SIMILITUDE FOR NORMAL SHOCK WAVES
IN NON-EQUILIBRIUM FLOWS

R. E. THOMAS, D. BROOKE,
S. L. PETRIE

Distribution of this Document is Unlimited.



FOREWORD

This report(Interim Technical Report No. 5, RF Project 1580) was
prepared by the Aderodynamic Laboratory for The Ohio State University
Regearch Foundation on Contract AF 33(657)-10&16, "Research on Similarity
Parameters Relating Model Tests in High-Enthalpy Hypersonic Wind Tunnels
to Corresponding Full-Scale Flight Conditions.” The work repcrted herein
was performed on Project 1426, "Experimental Simulation of Flight Mechanisms,"
Task 142604, "Theory of Dynamic Simulation of Flight Envirorments.” The
project was monitored by Mr. F. J. A. Huber of the Air Force Flight Dynamics
Laeboratory, Research and Technology Division.

Manuscript was released by the authors in February, 195, for publi-
cation as an RTD technical report ®

This technical report has been reviewed and is approved.

. WS peria bl
nyL Philifi’ P. Antonatos

Chief, Flight Mechanics Divisgicn

Air Force Flight Dynamics Laboratory

ii



ABSTRACT

Similarity parameters are developed which govern the length of non-
equilibrium zones bhehind normal shock waves., Non-equilibrium effects
produced by both vibrational relaxation and dissociation are considered.
The parameters can also account for arbitrary levels of free-stream vibra-
tional energy or dissccistion level.

The validity of the parameters is examined using numerical computations
of the properties of the non-equilibrium fields. These computations are
made with the aid of experimentally based rate expressions.

The parameters, when written in a form degeribing the variation of

non-equilibrium zons length with Mach number, are shown to have acceptable
accuracy.
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SYMBOLS (Continued)

Np Avogadro's number

P pressure
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R gas constant

S temperature exponent
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t time
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X distance perpendicular to shock front
v distance perpendicular to x-axis
Greei

o fraction dissociated

¥ ragtio of specific heats

o density

T relaxation time, vibrational mode
5] characteristic temperature

w temperature exponent
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Subscripts (continued)
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rot rotation
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I. INTRODUCTIOCHN

The role of similarity parameters in aerodynamic testing has long been
recognized. They have been used both to assure that aerodynamic phenomena
are properly simulated in laboratory test facilitiesgs and to judge the
effect of non-simulation of flight conditions. In additicn, such param-
eters frequently allow an incisive analysis of test data to determine the
dominant factors in associated theoretical expressions, leading, in some
cases, to simplifications which can produce results of adeguate accuracy.

For most aerodynamic test facilities, the usual similarity parameters
(Mach number, Reynold's number, ratio of specific heats, and Prandtl
number) are adequate for the analysis of results obtained in a non-reacting
steady stream which is in thermodynamic equilibrium. These parameters
can be obtained from the usual compressible flow equations by the methods
of dimensional analysisl or the linear relation method.Z

Advanced testing facilities currently in use may produce conditions
in the test mediz which depart from the flight condition in such ways and
to such degrees that the above set of similarity parameters becomes in-
adequate. Processes may cccur in the facility which are not described by
the "usual" energy equation, and hence, the parameters derived from this
relation are too limited. Therefore, 1t is necessary to establish the
additional similarity laws and to evaluate their validity. This task is
the objective of this study.

It is convenient to attack the problem of aerodynamic similitude in
a high enthalpy stream in two steps. In the first step the factors in-
volved in gcaling in an equilibrium stream are used to evolve similarity
relations which are generally those listed above.

The second step of the problem, which represents the main objective
of this study, includes the scaling of non-~equilibrium effects. 1t is
necessary to be able to scale the regions of a body flow field which are
affected by chemical and thermodynamic non-equilibrium processes for the
following reason: Consider a shock wave produced by a body moving in free
flight at hyperscnic speeds through air and assume that the wave strength
is such that non-equilibrium effects cccur over a distance of five feet
downstream from the wave., If the body is ten feet long, then non-equili-
brium phenomena occur over the forward fifty per cent of the body. In
attempting tc simulate these flight conditions in laboratory experiments,
suppose that a geometrically similar body, ten inches long, is to be
tegsted and the flow flelds are to be duplicated. For proper scaling, the
non-equilibrium effects should occur over the forward fiwve inches of the
model. Therefore, the factors affecting the rate processes are of pri-
mary importance in scaling the two flow fields,

One might logically question the practical importance of scaling the
non-equilibrium fields. If the effect of the rate processes on the
pressure and temperature distributlons over the wvehicle is low, say less



than one per cent, the effect on the general aerodynamic performance of
the vehicle can be expected to be small. In such a circumstance one could
use frozen flow theory for the analysis of at least the inviscid portion
of the flow field and a test facility which provides frozen flow results
could be employed.

