invariant with bodym 
thickness/chord ratio. Tile comparison with exact theory in figure (4.8) leads 
to the same general conclusions as were reached from the pressure distribution 
comparisons. That is, excellent agreement is obtained for the tIc = 0.1 
spheroid; adequate results are obtained for the tIc = 0.2 spheroid (approxi­
mately 12 percent error); while rather poor results (approximately 35 percent 
error) are obtained for the tIc = 0.4 spheroid. 

It becomes increasingly more difficult to assess the validity of the 
present modified slender body approach for bodies of non-circular cross-
section because of the complexity of the analytic solutions available. In 
fact, the only known analytic solution for a fully three-dimensional body is 
for a tri-axial ellipsoid, which is a body whose meridian shape in each of 
the coordinate planes is an ellipse. Remembering that the present method 
treats the axial flow solution (i.e., the zero angle of attack solution) 
using an equivalent body of revolution technique, it is shown in figure (4.9) 
that the small variation in circumferential pressure obtained from the exact 
solution is unimportant and that the axial pressure distribution predicted 
by the slender body technique is a reasonable average. Of course,for less 
slender bodies or for bodies whose cross-sectional eccentricity is larger 
(the eccentricity of the tri-axial ellipsoid analyzed in figure (4.9) is 
.125), the assumptions of slender body theory and the assumption of replacing 
the body by an equivalent body of revolution for the axial flow solution will 
become less valid. Figure (4.10) presents additional body pressure distribution 
comparisons at several circumferential stations at 20 degrees angle of attack 
for the same tri-axial ellipsoid. Excellent agreement is evident, verifying 
the cross-flow solution for non-circular cross-sections using the Neumann 
solution approach. Unfortunately no analytic solution for the momentson 
a tri-axial ellipsoid for comparison was found. However, based on the good 
agreement obtained for pressure distributions, it is certain that comparisons 
similar to figure (4.8) would be obtained. 

151
 



Having established the behavior of the present approximate solution 
relative to the exact analytic result, it is necessary to examine the magni­
tude of the errors expected to ascertain if they are tolerable in typical 
STOl transport aircraft aerodynamic and stability and control analyses. In 
particular, consider the pitching moment contribution of the fuselage relative 
to the overall wing body combination pitching moment. Since a typical thick­
ness-chord ratio for a STOl transport is Ow2, from figure (4.8) it would be 
expected that the fuselage pitching moment predictions would be in error by 
approximately 12 percent. In general, however, the absolute magnitude of the 

error, when expressed in a form non-dimens10nalized by the wing area and ref­
erence chord, may be only 2 to 5 percent of the total pitching moment. Hence, 
the range of applicability of the present method may be more than that estab­
lished in the body alone studies presented here because of the masking of 
errors by other component contributions to pitching moment. 

The discussion to this point has been solely concerned with potential 
flow aspects of the body problem. However, the phenomenon of vortex shedding 
from the afterbody of a fuselage is well-known and usually occurs when the 
body is at a large angle of attack or if there is considerable afterbody 
upsweep. The vortex shedding can significantly alter the pressure distri ­
bution on the afterbody which means that the pitching moment contributions 
of the body can be changed. Although body vortex shedding is a topic of 
current research interest, no attempt has been made to treat this phenomenon 
here because so little is yet known about it analytically. Reference is made 
to the experimental work of Peake (reference 64) and Wickens (reference 65) 
of Canada which clearly demonstrates the nature of the phenomenon. Empirical 
modifications to the present method to account for such effects are discussed 
in Volume III of this report. However, the authors are of the opinion that 
further analytical research in this area is warranted. 

4.1.7 Summary and Concluding Remarks 

A method has been presented to predict approximately the aerodynamic 
and stability and control contributions of a fuselage in the presence of a 
jet-wing high lift system. Based in part on slender body theory, the method 
has been structured to allow non-circular body cross-sections, body camber, 
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and interference effects due to the jet-wing. The method calculates the 
pressure distribution on the body and then integrates the surface pressures 
to determine the pitching and yawing moments due to the body. The method 
cannot predict any forces on the body, however, because of D1Alembert's 
paradox. Based on quasi-steady assumptions, a capability to calculate the 
dynamic stability contributions of the fuselage has also been provided. 

Method validation studies have been presented for a variety of analytic 
body shapes to establish the general range of applicability of the method. 
Good agreement with the exact analytic solutions was obtained for a wide 
class of bodies that fall within the scope of slender body theory, including 
typical STOl transport fuselages. 
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4.2 EMPENNAGE ANALYSIS 

A method based on approximate interference techniques has been developed 
to analyze the aerodynamic and stability and control characteristics of a 
jet-wing/empennage configuration. A rigorous solution of an integrated jet ­
wing/empennage must, of necessity, be iterative in nature because of the jet 
sheet (or vortex wake) whose position is a function of the loading and hence 
is unknown a priori. Although such an iterative solution is conceptually 
possible, the mathematical complexity and iterative nature of the solution 
make it unattractive to the design engineer because of the potentially restric­
tive computation requirements. It is the opinion of the authors that, for the 
purposes of preliminary design and analysis of STOL transport aircraft, an 
approximate solution to calculate the aerodynamic and stability and control 
characteristics of a jet-wing/empennage configuration should be adequate. 
The method developed here considers the influence of the jet-wing on the 
empennage but neglects the influence of the empennage on the jet-wing. Hence, 
the jet sheet location is assumed to be independent of the empennage loading and, 
therefore, the need for an iterative solution is removed. This approximation 
should be adequate for typical STOL transport configurations which are character­
ized by a tail which is at least a wing semi-span aft of the wing and which usu­
ally have T-tail type arrangements. However, for other configurations, such as 
V/STOL fighters, where the empennage may be in close proximity to the jet-wing, 
the approximate interference techniques of this method are likely to be invalid 
and a complete iterative solution may be required. 

The flow field behind a jet-wing high-lift system is characterized by 
large downwash angles and, in some cases, abrupt changes in the downwash field. 
Therefore, the aerodynamic characteristics of the empennage in the jet-wing 
flow field will be considerably different from those of an empennage in a 
uniform freestream. On the other hand, the flow field perturbations induced 
by the empennage on the jet-wing are likely to be small since the flow field 
upstream of a lifting surface rapidly returns to its undisturbed state with 
distance upstream from it. Hence, if the empennage is sufficiently downstream 
of the wing, its influence on the wing should be negligible. The validity of 
this assumption will break down if the empennage is close to the wing (i.e., 
short coupled aircraft), if the empennage lift becomes large, or if the tail 
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planform area becomes comparable to that of the wing. 

The method of solution discussed here may be divided into three distinct 
segments: 

1.	 Calculate the jet-wing loading and jet shape using the linearized 
EVD Jet-Wing Lifting Surface Theory (Section 2.2). 

2.	 Calculate the flow field induced on the empennage using the Jet­
Wing Flow Field Method (Section 2.3). 

3.	 Treating the jet-wing flow field effects as induced camber, calculate 
the empennage loading using a lifting surface theory for multi­
planar systems (Section 4.2.1). 

Although the jet-wing loading is linear in angle of attack or in any of the 
deflections (Section 2.2.1.4), the jet shape and flow field are non-linear 
and hence the aerodynamic characteristics of the empennage are also non-linear. 

4.2.1	 Lifting Surface Theory for Multiplanar Systems 

Before the jet-wing/empennage problem can be solved in the manner out­
lined in the previous section, it is necessary to be able to calculate the 
self-induced effects of the empennage. Since most empennage arrangements are 
composed of a horizontal tail and a vertical tail, a multiplanar lifting 
surface theory is required to calculate the horizontal tail/vertical tail 
interaction. A capability to consider conventional tail geometries and T-tail 
geometries is required. Although such a lifting surface theory is not a new 
development, the method presented here has been developed specifically for 
tail geometries and should be more efficient than a fully non-planar method. 
The present method can only consider a horizontal tail in the xy-plane and a 
vertical tail in the xz-plane. 

For simplicity and computational expediency, the loading on the empen­
nage has been modelled by the most simple vortex distribution, a lattice of 
discrete horseshoe vortices. Vortex lattice theory (references 54 and 66) 
requires that the wing be divided into a lattice of elements and that on each 
element be placed a discrete bound vortex at the 1/4-chord position of the 
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element. Trailing vortices emanate from each bound vortex and extend parallel 
downstream to infinity. It is then required that the total flow normal to 
the wing surface be zero at the 3/4-chord position of each element. Hedman 
(reference 29) discusses the theory behind the 1/4-chord-3/4-chord criterion 
on each element. Basically. it is based on the thin airfoil theory result 
that the 1/4-chord is the aerodynamic center of a flat plate airfoil. 

