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ABSTRACT

This report summarizes a study aimed at extending the applica-
bility of the method of point matching to problems of statically
loaded shallow shells, and deriving & set of shell equations for
arbitrary curvature including the effects of orthotropy and thermal
loading. The accuracy of the method is investigated by solving =
problem for which an exact solution exists--the uniformly loaded,
shallow spherical shell supported along a square boundary by means
of shear diaphragms. Solutions to the governing system of differ-
ential equations are derived in polar coordinates in terms of Kelvin-
Bessel functions and then expressed in a general form for boundaries
having arbitrary normal and tangential directions. Further experiences
wlth the method are demonstrated on problems of shallow spherical
shells having regular polygonal and elliptical boundaries. For
contrast, clamped and shear diaphragm edge conditions are studied.
General soluticns for circular cylindrical shallow shells, where
the effects of rectangular orthotropy and thermal gradients are re-
tained, are obtalned by means of the auxiliary funetion approach.
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I. INTRODUCTION

The point matching method has long been known to be a useful tech-
nique for the solution of boundary value and eigenvalue problems. The
method depends upon finding exact solutions to the governing differen-
tial equation(s) of the region, with boundary conditions being matched
either exactly or in the least squares sense at a finite number of
boundary points. The technique has been used extensively on various
problems governed by second order and fourth order differential eguations
(ef., Refs. 1-11) and to a very limited extend on shell problems [12,13],
which are represented by eighth order differential systems.

In spite of the relative complexity of systems of shell equations,
gome exact solutions are availsble, particularly in rectangular and
pelar coordinates. Correspondingly, these solutions can be forced to
satisfy some sets of boundary conditions for rectangular and circular
boundaries, respectively. However, for other sets of edge conditions
(in particular, mixed boundary conditions) or for irregular (i.e.,
general) boundary shapes the prospects of satisfying the boundary condi-
tions in the usual, classical, exact ways are indeed remote,

The point matching method would appear to be an excellent approach
to handle arbitrary boundery shapes and edge conditions for shell prob-
lams., Indeed, as it was pointed out earlier, the technique has already
achieved some earlier success in this use. Conway and Leissa [12]
demonstrated the method for two prcblems involving shallow spherical
shells: (1) one having a fully-fixed, sguare boundary and loaded by
uniform pressure snd (2) a rigid, elliptical insert which is loaded
normal to a shell of unlimited extent. Clausen and Leissa [13] used
the technique with multiple poles to study the effects of coupling
between two closely located holes in & spherical shell upon the local
stresses and deflections.

The present report summarizes a two-year study aimed at extending
the applicability of the method of point matching to problems of de-
flection and stress analysis of statically loaded shallow shells.
Chapters II, IIT, IV, and V deal with the application of the method to
isotropic, shallow spherical shells having arbitrary transverse loading,
boundary shape, and edge fixity conditions. In Chapter VI is derived a
set of shallow shell equations for arbitrary curveture, includlng the
effects of orthotropy and thermal loading. Solutions of these equations
which could be used in future point matching applicetions are given in
Chapter VII for circular cylindrical panels.

Reissner [14,15] formulsted the theory for shallow spherical shells
and presented solutlons for the axisymmetric and antisymmetric loading
conponents. These solutions were developed further in a paper by
Niedenfuhr, Lelssa, and Gaitens [16], wherein explicit expressions for
useful gquantities--displacements, bending moments, membrane forces, and



transverse shearing forces--were listed for the same two Fourler com-
ponents of leoading, and structursl applications were demonstrated.

In Chepter II & summary of the basic equations of shallow spherical
shell theory in polar ccordinates are first presented, and the primary
solutions for the transverse deflection, w, and the Airy stress functiom,
®, are exhibited, as given previously in Refs. [14] and [16]. The
equations in polar coordinates relating the in-plane displacements,
bending moments, membrane forces, and transverse shearing forces to the
functions w and ¢ are then listed. Next, the useful quantitites defined
in terms of arbitrarily oriented normel and tangentisl coordinates are
related to those glven previously in polar coordinates. Substitution
of w and ¢ into these equations is then made to chtain explicit solu-
tions for the useful quantities for all Fourier components of loading.
These are given in Appendix A. The higher Fourier components will be
necessary, in general, to handle all nonclrcular boundaries by the point
matehing method. The capability of the method in being sble to accom-
modate irregular boundaries is, of course, its forte.

Approximete methods are only of value if an estimate of accursascy
can be made. In the case of the point matching method an evaluation
must be made of the residuals along the boundary and their effects
within the region. In previous work using the point matching method
on lower order differential systems these effects have been studied
(ef., Refs. 17 and 18). For a thin shell the problem is more compli-
cated for, as it will be shown in Chapter IIT, due to the rapid, oscil-
latory decay of some of the functions used, certain boundary residusals
can be quite large without significantly affecting the stresses and
deflections within the major portion of the shell.

The main ohjective of Chapter IIT is to provide some understanding
of the accuracy of the polint matching technique when used on shell
problems. For this purpose a test problem is chosen which, not only
has practical application, but has an exact solution for comparison
purposes--the uniformly loaded, shallow spherical shell supported along
a squaere boundary by shear diaphragms. The exact solution for this
problem is a generalization of the Navier solution used for the bending
of simply-supported rectangular plates. For the point matching method,
suitable particular solutions corresponding to uniform pressure loading
sre added to the complementary sclutions developed in Chapter II.

Using the experience gained in Chapter III the point matchlng
method is spplied in Chapters IV and V to yield extensive resuvlts for
shallow spherical shells having regular polygonal and elliptical bound-
aries. The regular polygons considered are the triangle, sgusre,
pentagon, and hexagon. Clamped and shear diaphragm edge conditions are
studied for contrast.

Chapter VI 1s a reasonably rigorous derivation of a set of equations
governing the stresses and deflections of shallow shells of arbitrary
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curvature, material orthotropy, and subjected to thermal gradients. The
Mushtari-Donnelli-Vlasov formulation serves as a bagis for the shallow
shell theory derived. In Chapter VII solutions of the shallow shell
equations are presented for the case of circular cylindrical curvature,
where the effects of rectangular orthotropy and thermal gradients are
retained. A general solution is cbteined by means of the auxiliary
function approach used by Vlasov [19], Ambartsumyan [20], and Golden-
veizer [211. Other solutions corresponding to certain special types of
boundary conditions are alsc developed.
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I1I. EQUATIONS FOR ISOTROPIC SHALLOW SPHERICAL SHELLS
AND SOLUTIONS IN POLAR COORDINATES

In this chapter the fundamental equations for the deflectiocons of
shallow spherical sgshells are presented in polar coordinates. Comple-
mentary solutions of a general form are derived for later use with the
point matching method.

A. COMPLEMENTARY SCLUTION
The governing homogeneous differentlal equations of shallow spheri-

cal shells are [14]:

vy = O (2-1)

gl-

Viw +
v - % Viw = O (2-2)

where w is the transverse deflection, ¢ is an Airy stress function,
R is the spherical radius, D is the flexural rigidity Et3/12(1-v2),
E is Young's modulus, t is the shell thickness, and v is Poisson's
ratio.

Introducing the parameter A as a multiplier to Eq. (2-2) and
adding this to Eq. (2-1) yields

AE% 2( = )- 0 (e-
4 - = - o) = 3)
v he) - T VAV - SEe
Setting

2_ . _L

A= EtD
and

[ - Rt

- N 12(1-v7)

we get

VE(Vz - ,ﬂ}-é)(w + ?\@) (2-4)

Solutions of Bg. (2-b4) are obtained in polar coordinates by assum-
ing Fourier components:



(w+ N) = £,(r) cos ng + g,(r) sin ne

where f.(r) and g,(r) are solutions of

a?ry 1 afy _n®

ar? ¢ ar g2 in =0
= =
Sgn. 2 S8 0, -0
dr r dr r

/2 2 .
&y L1 %_(:1_2+_1_ o
dr

2 '2.
a7gn . L 48y _(n° i) |
ar® ¥ r dr z ¥ 22 & =0

Solutions of Eqs. (2-6) are, respectively:

Recalling that

To(r) =Ag +Bo In r n=0
folr) = Ar® + B r-" n#o0
gn(r) = Cox™ + D" n#0

It

i’/a s e
cnl®) <2l
- (ri%\ — { %

6r() =t () +Bic(ED)

£alr)

inInGJix) = ber, x + 1 bei, x

17 (Wix) = ker, x + 1 kei, x

(2-5)

(2-68)

(2-6b)

(2-6c)

(2-6d)

(2-Ta)

(2-Tb)

(2-Te)

(2-74)

(2-8)

& W
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Substituting Eqs. (2-7) into (2-5}, and separating the real and
imaginary parts of the resulting relation, we find the complementary
solution of the form

w = Cor + Coz In(x) + Cua ber x + Coq bei x

=]
+ Cos ker x + Cgs kel x 4—§:(Cnl x® 4+ Co x70

n=1L

+ Cng bery x + Cpy beiy x + Cps ker, x + Cpg kei, x)cos nd

m .
- — - e -
+§z (Cha x™ + Chzg ¥ + Cpg ber, x + Cu, bei, x
n=1

+ Cug kery x + Cpp kei, x) sin no (2-9)

’A,@ = Coa bel x - Coy ber x + Cos kei x - Cpg ker x
+ Co7 + Cos In(x) + Cis (X8 sin 6 - x 1n x cos O)
0
+ C1o (x8 cos 6 + x 1n x sin 9) +ZE: (Cps bei, x
n=L
= Cpy bery X + Cyy kely x ~ Cpg kery x + Cy, X7

o
1
+ Chg X™7) cos n9 + ) (Thg bei, x - Ty, ber, x
-
n=l

+ Cas kein X - Cpg kery x + Tpo x™ + Cug x77) sin no
(2-10)
where the nondimensional radius x = r[ﬂ has been introduced.

Cov is immaterial as only derivatives of ¢ occur. To avoid multi-
valued contribution to the displacement components uw and v the follow-
ing relations must hold (see Ref. 15): :

ClE’ = - Clg (l+V}
_ (2-11)
Cio = Cig (+v)

7



B. BASIC RELATIONS

Having the fundamental complementary solution glven by Eqs. (2-9)
and (2-10), it is desirable to have various useful quantities sxpressed

in polar coordinetes as listed below.

1. N = & relations:

N, = %. %% + 55 éf%
N = L2
SRS
2. M - w relations:
M. == D {%;g + v (% %% + i%
Mg =~ D [%' %% + f@ %gg + v
Mre=-D(l-v)§-(-i- %g.)

3. Q - w relations:

4, Kelvin - ¥irchhoff relations:

1 Mpo
V,. = + —
r Q'I' r ar
oM
Vg = Qg + aze
8

",

(2-12)

(2-13)

(2-1k4)

(2-15)

B K& lﬁﬁ@
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5. BStrain - displacement relations:

S

W N
€ = e T e
U > R
1 o u W
€A = = w—= t = At .
2] Y % ¢ R > (2-16)
1 v v
€on = = 224+ ¥ _ Y
"y % &% r |
6. Strain - menmbrane force relations:
€r=—l—(Nr-VN9) 1
Et
€y = L (Ng ~ v Nyp) )
Et (2-17)
2(1+v
ceo = B mg

C. BOUNDARY CONDITICNS

Boundary conditions for arbitrary shapes are conveniently expressed
in terms of the directions normel and tangent to the edge. In the
general case, four independent boundary conditions are applied at each
point along an edge. Two are associated with the in-plane directions,
and involve the in-plane displacements and/or forces. The other two are
assoclated with the transverse direction. Examples of the sets of
boundary conditions which may be encountered follow,

l., TFree edge

N, = 0

3 = 0

at s (2-18)
M, = O

VH=O‘



2. Hinged edge with fixed support:

un=0\
u = 0
% (2-19)
W:O
M, =0 /
3. Clamped edge:
un-_-()l
u'b=0
? (2-20)
W:o
oW =0
n )
4., Hinged edge with support free to move in the
normel direction (shear diaphragm):
W:O‘
u = 0
s (2-21)
M, =20 C
Nn=OJ

In the foregoing equations, u, and u; are the normal and tangential
camponents of displacement, respectively, w is the transverse displace-
ment, dw/dn is the change in slope in the normal direction, N, is the
normal component of membrane force, and M, is the bending mcement in the
normal direction. The quantity v, is the Kelvin-Kirchhoff transverse
edge reaction, which 1s widely-known from classlical plate theory. The
quantity S,i is the equivalent tangential edge reaction which arises
from the Kelvin-Kirchhoff argument when the edge has transverse curva-
ture. Although this quantity is widely described in texts on shell
theory, it is frequently misused by workers in the field of shells.