The magnitude of the non-equilibrium effects is illustrated in the
work of Sedney, South, and Gerber® and Hsu and Anderson.? In the former
study, the effect of vibrational non-equilibrium in the inviscid flow over
a wedge was computed with the method of characteristics. An interesting
regult for this wedge flow is that far from the leading edge, the equili-
brium state near the body is not the same as that behind an equilibrivm
chlique shock wave. Although the pressure is the same, the temperature is
higher in the non-equilibrium case, indicating the existence of an entropy
layer near the wedge surface. Typical variations of the pressure and
temperature along the wedge surface for a pure diatomic gas are reproduced
from Reference 3 in Fig. 1. The results shown in Fig, 1 are presented with
p and T made non-dimensional using the free stream values. The distance
along the wedge surface is non-dimensicnalized with t,di. The variations
of pressure and temperature shown in Fig. 1 indicate that the effects of
vibrational non-equilibrium can be significant.

The study by Hsu and Anderson® treats the non-equilibrium dissociating
flow of a gimple diatomic gas over a cusped body that supports a plane
c¢blique shock wave. Numerical results are presented for Nz at an altitude
of 250,000 feet with Mach number as a parameter varying from 13 to 26 and
a shock angle of 80°. Typical results are shown in Figure 2 where the
variations of pressure and temperature along a streamline are given. It
can be seen that the effects of chemical non-egquilibrium can be important
in body flow fields.

The usual similarity parameters governing compressible viscous and
inviscid flows can be found in many places, e.g., in the works of
Schiicting, Pai,?® Shapiro,® and Leipmen and Roshko.® Specislization of
these concepts to equilibrium hypersonic flows were accomplished by Tsien,7
Cheng,8 and Lees and Kubota.® Viscous and eguilibrium real gag effects
have been considered by Cheng and Pallone®® and Sakurai.t?

Pearce, Samet, and Whalenl® provide a comprehensive review of the
theoretically developed similarity parameters for hypersconic flow together
with available experimental evidence and they verify the boundary layer
interaction parameters for various types of configurations and test gases,.
In addition, they discuss non-equilibrium flow concepts but do not develop
the associated similarity parameters.

Inger*® has developed most of the scaling parameters based on the
hypersonic small disturbance theory, but left them in & form which
possesses 1ittle utility and which is unduly restrictive on test condi-
tions.
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Ore of the more Important contributions o non-equilibrium similitude
is the concept of binary scaling as presented by the members of the staff
of the Cornell Aeronautical Laboratory, expecially Gibson and Sowyrda.14
According to binary scaling, if the test velocity matches that of the flight
condition, then the flow fields may be scaled by adjusting the density.
This leads to the simple similarity relation

p1 L = constant (1)

The shove relation is useful for scaling flow fields involving vibra-
ticnal as well as dissoclation non-egquilibrium procegses. This point is
discussed later.

The general features of non-equilibrium flow fields have been known
for some time. One views the modes of energy storage of a digtomic mole-
cule as being active or inert, i.e., fast or slow. For most flows the
rotational mode is considered active, thus inducing a non-equilibrium
region of negligible size. Usually it is assumed that the translational
and rotational modes are active and reach equilibrium quickly while vibra-
tional energy transfer and dissociation generally reguire much longer times.

There is a surprising lack of information regarding electronic relax-
gtion. If one adopts the Landau-Teller®S viewpcint of the probability of
energy trensfer during a ceollision, one must conclude that electronic
energy transfer requiresg a considerable time. Their view is that if a
given mode undergoes & large number of oscillations during a collision,
then the transfer of energy is less likely than if the collision time is
of the crder of the period of the appropriate internal motion. Since the
period of electronic motion is much less than the average time for inter-
melecular collisiens, the energy transfer probability is low and the
relaxation time 1s long.

Electironic relaxetion will not be considered in the present work,
not because it is unimportant, but because there are no expressions for
electronic relaxation time which might be used to develop similarity
parameters., This is clearly an area where work needs to be done.

In general, the importance of non-equilibrium processes in the nozzle
of a test facility has not been recognized. The characteristics of the
free-stream flow can play a vital role in the non-equilibrium processes
downstream of a model shock wave, Based on recent tegt data which indi-
cates that the gas may be frozen vibrationally near the nozzle throat, it is
not unrealistic to conceive a sltuation where the gas approaching the
shock wave has nearly the vibrational energy required at equilibrium behind
the wave, thus eliminating any requirement for vibrational excitatlcn.

Further, in the view of Bauer and Tsangl6 the dissociation process
depends heavily on the vibratiocnal excitation process, i.e., on the
repopulation rate of the upper vibraticnal levels. Thisg becomes especially
important when one congiders that in ftesting in a high-temperature stream,
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the gas may arrive at the shock wave in a highly excited vibrational state.
Thus, the gag has, in effect, already climbed a portion of the activation
barrier which must be overcome to produce digsociation. The resuit is a
decrease in the region of dissocliation non-equiiibrium.