To proceed with the solution. the tail surfaces are divided into a 
finite number of small elements, each with a horseshoe vortex of unknown 
strength ri' The inclination of each element to the freestream direction 

i this €i. The flow induced by the empennage normal to the element is 
then 

N 

Wi = L Aijrj (4.51) 
j=l 

where Aij is the normal-wash influence coefficient and the summation is 
carried out over the entire empennage (N elements). The freestream contri­
bution to the normal-wash on the horizontal tail is 

(4.52) 

and on the vertical tail is 

(4.53 ) 

where the linearization approximation is based on small perturbation assump­
tions analogous to those used in the EVD Theory (Section 2.2). In equations 
(4.52) and (4.53) a and ~ are the angle of attack and angle of sideslip, 
respectively. By requiring the normal-wash to be zero on each element, the 
following matrix equation for the unknown vortex strengths r i can be formed: 

N on the horizontal tail{-(a+ €i)' 
(4.54 )L Ail j = 

j=l -(~ + €i)' on the vertical tail 
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The systems of equations can be solved by standard matrix techniques on a 
digital computer. 

The normal-wash influence coefficients A.. can be divided into four
lJ 

distinct types: 

1. Horizontal-on-horizontal 
2. Horizontal-on-vertical 
3. Vertical-on-vertical 
4. Vertical-on-horizontal 

The basis for determining each of the coefficients is the Biot-Savart Law for 
straight line vortex filaments which is discussed in detail in Appendix II. 
Unlike the wing alone problem,however, there is a basic asymmetry in the 
horizontal/vertical tail normal-wash matrix. This can be seen in figure (4.11) 
by observing that. in the case shown, the vertical tail induces a downwash 
on the right panel of the horizontal tail and an upwash on the left panel. 
Since the horizontal-on-horizontal segment of the matrix is symmetric for 
symmetric planforms, the overall matrix is asymmetric. It is necessary, 
therefore. to treat the entire planform of the horizontal tail. The vertical 
tail can be considered as only one panel of a symmetric planform. However, 
since the fuselage effectively endplates the vertical. the loading at the root 
of the vertical cannot be zero so the single panel model cannot be used. It 
has been assumed here that the fuselage acts as an infinite endplate and thus 
a mirror image of the vertical tail is required. Obviously the fuselage does 
not provide a complete endplate effect, but this approximation should be 
fairly reasonable. 

Because of the discrete singularity approach adopted in this method, 
there are certain restrictions which must be noted. A horseshoe vortex cannot 
pass through the normal-wash control point of another element since an in­
finite velocity would be induced. This is particularly important at the 
juncture between the horizontal and vertical tails where the elements must 
be properly oriented so that singularity problems do not occur. 
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Once the matrix equation (4.5l) has been solved for the vortex strengths 
r i , the chordwise loading distribution can be determined from 

/:"cp . 
1 

_ 2ri 
- /:"x·

1 
(4.55) 

where /:"x i is the streamwise length of the i th element. The pressure jump 
coefficients will be integrated for aerodynamic and stability and control 
characteristjcs in Section 4.2.3. 

4.2.2 Jet-Wing Interference 

The effects of the flow field induced on the empennage by the jet-wing 
can be treated as an additional camber distribution on the empennage. Thus. 
if the jet-wing induces perturbation velocities [u(x,y,z}. v(x.y.z). w(x,y,z~ 

on the empennage. then the induced camber on the horizontal tail is 

e:(x,y) = _tan- 1 r w(X't'z) l (4.56)
LUCCI + u x,y, z)J 

and the induced camber of the vertical tail is 

e:(x,z) = tan- 1 (4.57) 

4.2.3 Aerodynamic Characteristics 

Within the context of the assumptions and limitations of the method 
described in the preceding sections, the aerodynamic characteristics of the 
empennage in the presence of a jet-wing can be determined by suitably inte­
grating the vorticity distribution obtained in the solution. Total empennage 
aerodynamic coefficients are non-dimensionalized by wing area and reference 
chord, and moments are referenced to the aircraft moment center and center 
of gravity. 

4.2.3.1 Tail Lift 

The lift contribution of the empennage is derived solely from the 
horizontal tail. The sectional tail lift CtH(y) can be obtained from an 
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integration of the chordwise loading distribution ACp(X,y) obtained in the 
preceeding sections, expressed by 

Xt(y) 1 

c.Q,H(y) = e:t-r [ ACp(x,y)dX = f t\cp(x,y)dX (4.58) 
H .Q, (y) 0 

x-X.Q,(y)
where the auxiliary non-dimensional coordinate x = has been intro­

cH(y)
duced. 

The total horizontal tail lift follows directly from a spanwise inte­
grati on of equati on (4.58). 

(4.59 ) 

where bH is the horizontal tail span. 

4.2.3.2 Tail Side Force 

The side force contribution of the emrennage is assumed to be derived 
solely from the vertical tail. The sectional vertical tail side force cYv(z) 
can be obtained from an integration of the chordwise loading distribution 
t\cp(x,z) on the vertical 

cy (z) = (4.60) 
v 

The total vertical ta11 side force is 

Cy 1 l c (z)cy (z) dz (4.61 )
~ v vv 

0 

where here b is the vertica1 tail span.v 
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4.2.3.3 Tail Induced Drag 

Both the vertical and horizontal tails contribute to the empennage 
induced drag. The calculation cannot be made using a pressure integral as in 
Section 2.2.3.1.3 for the jet-wing, however, because the discrete singularity 
approach adopted here does not provide the singular loading at the leading 
edge necessary to calculate leading edge suction. Instead, the induced drag 
will be calculated by application of the Kutta-Joukowski Law again, but this 
ti me us i ng the induced fl o~, normal to the wi ng plane on each bound vortex. 
That is, since the wing is represented by a vortex lattice, the flow normal 
to the wing is zero only at the aforementioned collocation points, there 
being flow through the wing everywhere else. Hence, the bound vortices are 
immersed in a "normal flow" which results in a chordwise force. Letting D..lJ 
be the normal flow influence coefficient relating the flow induced at the 
i th bound vortex by the jth horseshoe vortex of strength unity, the normal 

flow at i is then 
N'"'D..f.L...J lJ J 

(4.62) 
j=l 

i thand by the Kutta-Joukowski Law the induced drag due to the element is 

di = pWi r i (4.63 ) 

The sectional induced drag is simply 

1 

1(y) pw(x,y)r(x,y) dx (4.64 ) cd· q",cH(y )lH ! 
0 

on the horizontal tail and 
1 

cd. (z) = 1 !PW(X,Z)f(X,Z) dx (4.65 ) q",cv(z)lV 
0 

on the vertical tail. Finally, the total induced drag of the empennage is 
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(4.66 ) 

The leading edge suction is actually distributed along the chord in this 
method. The reader is referred to references 29 and.67, for a further dis­
cussion of calculating induced drag at the wing for the vortex lattice method. 

4.2.3.4 Tail Pitching Moment 

Both the lift and induced drag of the horizontal tail contribute to 
the aircraft pitching moment, the drag effect being of importance only for 
T-tail configurations. The induced drag of the vertical tail also contri ­
butes to the pitching moment, but it is small and has been neglected in this 
analysis. Sectional tail pitching moment can be calculated from a chordwise 
pressure integration expressed by 

1 

cmH(y) = - f llCp(X,y) X dx + cdiH(y) [ZH/CH(y)] (4.67) 
o 

where cmH(y) is referenced to the leading edge of the section, zH is the 
height of the horizontal tail above the aircraft moment center, and the last 
term accounts for the induced drag effect on cm' The total horizontal tail 

pitching moment is then 

em = s~ lH/2Ie~(Y)emH(Y) - h + X'11(y) - X ] eH(y)e'H(y) Idyme
-bH/2 

(4.68 )
 

where em is referenced to the aircraft moment center x ' !H is themc 
distance between the wing apex and the horizontal tail apex. and x!H(y) 
is the section leading edge on the horizontal tail. 

4.2.3.5 Tail Rolling Moment 

Both the horizontal tail lift and the vertical tail side force 
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contribute to the tail rolling moment. The total rolling moment due to the 
horizontal tail can be obtained by a spanwise integration of tail lift 

expressed by 

(4.69 )
 

where right wing down is defined as a positive rolling moment. The vertical 
tail rolling moment is similarly calculated to be 

bv 
(4.70 )C1v = *f cv(z)cyv(z) z dz 

o 

4.2.3.6 Tail Yawing Moment 

Vertical tail side force and horizontal tail induced drag contribute 
to the empennage yawing moment, but the drag effects have been neglected here 
since they 
sectional vertical 

are considerably smaller than the side force effect. 
tail yawing moment is 

Hence, the 

1 

-Jf ~cp(x,z) Xdi (4.71 ) 

o 

where cn (z) is referenced to the leading edge of the section. The total 
v 

yawing moment is then 

cny • s\;-!y Ic~(z)cny(Z) ­ (4.72 ) 

where tv is the distance between the wing apex and the vertical tail apex 
and X~v(z) is the section leading edge on the vertical tail. 