Consider the infinitesimal edge length 2 dt as shown in Figure 1.
The curvature of the shell in the plane tangent to the edge at this
point is l/R. Using the usual positive conventions, the twisting
moment Np+dt acting along the length dt can be replaced by two trans-
verse forces of magnitude Mnt as shown. Similerly, the twisting moment
on the second infinitesimal arc is replaced by two forces of magnitude
Mpt + (Mpy/3t)dt. Combining the transverse components it is seen that

10
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vy = (2-22)

Qn +

which is the well-known Kelvin«Kirchhoff relstion. Combining the tan-
gential, in-plane components, the twisting moment effects from the two
elements are additive, giving

Nptdt + 2 My sin d8 = 0

or

Sn = Nnt + — = 0 (2—23)

Figure 1. Kelvin-Kirchhoff model for a shell

D. EQUATIONS FOR ARBITRARY SHAFE

In applying the point matching method to boundaries of arbitrary
shape, it is necessary to relate the normal and tengential directions

1l



at the boundary to the polar coordinestes r and 9. This relationship is
shown in Fig. 2. In eddition, as shown, the angle ¢ must be specified.
This is defined as the angle by which the outer normal leads the radial
direction (i.e., shown positive in Fig. 2).

Figure 2. Wormal and tangential coordinates on an
arbitrary shape

. The following equations relate uief‘ul quantities in the arbitrary
directions n and € td the polar coordinates

1. Slope in the normel direction:

d 1
é-r::-é-;cosq;+r aes:.n‘P (2-2k)

2. Slope in the tangential direction:
Obtainable from Eq. (2-24) by replacing ¢ by (¢ + n/2).

3. Maoment in the normal direction:

Mo = 3 (e + o) + b (p - Mg) cos 20+ yo 538 29 (p-25)
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10.

11.

12.

13.

Moment in the tangentisl direction:
Obtainable from Eq. (2-25) by replacing ¢ by (¢ + n/2).
Twisting moment:
My = = % (My - Mg) sin 29+ Mpg cos 2 @ (2-26)
Normal shear:
Qn = Qp cos 9 + Qg sin o (2-27)
Tangential shear:
Obtainsble from Eq. (2-27) by replacing o by (¢ + n/2).

Kelvin-Kirchoff shear:

Vo = Qp + [_ é.l\fng_ sin@ +i'.‘_ &gntlcos P
+ Yt (- é(fsin cp+1‘- ﬁg—”icos Q)} .
oP S r 8 (2-28)
Normal membrane force:
N, - Ur + Ng + (Ny - No) cos 29+ Npg Sin 29
2 2 (2-29)
Tangential membrane force:
Obtainsble from Eq. (2-29) by replacing o by (p + n/2).
Shearing membrane force:
1 3 Mnt
Npt = -3 (Np - Np) sin 29 + N,.g cos 29 + = (2-30)
Normal displacement:
U, = ucos ¢ + v sin o (2-31)

Tangential displacement:

Obtainable from Eg. (2-31) by replacing ¢ by (¢ + n/2).

13



To obtain explicit expressions for useful quantities in the normal
and tangential directions in terms of r, 6, and ¢, 1t is now necessary
to substitute Eqs. (2-9) through (2-17) into Eqs. (2-24) through (2-31).
The details of algebra will be omitted, and the final results are pre-
sented in Appendix A.
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ITI. A STUDY OF THE ACCURACY OF THE POINT MATCHING METHOD

The primary purpose of thig chapter is to evaluate the accuracy of
the point matching method when applied to a representative shallow shell
problem., A problem was chosen which has an exact solution in rectangu~
lar coordinates = the spherical shallow shell having a sguare planform,
loaded by uniform pressure, and supported at its boundaries by shear
diaphragms.

In the first part the exact solution of the problem is generated.
It is a generalization of the well-known Navier solution of clasgsical
plate theory. A relatively simple computer program was written to
implement this solution.

The point matching method is then applied to the same problem.
Particular solutions are obtained for the uniform pressure loading.
These are added to the complementary solutions presented in the previous
chapter and together they supply the complete sclution in polar coordi-
nates. The problem is solved using various numbers of boundary points.
Residuals along the boundary are tabulated for the point matching solu-
tions., TFurther, deflections, bending moments, and membrane forces ob-
tained from the solutions within the interior of the shell are compared
with the exact wvalues.

A, YWAVIER-TYPE SOLUTION FOR A SPHERICAL SHALLOW SHELL

Consider a shallow, spherical shell whose planform dimensions are
a Xx b, having a spherical radius R. In this case the general equations
for a shallow, isotropic shell (ef., Ref. 16, Egs. 10 and 11) the govern-
ing system of differential equations reduces to

viD - %E Vi = - (1-v)ve0
(3-1)
4 L w2p_8 ., 20
Vi + RD v =] =D ,

where the notation used is the same as that of Chapter I. Furthermore,
q is the transverse pressure loading and ( is a suitable potential
function which, when differentisted with respect toc each of the shell
coordinates, gives the components of tangential loading.

A Navier-type solubtion assumes that all edges are supported by
"shear diaphragms,” i.e., the following boundary conditions

w=M, =N, =u =0 (3-2)

15



where M, and N, are the normal bending moment and membrane force,
respectively, and wg is the displacement tangent to both the middle
surface of the shell end the boundary curve. The boundary conditions
are satisfied exactly by choosing

(]
ZZ Apn sin ad x sin B vy
m n
ZZ Bun 8in x x sin B ¥y
m n

provided that the loading functions are also represented by compatible
double sine series; i.e.,

q = ZZ 8pa Sin ¢ x sin B y
m n

£
1

(3-3)

L= ]
]

(3-4)
Q= ZZ‘DM sinaxsinpB y
m n
where
a:? (m=l,2,-'-)
(3-5)
=" (n=1,2,:)

Substituting Egs. (3-3) and (3-4) into Egs. (3-1) gives

Z Z[(i—t) (7 + B7) Bua * (& + B2)2 an] sin @ x sin By
m n

= (l—-v)zz (0 + B®) Dmn 8in @ x sin B v
m n

16



e g

g*

rE g

¥

R

P

re

(oF + Ame - 2y 5. st .
SZ 8%) RD(Of2+B)E sinax sin B y
n

EE }: (D Gmn - mn) sinax sin B y

which have & solution

1 1
D |8mn - R (1 +v) bg,

Apn =
Et
— + (cf + g E‘]
[RE‘D ( B=)
2Et
2\2 _ Et
By = Bmn [(l-V)(az +8 ) + R2D] - -R-ﬁ Bmn

(F +p )[RED + (oF + 52)2]

(3-6)

Solution functions for slopes, bending and twisting moments, trans-

verse shears, membrane forces, and displacements are:

%xim ZZ&AM cos X x sin B y
m n

%= ZZ B Bmn Sin @ x cos B Yy

m n

My
m n

DZZ (v of + B%) Apn sin @ x sin B Y

=
g
i
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DZZ (P + v B%) Amn sin @ x sin 8y

(3-7a)

(3-To)

{(3-7c)

(3-7d)



Qr

Nx

Ux

] il

s[~] B[] B[]
s 5[]

7="D(1-V)ZZ OB Agp cOs @ x cos BY
m n

D Za(a?-I"B)Amcosaxsn.nﬁy

L2
)

D ZB(UE+B)A,“51naxcosBy
n

#

)

= [~

5 [~

)

(bmn = BZ Bmn) sin & x sin B y

(ban = OF Bpy) sin A x sin B y

QP Bun COS X X CcOS B Y

Rir

Wi

~l—t((1-v) bmn - (BF - v &°) an) - fmn

EOLﬂmrwf-vﬁrm)-““

(3-7e)

(3-71)

(3-7)

(3-7n)

(3-71)

(3-73)

cos @dxsin B y

(3-Tk)

sin xcos By

(3-74)

For the particular case of loeding consisting solely of uniform
normal pressure, the Fourier load coefficlients become

b
o sin @ x sin B y

ahn = i% Jf
8

-

133:"')
1’3,...)

n
=
g
(o]

B

(m
(n

o
a
o

I}

o
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end in this case Egs. (3-6) become

A - l6qoa4
mn T 2 = -
Dr*mn [12 (%)(%) (1-v3) + ﬁime + (%‘E)?)E] (3-9a)
léqu

nmn 2 ———Jf-— R Y t na “\* (3-9b)
T (o + 5% [l ' 12(1-v2) (a)(R)Z(mE +(b ))]

A study was conducted to determine the number of terms to be used
for the production of acceptable results. The following values were
agssigned for the constants

a/b =1

R/t = 50
R/a = 1.932
v = 0.3

Teble 1 shows the number of terms and the corresponding deflection evalu-
ated at the center and the transverse shear evaluated at the mid-point

(x = 1.0, y = 0.5). The transverse shear, which requires third deriva-
tives of w, clearly will have a slower rate of convergence.

From the results shown in Table 1 and a comparison of the execution
times, it was decided that 25 terms in each direction is sufficient,
meking the total number of terms retained (25)% = 625. The approxima-
tion to the loading was also investigated; using 625 terms in the series,
it was found, as shown in Figs. 3 and 4, that the series only had dirfi-
culty in approximating the unliform pressure in the vicinity of the
boundaries. Obviously, exactly at the boundaries the series for q sums
identially to zero. The loading requires fourth derivatives of the
solution functions and, hence, shows the greatest deviation.

Tables 2 and 3 give the deflections, slopes, moments, shears,
membrane forces, and displacements at various points throughout the
shell using A4 and 625 terms in the series, respectively. This infor-
mation not only indicates the rapidity of convergence of the Navier-type
solution, but also is available for comparison with the approximate
results obtained by point matching in the next section,
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Table 1. Convergence of the Navier-Type Solution

w_ | x=0.5 Qe | x = 1.0

No. of Terms Qo | ¥ = 0.5 90 | ¥ = 0.5
1 0.43545389 x 10"5 | - 0.42795316 x 1071
25 0.38k86531 x 10-5 - 0.97275573 x 10~
64 0.38478501 x 10-° - 1,03458060 x 10-3
169 0.38479280 x 10-5 - 1.08853860 x 10-1
625 0.384k70084 x 1075 - 1.12482890 x 1071
1hbl 0.38L78848 x 1075 - 1.13810580 x 10°1
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Navier-Type Solution for Uniform Pressure Loading R/a = 1,932,

R/t =50, E=30x10% psi, v=0.3, a=b=1

WX=-0,. 192239356-08
WY=—0.19223934E-0R
NX= O0.11542757E 01
NY= 0.11542757E 01

NXY= 0.25504187TE-16

UX= 0.B0371936E-02
GY=-0.19205552€E-03
NX= 0.11010940E O
NY= 0, 11404449F 01

NXY= 0.57331012£-09

wX= 0.T4B83]1089E-02
AY= 0.7T4831088BE-02

NX= 0.108843549E O
NY= 0.10884349F O]
NXY= 0.10523273E~00

Q%= 0.10TLb6192E-01
QY=-0, 18940935E-08
NX= 0.9h4412875E 0O
NY= 0.107500657E 01

NXY= 0.12980685E-08

GX= 0.97T670T¥5E-02
CyY=s 0.59560393E-02
NX= 0.93453532¢ 00
NY=s 0.10274988E 01

NXY= 0,20529043E-00

QxX= 0.71691055£-02
GY= 0.71691046€-02
NX= 0.88573054E OO0
NY= 0.88573054E OO

NXY= 0.L0189137E-00

GX=-0.16844181E-03
RY==0.17/710666£-08
NX= 0.69282541E QO
NY= 0,855T1662F OO0

NXY= 0.223U4198E-08

GX==0.136100643E-02

Table .,
Number of Terms = 6éb

X= 0,5000 Wz GLA3BLTRS501L-05
Y= 0.,5000 DALX=3-0.15041679E-12
DwitY=~0C, 1304 1679°-12
M¥= C.UiS53B9Y5E-02
MY= Q,L4L5389u5E-02
MXY==0.786 1074 3E-1R