The rate expressions for the vibrational relaxation and dissociation
generally are developed with the assumption that energy transfer in a gas
is accomplished only by collisicns. Further, the transfer of vibrational
energy and the dissociation of molecules is due to bimolecular collisions,
while the recombination of two atoms requires a three-body collision.

The vibrational relaxation egquation given by Landsu and Teller'S is

E.“V = % [Eveq - Byl (2)

In the above expression, E, is the local vibrational energy and Eveq
is the vibrational energy the gas would have if it were in equilibrium.
v is the vibraticnal relaxation time which is a function of the pressure
and temperature of the gas. According to Blackman®’ the theoretical ex-
pression for the relaxation time is

- 1/s

T = Kal¥p? {1 - e aﬁTIi ek‘ﬂi/ﬁj / (3)

The dissociation of & molecular species is expressed by the reaction
Nz +M' =2 + M' , (%)

where M' is another particle. The rate expression for the sbove reaction
is generally written as

()

where ¢ is the mags fraction of particles dissociated, R is the specific
gas constant of the molecules, Ep is the dissociation energy per molecule,
and s is taken to be half the number of degrees of freedom which coniribute
energy to the disscciation during a collision.

It is probably more correct to adopt the Eyrinng viewpoint and put
E,», the activation energy, into the exponential factor in place of the
dissociation energy. Impirically, the difference between the two can be
handled to a degree by altering the pre-exponential factor.



Much effort has been spent in determining the importance of the
recombination process in the non-equilibrium flow considerations. Hammitt®
has reviewed the situation and concludes that except near equilibrium the
dissociation effect is more important than the recombination effect. This
is caused by the relative scarcity of the three-body cocllisions necessary
for the energy distribution during recombination.

The process of scaling non-equilibrium flow fields is accomplished by
examining the relationships between energy transfer rates and the stream
velocity, The distance covered by the non-equilibrium zone can be increased
by elther lowering the rate or increasing the gas velocity. Thus, a&ll the
factors affecting these items are important to the scaling process. Binary
scaling provides the simplest relabionship between energy transfer rate
and veleelty. When fthe fiight velocities, and thus the temperatures down-
streem of the shock wave, are duplicated, then the rates in the disscciation
zone will be a function principally of density. The density dependency
results because the rates are governed by the frequency of two-body colli-
sicns.

It is worthwhile to consider the use of binary scaling in facilities
which are not of the high-enthalpy type, i.e., facilities such as the
conventional hypersonic tunnels having maximum stagnation temperatures in
the range from 3000 to 4O00°R. In such facilities the primary non-equili-
brium effect involves the exchange of vibrational energy. BSince the ex-
citation or de-excitation of the wvibrational mode depends on two-body
collisions, it should be possible to develop scaling laws based on the
binary concept. It is interesting 4o note that in the lower temperature
facility the flow-field veloccities will, in general, not duplicate those
cbtained during fiight so that Eg. (1) does not apply directly.

Summarizing, it can be stated that 1t appears feasible to construct
gscaling laws which can be used to scale non=equilibrium effects produced by
pure vibrational effects and dissociation induced non~equilibrium processes.
It will be assumed that the vibrational and dissociation processes are un-
coupled, Results of calculations described herein provide Justification of
this asswption.

In the werk which follows, the appropriate similarity parameters
governing vibrationel and dissociational relaxation downstream of normal
shock waves are derived., Based on evaluation of these parameters immedi-
ately behind the wave, the parameters are written in terms of stream
conditions by using approximate normal shock wave relaticns. The validitcy
of these expressions is then examined with the resulis of exact calcula=
tions for the non~equilibrium zones. These calculations are performed
with empirically determined rate expressions,



II. SIMITARITY PARAMETERS FOR ILOWS
WITH VIBRATTONAT, WON-EQUILIBRIUM

The mogt widely gquoted source of wvibraticnal excitation rates for
No and Q= is8 Reference 17 where the results of interferometric measurements
of density varistions downstream of normal shock waves are reported. The
linear relaxation equation was employed to relate the density changes to
the absorption of energy by the vibrating molecules. The trends of the data
in Reference 17 were expressed in the form of Eq. 3 by the present authors as

TOE = 3.5J+ % 1078 Jg elsg.s/rl/a (6)
Ty, = 3.12 x 1077 VI 18743 f1/3 (7
b

where 7 is In seconds, p is In pounds per square feet, and T is in degrees
Rankine,

Since Fgs. (6) and (7) are used in the derivation of the vibrational
gimilarity parameter, it is worthwhile to keep in mind some of the limita-
tions imposed in Reference 17.

1. The velocity downstream of the wave is assumed constant.

2. The temperature which appears in Egs. (6) and (7) is actually
the average translational tempersture downsiream of the wave.

3. The excitation of the electronic energy mode is inecluded with the
vibrational exeltation. This may be important at high tempersatures.