4.2.4 Dynamic Stability Derivatives 

In Section 2.1.5 it has been argued that the assumption of quasi-steady 
flow conditions should suffice for the calculation of jet-wing dynamic stability 
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derivatives. This implies that the flow field adjusts instantaneously to 
oscillatory motions. The same assumption will be adopted in the analysis 
of the empennage contribution to the dynamic stability derivatives, which 
reduces the problem to the determination of the dynamic stability derivatives 
for an isolated empennage. Thus, the problem becomes quite similar to the 
isolated wing problem, complicated primarily by the mu1tip1anar nature of the 
empennage. 

4.2.4.1 Pitching Tail 

The pitching tail can be considered by assuming an induced downwash 
distribution ~: which can, in the quasi-steady state, be considered as 
equivalent to an effective camber distribution on the horizontal tail. This 
can be expressed by 

t,w (4.73)Uoo 

where q is the rate of pitch in radians per second about the aircraft center 
of gravity. Defining the non-dimensional rate of pitch q as in equation 
(4.46) and letting q= 1.0, the tail aerodynamic characteristics can be 

ca1cu1 ated by the method of the precedi ng secti ons us i ng the camber di stri ­
bution (4.73) to yield 

(4.74) 

from equation (4.59) and 

(4.75) 

from equation (4.68). 

4.2.4.2 Rolling Tail 

Both the vertical and horizontal tails contribute to the rolling 
dynamic stability derivatives. On the horizontal tail an induced downwash 
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ldistribution AW can be considered as equivalent to an effective camberUoo 
rdistribution 

liw ( Pb) 1- (4.76)Uoo = 2Uoo b/2 

where p is the rate of roll in radians per second. It must be noted that 
the induced camber distribution on the horizontal tail is antisymmetric for 
symmetric planforms because of the y-dependence of (4.76). On the vertical 
tail an induced sidewash distribution ~ can be considered as an effective 
camber distribution, where 

(4.77)
 

Since the vertical tail is treated as endplated, anti symmetry must again be 
treated. Defining the non-dimensional rolling rate ~ by 

(4.78)
 

and setting p = 1.0, the rolling dynamic stability derivatives can be 
calculated by the method of the preceding sections using the camber distri ­
butions (4.76) and (4.77). 

Both the horizontal and vertical tails contribute to the C1p deriva­
tive which can be calculated from equations (4.69) and (4.70), respectively, 
to yield 

aCI HC (4. 79 )
1PH T 

aCl 

T 
v= (4.80 )C1pv 

Neglecting the induced drag contribution of the horizontal tail, only the 
vertical tail contributes to the C derivative which can be calculatednp 
from (4.72) to yield 

C {4.81nPv 
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Similarly, equation (4.61) may be used to calculate the vertical tail contri ­

bution to CyP' as 

4.2.4.3 Yawing Tail 

Only the vertical tail has a significant contribution to the yawing 
stability derivatives. An induced sidewash distribution ~~ can be considered 
as equivalent to an effective camber distribution on the vertical tail, 
expressed by 

(4.82) 

where r is the rate of yaw in radians per second. Note that, unlike the case 
for the wing (Section 2.1.5.5), the vertical tail yawing case is not antisym­
metric but rather is analogous to the pitching case for the horizontal tail in 
its treatment. Defining the non-dimensional yaw rate ~ as in equation (4.49) 
and letting 

"-

r = 1.0, the yawing dynamic stability derivatives can be calcu­
lated by the method of the preceding sections using the camber distribution 
( 4•82 ) to y i e1d 

ac lv (4.83)Clr ()~v 

from (4.70); 

aCn 
Cnr = v (4.84)

v 7 
from (4.72); and 

acyv
CY = (4. 85)rv af

from (4. 61) • 

4.2.5 Summary and Concluding Remarks 

A method to calculate the contributions of the empennage to the aero­
dynamic and stability and control characteristics of a STOL aircraft, including, 
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in an approximate sense. the interference due to a jet-wing high lift system. 
has been presented. The treatment is based on classical vortex lattice 
lifting surface techniques and allows multiplanar systems, such as aT-tail. 
Dynamic stability contributions of the empennage are treated in a manner 
similar to that for the jet-wing based on quasi-steady assumptions. 
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APPENDIX 1.1 
DOWNWASH INFLUENCE COEFFICIENTS 

According to the EVD model constructed in Section 2.2.2, an EVD is 
generally represented by equation (2.61) and its downwash influence coeffi­
cients are defined by equations (2.63) and (2.64). To simplify the presen­
tation the indices and j are now dropped and the equations are rewritten 
as: 

1'* (~,n) yg(~) + (lh(~) (1..1) 

and 

a(x,y) = _ 1 rr g(~) (1 +~) d~dn (I.2)4Tr{{1y _n)2 r 

b(x,y) = - 4Tr1If. (y
h
_ 
(I;;)

n)2 
(1 + x -r ~) dtdn (1.3 ) 

bA 

It has already been stated that the downwasll i nfl uence coeffi ci ents 
represent the downwash at a point (x,y) induced by an EVD of unit magnitude 
(I' = 1, or (l ~ 1) at the base ~A. Since the induced downwash depends only 
on the relative distance between the downwash point and the EVD base, the 
coeffi ci ent may be cal cul ated using any cool'di nate system, not necessarily 
the one adopted in the formulation of the jet-wing problem. Thus, for con­
venience, the following derivations will be based on a local coordinate 
system parallel to the original one and with its origin located inside the 
EVD base. 

In order to simplify the calculation of the downwash influence coeffi­
cients, it has been assumed that all the EVD elements and hence their bases 
are rectangular in shape. Suppose that for a rectangular base, the limit 
of integration is from xl to x2 in the ~ direction, and from -~ to 
~ in the n direction; then the integrals given by equations (1.2) and (1.3) 
are reduced to 
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a(x,y) = 

x2 

-irrf g(~) F (~,x,y) d~ (1.4 ) 

xl 

b (x ,y) = 

x2 

- -J; f h(~) F (~,x,y) dl; (I.5 ) 

xl 

where the function F(~,x,y) is the result of the n-integration (Mangler's 
principal value is taken) of the original integrals, or 

f
 
lJ.
 

1 (1 +!...:-i) dn (1. 6)

(y _ n)2 r 

-lJ. 

=_1_ (1 + J(X-~)2 +(y-lJ.)2\ 1 (1 + ! (X-r;)2+(Y+A)2) 
y-A x-t J-Y+A x-~ 

A considerable simplification has thus been achieved, since the calcu­
lations are now reduced to one-dimensional integrations only. Nevertheless, 
these integrals remain singular at ~ = x, for which the Cauchy principal 
value has to be taken. To complicate matters further, the EVD functions g(~) 

and h(l;) may also contain singularities. Consequently, careful attention 
must be given to the computation of these integrals. 

In the following sections each of the four types of EVD will be defined, 
and their corresponding downwash influence coefficients will be derived. 

1.1.1 Regular EVD 

A Regular EVD and its associated coordinate system are shown in figure 
(I.la). The triangular shape arises as a result of assuming a linear chord­
wise vortex distribution in an element, because the linear distribution can 
be built up by two overlapping triangles. The vortex distribution in this 
case can be expressed simply by 

(I. 7 ) 
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where 

where i' designates the peak value of the triangular distribution. Hence. 

the downwash influence coefficient calculated from equation (1.2) becomes 

1 J~ + °1	 JO ~ - °2 \a(x,y) = - 41i' 01 F(~,x.y) d~ + - 02 F(~,x,y) d~ 

-01 0 

x + ° (R RI R II - R ") x - ° (R I - R' R II - R ")I _ 
10+ 2 2 0 _ 2 0+	 110 

01 y - h. y + /). 02 Y - /). Y + /). 