X= 0.46000 W= 0.37T3615865E-05
Y= 0.5000 DWDX=,-0.22931250GE~05
OWbhY==0, 12784 THHE-12
MX= 0,50118640E-02
My= 0,45107777&£-02
MXY=-C.609546205F-11

X= 0.,46000 A= 0.362R34872{~05
Y= 0,6000 DWOX=,-0.22184%553£-05
DWNY==0,22185552E=-C5
Mx= C.50508108E-072
MY= 0,50508108E-02
MX¥=—0.18012210E-03

X= 0.,7000 W= 0.3365554635-05
Y= 0.5000 DwDx=,-C.52753238E-05
DWDY=-0.118%6699E-12
MxX= 0,6392RR35E-02
MY= Q.AS57I1THOQUE-D2
MXy=—-0C, 155789%2E-10

X= 0.7000 W= 0,32702825(L~-05
Y= 0.6000 DWNX=,-0.51016269E-05
DWDY=~C. 19629878E-05

Mx= C.03B9u575F~-02
MY= 0.50541433E-02
MXY==0,494 1913 1E-03

X= 0.7000 Wz 0.293524388E-05
Yz 0.7000 OWDX=,-0,.45371791E-05
DWDY==0.45371791E-05
MX= 0.625678B4uE-Q2

MYz Q.6256TR44E-02
MXY==-0,687T7T5T199F-03

X= 0.8000 W= 0.,2A4TTH24E-05
Y= 0.5000 ODWDX=,-0.92324314E-05
DWDY=—C.573795L41%-13

MX= C,75900620E~-02

MYz 0L.L2953H693£-02
MXY=-0,31466L4059c—10

X= 0.8000 W= 0.25751530E-05
Y= 0.6000 DWDX=,-0,89520704E-05

NWNY=-C. 1498285 E-05
MX= 0.755023d1E-0?
MYz 0,46637573E-02

MXY=-0.638560837F~03

VY= 0,3821337T6E~02
NX= J.68B703108Ek 00
NY= 0.35795423E 0O
NXY¥= 0.2914A8CHHE-0O0

23

U==0.103003 to- 14
v==-0.10300316E-14
PHI=-0.12903575E-00

U=-0.12B97T775E-04
V=-0.99866266E-15
PHI==0.12327Tu4B80E-00

U=-0.12305577E-04
v==-0.1230557TE-06
PHI==0.117T7TTB79E-00

U==0.253945616E-06
v=—-0,89570087E£-15
PHI=-0.10615052E-00

U=—0.,242u0056E~06
V==0.10556208E-06
PHI=-0,10143691E-00

U=-0,20821289E-06
V==0.20821289E-06
PHI==-0.87409064E-O1

U=-0.3658TT47E-06
V=-0.69931683E-15
PHI==0,78370326FE-01

U==0.34948T23E-Q¢
V==0.T7512109E-07
PHI=-0.T4I10295F-C1



X= 0.8000
Y= 0.7000

X= 0.8000
Y= 0.3000

X=
Y=

0.9000
0.5000

X= 00,9000
Y= 0.6000

X= 0.9000
Y= 0.7000

i=
¥=

0.9000
0.8000

X= 0.9000
Y= 0.9000

= 11,0000
Y= 0.5000

X= 1.0000
Y= 0.6000

Teble 2 {Cont'd)

W= 0.2331R82712-05
NWDX=4~0,B0250659E~05
DWNY=-0, 54RITANTE-0N
MX= 0.73079%37E-02
MY= C.5%61553047-02
MXY=—C,o 1u562846({-02

Ws 041851224 1E-05
DWDX=y-0.62530776E-05
DWDY=-0.62530776E-05
MX= 0,6ub947020-02
MY= C.64694T00C~-02
MXY=-0.25088192E-02

W= 0.150505%69C-05
DWDX=,~-0,13546921C-04
NWDY=-0,59247 110E-13
MX= 0.6561RU65E-02
My= 0,30633%624E-02
MXY==C,54uL23Ub67~10

W= 0.146538250-05
DWDX=, =0, 13174562F-04
DWOY=-0.820754% TE-0h
MX= 0,65235182E-02
MY= 0.32759986E-02
MXY==0.351 6Lk 2E~03

W= 0.133)7246C-05
DHDX=y~0.11925807E~-04
DWOY=-0. 192484686E-05
MX= 0.£3219856E~02
MY= C.38188720E-02
MXY=-C, 19B4095TE-0Q2

W= 0.,10647960E-05
OWDX=4~0.94569685E~-05
DWDY=-0.34976A881E-05
MX= 0.5659978ARE-02
MY= C.u43348913E-02
MXY=—0,35654522E-02

W= 0.61949925E-06
DWDX=,-C.541B66TUE~Q5
DWDY=~0,5416566THE-05
MX= 0.39053223E-02
MYz 0,390532238-02
MXY=-0,53810747E-02

W= 0.625619bU4E~]2
DWRX=,-0. 15R95015F-C1
DWDY=~0.26232143£~-19
" MX= 0.38966114F-08
MY= 0,16026986E~08
MXY==0,7309L366E-10

W= 0.60967TWYE-12
MHDX=4~0a |S4AGB24E~ 0k

OX=-0.42541102E-02
UY= 0.39132633F-02
NA= NDJ654Tu5TUE 00
NY= 0.744254L09E OC

NXY= 0.573251469E Q0

(GX=-0.56994822c-02
QY=-0.64699Uu830£E-02
NX= 0.55532881F 00
NY= 0.%5532882F 00

NXY= 0.8254BL41E 00

UX==0.36894398[-01
QY=-0.13907572E-08
NX= 0.,367228B5E-00
NY= 0.53574294E 00

NXY= 0.31998990&-08

UX=-0.38117140E-01
0Y= 0.15209614E~-02
NX= 0.368T7THLTHE-DO
NY= 0.51442403E 00

NXY= 0.35198694E-00

OX=-0.40659945C-01
QY= 0.11921909F-02
NX= 0.34936508E-00
NY= 0.u4L961163E-00

NXY= 0.69572318F 00

UX=-0.,40499630E~-01
QY=-0.549T71462E-02

NX= 0.299128T3E-00
NY= 0.33970486E-00
NXY= 0, 10083515E 01

OX=-0.29187502E-01
QY=-0.29187505E~01
NX= 0.135835696E-00
NY= 0.18583696E-00

NXY= 0.12426039E 0]

OX=-~0, 10345R06C-~00
BY==0.9541704BE-15
HX= 0. 14297174C2-06
NY= 0.23237426E-06

NXY= 0.3666767T8E~0R

HX==0.10494275C-00
Y= 0.53549732E~10

2L

U=-0,30079144E-06
=-0.153159461E-06
PHI=-0,6U4600812E-01

U=~0,22138409E-06
V=—-0,22188409E-06
PHI==0.47799507E-01

U=-0.,44B02T0S5E-04
=2-0,39290655E-15
PHI=-0.417864THE-01

U=-0.,42826341E-06
V==0.4110827HE-OT
PHI==0.3995197 1E-01

U=—-0.36936320E-06
V==0.81358078E-07
PHI=-0,34430081E~01

U=-0.27333590E-06
V==0.}181807T3E-06
PHI==0.25543400E-01

U=-0.14607707E-Q6
=~0. 1 4607T7Q7E-QS4
PHI=-0.13668797£-01

U=-C. 479230 15E-06
V==0.16153129E~21
PHI=~0.1636364TE-07

U==0,4532448E9E-06
V==0.16018428£-13
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Table 2 (Concluded)

NUCY==0,33114605E=12
MX= CWSHTT S624E-03
MYs= C.16938348E-080

MXY==0,942292445F-03

X= }.0000 W= 0.555726910-12
Y= 0.7000 DdDK=z,—3.14101036E~0Y
NWCY==C.7803u297E= 12

MX= 0,2776L155E-09

MY= 0.19266986E-08
MXY==0,22138584 7E=02

X= 1.0000 W= 0.4L700166E-12
Y= 0.8000 NDWOX=,-0.113299%2E-04
DWbY==0,14322107E-11

MX= O.34L35526E~08

My=z C.215157TT4E~08
MXY==0,u40u552812-02

X= 1.0000
Y= 0.9000

W= 0.262B6833E-12
DWDX=4-0.566532575€E=05
DWDY=-0.,226048T4E~11
MX= 0,25224582€E-08
MY= 0.19829201E-08
MXY==C,56356L648E-02

X= 1.0000
Y= 1.0000

W= 0,1129488u4E- I8
DWDX=,~-0.2B557048E~11
DWDY=-0.,285570L8E- 1]
MX= Col4186006E-14
MY= 0. 14136006E-14
MXY=-0.80124234E-02

NX= C.l1L220L549E~-0%
NY= 0.223%37300-0¢
NXY= 0.57387365E£-00

UX==C107T7754572-00
Cy=-0.14057i83%-09
NX= 0.,134693887¢-06
NY= 0, 1964TL428E-06

NXY= 0.740U2526C 0O

GX==0.10619010E-00
UY¥=-0.253B3757E-08
NX= 0.11827709C-06
MY= 0.14990538E-06

NXY= 0,1076T7TH9E 0}

GX==0.85946T24E-01
QY==0.13247278BE-07
NX= 0.74498T713E-07
NY= 0.83211414E-07

NXY= 0.13330962E 01

4A==0.54385938E-07
GY=-0.54385938e-07

NX= 0.33882317E-13

NY= 0.338R82318E-13
NXY= D.14349075E 01

22

PHI==-0,15649197E£-07

U=-0,39562279E-0¢
V=-0.31746039E-13
PHI=-0.,13515830£-07

U=~0.29325483E-06
V==0.U462347T77E-13
PHI=-0.1002417TUE-07

U=~04 15704199E-06
V==0,573284686E-13
PHI==0.537 1054 1E-08

U==0.61752853E-13
V=06 1752853E-13
PHI==0,2113V477C~14



Table 3,

Navier-Type solution for Uniform Pressure Losding R/a = 1.932,

R/t =50, E=30x10° psi, v=0.3, a=b = 1
Number of Terms = 625

X= 0.5000
y= 0.5C0C

W= Q.24 790845-05
DACK=4=-0,12927729¢-12
DWhY==3.12987729E~12
MX= C.uLTL36L2F-02
MY= C,Uu7u36425~02
MXY=—0.74099937C~12

X= (.4000
Y= 0.5000

w= 0.47362009L~C5
DWDX=9-Ca22962922E~05
DWEY==0,12729860E~12
mX= C.SC218763e~C2
MY= C.u52419460E-02
MXY=—-C.£008C324F~11

X= 0.6000
Y= 0.46000

w= 0.362833897£-C5
DWBX=,-0.22157110E~-05
DWDY==0.22167110€~05
MX=z 0.E0577001E-C2
My= C.S0577001E~02
MXY=-0,. 1800147903

X= 0.7000
Y= 0.5000

W= 0,33655559E-05
DWDX=,~-CS2736TH6E~05
DWLY=~0.11799808E-12
MX= 0.63848143F-C2
MY= 0,45839360E-02
MXY=—C . 15504 T784E-10

X= 0.7000 W= 0,32702603E-05
¥= 0.6000 DWDX=,-0.50999699E-05
DWDY==0.19611134E-05

MX= C.63780886E-C2

MY= £.50556139E~02
MXY=—-C,39L4 04 7TE-C3

X= 0.7000 W= 0.295257T08E-05
Y= 0.7000 DWDX=,-0.45355022E-05
DWDY=-0.45355022E-05
MX= 0,62396792€-02
MY= 0.62396792E-02
MXY==~C.B7749754E-03

X= 0,8000 W= 0.26L7726UE-05
Y= 0.5000 DWDX=,-0.92333522E~05
DWDY=-0.97300575E-13

MX= C,T75710898F-0C2

MY= 0.430235%BE-0Q72
MXY=-0.,321722903E-10

W= 0.25751043E~-05
DWDX=,-0.895299T86E~-05
DWDY=-0, 1496L0ISE-05
MX= 0,752791720-02
MY= Q.ub669846E-02
MxyY==-C.53863563E-03