4, 'The gas ahead of the shock is assumed to have a low temperature,
therefore, the data may not account for vibrational non-equili-
brium effects in the gas upstream of the shock, & condition which
may exist in The flow delivered by a nozzle,

5. The T given by Bgs. (6) and (7) is not the total relaxation time,
but rather is the time required for the vibrational mode to reach
(1 - 1/e) of the equilibrium energy. (See Appendix I.)

For simplicity, normal shock waves in diatomic gases are considered
initially. It is relatively simple to compute the temperature, pregsurs,
and density changes across the wave based cn the assumed equilibration of
translational and rotational modes. Downstream of the wave the usual 4if-
ferential equations which describe the flow field are:



ay =0 s (8)

u.@-l-v@.u_::_.:l;@
o dy o X, (9)
XN L1
v + oy oo , and (10)

%@*5%%%=0 , (11)

Restricting the consideration to the distribution of static pressures
in the non-equilibrium zone, the scaling laws should come from the energy
relation since it is the abscorption of energy by the vibrational mode which
produces the static pressure change. The energy relation in the non-
eguilibrium field is

o(Dh/Bt) - (Dp/Dt) =0 , (12)

which for a one-dimensional steady-state situation (but with vibrational
relaxation and chemical reactions) becomes

@;i‘ﬂf}@
Pl dx wdt |~ ax . (13)

Bince the relation is applied downstream of the wave, the wvarious terms
such as u, dEV/dx, etc,, must be evaluated there. EHowever, it is desirszble
for scaling to inciude the stream conditions ahead of the wave and the wave
atrength. Variation of these parsmeters results in alteration of the u and
dEy/dt terms, which then changes the pressure distribution in the non-egquili-
brium zone.



Suppose that the temperature variation in the relaxation region is such
that the specific heat of the active modes can be considered constant., Then
the relaxation equation can be written in the form

ar 1 %y

L ap
* = = 1
Cp dx u dt p dx (14)

Some rather interesting similarity considerations can be developed with
this equation, If two relaxation processes are related by the following
linear expressions:

Ty = K1Ty ,

Xp = Ka¥p ,

Up = Kaupy s

éVB = KéﬁVA s (15)
B = Kspy , and

pg = Kepy 5

the similarity parameter which results is
EyL/uT = constant . (16)

Bince E s u, and T vary in the non-equilibrium zone., the gquesticn
naturally arises as to where in the zone these elements should be evaluated.
Clearly, for greatest utility they should be evaluated at the start of the
zone, l.e., just behind the shock wave. One might then be able to express
them in terms of the stream conditions and the shock wave relations, thereby
introducing Mach number and stream ncn-egquilibrium effects. Therefore, the
form of the parameter t¢ be considered is

B,
Va

UgTa (17)
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Now, EVa is expressed in the form of Eq. (2) with the relaxation time
as given by the empirical relationships of Eqs. (6) and (7). For Nz,

/"
KEVeq - EV&)

3.12 x 1078751/2p, 71 ¢ 187.3/052 /3

By = (18)

The conditions immediately behind the shock wave (subscript "a") can be
related to those upstream of the wave with the normal shock relationships
assuming that only translation and rotation of the molecules oceur.

the static temperature ratio across the shock is given by® fience,

Ta L (P2 - 1) 02 + 5)

Ty 36 M7 ? (29)
which for hypersonic Mach numbers can be approximated by

T, = 0.2 M Ty . (20)
The static pressure ratio across the wave is given by

P ML -1 , (e1)

P1 6
which for hypersonic Mach numbers can be approximated by

Py = 1.1 M% py (22)

Further, immediately behind the wave, the vibrational energy is the same
as that in the free-stream. Hence,

Eva = By, (23)

11



Finally, it is convenient tc approximate EVeq by

EVéq = CVIBa Ta (24)

Thie approximation is justified by the relatively small variation of Cyn
through the temperature range of interest. The actual variation of C
is shown in Fig. 3. Combining Egs. (18), (20), (22), (23), and (24) gives

B = Kty Sry oy o (K8 YT
a

e‘(Klemz/le_l/é)

- KoBy My Tl-%/épl (25)
To express the similarity parameter (Eg. 17) in terms of conditions
in the free stream, the velocity ug 1s written as
+1 )My =
a = KL ) 1.2 U1 (26)
(7-1)M,° + 2
which, for hyperscnic Mach numbers beccmes
Py
lla = (7R)wé_grll/eMl (27)
Combining equations (20) and (27) gives
u,T, = {constant) MlSTls/é (28)

12
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(17, (25), and (28), the vibrational similarity parameter

With Eqgs.
becomes
Evy L -2/8m. =1/3
V. - -(K T
& = Ki1oT1 ‘pale (Kgtty t )
UaTy
o (KM, "2 B =13
- Ki1By, My 2T ®pile (Kelta * ) (29)

Hence, scaling of a vibrational relaxation zone is accomplished with the

relaticnship

-2,/50 =1/3
- (Kela T1 ) = constant (30)

[KIQ - Ky, BV j|plLe
T (M1T1)=

Notice that when a shock wave moves into a gas which is not excited vibra-

tionally, then Ey, = ¢ and Eq. {30) becomes

=2/, “1/5
g&& e'(KaMl T1 ) = constant (31)
d
Rewriting Eq. (31) as
(32)

-K ~2/8
12ty = constant

pi1le =
shows that if the velocity wy is constant then the simple binary scaling
expression is cbtained.