_2(X :101) IY-MR1' y+MR "I (X -0 ) /Y-MR I y+MRo" I 
11u log Y+6+R • y-MR:' -2 ~ log y+6+R~i1 • y-6+ R I

1	 o 

/ 

X+O,+R1" / 
log x+R II 

o 

(1.8) 
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where 

I " Rl = ~x + 61)2 + (y - 6)2 Rl = J(x + ° 1)2 + (y + tI)2 

" R 
I

= jx2 + (y - tI)2 R = jx2 + (y + 6)2o o 

R2 
I

= j(x - 62)2 + (y - 6)2 R2 
" = j(x - 62)2 + (y + tI)2 

1.1.2 Leading Edge EVD 

According to classical thin airfoil theory, the leading edge vortex 
distribution can be expanded into the following form: 

(I.9) 

which includes a square root singularity. The [VD formulation requires a 
linear distribution, as shown by tile dashed line in figure (Llb), to be 
subtracted from the real leading edge distribution, thus the leading edge 
EVD is defined as 

(1.10) 

Such a distribution is illustrated by the shaded area in figure (Llb). If 

it is assumed that the higher order terms (i.e., term of O(~V2) and higher) 
in the above expansion are approximated by a linear distribution D~ then 

Since, by definition, y*(I:,;) approaches zero as f; goes to 6, the 
Leading-Edge EVD can be reduced to the foll~Jing expression: 

It follows by integration that the mean value of 'Y* over its base is given 
by: 
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y = 3 0-~ c (1.13)"2 0 

In terms of this mean value, a final expression for tile Leading-Edge EVD is 

established as follows: 

Y*U;) = y get} (1.14) 

where 

With the above definition, the dovmviash influence coefficient a(x,y} 

due to the Leadi ng-Edge EVD accordi ng to equati on {A. 2} becor,1es 

R1 3 1 1 a I fl'0 ") (1.15)= - r= - 0(- --) + (- - - P(x}+Q(x)I orr 2 y-A y+A y-A y+A
\ 

where 

P(x) = 

-2~ tan-
l f'x +~ log 'x ~ °1+ 1, (x<O) 

-[f l (x ,x) -

(x<O ,x>o) 

Q(x) = 
o 

f" (x,x)110g IX ~ 01+ !Q2(X,F")dF,,, (O~x:S5) 
o 
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R
'0 

I Jx'2 + (y - ll) 2 , 

where in Q(x) the functions fl (x,t) and f"(x,~) are defined as 

I(x - ~)2 + (y - A)2 _ ";x2 + (y _ 1l)2
f' (x,t) = [(tr%- t] Y + II 

I(x - 1;)2 + (y + A)2 - Ix 2 + (y + A)2
f"(x,t) " [(tf\>- tl :l + II 

and the integrands ql(x,t) and Q2(x,t) are given by 

= f' (x,~) - f" (x.x) 
X - E; 

f'(x,E;) - fl(X,X) _ f"(x,E;) - f"(x.x)
Q2(x,t) = x - E; x - E; 

It should be noted that the integrands Ql(x,E;) and Q2(x.E;) are bounded in 
their respective regions of integration. Hence, the corresponding integrals 
can be readily evaluated by a numerical technique. In this case, a Gaussian 
integration method is utilized. 

Numerical problems still arise when computation is made directly with 
the above formulas. To avoid them, various limiting values associated with 
certain terms must be evaluated beforehand and represented by separate expre­
sions. See Volume II, Appendix I. 

1.1.3 Hinge EVD 

To derive the Hinge EVD, it may first be seen that near the hinge (in 
general, this includes the knee of either a leading or trailing edge flap and 
the point of jet emission) the vortex distribution can be expressed in terms 
of the following expansion: 

(1.16) 
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which follows from either linearized thin airfoil or jet-flap theory. The 
first term (i.e., a logarithmic singularity) guarantees that the downwash 
distribution across the hinge (at ~ = 0) exhibits a jump equal in magni­
tude to the deflection angle e, thus. satisfying the boundary condition 
exactly for an ideal leading or trailing edge flap or jet deflection. 

Next. on each side of the hinge, a linear distribution must be sub­
tracted from equation (A.l6). This is illustrated in fjgure (I.lc). in which 
the dashed lines represent the linear quantities to be subtracted (denoted by 
Elt with El = - Yl /6 l for t < 0 and El = Y2/62 for t > 0). The remain­
ing shaded area in the figure thus defines the Hinge EVD. With the second­
order quantity 0(t2) in equation (1.16) approximated by a linear term Dlt. 
the Hinge EVD may be expressed as 

(I.17} 

Finally. the Hinge EVD requires the y* value to vanish at both ends. 
Consequently. y* is expressed as 

(I.l8) 

g(t) = 

--1 (t - 62),62 

and 

h(t) = 
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Thus, the Hinge EVD actually consists of two parts. The first part 
C g(~), is identical to the Regular EVD except that now C replaces Y. o 0 
The second part h(t) is an additional hinge distribution which is found 
to be propo~tional to the deflection angle B and which contains the loga­
rithmic singularity. 

Accordingly, the downwash influence coefficients for the Hinge EVD will 
also have two parts, that is, a(x,y) and b(x,y). The regular part, a(x,y), 
corresponding to the Regular EVD, has already been given in equation (1.8); 
while the additional part, b(x,y), corresponding to the additional hinge 
distribution, can be derived from equation (1.5) and expressed as follows: 

o
 

b(x,y) = - 4~ f -; (logl;1 + ~ log 01) F(;,x,y) d;
 

-°1 

°2 -~ f -; (l Og It I - t log ° 2) F(t,x,y) dt 
2 o 

(1.19)P(x) + Q(X)} 

In the above, 

1r2 °1P(x) = - ... S(x) - log ­
'+ °2 

+ (lOg I:11 

(lOg Io~ I­
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61/lxl 62/lxl 
+f 109 t dt +f 109 t dt (x r	 0)S(x) + t S(x) - t 

1 1 

1T'2	 61P(x)	 = - "2 S(x) - (1 -t log 6162) log -62 (x -+ 0) 

620

f ql (x,~) d~ + f q1 (x,~) dE; (X~61' x ?.62 ) 
-6 01 

Q(x) = 

R II 

o 

where by definition, 

f' (x,E;) - fll (x,E;)
ql(X,~) = x - ~ 

f' (x,E;) - f' (x,x) _ f" (x,E;) - f" (x,x)
q2(X,~) = x - E; x - E; 

h (E;) J(X - E;)2 + (y - 6)2 - JX 2 + (y - 6)2f' (x,t) = o	 Y - 6 

h (~) J(X - E;)2 + (y + 6)2 - JX 2 +, (y + 6)2
f" (X,~) = o	 Y + A 

10glE;1 + ~ log 0 •
0 11 

lo9!E;1 - ~ log O2 •O2 
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(x < 0) 

sex) • {::: 
(x> 0) 

All the integrands which cannot be integrated analytically have been 
reduced to the bounded functions as shown. so that a numerical procedure (in 
this case a Gaussian integration method) can be applied. Several limiting 
values (reference 2) or expressions still have to be derived before the com­
putation is made by a computer. 

1.1.4 Infinity (far-jet)EVO 

As the jet leaves the trailing edge of a wing in the downstream 
direction. its bound vortex strength gradually decays. In view of the Kutta 
condition. it \'/ill finally vanish at infinity. Therefore. far enough down­
stream. the vorticity distribution on the jet may be approximated by a poly­
nomial of negative powers; that is. 

)-n ()-(n+l) ()Y (~ ) = C (~ + d + C +1 ~ + d + •••••• ~ > 0 (1.20)n n

for which the coordinate system is shown in figure (I.ld). The origin is 
located at a distance d from the trailing edge. 

It is also essential that the total vorticity contained in the far-jet 
interval (from ~ = 0 to~) should be a finite value so that the wing loading 
caused by it is not unlimited. The smallest power n which satisfies this 
condition is 2. Thus. 