X= 0,8000
¥= 0.6000

W= 0,23317323E-05
DWOX=,-0,80270135E-05

X= 0.8000
Y= 0.7000

LX=~0.15925251.~-01

CY==0.15925%23C-08
qAK= 0. 115426348 01
NY= 0, 115429320F 01
NAY=s 0,2cHLT6965~-164

CX= 0.BT7T943791:5~02

Uy=-N.1584815E£E-08
NX= D.110111218 O1
WY= 0,1140u500E5 01
NXY= 0.57313c77E-C9

LX= 0.,824912025-02

QY= 0,82L9)192E-02
NX= 0. 1CA34401E OI
Ny= 0,10884401E 01
NXY¥= 0,1€523233£-00

dA= C. V1361124E-01

QY=-0.15443185€-08
NX= 0.94L14916E QO

NY= 0.1C750437€E 01

NXY= 0.12979566E-08

OX= 0,10389637E-01

QY= 0.6THZ009UE-Q2
NX= 0.93454249E QO
NY= 0.,1C274T7T70E 0]
NXY= 0,20528982E-00

QX= 0.7807T1206E~02

QY= 0.78071184E-0Q2
NX= 0,B8571C43E 00
NY= 0.88571043E 00
NXY= 0.40159028L-00

0X=-0.73249305E-03

QY=-0.14161032E-08
NX= 0.69284587E 00
NY= 0.,RB856B104E 00
NXY= (.22544691E-08R

QX==0.19333504F-02

QY= 0.L6160163E-02
NX= 0,68703829E QC
NY= Q.85791u06F 00
NXY= 0.25167941[-00

CX==0.u485442T0F-02

QY= 0.45531158E-02
26

U=s=-0, 13299179E-14
V==0.10299179E-14
PHI==0,12303525:=-00

Us-0.128974720-0¢
=-0,99854T32E~15
PHI==0,1232T458E-00

U==0. 12305433E-06
V==0.12505433E-06
PHI=-0.11777T860E-00

U==0425394472E~06
V=-0.8955%8218E-15
PHI==0.10615026E-00

=~G.24239919€~-06
v=-0.10556137€-0%
PHI==-0.1014366KHE-00

U=-0,20821195C~04
V=-0,20321195%E-06
PHI==0.87408796E-01

=-0.36587662E~06
V=-0,69919809E-15
PHI==0.78370029C-01

=~0, 54944b640E-06
V==0,77511380L-07
PHI==0.TW3 10090E-01

U=-0.300379058E-06
V==0.,1531586PC-04
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Table 3 (Cont'd)

BADY==C . +U_TAB2Z24E~N5
MX= 0 72797223E-C2
MYz 0.3535CC49E~02

MXY==0, 1US63L469C-02

X= Q,8000 w= 041751107 1c-85

Y= 0.8000 DWDX=,-C.62540495F-05
DWCY=~C.5254Ch950-05
MX= (G.AU3TTIZ0FE~02
MY= C.&L4377914E-02

MXY=—C./503T483E-C2

X= 0.9000 A= 0.15050595¢-05

Y= 0.5000 DWDX=,-0.13551407-Cu
DWCY==0,58689459E-13

MX=z C.656240B1E-02

My= C,30777773E-02
MXY==C.54b657400C-10

X= 0.9000
Y= 0.6000 DWOX=4-Ca13179265E-0U4
DWDY=~C.81893654E-06
MX= C.65208384E-02
MY= C,22799299E-02

MXY==(.25129534E-03

X= 0.9000 W= 0.133146610E-05

Y= 0.7000 DWDX=,=0.119305L42E-Q4
DWOY=-0,19232436£-05

MX= C+63136931E-C2

MY= 0.38046929E~02
MXY=-C,19841435E-02

X= 0.9000
Y= 0.8000 ODWCX=,-0.94617152E-05
DWDY=-C.349864T9E-05
MX= C.564R82729E-~02
MY= Q. 43098377E~0Q2

MXY=—-C,.35652263E-C2

X= 0.9000 W= 0.61943819%E-06

Y= 0.9000 DWDX=,-0.54233207€-05
DWDY=-0.54233207E~05

MX= 03899826 1£~02

MY= 0.38998261E-02
MXY==C,53R07371E-02

Y= 0.5000 DWDX=,-0.15905852E~-04
DWDY==C.25834229E~19

MX= C,82686226E-08

M¥= 0.177?7087TE-0QR
MXY=-0,71967630F-10

X= 1.,0000 W= 0.61011454E-12

Y= 0.6000 DWDX=¢~0,15496200E-04

DuwlY=-C.322961290E~ 12
Mx= 0.4283RL33F~08

W= 0, Ju653635E-05

W= 0.106U47065E~05

NK= 0.65472551E 00 PHI=-0.56u4b600563E-01
NY= 0.TLU21H19E OO0
NKY= C.573Ru940E 0O

WX=-0.7297L095F-02 U=~0,22138477C-06
QYy=-0.7297T4 140E-D2 =~0,22188377E~006
NX= 0.55%29291E 00 PHI==0.47739376E-01
NY= 0.55529297F QC

NXY= 0.825L482440 0O

WX==0.591784546c-01 ==-0,u44B02706E-06
OY=—0, 104S14TUE-OH V==0,39279339€-15
NX= 0,36724931E-00 PHI=-0.,41786345E-01
NY= 0.535723246E 00

NXY= 0,32000600E-08

QX=-0.40426399E-01 U=-0,428263u8LC~-06
Qy= 0.22894565E-02 ==0.41107707E-07
NX= 0.36u75249E-00 PHI=-0.39951854E-01}
NY= 0.514bL0419E GO

NXY= 0.351985546£-00

UX=-0.43030044E-C1 =-0.36936320£-0¢
QY= 0.18159800E~02 v=-0.8 135740 3E-07
NX= 0.3493497T0C-00 PHI==0.34479939E~0}
NY= 0,4U959211E-00
NXY= 0,69572071LC 00

Ux=-0.,42893407c-01 U==0,27333590E-06
QY=-0.6C0T41531E-02 V=-0.11818063E-06
NX= 0.29909518E-00 PHI=-0.25543318E-0)
NY= 0.339463489E-00

NXY= O0.1CO0B3uTUE O]

0X=-0.31506182E-01 =-0. 460T751E-0¢
GY=-0.31506192E~-01 V==0.14007751E-04
NX= 0.18581878E~-00 PHI=~0.13668749E-01
NY= 0.18581878E~00
NXY= 0.12424012E 0]

U=-0.47923005E-06
V==0,161456122E-21
PHI=«0 . 16363652E-07

OX=—~0,11243289€-00
QY=-0,560398256€~15
NX= 0,142987T17E~06
NY= 0.23263245F~06

NXY= 0.36651T94E~08

UX=~0.11364172E-00 U=-0.45824580E-06
QY= N.531107T48E-09 V=-0,16014045E~13
NX= 0, 14224324F-06 PHI==0,156u49211E-07
NY= 0.223794LCE-0S
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Table 3 (Concluded)

MY= C.18068056E-98
MXY=-0,938C1108E-03

X= 1.0000 W= 0.,55612635C-12

Y= 0.7000 OWDX=,-0.14113485E-04
DWDY==0.77900640E-12
MX= C.u1362059£-08
MYy= 0,20256u4937E-08

MXY=-0.22101512E-02

X= 1.0000
Y= 0.8000 OWDX=y~0.11338844E-04
DWOY=-0.14331050E~-11
MX= 043797 1626E-08
MY= 0.22382715€E~-08

MXY=-0,40480227F-02

X= 1.0000
Y= 0,9000 DWDX=,-0.66627169E=-05
DWDY==0.22648345E-11
MX= 0.2B853406E-08
MY= .0.20945771E-08

MXY=-0.63685905€E-02

X= 1.0000 W= 0.11393553€E-18

Y= 1.0000 DWDX=4-0.28796535E~11
DWDY=-0,28796536C-11

MX= 0.22315691E- 14

MY= 0.22315686E-14
MXY=-Q,80768553E-02

W= 0.44737985E-12

W= 0.26326835E-12

NXY= 0.37386531E-00

GX==-0.11507017E~-00
Qvy= D.L7374141£-073
NX= 0.13492545E-06
NY= 0.196727TuBE-06

NXY= Q.Tu4QUV636E 0O

==0,39356234CE-C6
V=-0,31745619e-13
PHI==0,13515858%-07

WX==-0.11413287€-00
QY=-0.,31399309E~-08
NX= Q.118252T9E-06
NY= 0.15015638E-006

NXY= 0. 1CTHTTSIE O}

U=-0,29325499€-0¢
V==0.46234779E-13
PHI=-0.10024 18BE-0O7

OX=-0.9454uB16E~0]
QY=-0.15722420E-07
NX= 0.744890L459E-07
NY= 0.834L59752E-07

NXY= 0.13331102E 01

U==0.15704298E~06
V=-0,57329048E-13
PHI=~0,53710939E-08

QX==0.84500299€-07
QY=-0,84500302E~07
NX= 0.34178321E-13
NY= 0.3417832u4E-13

NXY= 0., 14349679€ 01

U=-0.61755604E-12
V=—0.6 1755604E-13
PHI=-0.21132486E-14
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B. POINT MATCHING SOLUTION
1. Governing Eguation

The solution of the governing differential equations (Eg. 3-1)
for a shallow, spherical, isotropic shell can be written as

Il

W

w? + W, } (3-10)

@p + O

where w, and ¢, are the particular solutions and w. end %, are the
complementary solutions.

d

2. Ccmplementary Solution
For a simply comnected reglon containing the coordinste origin
the complementary solution in polar coordinates, Egs. (2-9) and (2-10)
reduce to

5]
We = Coy t+ Cogber X + Cpogbei x + }: (Cnlxp

n=1

+ Cng berpx + Cpgabeinx) cos ne +

[22]
— n - -
;j (Chy X + Cpgberyx + Cp beinx) sin nd (3-11)

n=l

[Al8; = Cogbei X - Co,ber X + Cuo(X0 sin 6 = X 1n X cos 9)

+ Elg\ (x9 cos 8 + x 1n x sin 8) + E (Cpabei x

n=1
[ )
<
- Cpgber x + Cp7x™) cos ng + Z (Cpabein x (3-12)
n=1

- Cpeber x + Cpo x7) sin 0o
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where now, it 1s recalled, x is & nondimensional radius.

If the applied load and boundary conditions have symmetry proper-
ties with respect to two or more axes, then one can take advantage of
this by selecting a solution which reflects the symmetry properties and
satisfies the boundary conditions only slong as much of the boundary as
needed. Hence, Egs. (3-11) and (3-12) reduce to

o0
Wo = Cpoy + Cosber x + Cogbel x + 2 : (Cnlxn +
n=m,
Cnaberp x + Cpgbei, x) cos ne (3-13)

o]

|A|<I>C = Cqabel x = Cozber x + 2 : (Cnébein X -
n=m,m

Cnsber x + Cp-x") cos no (3-14)

where m = mmber of symmebry axes. For numerical computation, the
upper limit of this series is chosen as N, The number of unknown
coefficients retained will be

L=3+-2= (3-15)

3. Particular Solution

Conglder the particular solution of

V4®p _Et Vewp = «(1-v) v (3-16a}
R
20
vﬁp+%v%P=%-ﬁ' (3-16b)

From Egq. (3-16b)
v* 6= R ¥°q - 2 V22 - RD Vou

Substituting into Eq. (3-16a) gives

30
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Vg + vewp = n-L-).ven + = = 1 v3g (3-17a)

RED

Similerly substituting for v4wp from Eq. (3-16a) into Egq. (3-16b)
we get

78 ——-v2¢ =By ZEM L (1.) v
o * R2D RD © R3D Y (3-17)

The tangential components of the loading are obtalned from the potential
function O by

o0
Pp=-—
r or
b .10
87" 73 (3-18)
For the case of uniform pressure normal to the surface we have
Q= 4y }
Pp=Pg=0 (3-19)
Therefore, 0 = O.
Equations (3-17) become
& Et
Vw + == Uy =0
P R P
Bt . Et
V6¢p+ﬁv2®p“-§ﬁ-qo
vielding the particular sclutions
szo
doR
—_ T 2 -
op ="y T (3-20)

Substituting the values of w, and ¢, into Egs. (2-12), (2-13), (2-16),
(2-17), (2-24), (2-25), (2-28), (2-89), (2-30) and (2.31), we find
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_{1-v) goR cos @ -
2 Et

—
o
=
~—
k=)
1

_f{3-v) goR sin ® -
2 Et

(ut)p

{(Quantities in the tangential direction are obtained from the above
equations by replacing ¢ by (o + n/2)).