With constant free-stream conditions, the variation of the length of
the relaxation zone with Mach number can be determined from Eq. (31) as

Inl = Kiz + Ky oy 22 (33)

1h



To check the utility of the parameters developed above, the charac-
teristics of the non-eguilibrium zones caused by vibrational relaxation
behind normal shock waves have been computed. The equations and procedures
employed in the "exact" calculations are summarized in Appendix II. The
results of the computations are given in Figs. b4 and 5. Notice in particular
the order of magnitude of the length of the relaxation zone. In Bection III
a comparison will be made between the vibrational relaxation and dissociation
zones snowing that the separate analysis of the two effects is permissible.

The scaling parameter given by Eq. (30) indicates that the influence
of vibrational excitation in the free-stream becomes less proncunced as the
Mach number is increased; this effect is illustrated in the curves of
Figs. b and 5.

To examine the applicability of the scaling parameters, Fq. (33) was
employed to produce curves which describe the variation of the length of
relaxation zone with Mach number at a fixed altitude and with no free-stream
vibrational excitation. These curves are compared with the results of the
exact calculations in Figs. 6 and 7. The circled points are taken from
Figs. 4% and 5 to eliminate confusion because of the close agreement of the
curves developed with Eq. (33) and those obtained from the exact calculations.
Considering the approximation inherent in the similarity parameters, the
accuracy of the parameters in describing the length of the relaxation zone
1s surprisingly gocd.

The calculations indicate that for the conditions examined in this study
Egs. (31) and (33) scale the non-equilibrium zones as long as the free-stream
vibrational energy does not exceed 10 percent of the equilibrium vibrational
energy behind the shock wave.

Summarizing, in this section, relations governing the length of non-
equilibrium zones have been derived. These relations allow scaling of vibra-
tional zones for any combination of pressure, temperature, Mach number, and
stream vibrational energy level. If a nozzle can be operated at equilibrium,
and at temperatures and pressures duplicating flight, Eq. (33) shows that
the Mach number must be increased in order to shorten the relaxation =zone,
Equation (30) indicates that if the flight situation has negligible stream
vibrational energy and the test situation involves freezing of the vibra-
tional energy at some polnt in the ncozzle, the only way in which the relaxa-
tion zone can be duplicated is to test at higher Mach numbers, higher temper-
atures. or both,

ITT, SIMILARITY PARAMETERS FOR CHEMICAL
NON-EQUILIBRIUM FIELDS

The results presented in this section illusitrate that the length of
the zone of chemical non~equilibrium behind a normal shock wave 1s much
greater than that for the zone of vibrational non-equilibrium. This supports
the conclugion reached by Scala, Talbot, and Cary®® that separate (uncoupled)

15
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gnalysis of the two zones is reasonable., Since the vibraticnal zone 1g much
shorter than the dissociation zone, congideraticn of coupling effects would

geem to be & nesedless complication, Acccrdingly, such coupling will not be

considered here.

It should e kept in mind, however, that the presence of dissociated
cemponents in the stream approaching the model can sizably affect the rates
in both nen-equilibrium zcnes. Such a circumstance is likely to occur in the
nezzle of an arc-heated wind tunnel., The rates of energy exchange of Toth
zones will be affected nct only by stream dissociation but also by stream
vibrational energy.

It is likely that the effect of stream vibrational excitation would be
confined largely to the vibrational relaxation zone. Therefore, it could be
concluded that, since the two relaxation zones are effectively independent,
the digsociation process starts from a condition of near vibrational equili-
brium. Accepting this, then, allows one to forego the study of the effect of
vibraticnal non-equilibrium on the disscciation procesg and confine attention
to the modifications caused by stream digsociation.

The dissociation rate expression, Eq. (5), has been arranged to conform
to the accepted form for a bimolecular procegs coupled with a recombination
term proporticnal to the frequency of three-body ccllisicns. The constants
have been evaluated by fitting the expression to experimentally determined
rates produced in shock tubes.

Although the concept of simple bimolecular and three-body processes
yields an expression which agrees with experimental results, it is certain
that such a simple expression does not represent all Tacets of the problem.
Bauer and Tsang & point out that the dissociation rate depends greatly on
the rate at which the upper vibrational levels can be repopulated after being
depleted by dissociation.

It can be said further that the disscciation rate is affected by any
process which stretches the intermolecular bond. Therefore, although the
rate expression doesn't specifically reflect it, dissociation through rota-
tion must exist to some degree., Thus, the abllity to replenish the upper
rotational. levels should alsc enter the picture.