(I.21) 

The higher order terms are negligible when d is chosen sufficiently large. 
Suppose that the peak vortex value at ~ = 0 is Y. it is easily verified 
that C2 = Yd2 

• 

In deriving an expression for the Infinity EVO. it should be noted that 
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a linear vortex distribution which has been left over from the formation of 
a Regular EVD immediately ahead of ~ = 0 must be accounted for. This is 
also illustrated in figure (I.ld). Thus, the Infinity EVD may be expressed 
as 

Y*(~) = 'Yg(~) '1.22) 

where 

t'~+o), (-os ~s 0) 

g(~) = 

The downwash influence coefficient a(x,y) corresponding to the 
Infinity EVD is obtained from equation (I.9h as follows: 

o m 

a(x,y) = - -k f t (~ + o)F(~.x.y)d~- -irr f(~ + 1) -2 FU;,x,y)d~ 
-0 0 

R I - R R" - R ")
+~ 1 0 

I 
_ 1 0 

o ( y - ~ y + ~ 

y - ~ + R I Y + ~ + R " Ix + 0 1 0 
- ( ) log I ~ + R " . Y - ~ + R2 -0- y + I

l o 

I
1 

x + 0 + R1 I Ix + 0 + R "I-Y log x + R ' + ~ log x + Ro"l 
o 

+ p(X)1 

where 
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· ( d)2 IY - 6 + RO' I
-2 ~ log Y + 6 + ROll 

R I + R I 

d )2 [ - (X + d) + Rd I 0 d d 
+2 X"+"Cf V 1og I---_--,(":":'x~+:-Td"l"'"} "'7+....,R~d..:ri--( 

ll I],- ( X + d) + RdII R0 II +d Rd 
y + A 

-~ log _ (x + d) + R " (x l -d) 
d d 

R I R II ) 

P(x) = - ( Y~6-Y~A 

_[(~)2 log I-Y- -;--:+--=--RO'1- (y ~ .)' log 

(x = -d) 

R I = Jx 2 + (y _ 6)2 R II = Jx 2 + (y + A)2o o 

Rl I = J(x + 6)2 + (y - A)2 

R/ = J(x + d)2 + (y + A)2 

1.1.5 Ground Effect Influence Coefficients 

The infinitesimal horseshoe vortex distribution representing the 
image jet-wing in the solution of the ground effect problem has been repre­
sented by a lattice of discrete horseshoe vortices, as discussed in 
Section 2.2.2.3. The downwash influence coefficients due to the image, aij , 
represent the downwash induced at the point (xi' Yi' z = 0) by a discrete 
horseshoe vortex of unit strength located on the element of the image jet-wing 

including the point (xj ' Yj' -2h), where h is the height of the wing above 
the ground plane, normalized by the wing semi-span b/2. Just as for the EVO 
influence functions, the formulation here will be based on a local coordinate 
system parallel to the original one with its origin located inside the 
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influencing element base. 

Since the singularities representing the image are discrete while those 
representing the real jet-wing are EVDs, it is necessary to establish the 
relationship bcbJeen the EVD value (either the peak or average value) and 
the integrated (or discrete) value r. Placing the discrete vortex at the 
leading edge of each element in the planeof the image wing and integrating 
the Elementary Vortex Distribution over the chord of the element. the rela­
tionship between the EVD strength Yi and the discrete horseshoe vortex 
strength r i for the vortex located at the leading edge is 

(I. 23) 

where cSi is the length of the leading edge element. For all other elements 
the relationship is 

1r. = y. (cS. 1 + cS.) (1. 24)'l'l"
1 c. 1 1- 1 

with the exception of the jet infinity or far field element which is given by 

= y.(J,cS·l+d) (1. 25)
1 c. 1­

where d is the streamwise distance from the wing trailing edge to the 
leading edge of the jet infinity element. 

The actual downwash influence coefficient is calculated by application 
of the Biot-Savart Law for straight line vortex filaments. Although the 
equations derived in Appendix n are applicable here. because the horseshoe 
vortices in this case are in a plane parallel to the x-y plane and because 
the bound segments are always parallel to the y-axis and the trailing 
segments to the x-axis. considerable simplification is possible. Hence. 
with y. in equations (1.23). (1.24), and (1.25) equal to unity. the down­

1 
wash influence coefficient is 
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a( x.y) 

_(x + l.O~ 'L~} (1. 26)'RR R,2
R 

where 

6i , (leading edge element) 
1 

"2"" (6 i _1 + 6i ) • (regular element) (1.27) 

+ d • (jet infinity element)"2
1 6i-1 

and 

RL = Jx2 + (y_~)2 + (211)2 R' = J(y_~)2 + (2h)2L 

RR = JX2 + (y+A)2 + (2h)2 RR' = J(y+~)2 + (2h)2 ("1.28) 

RB = Jx2 + (2h)2 

The perturbation freestream velocity influence coefficient, 0 ..• 

represents the perturbation to the freestream flow induced at a point '1XitYi'O) 
by a discrete horseshoe vortex of unit strength located on the element of 
the image including the point (xjtyj .-2h). In a manner similar to the down­
wash influence coefficient a(x,y). the perturbation freestream velocity 
influence coefficient can be expressed in the following form: 

(I.29)
 

•
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APPENDIX 1.2 

INTEGRATION COEFFICIENTS 

The integration coefficients eij and fij as defined in equation (2.71) 
are given by 

(i. on the jet) (1.30) 

The evaluation of these coefficients depends on the location of the i-th con­
trol point on the jet. It also depends on the relative location of the control 
point with respect to an element. In the following. the derivation is made for 
the control point situated in the center (chordwise) of the rectangular element. 

i. The Leading Control Point on the Jet 

The integration in this case should start from the trailing edge xt 
rather than the preceding control point xi _ because the latter happens tol 
be outside the jet. Thus by using the EVD definition and with the aid of 
figure (1.2) 

6i 1]0.1/2 [ "Ii 'Yi+l 2 ( ogiS; )f
xj 

Y(~'Yi) d~ = f -- (t - 15.) + - t - - 109 It1- ~1' t dt 
o °i 1 0i 7T 

xt 

(I.31) 

ii. The Second Control Point on the Jet 

x. °i-l [
1 Yi-l "Ii 26 i _ log 6i -1lf "I (~.y i )d~ =f -r:- (t-o i _1) + -6.- t - --(lOg It I­

6.x 6. /2 1-1 1-1 7T 1-1 
;-1 1-1 

0./2 
1 [ y. Y· 1 ]+ f -_1 (s - 6.) + ~ s ds (I. 32)

<5; 1 6 i
 
o
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+ 11 (1 - log 2-*log 6i _l )6i _l B- (I.32)i l 

iii. Internal Control Points 

(I. 33) 

i v. 

The Last Control Point (at Infinity) on the Jet 

ds 

-2 

+ f 
co 

"i (~) ds 
a 

(I .34)= *6. 1 ". 1 + (i <5. 1 + d(y .) ) " . o 1- 1- 0 1- 1 1 

Now the integration coefficients and may be identified fromeij fij 
the above formulas. that is, 

(i=1,2,. N) 

(j=1,2,. N) 

except for the following: 

i, the leading jet control point: 

e = 3 IS f ..= -1 (1 + ln 2 - T 
3 ln 0i) IS.,i,i '8 i' 1,1 1r 't 1 

_ 1 
ei ,i+1 - '8 <5 i ' 

i, the second jet control point: 
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e. . 11 .1­ = 1 
8" 6. 11­ f. . 1 =l(l

1 .1­ 1T 
- ln 2 - 14 ln 6i _1) 6. 11­

e.. 
1 .1 

= 3 
8" (6 i _1 + 6i ) 

e. '+11 .1 = 1 
8" 6i 

i. the internal jet control points: 

ei •i - 1 = 
18" 6 i _1 

= 3-8 ( )6. 1 + 6.1­ 1 

i. the last jet control point (at infinity): 

e. . 11 .1­

e.. 
1 .1 

= 3-8 6. 1 + d(y . ) 
1­ 1 
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APPENDIX 1.3 

LEADING EDGE SUCTION 

An expression for the leading edge suction compatible with the approxi­
mations adopted in the development of the EVD method and based on a two-dimen­
sional analogy will be derived. 

Consider a two-dimensional thin airfoil with its leading edge located 
at the origin (x = 0, y = 0). The force acting on this leading edge may be 
conveniently obtained by applying the Blasius law to a small circle IIC II 

surrounding the leading edge, that is, 

of lorf.2()dFx - 1 Y = ! pl ";P1Jl Z Z (I. 35) 
C 

where lJl(z) represents the complex velocity. The latter, in terms of the 
vorticity distribution y(t) assumed in thin airfoil theory, may be written 
as c 

IJl(Z) = Uz + J... f y(t) d ~ (I. 36)
271' Z - t 

o 

Since only the singular part of the velocity can have a finite contri­
bution to the integral in equation (1.35) when the circle C is allowed to 
diminish, the finite part of the velocity in equation (1.36) may now be 
dropped insofar as the force calculation is concerned. Incidentally, the 
singular velocity in this case is induced by the singular (i.e., square root) 
part of the vorticity distribution. Thus, without loss of generality, this 
singular vorticity distribution can be expressed as 

(I.37) 

and the integration limit of equation (1.36) may be carried to a small 
distance £ from the leading edge instead of all the way to the trailing edge. 