4. Point Matching Method

The unknown constants COl: Cos, Co4, Cnl, Cng, Cn4, and Cn7 in
Egs. (3-12) and (3-14) can be determined by satisfying the boundary con-
ditions at discrete points, where the number of boundary condition equa-
tions obtained from these discrete points is egqual to the mumber of un-
known constants. In the case of shallow shells we can apply four inde-
pendent boundary conditions along an edge (ef., Egs. (2-18), (2-19),
(2-20), and (2-21)). A computer program was written which is capeble
of setting up the boundary condition eguations and solving them for
shallow, spherical, isotropic shells having arbitrary boundary shapes.
For the sake of determining the accuracy of the point matching method,
the case of a uniformly losded, square shallow shell was taken, the
shell having the same dimensions and properties as given previously in
this chapter. The shear diaphragm boundary conditions were approximated
at discrete points by the point matching method.

The shell has four exes of symmetry (Fig. 5) and the load has
symmetric properties with respect to any axes (polar symmetry). The
unknown constants were determined by satisfying the boundary conditions
along 1/8 of the entire boundary. The number of boundary condition
equations is

k=3+U4 (I-1)
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Figure 5. Coordinastes for shallow shell having square
planform

where k = number of boundary eguations, and I = number of points chosen
along the boundary segment. The cases where 3, 4, 5, and 6 points
(Fig. 6) on the segment were considered.

Teble Y-a, 4-b, Lb-c, 4~d shows the residuals cbtained for the
various solutions. The maximum value of the residual for each case is
campared with the maximum value of the parameter under consideration
within the shell in Table 5. These ratios provide & meaningful inter-
pretation of the secale of the maximum boundary residuals. Finally,
nurmerical results for the various point matching solutions for the 4if-
ferent physical parameters evaluated within the shell are compared with
these given by the Navier (exact) solution in Figs. 7 through 11. The
values given at each point correspond, from top to bottom, to the point
matching results using 3, 4, 5, and 6 points, sequentially. The exact
results are given in parentheses.

C. COMPARISON OF RESULTS

The residuals along the boundary were low (Tables 4} which implies
that a good solution was expected.
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Table lY-a

Residuals Along the Boundary, Shear Diaphragm
= 1.932

(3 Points Matched), R/t = 50, R/a

. K ! W Mn v Nn

L |

i 0.000% |+ ~0.37403 x 1072 | 0.46609 x 1072 | 0.00 -0.21830 x 10°%
0.025 [mo.357h5 x 1070 1 0.92708 x 107° 1-0.21051 x 107® -0.20095 x 10~C

{ 0,050 1-0,13672 ¥ 10 0.35090 x 10”° {-0.39881 x 1072 |.0.76190 x 10~2

10,075 | -0.28528 x 10°% | 0.73489 x 1075 |{-0.5i514 x 10™® |-0.15831 x 1072
0,100 | -0.45385 x 107° 0.1176h x 107% [-0.63435 x 107 [-0,25073 x 10~2

P 0,125 | -0.60798 x 10‘: 0.15890 x 10™* 1-0.65770 x 107° [-0.33403 x 1077
J.150 | -0,71008 x 10~ 0,18757 x 10™* |~0,6139 x 1079 |=0.38746 x 10°2
0,175 | =0,72402 x 10‘: 0.19377 x 10°%* {-0.50970 x 102 [~0.3917h x 10°°
G.200 | -0.61997 x :Lo‘8 0.16859 x 107* |-0.35883 x 107° [-0.33204 x 107

L C.225 [ «0.37945 x 107 0.10516 x 10”% [-0.18109 x 10°® {-0.20080 x 10~%

| 0.250% | 0,12013 x 107%' |-0.1611%4 x 1077 0.19849 x 10712 |-0,23320 x 10~F
0.275 | 0.50172 x 107 1-0.14668 x 10™* | 0.16123 x 10™° | 0.25595 x 107
0.300 0.10865 x 10”7 |-0.32829 x 10™% 0.28104 x 107° 0.54203 x 10™<
0.325 0.16937 x 107° |-0.53261 x 10™* | 0.34510 x 10°° 0.82125 x 10°2
0.350 0.22433 x 1077  |-0.7h4025 x 107 0.34834 x 1079 0,10490 x 1073
2.375 0.26422 x 10”7  |-0.92429 x 10°% 0.20728 x 107° 0.11786 x 1071
0.4o0 0.27948 x 1077  |=0.10500 x 10°3 0.20998 x 10™° 0.11698 x 1071
G hns 0.26188 x 1077 [-0.10747 x 1072 0.11355 x 107° 0.10017 x 107t
0.450 | 0,20669 x 1077 |-0.94799 x 10°* | 0.37L03 x 10719 | 0.68901 x 10-2
0.475 | 0.11555 x 1077 {-0.61164 x 107* | 0.17482 x 10711 | 0,30348 x 10-8
0.500% [ 0,37090 x 10711 {.0.67796 x 1078 |-0.62753 x 10722 | 0.24861 x 105
*Points on the boundary matched.
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Table U4-b.

Residuals Along the Boundary, Shear Diaphragm

(4 Points Matched), R/t = 50, R/a = 1.932

v w Mn a2 Nn
0.00% | 0.24k26 x 107 | 0.11616 x 10-" 0.0 0.25332 x 10°°
0.025 |~0.36628 x 1079 |[-0.72022 x 10~ | 0.37883 x 10=® [-0.38356 x 1072
0.050 |-0.13466 x 1078 [-0.27650 x 10=° | 0.7020% x 10-° |-0.13941 x 107%
0.075 |~0.25807 x 1078 |-0.56308 x 10-% 0.91506 x 10-2 |-0.26367 x 10°%
0.100 |[-0.3532L4 x 1078 {~0.83494 x 10~° 0.96618 x 10-2 [-0.35435 x 10-%
0.125 |=0.35730 x 10”8 }-0.93069 x 10~° 0,80956 x 10-2 |-0.34963 x 10-°
0.150% |-0.20861 x 1078 |~0.6070Lk x 105 | 0.40992 x 10-2 [-0.19762 x 10-%
0.175 0.14188 x 1078 0.47111 x 10-5 |-0.25129 x 10-° 0.1.26829 x 10~
0.200 | 0.71989 x 1078 | 0.27256 x 10~* |-0.11687 x 10-8 | 0.61597 x 10-%
0.225 0.15190 x 16~7 0.66363 x 10-* |-0.23056 x 10-8 0.12058 x 10-1
0.250 0.24957 x 10-7 0.12683 x 10~ |-0.35884 x 10-8 0.17894 x 10-1
0.275 0.35684 x 10~7 0.21247 x 102 |-0.49037 x 10-8 0.22175 x 10-*
0.300 0.46230 x 107 0.32L78 x 10-2 |-0.61018 x 10-8 0.23203 x 10-°
0.325. 0.55235 x 10™7 0.46115 x 10~-% }-0.7006L4 x 10-8 0.193%4 x 10-*
0.350% | 0.61285 x 10~7 | 0.61275 x 102 |-0.74367 x 108 | 0.97341 x 10-~
0.375 0.63111 x 10°7 0.76218 x 10~2 |-0.7238L x 10-8 |-0.56520 x 10-°
0,400 0.59817 x 107 0.8810k x 10-2 [-0,63289 x 10-8 |-0.24845 x 10-%
0.2y 0.51085 x 107 0.92784 x 10-® {-0.L47573 x 10-8 |-0.43428 x 10-*
0,450 0.37322 x 10~7 0.84637 x 10-2 }-0.27707 x 10-8 |-0.53788 x 10-*
0475 | 0,19695 x 10°7 0.56539 x 10~2 [-0.89267 x 10-2 |-0.44519 x 10~
0.500% |=0.16929 x 10~1% [-0.27792 x 10~7 |-0.20522 x 10-*1 | 0.26022 x 10-°
¥ Points on the boundary matched.
36
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Table 4-c¢. Residuals Along the Boundary, Shear Diagragnm
(5 Points Matched), R/t = 50, R/a = 1,932
¥ w Mn v Nn
0.000% |~0,59021 x 10711 0.85gu3 x 1078 | 0.0 0.14976 x 1075
0,025 {=0.16852 x 10~1° | 0,21831 x 10~° |-0.,33812 x 10°! {-0.53719 x 10~5
0.050 [-0.41607 x 1010 | 0,70221 x 10~° |-0.5L4489 x 10" |-0.21122 x 10~*
0.075 |-0.60514 x 10710 | 0,10816 x 10~5 |[-0.55872 x 101 |-0.33490 x 10=*
0.100 {=-0.50980 x 1010 | 0.92525 x 10~° [-0.35224 x 10~} |-0.2886L4 x 10™%
0.125% {=0.63921 x 1071 |-0,31978 x 10~ [-0.21280 x 10"2 {-0.37253 x 10~7
0.150 | 0.82922 x 10710 |-0.16836 x 10°5 | 0.30948 x 10~*% | o0.L4794b x 107*
0.175 | 0.16880 x 102 [-0,34592 x 10~5 | 0 50910 x 10~%1 | 0.96574 x 107*
0.200 | 0.20977 x 1079 [-0.44063 x 10~5 | 0.49694 x 10~11 | 0.11880 x 1072
0.225 0.15916 x 10°2 |-0,34821 x 10°5 | 0.28667 x 10~** | 0.89958 x 10™*
0.250% |-0.53000 x 10711 [~0,19448 x 107 |-0.22428 x 10-1% | 0.1h901 x 1075
0.275 |-0.25869 x 10°° 0.572h2 x 10°5 |-0.27672 x 101! |-0.,12758 x 10~3
0.300 |-0.51689 x 1079 | 0.12117 x 10™% [-0.35103 x 10~*1 |-0.24860 x 10™2
0.325 |-0.64692 x 107° | 0.16027 x 10~* [-0.22048 x 10~ {~0,29558 x 10~8
0.350 |~=0.50629 x 1¢7° | 0.13284 x 10™* |-0.54246 x 10~1® |-0,21371 x 10™3
0.375% |=0.11775 x 1071° |-0.25972 x 1077 0.76039 x 10°12 | 0.69290 x 10~8
0.hb00 | 0.77816 x 10™° [-0.25298 x 10™% |-0,15964 x 10~1* | 0.26707 x 10™2
0.425 0.15988 x 10™% [=0.58237 x 10~¢ [-0.65635 x 10~ | 0.42116 x 10°2
0.450 | 0.19921 x 10°® [-0.85134 x 10™¢ [-0.10107 x 10-19 | 0,29610 x 10™2
0475 | 0.14733 x 2078 [-0,79438 x 10”% |-0.69453 x 10~*! [-0.6L053 x 10™%
0.500% |-«0.63118 x 10711 |-0,18039 x 10°7 |-0.72345 x 10-*2 | 0.91642 x 10°F
*Points on the boundary matched,
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Table 4-d. Residuals Along the Boundary, Shear Diaphragnm
(6 Points Matched), R/t = 50, R/a = 1.932
vy w Mn v Nn
0.000% |=0.16343 x 1072 | 0.29838 x 10=% | 0.0 -0.38669 x 10-5
0.025 0.23017 x 10™** 1-0.85006 x 10~7 0.40713 x 10~12 [-0.23022 x 10-°
0,050 | 0.67970 x 10™** [-0.2495h x 10° | 0.56945 x 10='2 | 0.56624 x 10-°
0.075 | 0.68862 x 107'* |-0.26976 x 10~° | 0.39028 x 10~'2 | 0.51409 x 10-°
0.100% [-0.16516 x 10~'* | 0.29357 x 10~ 0.41886 x 10~*® |.¢,52750 x 1075
0.125 |=0.16729 x 1071° | 0.59331 x 10°% [-0.,17195 x 10°*% {-0,15192 x 10°*
0.150 |-0.28338 x 107° | 0,10786 x 10"° | 0.27001 x 1071® |-0.22538 x 10~*
0.175 |[=0.23217 x 107*° | 0.98430 x 10°% | 0.66788 x 10717 |-0.18626 x 10"*
0.200% | 0.62130 x 10~ |-0.30880 x 1077 | 0.14247 x 107! | 0,60350 x 10°°
0,225 0.52053 x 1071° |-0.17752 x 10> | 0.18b17 x 107! | 0.29273 x 10°*
0.250 | 0.87968 x 1072° }-0.33128 x 107> | 0.15236 x 1071* | 0.50485 x 10™*
0.275 | 0.78015 x 10°1° [-0.31622 x 10°° | 0.58652 x 10717 | 0.43601 x 107%
0.300% |=0.16470 x 1073 [-0.45375 x 107 |-0.41410 x 1071 {-0.18999 x 10~5
0.325 |[-0.13551 x 10°° 0.58990 x 10”° |-0.66477 x 1071% [-0.71906 x 107*
0.350 |-0.25191 x 107® | 0.11909 x 10°% | 0.18023 x 10°%% [-0.12ko1l x 10°°
0.375 [=0.23792 x 10°° 0.12262 x 10 ° 0.14816 x 107 [-0.10656 x 102
0.400% [-0,29024 x 10732 |-0,11316 x 107° | 0.16703 x 10731 |-0.14230 x 10°°
o.4o5 | 0.43259 x 107 {~0.28175 x 10°* }-0.37109 x 10°1% | 0.12857 x 1073
0.450 | 0.82101 x 1072 [-0.63860 x 102 |-0.34533 x 30711 | 0.14268 x 1072
0.475 | 0.75229 x 1079 |-0.75373 x 10°% [-0.35560 x 10711 |-0.37177 x 17
0.500% | 0.33329 x 1071 {-0.14762 x 1077 |-0.55293 x 1071% | 0.19669 x 10~ 5
*Points on the boundary matched.
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Teble5 . Ratio of Maximum Boundary Residuals to Maximum
Values of Physical Parameters in the Shell
Interior
No. of Points IRes.w Res. My Res. v Res. Np
Matched w Jmax, My . v Jmax. Nn max.
3 0.73 % 1.L2 4 0.16 % 1.07 %
L 1.64 % 12.25 % 3.35 % .88 %
5 0.05 % 1.12 % 0.01 % 0.04 %
6 0.02 % 1.00 % 0.002 % 0.01 %