The combined energy and momentum equations can be used to describe the
relaxation produced by dissociation. For cne-dimensionel flow

ae
dh* (1 _D = dp
p[dx "u T ] ax o (34)

where h¥ includes all contributions to enthalpy other than disscceiation.
Thege are assumed to be in equilibrium with the dissociation process sgince
the latter is relatively slow. This assumption is probably weakest in re-
gard to electronic relaxation, as discussed earlier.
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The energy absorbed and released by the dissociation and recombination
processes can be expressed in terms of the respective rates and the dis-
sociation energy. The complete rate equation for Nso isg*®

aa _ o5 -(Ba/kT) _ . 02 s,
= Kl -0) 27 %pe - Koy T . (35)

This type of equation is used in the computations described in Appendix IIT;
however, since the scaling laws will be most useful when thelr components

are expressed in berms of stream conditions and Mach number, only the first
term of the above eguation will be used. That is, the utility of the scaling
laws is greatest when they are most easily applied. In the case of a normal
shock wave, the conditions just downstream from the shock wave can be com-
puted in terms of the siream conditions. Since this information is usually
available, the similarity parameters should be arranged accordingly.

Therefore in the work which follows the properties of the forward part
of the non-equilibrium zone are most important. Since the effects of the
recombination {erm are negligible in this area, it willbe removed from the
similarity considerations. Thue,

da/at = K (1 - Q)T-E'Spe_(EA/KT) . (36)

The rate of abgorption of energy by the dissociation process is simply
the product of the disscociation rate and the dissociation energy. The
combined momentum and energy =squations then provide

N,E
S P

where m is the molecular weight of the diatomic speciles.

If the modes other than disscciation are taken to be in equilibrium,
then the first term can be written in terms of the local femperature gradient.
In the second fterm the various constant terms can be combined, leading to

ar o da  a
p Cp¥ o + Kasg o = 51% . (38)
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The similarity parameters are produced in the usual fashion, with linear
relations between two flow situstions:

T, =K Ty ;

PRp * Eé Pa s

Xg = Ka X, s

g =Keon (39)
ug = Ks uy , and

Py = Ks By .

Substitution of Eq. (39) into (38) results in the following scaling parameter:

Q
=

= constant (ko)

|_3
&

Application of this parameter is accomplished most readily if it is
evaluated immediately behind the shock wave. Hence, Bq. (L40) is written as

oL b1,
—EF-= constant ( )
Tglg

Substitution of the rate expression, Eq. (36), into Bg. (41) yields

{l _ O::L) PaLe-EA/kTa’

S5
To  ug

= constant (L2)
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Az in the previous section of this report, the conditions immediately
behind the shock wave can be related to those in the free-stream with the
hypersonic approximations to the normal shock relationships. Since the
region of vibrational relzxation generally is much shorter than the region
of' chemical non-eguilibrium, the normal shock relationships probably should
be based on a ratio of specific heats different than 1.4, However, as a
first approximation, Egs. (20), {22), and (28) will be employed without
modifications for the pogsible difference in 7. With these noxmal shock
relationshipg, the dissociation scaling parameter becomes

2
o) pre”e/ M

M16T14

(43)

= constant

Notice that if the stream dissociation is zero, then
g =0 s (’-l»ll-)

and a somewhat simpler expression results., However, in considering the non-
equilibrium processes in the nozzle of an arc-heated test facility it ig
most desirable that the scaling factor account for a ncn-zero Ch. Equation
(4L3) appears to do this.

For fixed free-gtream conditicns, the length of the zone of chemical
non=equilibrium can be correlated in the form

2
L = AMleeB/ M (L5)

To examine the applicabllity of the above disscciation similitude
parameters, the characteristics of the zones cof chemical non-equilibrium
dovnstream of normal shock waves were computed for several combinations of
Mach number and altitude with the procedures outlined in Appendix III, The
results of these exact calculations are given in Figs. 8 and 9.

The utility of the scaling parameter on the form given by Iq. (45) is
illustrated by the compariscons shown in Figs. & and 9. The similarity
parameter curve labeled "theory" in Figs. 8 and 9 appears to scale the length
of the non-equilibrium zone with reasonable acecuracy over most of the Mach
number range.
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Comparisons of the results given in Figs. (6) through (9) show that
the length of the ZzZone of chemical non-equilibrium generally is an order of
magnitude larger than that for vibrational non-equilibrium. This com-
parison is the bagis for the assumption made here that the two zones can be
treated separately.

IV, EXTENSION TO OBLIQUE SHOCK WAVES

At first glence the extension to obligue shock waves would seem to follow
in the usual fashion; namely, the parameters are used as they are but are
based on the Mach number normal to the oblique shock wave. Such a procedure
would adequately handle the temperature and pressure effects but not the
velocity effects.