£ -1/2 
( Z) = i Af E; d ~ ( 1.38 ) 

IJl '2 Z - t 
o 

With the aid of the residue theorem, it leads to 
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w(z) = A (I.39)
2jZ 

which is truly seen to be square root singular. Substituting this back into 
equation (1.35) and again using the residue theorem yields the following 
expressions: 

( 1.40) 

Fy = 0 

This is the so-called leading edge suction. It acts in the direction 
along which the vortex is distributed. Written in dimensionless form, it be­
comes 

Fx 7r A2 
c = - -- = - --- (I.4l)s qc 2 U2 c 

The leading edge suction is seen to be dependent solely on the local 
singular flow behavior. But such a singular velocity is self-induced and 
unaffected by the nearby vorticity distribution. In other words, the leading 
edge suction depends on the local vorticity distribution. It would,there­
fore, be reasonable to assume that this two dimensional expression could be 
adopted in the finite wing case. 

Since the present EVD method divides the wing into rectangular elements 
which locally forces the wing leading edge to be straight, it is suggested 
that the two-dimensional expression (1.41) be applied directly. It will be 
noted that the basis for adopting this approach has been substantiated 
elsewhere. 

In the EVD method it has already been shown that the first term in the 
leading edge vorticity distribution can be expressed by 

thus enabling the coefficient A to be identified. In terms of the EVD 
approach the leading edge suction coefficient Cs is, therefore, given by 

2 <5 - 2 
cs = '9 7r C y (I.42) 

In the above 6 denotes the leading edge element length and Y is the 
average leading edge EVD value, obtained as a part of the Y solution.j 
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APPENDIX 1.4 

NUMERICAL TECHNIQUE FOR EVALUATING THE INDUCED DOWNWASH AT INFINITY 

Two approaches to the calculation of induced drag have been outlined 
in this report. The first initially involves the calculation of the distri­
bution of the drag forces on the wing. However, for most applications it is 
necessary to calculate only the overall drag, and this is done more conveni­
ently by means of the momentum method described earlier in this report. 

To determine the induced drag coefficient CDi as given by equation (2.151), 
which can also be written as 

CDi = ft jl c(y) "iw(Y) [2 jt Y(x,y) dx + c.(y) ,(y)t

J
y (1.43) 

-1 xR. 

it is necessary to evaluate the induced downwash angle ai (y) according to 
00 

the following formula 

ai (y) = ai (y) + ai (y) (1.44 ) 
00 OOw 00 1 

where 

1 
+1 dr (rd /dn1a' (y) = 27T dn100 7T" Y - t1W 

f 
+1 

1 ~ tf(l'l)/dTj
(y) = 27T dnaiooI ~h) +(y-nF 

and 
... 

r(y) = J y(x,y) dx 

xR. 

In equation (1.44) ai (y) and ai (y) are the induced downwash contri­
butions from the jet-wi~g wake and it~ image, respectively. 
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In principle, it is possible to obtain a solution for ()i (y) by 
00 

simply considering the spanwise distribution of circulation r(n) as given 
by the EVD Jet-Wing Lifting Surface Theory. Unfortunately. the stepwise 
distribution of r(n) inherent in the formulation of the EVD method can be 
readily shown to give a low accuracy in the prediction of ai (y). This is 
not to imply that the accuracy in predicting aerodynamic loadi~g should be 

•
questioned; but that since CDi is a second order quantity. higher order 
terms in the spanwise distribution of jet and wing bound vorticity must be 
considered. 

Now. it has been found convenient to assume in evaluting ()i (y} the 
circulation across the spanwise strip "v" can be written in the fo;~ 

l/Z 3,2 % 
= A) 1-1 nI) + B) 1-/ nI) +C" 0-1 nI) (1. 45) 

where the coefficient A. B. and C are determined with one exception
"V " from the values of r given by equation (1.44) at the center of each span-

wise step and the center of its two adjacent strips. The one exception is 
at the wing tips where the coefficients are assumed to be identical to those 
at the nearest inboard strip. In general. therefore. if the subscript v 
refers to the centerline of each spanwise strip. then the coefficients A. B • 

V v 
C can be determined from the following matrix equation: 

v 

aIh 312 a a~ 

b 
1k b3h b0/2 

1/2
c c¥Z c!'f2 

A v 

B 
v 

C 
v 

=
 

r ,,-1 

(1.46 )r v 

r v+1 

where 
a = (1 Inv_11) 

b 

c = 

(1 

(1 

I n v ,) 

l11 v+1I) 
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It is important to note here that equation (1.45) will give the correct 
singular behaviors of the trailing vorticity, dr(y)/dy, at the wing-tip. 

The incremental downwash 6ai at the point Yk due to the trailing 
vorticity associated with strip II VIl1't width 26 can now be simply obtained 
by sUbstituting in the integral for ai (y) given in equation (1.44) ~ 
which can be obtained from equation (I.~). Hence, it follows that 6ai 

•tt ookvcan be wrl ~n as 

where 

(1.47) 

1 1= 
il7T Jl-aYk 

= f,; {-20-IYv+A) - !l-IYv-A)) 

Y +6 

+ (l-ayk) { f;~~V d.lv 

Y -6 v v 
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- -32 ( Jl-Iy +6 I -3 jl-Iy +6 I3) 
v v v v 

and 

The above procedure wi" gi ve the exact resul t for eli for an 
"}J

elliptical distribution of r and an acceptable accuracy under other condi­
tions providing the distribution of cp(y) is continuous. If this is not 
the, case, the discontinuity in r is approximated by a discrete vortex 
equal in strength to the "jump" in r. This could cause some problems in 
the calculation of aioo which are avoided in the present method by calcu­
lating eli at the mi~point of each spanwise strip. 

"'w 

The tota1 do~mwash induced by the jet-~~i ng wake at the poi nt 
the Trefftz plane can now readily be obtained from a surrmation of 

for all M spanwise strips. In other ~/ords ai (Yk) can be 
expressed as follows: COW 

M 

a., =~ 
""w k vk=l 

There now remains the calculation of the induced downwash angle ai (y) 
""Iat the point (Yk) induced by the image of the jet,..wing wake. The 

integral for ai (y) given in equation (1.44) can. by integrating by parts, 
""I 

be expressed alternatively by 
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+1

Qi (Y) r(n)dn (1.49)= - 21T11 
""I -1 

The numerical integration of equation (1.49) presents no problems. In 

the present case, a quadrature integration procedure has been used. 
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APPEND IX I.5 
GROUND EFFECT -THIN AIRFOIL THEORY 

An important example of the application of linear perturbation theory is 
the case of the flow past an airfoil placed near a single, solid boundary, a 
situation which occurs during the takeoff and landing of an aircraft. In this 
appendix a first approximation method for thin airfoils (i.e., a thin airfoil 
theory) will be described. 

Thin airfoil theory was developed by Munk. Later contributions to the 
theory were made by Birnbaum, Glauert, Theodorsen, and Allen. The reader 
should refer, for example, to H. Glauert1s, liThe Elements of Aerofoll and 
Airscrew Theory," on which the present treatment of the thin airfoil in ground 
effect is based. 

It will be observed that owing to the linearization of the boundary 
conditions adopted in thin airfoil theory, the effect of thickness and camber 
can be calculated separately. Indeed, if Yu(x) and y£(x) are the ordinates 
of the upper and lower surfaces of an airfoil, then 

where 

is the mean camber line and 

is one-half the local thickness. 

The equation y = Ym(x) may be regarded as defining a very thin cambered 
airfoil, while y = ±Yt(x) defines the upper and lower surfaces of a sym­
metrical airfoil. The pressure distributions around these airfoils can then 
be studied individually and the results superimposed to obtain the pressure 
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distribution about the original airfoil. In what follows only the problem of 
the thin cambered airfoil will be dealt with. 

It is possible to derive a solution of the ground effect problem by 
the use of complex representation and conformal transformation methods. In 
this appendix another approach in which the airfoil is represented by a system 
of singularities is considered. 

For very thin airfoils, where thickness effects are neglected, the 
horizontal and vertical induced velocities on the airfoil surface, according 
to thin airfoil theory, become 

u(e) = U[Ao cot } e +t An sin ne] (I.50) 
n=l 

(1.51)vee) = U[Ao +t An cos ne] 
n=l 

where the variable e is related to the chordwise coordinate x by 

x = ~ c (1 - cos e) 

where c is the airfoil chord. Providing the local slope of the airfoil 
camber line (i.e., tan-1(dY /dX)= see)) is small, the induced velocitym
tangential to the airfoil is also given by equation (1.50) and the normal 
velocity (.51). The tangential velocity, therefore, takes equal and 
opposite values on the upper and lower surfaces of the airfoil. Hence, it 
follows that the airfoil can be replaced by a surface discontinuity in the 
form of a distribution of vorticity, the magnitude of which is given by 

[u(e) - u(-e)] = 2u(e) 

The complex potential due to an isolated vortex of unit strength is given by 
the formula 

n(z) = -b log (z - zo) 
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The corresponding velocity is 

_ i 1
( ) (I. 52)w Z - fi -z"';'--z­

o 

It will be assumed that the same representation is possible for the 
airfoil in ground effect (i.e., two airfoils, one of which is the mirror 
image of the other), and, moreover, it will be assumed that the expansion 
(1.52) also holds for the self-induced velocity due to the vorticity distribu­
tion of the airfoil and its image. Thus, the vorticity distribution becomes 

,(e) • 2"(e) • 2U ~o cot ~ + t An sin n~. (0 e v) (1. 53) 

\ n=l I 
while for its image there is simply a change in sign. 