As the nurber of polnts matched on the boundary waes increased, the
golution converged rapidly, and five points were encugh to obtailn an
accurate solution as compared to that given by the Navier-type solution.

Throughout the shell, except along the boundary, the point match-
ing solution gave very good results when compared with the 625-term
Here it must be remembered
(see Figs. 3 and U4) that the Navier solution itself loses sccuracy near

Navier-type solution (Figs. 7 through 11).

the boundary.
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3 -~ points
4 - points
5 - points
6 - points
Exact

wx 10°
SHEAR DIAPHRAGM 0. 05382 /
R/t=50 0.06898
0.06195
y 0.06193
R a=1932 (:6.0619]-1—)
0.185L43 0.10725
0.18966 0.11193
0.18508 0,206k
0.18509 0.10645
0.18511) (0.10647)
0.29509 0.2320 0.13305
oosms 7|0z 0
0,29523 0.23315 3.13315
0-29522 0.23315 0.1331%
(0.29526) 753317 (0.13317)
0.32261 0.326% 025730 0.1?627
0.36513 0.329 0.25979 0. 14795
i 0.36281 0.32699 0.25748 0.14621
0.36281 0,32700 0,25749 0,1h652
y (0436281) (0.32703) (0.25751) (0.14654)
- | 0.3845%6 0.37339 0.33633 0.26456 0.15033
- | 0.386% 0.37583 0.33878 0.26671 0,15163
-, ] 0.38476 0.37359 0.33653 0.26475 0. 15049
5 0-33376 0.37359 0.33653 0.26L75 0.15049
- ¥o0.3 791 (0.37362) (0.33656) (0.26L77) (0.15050)
X

Figure 7. Values of the deflection at interior points
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~0.04819

3x -0.08018

-0,00695

-0.00381

(-0'0)

SHEAR DIAPHRAGM 0539 / 065181

~0.53%9 -0, '

R/t=30 ~0.5416k 0,665

"0051{'213 '0.6 6

R/ar1932 (0-54233)  |(-0.66627)

=0.62057 -0.94231 -1.13108

~0.6127 -0.94617 -1,15N3

-0,62540 -0.94616 -1,13460

~0.62539 ~0.,9H606 ~1.13365

{~0.62540) (~0,94617) (-1.13388)

~0,45272, -0,80202 ~-1.19516 -1.41981

~0. 44797 ~0,80164 -1.20527 -1 kh1ok

~0.45356 -0.80265 -1.,19285 -1.5107

-0,4535k -0.80265 ~1,19293 ~1.h112k

(-0.45355) (~0.80270) («1.19305)  J(-1.41135)

=0,22162 -0,50985 -0.89542 =1.31906 -L.55223

-0,22018 ~0,50933 -0.89968 -1.33129 -1.57070

i ~0.22167 ~0.50998 -0.89523 -1.31780 -L1.549%3

-0,22167 -0.50997 ~0,89524 ~1,31781 -1.54951

(~0,22167) (-0.50999)  [(-0.89530) (-1.31793)  [(-1.5h4962}

y
3 - polnts - 22661 ~0.52729 -0.92315 ~1.35439 -1.58748
4 - points » - 422901 -0,52818 -0.92867 -1.36582 -1-§°lg9
5 - points + - 22063 -0.52735 -0,92327 -1.35504 B0k
6 - points - 22962 ~0.5273k -0.92327 -1,35505 ~L.590%S
Exect ~ 100 fo.22963)  [(-0.52738)  |(-0.9233%)  |(-1,35515)  [(-1.52059)
X
Figure 8. Slope at interior points.
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M x 10%
X
SHEAR DIAPHRAGM 0.40062 /

R/1=50 0.45048
0.38941

R/a=1932 0.38935
(0.38998)

0.64253 0.56678

0.65871 0.59586

0,6437k 0.56482

C.6LU382 0,56455
0.64378) (0,56983)

0.,62283 0.72857 0.63h36

0.62553 0.73995 065206

0.62388 0.72795 0.63099

0.62389 0.72800 0.63113
(0.62398) (0.72797) (0.63127)

0.50568 0.63759 0.75330 0.65306

0450440 06405k 0.7611h 0.66177

A 0.,50587 0.63776 0.75286 0.6519%4
0450586 0.63777 0.75288 0.65192
0.50577) (0.63781) (0.75279) (0.65208)

0.50219 0.63829 0.75705 065557

0.5015h 0.64117 0.76312 0.65985

0450226 0.63841 0. 75717 0.65605

‘ 0,50225 0.63841 075717 0.65605
L(o.hhTMhl‘ (0.50219) (0.63848) (0.75711) (0.6562k)

X
Figure 9. Bending moment of intericr points
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L SHEAR DIAPHRAGM 019553 /
0.20880
R/1=50 0.18587
» 0.18578
E R/a=1932 {0.18582)
% 0.55827 0.30352
0.56400 0.308838
" 0.55526 0.29892 .
%i 0,55526 0.29906
(0.55529) (0.29909)
% 0.88582 0.65398 0434754
0.88903 0.65546 0.34675
% 0.88567 0.65470 0.34936
0.88569 0.65471 0,34935
E (0.88571) (0.65472) (0.34935)
1.08800 p 0493314 0.68435 0,36116
1,09017 0,93493 0.68556 0.36232
4 1.088L42 0.93453 0.6870k 0.36477
1.,08843 0.93454 0.6870k 0.36L75
y .08841) (0.93454) (0.6870k) (0.36475)
3 - points - 1,10026 0.,94227 0.68977 0.36397
I - points - 1,10201 0.94386 0.69210 0.26888
5 - points - 1.10110 0.94434 0.69284 0.36723
6 - points - 1.10111 0.5u415 0.69285 C.36725
Exact - 1(L.15429) (L.10111) (0.94415) {0.69285) (0.35725)
%
Figure 10, Membrane force at interior polnts
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3 - points
4 - points
5 = points
6 - points
Exact
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SHEAR DIAPHRAGM
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-0.1h5u?////4

-0.1511k

R/1=50 -0,14605
-0.14605

R/a=1932 (0o 11608)
-0,22115 -0,11738

~0,22405 -0,12112

-0.22186 -0,11816

-0,22186 ~-0.11816

{-0.22188) (~0.11818)

-0.20784 -0,15256 -0.08083

-0.21018 -0.15472 -0.08367

-0,20819 -0,1531k -0,08134

-0.20819 -0.15314 -0,08135
(-0.20821) (-0.15316) {~0.08136)

-0.12293 -0,10534 -0,07722 -0.0L0%

-0,12407 -0.10643 -0.,07820 -0,04162

-0,12304 ~0,10555 -0.07750 -0, 04110

-0,12304 -0.10555 -0,07750 -0.04110
~0.12305) (=0.10556) (-0.07751) (-0.04111)

0.0 0.0 0.0 0.0 0.0
X
Figure 11. Tangential displacement at interior points
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IV, ©SHALLOW SPHERICAT, SHEILS HAVING REGULAR POLYGONAL
PLANFORMS

In this chapter the method of point matching is applied to the
problem of the uniformly loaded, shallow, spherical shell having regu-
lar polygonal plenform. Two drastically different types of boundaries
are consgidered; i.e., clamped edges and edges supported by shear dia-
phragms. Extensive numerical results are presented for these types of
boundary conditions for polygons having 3, 4, 5, and 6 sides and for
two R/t (spherical radius/thickness) ratios. These prcblems generally
have no previous solutions in the published literature.

The point matching method is then extended to utilize more boundary
condition equations than unknown deflection modes. This technique,
called the "boundary polnt least squares” method, is found to improve
the accuracy of the results, giving accurate results for the problems
solved earlier by point matching. This modified technique is demonstrated
in two different ways.

An attempt to summarize and compare the great number of results
presented in this report is made in the last part.

A. POINT MATCHING SOLUTIONS

For a simply connected region containing the coordinate axes, the
applied load and the boundary conditions have symmetry properties with
respect to two or more axes, the complementary solution in polar coordi-
nates, Eqs. (3-11) and (3-12), are reduced to

- <]

We = Co1 + Coa ber X + Coy bei x + 2 : (CarX? + Cpaberyx
n=m,2m
+ Cp4beipnx) cos né (h-1)

and
o0

'7\]@0 = Cpa bel X - Che ber x + E (Cn3b9inx - Cpaber,X
n=m,2m (4h=2)

+ Cp7X") cos n8

where m is the number of symmetry axes.
Suitable particular solutions for a uniform pressure normal to the

surface have already been given in Eqs. (3-20) and (3-21) and will be
used here.
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Two types of conditions will be applied uniformly around each
boundary: (1) the clamped edge, described by Egs. (2-20), and (2) the
shear disphram support, described by Eqs. (2-21).

The unknown constants in Egs. (4-1) and (4-2) can be determined
by satisfying the boundary conditions at discrete points, where the
number of equations obtained from discrete points is equal to the number
of unknown constants. If the boundary of the shell has a length "c¢" and
if the applied locad and the boundary conditions have symmetry properties
along a repeated segment whose length L is

L = c/2m . (]'l"‘3)

(In the limiting case of a spherical shell loaded by uniform pressure
with ecircular boundary, the boundary conditions will be satisfied at
one point because of the infinite number of symmetry axes.)

The number of unknowns depends on the number of points at which
the boundary conditions are to be satisfied. If "I" is the number of
such points, then the number of unknown constants will be

n = (4I-1) . (4-k)

The upper limit "N" of the series in Egqs. (k4-1) and (4-2) depends on
both the number of symmetry axes "m" and the number of points "I" at
which the boundary conditions are satisfied and "N" will be

N = m(I-1) . (4-5)

The shallow shell having a spherical radius R and a regular, polyg-
onal planform, is loaded by a wniform pressure of intensity g, normal
to the surface. If S is the interior of the planform which is inscribed
within a circle of radius "a," then the polar coordinates "r" and "@"
and the angle "¢" by which the outer normal leads the radial direction
are

\
T =|E32 cosg(%) + y2] “
6 = arctan ———EL—FF“ g
[a. COS(’Iﬁ):I (4-6)
o= -6
/

the origin of the coordinates being the center of the region § (Fig. 12).

The problem was solved for polygons having 3, 4, 5, 6, and « sides. Five

points matched on the length L of the boundary as shown in Fig. 13. The
following values were assigned for the constants
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Figure 12. Typical polygonal sector
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E = 30 x 10°
R = 1.932
o =1

a = lﬁ[é
v=0.3

To test the efficacy of the point matching method, solutions were ob-
talned for clemped and shear dlaphragm types of boundaries. These give
widely different physical and mathematical behavior.