By considering the two fundamental similarity parameters,

E,, L
V__ = constant , and (46 )
uT

&L = constant s (%7)
uT

it can be seen that the velocity u has great importance. With an oblique
shock wave, then, the use of the normal Mach number accounts cnly for the
change in the normal component of velocity but does not ineclude the effect
of the tangential component which will certainly bhe gquite important in
stretching out the non-equilibrium zone,

It may be most convenient to convert the temperature and pressure
elements in terms of normal Mach number and stream conditions and allow the
velocity to remain unchanged. The two revised similarity parameters are

(KSM1 - KBy M )L oug® Ty % py e~ (Ka/M ¥ 2133 /2) o congtant (L)

and



Q- ) py 1 o (Fa/TM)

M? T1° Sug

= constant (49)

One can use the above similarity parameters by calculating the total
veloclity behind the obligue shock wave and inserting it in the parameter.

V. CONCLUSIONS

A study has been made of the factors affecting simulation and scaling
of non~equilibrium flow fields. The flow fields examined included those
produced by toth vibrational excitation and dissociation of diatomic mole-
cules. Ag an aid in evaluating the similarity parameters, the character-
istiecs of both types of flow fields were computed for normal shock waves
occuring in nitrogen at various Mach numbers, gtream pressuresg, and stream
densities.

As a result of this study the following conclusions can be stated:

1. The wvibrationally induced non-equilibriuvm fields are much
smaller than the fields produced by disscciation at the same
Mach number, pressure, and density. It is, therefore,
reasonable to znalyze the two fields assuming nc coupling,
i.e., as though they were independent and sequential with the
dissoclation field following the vibraticnal field.

2. The parameter which cean be used to scale vibrational non-
equilibrium zones is

_(KB/Mla/sTll/s) a/éTlL/S)

K1oTy *p1le - KllEViMl“aplTl‘zLe“(KS/Ml = constant. (50)

This parameter is valid for inviscid flows at hypersonic
M > 9) Mach numbers for any level of vibrational energy in
the stream approaching the shock wave.

3. Il the approaching stream is in vibrational equilibrium,
the parameter becomes

—(Ks/Mla/éTll/s)

(pL/T1) e = constant; (51)
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and if stream pressure and temperature duplicate those of
flight, the Mach number can be used to scale the flow field
according to

In I = Kia + (Kea/M®®) . (52)

For inviscid flow, the hypersonic Mach number parameter for
scaling digsociation fields is

~ (K1e/T1ME)
(L-oa) pa L Z = constant . (53)
Ti‘ Mi

when the gtream spproaching the wave is undissociated, the
parameter becomes

‘(Kls/TlM%)

¢ Mf

i le

= constant ; {54)

and if pressures and temperatures duplicate flight condi-
tions, the Mach number scales according to

Mf 1n (L/ME) = constent . (55)
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APPENDIX T

THE PHYSICAL SIGNIFICANCE OF VIBRATIONAL
RELAXATION TIME, <

In the literature numercus situations sre found in which the vibra-
ticnal relaxation time T is misunderstood and misused. Generally, in these
situations, 7 is taken to be the todal relaxation time, that 1s, the time
to come arbitrarily close to equilibrium. That 7 is not the full relaxation
time 1s the subject of the following elementary considerations.

The equation which defines T is

d.Ev/d‘b = <Eveq - EVlocal ) /‘1‘ 5 (56)
then

) (bt - P )= 00
and

in (Eveq = By oonl >= -t/T +1n ¢ ; (57)
or

_ —t/T
Meq ~ PViocar T O °

If one denotes the condition behind the wave by (), and specifies that
t = 0 at that point, then the following boundary condition can be written:

t =0, B =T . 58)
> "Vieeal Va (
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Applying this yields

C -_ Eveq - E’Va 2
and Eq. (57) becomes
_ -t/
Eveq - EVloca,l = (Eveq - EVa) e . (59)
But when t = 7,
) \‘
E; - F =( By -&E “l=o.8<E - E ) 60
Veq Viocal ( Veq Va / ° % Veq Va (60)
or
T - By = .632 (E -E > 61,
Vlocal Ve, Veq Va : ( )

Therefore, T is the time required for the vibraticnal mode to travel
through 63.2 per cent of the range through which it would travel if allowed
to come to eguilibrium.
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APPENDIX II

COMPUTATTICNAL PRCCEDURE FCR VIBRATIONAL NON-EQUILIBRIUM
DOWNSTREAM OF NORMAL SHOCK WAVES

Calculation of the properties of vibrational non-equilibrium fields
downstream of normal shock waves in nitrogen was completed with the IBM 7094
computer at The Ohio SBtate University Numerical Computatiocon Laboratory. The
caomputations were made for six Mach numbers, two altitudes, and two stream
vibraticnal energy levels.