The induced velocity at the point Zo of the airfoil is found by 
integration of equation (1.52) over the vorticity distribution of both the 
airfoil and its image: 

c+ih c-ih 
y(z) y(z)

111 Zo = 27Ti z - z Idzl - 2~ I() I Zo - z jdzl 
ih 0 -ih 

where h is the distance of the airfoil from the ground. Separating (1.54) 
into real and imaginary parts, the components of the total velocity are 
obtained. 

c 
u(zo) = U cos a 1 I y(x)2hdx + ~ 

2IT ( _)2 + 4h2 21To Xo X 

C 
1 Ie y(X)(Xo - x) 1 I f(X)dX.v(zo) = Usin a + 'l'\ -_. dx - --­'l'\ 
LIT (X _ x)2 + 4h2 LIT Xo - X)

o 0 0 

(I. 55) 
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The required vorticity distribution can be obtained by applying the linearized 
boundary condition of thin airfoil theory, namely: 

d~ 

o c~s ~ =dx
m =s(a} 

Thus, substituting the second equation of (1.55) for v(zo} 

1T 

1 f Y( a)( cos a0 - cos a) 
= Usin ~ --- 2 sin ada 

2lT 0 (cos a - cos e) + (~h/c)2 o 

+ 1 y(a) sin ada (I. 56)2';' f
IT 

cos eo - cos a 
o 

Here the fact that x = c (1 - cos a)/2 has been used. Note that the 
expression for u(zo) given in equation (I.55) becomes 

IT 

u(a } =U cos a 1 y(a}(4h/c~ sin adef 
o 2lT 0 (cos eo - cos e) + (4h/c}2 

+~ (1.57) 

The next step involves substituting for y. However, to simplify the 
situation,powers of (c/4h)2 greater than the first will be neglected. Then 
equation {I.56} becomes 

5('0) cos. • sin. -! (k)2 f (0 cot ~ +t An sin n,) 
o ~ n=l 

(cos ao - cos e) sin ada 
co 

lTAo cot a/2 + ~ An sin 
1 f n=l+ - ~----":":"""';~.,.....--~ sin ada 
1T cos eo - cos a 

o 
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where the A's are the coefficients in the expansion for y. Using the fact 
that 

IT 

cos nef cos eo - cos e de 
o 

it can be shown that 

(I .58 ~ - Ao + L
00 

An cos ne 0 

n=l 

The coefficients A can be obtained by integration 

1 f2TT . [1 (c )2 1 1(c )2cosa 2iT s(eo)de = Sln a -A 1 -2 2fi J+ A2 '4 4ho o 
o 

2lT 

cos a -TTl f s(e ) cos e de = A - (A - A 1) (£...)2o o 0 1 \ 0 1 2 4h 
o 

cos a ~ f
2TT 

s(e ) cos neode = An • (n .::.. 2) (I. 59)o o 
o 

The lift and pitching moment coefficients are given by the following relations 

c 

c = 1 f pUy(x) dx 
R, l/;::pU c 0 

= 2TT (Ao + tAl) (I. 60) 

c 

c = 12 2 f pUy(x) xdxm
L. E. l/2p U c 0 

TT ( 1=4" A2 -Al )-4"cR, (I.61) 
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An example of the application of this approach to the two-dimensional 
ground effect problem is the flat-plate airfoil. In this case, from equations 
(1.59), (1.60), and (d.61), it can be shown that neglecting terms of 
(c/4h)3 and higher 

(I. 62) 

(1.63) 

To conclude this appendix, an expression for the perturbation velocity 
u' induced by the image will also be derived. Neglecting powers of (c/4h)2 
greater than the first, equation (1.57) becomes 

UI ( a ) = u(a ) - U cos a _.rJ.tl. 
o o 2 

. -k (~) [,(a) [1 - (~)2 (cos a - cos a)2] sin adao 

1T 

:= - h h- f y(a) sin ada (I .64) 

o 
Referring to equation (1.64). it will be noted that the integral is proportional 
to the lift coefficient c!. Thus, equation (1.64) becomes 

(I. 65)
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APPENDIX II
 

NORMAL-WASH INFLUENCE COEFFICIENTS FOR AN
 

ARBITRARILY ORIENTED DISCRETE HORSESHOE VORTEX
 

The flow induced at an arbitrary point P in space by a discrete horse­
shoe vortex arbitrarily oriented can be calculated quite simply by application 
of the Biot-Savart Law for straight line vortex filaments. 

(ILl) 

.. 
where Qi is the induced velocity vector. r is the strength of the vortex 
filament, h is the normal distance from the vortex filament to the point ~. 

8 1 and 82 are the angles between the vortex filament and lines joining the 
ends of the filament and P [see figure (IT.l)]. t is a unit vector along 
the vortex filament. and t is a unit vector in the plane including the fila­
ment and P. Although equation (11.1) is a simple expression. evaluation of 
the terms in it suitable for use in a computer program requires careful treat­
ment of the geometric parameters. A vector approach has been adopted both 
here and in the computer programs associated with this work because of its 
simplicity. A horseshoe vortex with finite length trailing filaments is illu­
strated in figure (iI.2). The bound segment of the horseshoe is a straight 
line between the points (x,. Yl' zl) and (x2. Y2. z2). and the trailing fila­
ments terminate at (X3. Y3. z3) and (X4. Y4. z4) for the right and left hand 
filaments. respectively. Choosing the point P as P(~. n. ,) and defining.. .. .. .. ...... ..
the vectors vA' vB. vc' vl. v2' v3. and v4 as in figure (II.2~.the COSlne 
terms in equation (11.1) can be simply calculated from the vector scalar 
product. For the bound vortex filament; 

(11.2) 

for the right side trailing filament: 
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cos 8, (I1.3) 

R' trail 

and for the lift trailing filament: 

cos 8, (11.4 ) 
L' trail 

The normals from P to each of the vortex filaments can be easily calculated 
from the vector cross product. Referring to figure (11.2). it can be seen that 

(II.5)hbound 

(II.6) 

(II.7) 

0+­

It is now necessary to calculate the direction of Qi for each of the three 
vortex filaments comprising the horseshoe. Let n be a unit normal in the 
direction of the txt term of equation (11.1). It can be seen from figure 
(II.2~ therefore. that 

.... 0+­
vB x

0+-
v2 (11 .• 8)nbound = 

I~B x ~zl 

(11.9) 

(11.10) 
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In summary, equation (11.1), the Biot-Savart Law for straight line 
vortex filaments, is evaluated for the bound vortex using equations (11.2), 
(11.5), and (11.8); for the right trailing vortex using equations (11.3), 
(11.6), and (11.9); and for the left trailing vortex using equations (11.4), 
(11.7), and (11.10). 
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APPENDIX III 

NEUMANN SOLUTION FOR THE POTENTIAL FLOW
 
ABOUT A TWO-DIMENSIONAL BODY
 

Development of general methods for calculating the incompressible 
potential flow about arbitrary bodies has been an area of considerable 
research at the Douglas Aircraft Company (references 62 and 63) for many 
years. The method reviewed here utilizes a source density distribution on 
the surface of an arbitrary two-dimensional body and computes the distribution 
as the solution of a Fredholm integral equation of the second kind. The pro­
blem solved here is known as the Neumann problem since it is the Neumann 
boundary condition, that is, the normal derivative on the boundary, that is 
specified. The two-dimensional solution presented here is an exact potential 
flow solution in the sense that any degree of numerical accuracy desired can 
be obtained. 

The irrotational flow of an incompressible, inviscid fluid satisfies 
Laplace1s equation 

(IILl) 

where ~ is the perturbation velocity potential, subject to the Neumann 
boundary condition 

(-+ -+) -+Vq.> + Uoo • n = 0 

or 
acj> = _ U -+ 

n (III.2)ooan 

and the condition at infinity that 

(IIL3)
 

Although in two-dimensional flow there are analytical solutions to the 
problem defined by (111.1), (111.2), and (111.3) whi~h are obtained both by the 
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method of separation of variables and by conformal mapping, a numerical 
solution to the problem is desirable so that arbitrary body shapes in arbi­
trary potential onset flow fields can be treated. 