1. Edges Clamped - Two Cases

To judge the effect of varying R/t ratio, two cases were used,
the first being a relatively thick shell accordling to thin shell theory.

Case I - R/t 50 (&t = 0,03864)

Tables 6 through 10 give results for N = 3, 4, 5, 6, and =,
respectively. Each table conslsts of three parts. The first part
summerlzes useful physical quantities elong the symmetry axis 9 = O,

The second part gives the values of the residusls slong the boundary.

By themselves, the residuals are useless information. Therefore, in

the last part of each table, the ratios are glven of the maximum value
of the residusl for each case to the maximum wvalue of the physical param-
eter found within the shell. The computer program, as written, has
difficulty in evaluating some of the functions et the origin.

Figure 14 shows the oscillating character of the residusls for =
typical clamped boundary.

Case ITI - R/t = 200 (%t = 0.00966)

Results are summarized by Tables 11 through 15 in the same
manner &s in Case I.

2., Edges Supported by Shear Diaphragms
Results are given in Tables 16 through 20 for R/t = 50. Corre-

sponding results for R/t = 200 are available in Ref. 22 and have not been
repeated here,
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Table 6. Clamped Spherical Shell with Triangular Planform Obtained by Point Matching
(R/t = 50, R = 1.932, & = 142, b = a cos n/3)

a. Values of the Physical Parameters along 6=0

x/b Q.9 0.2 0.4 0.6 u.8 1.0

12228 % 1075 | 11478 x 10°5 | .51900 x 107® | .5667C x 107% | 19215 x 107 | .15919 x 10°i*

an_| .0 -.21569 x 1075 | -.42500 x 1075 | -.54838 x 2075 | -.16360 x 1075 | -.13657 x 1071°
My 60325 x 1077 | 47962 x 1072 | 13426 x 1072 |-.53115 x 1072 [-.16177 x 107%
Un |,0 -.18567 x 1077 |-.31882 x 1077 | -.34278 x 1077 |-.22464 x 1077 | 11702 x 107t
Ya 58168 54953 50824 G524 L2669

t. Residuals aluong the Boundary

¥ v 3w/an u, uy,

.0000% | .15973 x 107 | -,12925 x 107*° | 11746 x 107+ | 00000 x 1ore

L0765 .B1091 x 10712 | 12162 x 107® |-.12009 x 10°® |-.43059 x 1077

1530% | 20138 % 1071 | ..87990 % 30721 | 38e29 x 107t | 61708 x 1071F

2296 | -.30557 x 1072 [-.50747 x 1078 5623l % 107° L60410 x 107°

2062% | -.50070 % 1071t | -,16761 x 107° | .1a7el x 107 |- 57975 x 10-t2

3827 .81991 x 1077 L7316 x 1077 | -.09990 % 1078 |- 11847 x 1078

4593 | ,55087 x 107 | -.17379 x 10710 .10518 w 10712 1. plpo3 x 1071t

5358 | -.1760% x 1078 | - 7hosh x 1077 L1591 % 1077 29554 x 10™%

Glehe | 10683 x 10720 | 41203 x 10716 { -.56495 x 10712 f-.130h9 x 107HY
Points matched on the boundary

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

w Iw/3n u, Uy,
Maximum residual
along ihe -
boundary ATE0M x 1072 | L7hosh x 1077 | L 1W591 x 1077 | 29958 % 1077

Maximum value of
the parameter B ~
within the sheli].12225 x 1075 | 54838 x 107% |, 30278 x 1077 130270 x 1077
Percentage of

maximum residual
to maximum value 0.1 1.307% b2 5064, 8,734
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Teble 7. Clemped Spherical Shell with Square Planform Obtained by Point Matching
(R/t = 50, R = 1.932, a = 1A2, b = a cos n/4)

a. Values of the Physical Parameters along 8=0

x/b 0.0 0.2 o.b 0.6 0.8 1.0

w [.18161 x 1075 | ,17146 x 1075 | 14066 x 1075 | .90700 x 107 | .32631 x 107° | .LB6% x 1071t
= 1.0 -.20400 x 1073 |-.41074 x 1075 |-.57230 x 1075 |-.53588 x 1075 | .14323 x 1073
M L1782 x 1072 | L38489 x 1072 | .19838 x 1072 |-.34010 x 1072 |-.14682 x 107
u, |0 -.36698 x 1077 |-.63%66 x 1077 {-.70107 x 1077 |-.47988 x 107 | ko777 x 1071°
Ny .g0h53 . 85h1h . T826h LT0690 .68088

b. Residuals along the Boundaery

¥ w ow/an uy uy,

L0coo% [ -,L18B05s x 10~11 | 20697 x 1073 | L1gee x 10712 | ,co000 x 1079

L0625 .LoBs1 x 107° L1411 x 1079 |-.1LL3h x 1678 |-.2kks0 x 1078

J1250% [-.12959 x 10714 | 65755 x 107%L [-.83278 x 10713 | ,s2hoh x 107

L1875 |-.15157 x 1078 |-.23463 x 107 62103 x 1078 .26352 x 1078

.2500% | 67968 x 10672 |..51469 x 10711 | .s69k2 x 1072 | L3b35G x 1071

L3125 \36hol % 1078 62504 x 1077 [-,22065 x 1077 |-.14888 x 1078

.3750% |-.10543 x 10711 | (84290 x 107FC | 13811 x 10712 | 56488 x 10718

4375 |-.63952 x 1078 |-.15272 x 107 L10900 x 107%  |-.21870 x 1077

L5000% |-.10809 x 10710 | ,33243 x 107 [-,L1817 x 1071t [-.L3270 x 107
Points metched on the boundary

¢. Ratios of Meximum Residusls to Maximum Values
of Physical Parameter within the Shell

w ow/on u, w,
Maximum residual
slong the 63952 x 1078 | ,15272 x 107%| ,10900 x 107° | .21870 x 1077
boundary
Maximum walue of
the paragseter J1B8161 x 1072 57230 x L0721 ,70107 x 1077 | 70107 x 1077

within the shell
Percentage of

maximum residual 0,3529 26.685% 155, 4764 31,1954
to maximum value
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Table 8. Clamped Spherical Shell with Pentagonal Planform Obtained by Point Matching
(R/t = 50, R = 1.932, a = 1N2, b = a cos n/5)

a. Values of the Physical Parametars along B=0

/b 0.G 0.2 0.4 0.6 G.8 1.0

V1616 x 107 1 18605 x 1077 | 15503 x 1675 | L1028L x 107% | L3638 x 107 |- hoce8 y 10712
= .3 = 17762 x 1075 |-, 36611 x 1075 [~.53640 x 1075 |..53781 x 1075 | .su661 x 10713
M, 232493 x 1072 | 32866 x L07® | .21848 x 10"% |-.24143 x 2072 [-,13735 x 107t
u, {0 - 45475 % 2077 |-.78995 x 1077 {87576 x 1077 1-.59735 x 1077 | .12666 x 10711
Ny 98006 + 33658 A7z 7990 . TOBLh

b. Residuals along the Boundary

¥ w E}u/’an un g,

Leg x 107 | 68621 x 1072 | 19602 x 1072 | Lo

=
X
t

.
(o]
i
el
wn
[

L8726 x 107 {-.16539 x 1078 50640 » 107° .32292 x 10°°

L105330% (= Lbon x 107 |-.85079 x 1071 | L1248 x 1673 | esfin w 10712 |

A5586 1 29532 x 1070 63519 x 1078 20665 » 1078 |-.10931 % 107®

L20781%(-.32261 x 107 [-.BoBE8 x 1071 | (11237 x 107% j-.p0881 x 10710

W25977 |-.65812 x 107 |-,18008 x 1077 B89y x 1078 |-, 1208 x 107

SL7e#ie 31060 x 107 f-,79202 x 107 | L1630 x 207 | LihoBT x 107

36367 1 .11807 % 1078 Baz82 x 1077 LE6B0 x 1077 L1352 x 1077

i

J1563% | -.1203L x 10740 Lo 28506 x 10719 | 14975 x 1071 | Loous6 x 107M

Points matehed on the boundary

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

4 W ow/dn Uy, Uy
Maximum residual

along the L1807 x 1078 63282 x 1077} 20080 x 107 L11352 w 1077
boundary

Maximum value of

the parameter G616 % 1073 L53701 x 10TV LETOH w107 LB w10

within the shell
Percentage of

maximum residual 0. OO0 Lo LT7 304607, RICY 15
to maximum value
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Table 9, (E;;ilped Spherical Shell with Hexagonal Planform Obtained by Point Matching
=50, R=1.932, a = 1N2, b = a cos n/6)
&. Values of the Physicel Parameters along 6=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
w |.19939 x 1075 | ,1897L x 10™% | ,15951 x 1075 | 10743 x 1075 | .b1102 x 107% | .41308 x 1073t
3—; .0 -.15982 x 1078 |-.33627 x 1075 |-.50681 x 1075 |-.52826 x 107S [-.22990 x 1070
LW 27765 x 107% | 29784 x 107% | 2206k x 107% |-.18709 x 1072 [-.13176 x 1072
uy |.0 f-.bo0k5 x 1077 |-.85699 x 1077 |-.9584k0 x 1077 |-.65930 x 1077 |-.22338 x 10732
Ny 1.00470 .56280 .B9957 .827hg <7230k
b. Residuals alcong the Boundary
¥ w 3w/3n up ug

L0000% | J4ibo? x 1072 |a.22beg x 10720 |-,2222L x 1671 | L0

LOLh1g [-.13906 x 107®  |-.2660h4 x 1078 L5713 x 10678 |-,76701 x 107°

,08839% | ,38586 x 107 |-,2L961 x 16712 |. 19459 x 10731 [.,50153 x 1072

.13258 | .50310 x 107® | ,93930 x 10™® |-.61820 x 107 | .21401 x 107

L17678%] .24327 x 1073 |-,50288 x 10729 |-.20742 x 107M* [.,9L8g2 x 10714

22097 |-.10848 x 10™® |-.22139 x 1077 ] 17974 x 1077 |~.82L27 x 107®

L26517%] 25384 x 1071 [ .BB7LO x 1070 |.,22955 x 10711 |-.62808 x L0712

30936 | 16709 x 107® | 4586 x 1077 [-.61483 x 1077 | 42108 x 1077

.35356%| .23409 x 10729 [-.39L436 x 10™° [-.28208 x 107* [-.17554 x 107%*

‘¥Points matched on the boundary

c. Ratios of Meximum Residusls to Maximum Values
of Physical Parameter within the Shell

w aw/3n Uy uy
Maximum residual
along the L6709 % 1078 | ko586 x 1077 | 61483 x 1077 | .42108 x 1077
houndary
Meximum wvalue of
the parameter 19939 x 1073 | 52826 x 1079 .g5840 x 1077 | .G5840 x 1077
within the shell
Percentage of
meximunm residusl 0.084% 0.935% 64,1514, L3.936%
to maximum value
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Table 11. Clamped Spherical Shell with Triangular Planform Obtained by Point Matching
(R/ft = 200, R = 1.932, a = 1A2, b = a cos n/3)

8. Values of the Physicsl Purameters along 8=0

:/b . 0.0 0.2 o.u 0.6 0.8 1.0

w [.17132 x 107% | 16635 x 107 | L1h134 x 107% | .8579% x 107% | .21193 x 107% |-.12718 x 10~°
a—:: 0 -.1728T X 107F {-.57577 % 107* [-.95115 x 107% |-.72110 x 107* |-.15166 x 1078
M, Ah06E x 107% | 11783 x 1072 | ,280k9 x 107 |-.20410 x 1072 | 39017 x 1072
u, [.0 37185 x 107% [-.53885 x 107 {-,36630 x 1070 |-.15856 x 107® |~,15969 x 1070
N, 149809k 2.02789 2.67512 2.79152 2.,70252

b. Residuals slong the Boundary

¥ w . aw/dn _ Uy, g,

L0000% |-.12659 x 107° |-.15150 x 1078 [-,17067 x 107*° | .0

07655 |-.78782 x 107° |-.1235 x 107° 66343 x 1078 .2h0g8 x 1073

.15300%| 26409 x 107° .5k793 x 1078 63062 x 1071 |-.20112 ¥ 10720

22064 | 31549 x 107 | 52864 x 107° |-.32132. x 1075 |-,39212 x 107F

.30619%}-.83583 x 107® |-.17837 x 107 |-.197% x 107*° [_.20111 x 1071°

.aB273 | -.89726 x 107 |-.18006 x 107 | .1h351 x 107 L6115 x 1073

Lsgerl L1578k % 1078 {-.8597h x 1077 {-.23711 % 16™® | -.13283 x 107®

53583 | .20156 x 10™° JUSMS x 1072 {-.99503 x 107%  |-.30100 x 107%

61237#| -, 27980 x 1077 {-.4ko23 x 107® -.68952 x 1079 [-.40573 x 1079
oints metched on the boundary