ALTITUDE, FT. Ey, MACH NUMBERS
150,000 0 9 12 i5 18 21 2k
150,000 b6 x 10° £t3/sec? - 12 15 18 21 ol
250,000 0 9 12 15 18 21 2l
250,000 L6 x 10° £t2/sec? 9 12 15 18 21, 2l

A gstepwise procedure was used based on the finite difference form of the
equationg resulting from the conservation of mass, momentum, and energy in
the relaxation zone. With the state equation added, they are

Aufu + ppfo = 0 , (62)
uan + (1/p)ap = 0 , (63)
Aho+uia = 0 , and (6h4)

p = pRT . 65)

These equations can be combined to yield:
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2u

= - 2% AR
AT - 5Z v , and (66)
Ap = - {pu) fu . 67)

If one knows ARy and the local conditions, then Au and Ap can be computed,
and new values of u, p, o, and T can be calculated at the end of the interval
- which corresponds to the change in Ey. The length of the interval was cal-
culated from

urt
= AR 68
V() - Bypoer | ©o

where EV(T) was computed from the energy relation for a linear harmonic
oscillator

Ey(T) = ;57%9:iz ; (69)
and T was obtained from
v = Ko T2 p71 KTV (70)
where for nitrogen,
Kz = 3.12 x 10 @ psf-sec/(°R)¥? , (71)
Ke = 187.332 (PRr)V® , and
8 = 6008.2 °R .

The initial conditions for the stepwise computation were calculated
with 7 = 1.h.
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The computer program consisted of the following steps:

1.

10.

11.

12.

The detailed

Input initial conditicns, including Afy

Caleculate
Calculate
Calculate
Calculate
Calculate
=40
ui = Ui

Pi = Pio1

p = pufu

Evi = Evj_

T

p/PR

Ey(T)
T

JAvS
AN
4Op

+ A
+ An

+ Ap

+ AR
-1 v

computer program was written in Scatran language and since

this method of programming is not particularly common, the actual program
will not be given here.

The computations were accomplished with no difficulty.
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APPENDIX IIT

COMPUTATIONAL PROCEDURE FOR CHEMICAL NON-EQUILTBRIUM
DOWNSTREAM OF NORMAL SHOCK WAVES

Dissociation processes were computed for normal shock waves in nitrogen
at six Mach numbers, two altitudes, and one stream dissociation level. The
conditions are listed below.

ALTITUDE, FT, MACH NUMBERS o
150,000 12 15 18 21 ol 0
250,000 12 15 18 oL 2k 0

The equations for these computations are similar to those used in the
vibrational calculaticng presented in Appendix IT,

Mufu + Apfo =0 (72)
wAn + 1/p &p = 0 (73}
M +tu =0 (74)

p = ORT (75)

The enthalpy change across an increment of length measured from the shock
front was computed from

A = (1 - oR)AHE2(TR) - (1 - ap )AL B(Ty) +apale(Tg)

- oA (T) (76)



where subseript L indicates the left or upstream side of the interval.

Since

Ok =0 + AQ and
(77)
TR = TL + AT 2
and the heats of formaticn were computed using expressions of the form
Nz A1 5
AH =5+Bﬁﬂﬂunﬂ and (78)
N g
MHp =gt B R GUTeHDS (79)
Eq. (76) can be written as follows:
AT = AT [ . N Dy (T + Ty) ]
TRTL (80}

+ o AT [ BBy ) + (G- G + (Hi- D) (TR + TL)}

TgTy,

+ AQ [LE;:—éL) + {F1~B1) + (G1-C1)TR + (Ha-D1)Tg° } .

Tr

If the first two terms on the right side of Zq. (80) are written as DHy and
the last term is written as Do [DHDA], then Eg. (80) has the form

A = DH; + Do [DHDA] ; (81)

Then when TL ig known and AT is specified, DH; and DHDA are known.
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The computer program is then established as follows: (Variables without
subgseripts in the program are lef't side va.lues.)

1. Read in initial conditions (@, p, p, R, T, u, AT)
2. Ci = pu
3. X=0

b X

=0
CY
5. Calculate (é‘>
LS X =0

6. Calculst <@>
. algulate AX

e

Yo’
7. Provided o< 0.01 (E)x = 0» write output and go to (1.)

3. Ty, =T

)

. +

9 TR T + AT
10. Calculate DH;
11. Calculate DHDA

12, Tterate on A wntil E(K - 1) < 0.1 x 107 °, where E(K) = Ax - Ax(K)

m(K-l)-ACX(K-E)_i\

13. oK) = o0K - 1) - B(K - 1) [ E(K - 1) - E(X - 2)

i, AH = DH; + [DHDA] Ax(X)

AH

15, Aa = - "E
16, up =u +Au
17. Pp =P +C1 lu

c
18. PR =a§'

PR
19, * oRRTR (1 + )
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20. E(K) = &x - A0(K)

21, T =Tg

22. u = ug

23. P = pp

2h, o=O+ A

25, X = L
(acy/ax)

6, X=X+ X
27. Write outputs (X, %%, o P, p, T, U.)
28. Return to gtatement 6.

Again, Scatran language was employed in the detailed program,
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