The solution discussed here reduces the problem to an integral equation 
for the source density distribution on the body surface. Consider a unit 
point source located at the point (yq' Zq) in figure(IlI.l). Atthe point 
(yp' zp) the velocity potential due to this source is then 

1 (111.4), = r(p ,q) 

where r(p,q) is the distance between (yp' zp) and (yq' Zq) 

r(p,q) = ,/(y -y )2+(Z -Z )2 (I11.5)V P q P q 

Thus, the potential at the point p due to a continuous distribution of 
source a(y,z) on the boundary S of the body is 

= f a(s) ds (111.6)rTP:ST 
S 

In order to apply the boundary conditions, equations ('III.2) and (I11.3), it is 
necessary to take the normal derivative of equation (III. 6) , but owing to the 
singular nature of the integral at the point p care must be taken in the 
differentiation of the integrand. Although the details are omitted here, it 
has been shown (reference 63) that combining the boundary conditions and 
equation (III.6)yields a Fredholm integral equation of the second kind of the 
form 

-+ -+ 
- U"" • n (p) (111.7) 

This integral equation can be approximated by a set of linear algebraic 
equations. The boundary S about which the flow is computed is approximated 
by a largenuml3erofstraight line surface elements [figure (IILl) 1 whose size is 
small compared to that of the body. Over each surface element the value of 
the source strength is assumed to be constant. Thus, a can be removed from 
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the integral in equation (111.7) 'ind the integral can be evaluated from the 
known body geometry on each element. The boundary condition can only be 
satisfied at one point on each element since there is only one unknown for 
each element. The resulting set of linear equations for a can be expressed 
by 

(II1.8) 

where is the coefficient matrix which consists of the normal velocityAij 
i thinduced by the jth element on the element for a source density of 

unity. 6i is the right side matrix and is essentially -U~. hi. 

The body is approximated by a large number of straight line surface 
elements as shown in figure (IIIJ). It is necessary to determine the velocity 
induced by one of these source line elements at some arbitrary point (y,z) 
in space. Referring to figure (111.2), the velocity induced at (y,z) parallel 
to the source line element is 

cos e d~ (II1.9)r 

and the velocity induced normal to the source line element is 
R. 2 

w (y z) = a f sin e d~ (III.10)
U~' '2rr r 

R., 

where ~ is a dummy variable along the source element, r is the distance 
between a point on the element and (y,z), and e is the angle between r 
and y. From figure (II1.2), 

r2 = (y_~)2 + z2 

sin e = f' cos e = ~ 
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Substituting these expressions into (111.9) and (111.10) arid integrating yields 

£2 

v () a f (f ~ ) (J r 1
IT~ y,z = 2rr £ z2+ y_~)2	 d~ = 2rr 1n r; (III.") 

1 

and 

U)y,z) = 2~ J
£2 

Z2+(~_~)2 dl; = 2(Jrr (62-6 1 ) = ;rr 6 3 (111.12) 

£1 

where 

6 = 3 

Finally, transforming (111.11)	 and (111.12) to the (Y,Z) coordinate system, 

1 [ r= "2 1n _1 cos tl . ­(Aij) V rr r2 J 
6 3sin tljJ 

(11I.'l3) 
1 [ r 1 .(A ..) = 271 1nrzs1n tlj + 6 3COS I3jJ1J W 

Considering nO\'1 the right hand side of (111.8), it can be seen from figure (I1L1) 
that 

..... • -7 ..... 
n = Sln tl i J - cos tl i k	 (111.14) 

Finally the freestream velocity can be written as 

(111.15) 

so the final matrix equation is 

~~Aij)" sinBi - (Aij)~ cos B1] OJ • II.cos B; - V. 5 in Bi (lII.16) 
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Equations {III.16}can easily be solved for the source strengths aj 

by standard matrix solution techniques on a digital computer. Once the 
source strengths have been determined it is necessary to calculate the ve1o­
cities tangential to the surface of the body so that the pressure distribution 
and aerodynamic quantities can be computed. The total velocity on the ;th 
element of the body surface is simply 

(JILl?) 

where a is now known. The tangential velocity is then
j 

(JIL18) 

and the pressure distribution on the body can be determined by application 
of Bernou11i 1 s equation. 
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APPENDIX IV 

GENERAL REMARKS - HALF SPAN WIND TUNNEL TESTING 

There are several advantages associated with the use of half models. 
For example, a larger scale of model is permissible. Also, model manufac­
turing costs are considerably reduced, and the problems of model support, 
method of air supply for powered lift systems, and instrumentation are all 
greatly simplified. A disadvantage is that the model cannot be yawed, so 
that one is restricted to the evaluation of longitudinal aerodynamics. A 
more serious problem, however, is that associated with the selection of the 
location of a reflection plane or the size and location of an end plate. 
One arrangement often adopted involves the use of the tunnel floor as a re­
flection plane. Alternatively, a false wall or floor can be inserted in the 
tunnel or the model can be mounted on an end-plate. In either case, care 
has to be taken to ensure that the reflection-plane or end-plate boundary­
layer does not significantly influence the aerodynamics of the model under 
investigation. This could be achieved either by using boundary layer control 
(e.g., suction or blowing) or a fuselage provided its thickness is at least 
an order of magnitude greater than the boundary layer displacement thickness. 
If a reflection plane is to be inserted in the tunnel, care must also be 
taken to ensure a uniform velocity field on the model side of the reflection 
plane. This requires that careful consideration be given to minimizing and/ 
or correcting for the blockage on the two sides of the plane. 

A thorough investigation of reflection plane or end plates in relation 
to high-lift circulation controlled models has not so far been made. Limited 
comparative high-lift jet flap experiments on a half-model and a similar com­
plete model have not, however, always shown good agreement. In part, it 
might be argued that, in addition to the reasons mentioned earlier, some of 
the discrepancy could be attributed to the uncertainty of the validity of 
wind tunnel wall corrections applied and, in the case of half-model end plates, 
the classical correction* made to wing aspect ratio because of the finite 
size of the plate. 

*Mangler, W.:	 Die Auftriebsverteilung am Tragflugel mit Endscheiben. 
Luftfahrtforschung, Vol. 14, p. 564, 1937. 
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As mentioned earlier, the results published by Das 37 represent, at this 
time, the major source of fundamental test information for the validation of 
jet-flap analytical methods. Having adopted a half-model testing technique 
with an end plate of restricted dimensions, Das has computed the effective 
aspect ratio of the wings tested. It is not completely clear from the avail­
able translations of Das' work what corrections might also have been made for 
wind tunnel open jet boundary constraints, although it is suggested that the 
test data was corrected for lift interference effects. Since Das' experimen­
tal data has been used extensively in the validation of the EVD Jet-Wing Lift­
i ng Surface Theory, it is perti nent to as k here whether the accuracy of the 
finally corrected data is satisfactory. 

There have been several recommendations on the size of end plates 
acceptable for jet flap models. For example, it has been suggested that the 
end plate should at least extend 1-1/2 chords upstream of the leading edge, 
4 chords downstream of the trailing edge, 1-1/2 chords above the wing, and 
3 chords below the wing. There is no reason to believe, however, that 
because the end plate used by Das does not satisfy this criteria that serious 
errors will be introduced. Providing a satisfactory method is available for 
correcting for the finite size of the plate, there would be no misgivings in 
this regard. Unfortunately, available methods, at least those with which the 
authors are familiar, do not address the end plate correctimn problem of 
arbitrary half-model jet-wings. Nor is it likely that such corrections could 
be expressed simply as a correction to the geometric aspect ratio of the wing. 
It is interesting to note here the magnitude of the classical corrections 
applied by Das, namely: 

Aspect Ratio 

Geometric 
3.0 
4.0 
5.0 

Effecti ve 
2.75 
3.50 
4.50 

and that these corrections are simply a function of the height of the end 
plate and the semi-span of the wing. These corrections are equivalent to a 
change in circulation lift or drag of up to 10%. A study recently initiated 
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by the authors has, to date, provided some results that indicate that these 
corrections might be as much as 50% in error. In addition, as might well be 
expected, the finite end plate effects on wing spanwise and chordwise load­
ing cannot be explained in terms of a simple correction to wing aspect ratio. 
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Figure (2.40). Lanchester's Representation of Vortex Roll Up 
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