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

w aw/an u, u

Maximum residual
along the 20156 x 1072 |, 74546 x 1072 1.99503 x 107* |.30L00 x 07*
boundary

Maximm value of ) .
the parameter L7132 x L07* §.95115 ¥ 107 [.53855 w T 143885 x 1070
within the shell
Percentage of )
meximum residual 11769, 7837% 15465% 15364
to maximum value
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Table 12. Clamped Spherical Shell with Sguare Planform Obtained by Polnt Matching
(R/t = 200, R = 1.932, a = 1A/2, b = & cos n/})

a. Values of the Physical Parameters along 9=0

x/b 0.9 0.2 0.4 0.6 0.8 1.0

w |.60717 x 1075 | 61ukk x 1075 | 61413 x 1075 | .52848 x 1075 | ,262L2 x 107 |-.92472 x 107M?
5% .0 L11205 x 1075 |-,24883 x 1075 |-,16659 x 10~* |-.3:733 x 10™* }-.13918 x 107°
M -.71580 % 10™* | .18532 x 1072 | 47517 x 107 | .17939 x 1672 |-.24783 x 107
u, |.0 79406 x 1077 [-.16820 x 107 |-.24310 x 107 |-.21581 x 107® | 31374 x 1071
Ny 97787 .6 .ghob2 .911L5 87621

b. Residuals aslong the Boundary

¥ w aw/en uy, ug

,0000* |-.92609 x 107 |-.13175 x 107® ,31h0A x 107 | Lo

0625 |-.85950 x 1072 |- 18L7 x 1077 |-.25186 x 107® |-.43919 x 107

,1250% |-,10081 x 10740 |..6h222 x 1072© | 38164 x 107%% | .21881 x 107°

L1875 69935 % 107° .8B229 x 1077 10837 x 1078 11858 x 10™®

.2500% |-.19239 x 10720 | .14182 x 10729 | .39%625 x 107*' | .59988 x 1071%

3125 | -.43366 x 1078 |-.ko629 x 107 |-.365%2 x 107° L12507 x 1072

.3750% |-.23856 x 1071 | 36108 x 107® 38209 x 10711 | (48317 x 1072

k375 18005 x 1077 2721, x 1078 L6136 x W0~ [-.67564 x 1078

L5000% | .96605 x 1071° | 80631 x 107° 30802 x 1071 | L29593 x 107

Points matched on the boundary

c. Ratios of Maximum Residuals to Maximum Values
of Physicel Parameter within the Shell

w dw/on u

n Uy

Maximum residual _ ]
along the 18005 x 1077 |.2721h x 1077 1.16136 x 1077 |.67%64 x 107°
boundary

Maximum velue of
the parameter 61k x 1075 {.34733 x 10™* |.24310 x 107® |.24310 x 107°
within the shell
Percentage of ]
maximum residusl 0.293% 7.83% 6.63% 2.78%
to maximum value
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Table 13. Clamped Spherical Shell with Pentagonal Planform Obtained by Point Matching
(R/t = 200, R = 1.932, a = 1N2, b = a cos r/5)

8. Values of the Fhysical Parameters aleng 8=0

x/b 0.0 G.2 0.4 0.6 n.8 1.0

w|.57815 x 1075 | 58701 x 107% | 60465 x 1075 | .55826 » 1075 | .30600 x 1075 [-.77343 x 107

52 |0 15739 x 1073 | 43728 x 107° |-.11017 x 107 [-.32670 » 107* 1-.u7889 x 107
M, -.33708 % 107 | .Bg1s8 x 107 | .hollh x 107® | .ani5c x 1072 |-.28021 x 107
vy |.0 - 76651 x 1077 [-.16kL2 x 107® [-,25070 x 167° [-.2hoak x 107 |-.15702 x 107+
Np .97119 .97180 .96288 .9L0i6 .83218

b. Residuals along the Boundary

¥ w ow/on uy, uy,

Lo 7112 x 107 (S ho656 x 1070 {-.15102 x 107 | L0

L0519 |-.76806 x 1078 [-.13445 x 107° .30109 x 107® Ashoz x 1078

03ge | 75307 x 107* fol10022 x 1070 |87 x 107 |- L10aB0 v 07

L1559 27583 % 1077 L50056 x 107° | -.12377 x 1077 [-.33830 x 10

w43

.2078% | .89706 x 107t | 5767 x 107%C | -.11042 x 107 | Loev05 x 1072

2598 | -.63336 x 1077 | -.12778 x 1070 39671 x 1077 |-.72006 % 1078

LA117% | -.23732 % 10711 |- 77983 x 107 | -.25813 x 1071 | ..69038 x 107

L3636 L10L06 % 1070 ,32527 x 1075 | -.16146 x 107 L7509y x 1277

B1se% | 91859 x 10740 | 21905 x 107 L1783 x 107§ 7ik3r x 107

Points matched on the boundary

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Sheil

W aw/an U, up
Meximum residual -
aleng the L10405 x 1070 | .22527 x 107 | L1616 x 1079 [ 67500 x 10
boundary
Maximum value of . N
the parameter BOUE5 x 1075 | L32670 x 107Y | .25070 x 1077 £.20070 w 0T

within the shell
Percentage of

maximum residuml 1.72% 9.95% Gl b 2.5
"|to meximum value
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Fig. 14%. Clamped Spherical Shell with Hexagonal Planform Obtained by Point Matching
(R/t = 200, R = 1.932, & = N2, b = & cos x/6)

a. Values of the Physical Parameters slong 6=0

—~ T "

i %/b 0.0 0.2 0.4 0.6 0.8 1.0
v |.56675 x 1075 | .57582 x 107 | .59713 x 10~ | 57088 x 305 | .33037 x 105 | 47109 x 1071t
K 3& .0 L1h6h1 x 107% | ,13367 x 107° [-.82845 x 10°° |-.31343 x 107* |-.12575 x Lo™®
M, -.35754% x 107" | 49820 x 107* | .35532 x 1672 | ,373k2 x 107 |-.2hok2 x 107°
u .o w7572k % 1077 [-.16240 x 107 [-,25305 x 107® [-.25293 x 10™° |-.13803 x 107t
MW 96805 9THOT 9732k 95407 88947

b. Reelduals slong the Boundary

¥y . w aw/on u, Uy,

L0000% | 47251 % 10™11 |-.128W7 x 107®  [-.1koo2 x 107 | L0

LObh2 . [-.60030 x 1078 [-.10373 x 107° L8307 x 1078 |-.21668 x 1078

L088Lx | 5008k x 10711 [-,42168 x 100 |..13602 x 10722 (~.23782 x 10734

1326 21160 x 1077 .36035 x 1078 |.,18228 x 10~ L6004y x 1078

AT68% | L97913 x 1071 | .pebgE x 1070 1-.19589 x 10711 |..70997 x 10712

.2210  |[-.45290 x 1077 |-.77hb0 x 107® 53199 % 1077 [-.23257 x 1077

2652% O L7ThB x 1072 | Lh7501 x 1072 |-.3begh x 1071% 1 10333 x 1073

3093 66251 x 1077 .12000 x 1075 |-.18290 x 1078 12045 x 107

.3535% |-.69122 x 1072° | 7987k x 107® [-.30268 x 10711 |-.21189 x 10712
l"Il-’ozl.n*l:a matched on the boundary

c. Ratios of Maximum Reziduals to Maximum Values
E ) of FPhysical Parameter within the Shell

w aw/an u, uy

Maximum residual
along the £6251 x 1077 |.12000 x 10°% [.1829¢ x 107° |.12045 x 107®
boundary
Maximum value of
the parameter |.59713 x 1075 [.31343 x 107 }.25305 x 107 [,25305 x 107¢
within the shell
Percentage of
maximumaf'esidual 1.3% 3.83% 72,284, L7.60%

to maximum wvalue
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Teble 16. Spherical Shell Supported at the Boundary by Shear Diaphragm.
Triangular Planform Obtalned by Point Matching
(R/t = 50, R = 1.932, a = 1N2, b = a cos 7/3)
a. Values of the Physical Parameters along 9=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
w [.30354 % 1075 | .29ebl x 107 | 29664 x 1075 | ,19328 x 1075 | .10577 x 10~ |-.11337 x 10™®
-;-E .0 -.32384 x 107 |-.69373 x 107° |-,10761 x 107 |-.1%011 x 16™* |-.15472 x 107*
L 94380 x 2072 | (97975 x 1072 | .9061L x 1672 | 62813 x 1072 | .13223 x 1077
un {.0 -.76022 x 1077 |-.15352 x 107° |-.22188 x 107™° [-.26067 x 10~ |-.28702 x 10~®
LY 76597 59627 o786 .20702 -.23616 x 163
b. Residuals along the Boundary
¥ v My ug By
L0000% 1-.25381 x 1071® | .12376 x 1077 | .00000 x 107%° [-.24140 x 107
L0765 L9h1o5 x 10712 | .4BuBE x 1078 L14135 x 1071t 1-.21756 x 10™S
J1531% | 29k x 3012 |-.70529 x 107° .22513 x 1071 |-,236563 x 1078
2206 |-.67536 x 10-11 | .91259 x 10~8 23975 x 10~11 |-,31590 x 10™%
.3062% |-.15881 x 10™° |-.12645 x 107 | .21843 x 107 |-.25257 x 107°
3827 |- 1712 x 1072 |-.me7Eh x 107 | .20033 x 107 {-.1379 x 1075
1i593% |-.159%6 x 1070 |-.13238 x 107 | .2377 x 107* |-.83745 x 107
5358 1-.26169 x 107%° | 45932 x 10° | .37939 x 107" |..20787 x 107
612k |- 4ol x 107 J-.20676 x 207 | .4Bgoe x 107 1-.35837 x 107

Points matched on the boundary

c. Ratios of Maximum Residuais to Maximum Values
of Physical Perametey within the Shell

w My, U N,

Maximum residual
along the
boundary
Maximum value of

20169 x 1070 [ 45932 x 1070 48992 x 10711 |.20787 % 10™*

the parameter | 30354 x 107 [.97975 x 1072 |.28702 x 107® [.96600
within the shell
Percentage of
maximus residual 0.,0009% 0. 00lT7% C.001T% [.0021%
to maximum value
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Table 17. Spherical Shell Supported at the Boundary by Sheer Diaphragnm.
Sguare Planform Obtained by Point Matching
(R/t = 50, R= 1.932, a = 1A/2, b = a cos n/k)
a. Values of the Physical Parameters along 8=0
x/b 0.0 0.2 0.k 0.6 0.8 1.0
v |.38476 x 3075 | .37359 x 1075 | .33653 x 1078 | 26475 x 107 | .15049 x 107 [-,5981k x 10711
—glr':- .0 -.22963 x 1073 |-.52735 x 1075 | -,92327 x 10672 | -,13550 x 107* [-.15904 x 107*
M, 50226 x 1072 | 6381 x 107 | 75717 x 1072 | 65605 x 1072 | ,1kkog x 1077
Uy | .0 -.1289% x 10™® [-.25392 x 107° [-.36583 x 107® |-.M4797 x 107® |- k7917 x 107°
Ny 1.101% .kl 6928L x 10% | 36723 .1h4sk x 1078
b, Residuals elong the Boundary
¥ v My ug N

.0000% | -.60898 x 1072 | 13615 x 10~ | .00000 x 107%° | .1k15%6 x 0= |

(0625 [~.53%3 x 10739 | ,93780 x 107® |-.57855 x 10™** |-.287% x 107%

.1250% | -.7L02h x 10™22 [ -,30630 x 10™7 [ -.1824% x 1072 [-,36507 x 107

1875 .i982h x 107 | -.41055 x 107 | L5347 x 1071 | 11259 x 107°

.2500% | -.50723 x 1073 | -,25369 x 1677 [-,1gk6h x 10™2 | 15721 x 107°

3125 | ~.60709 x 107 | 14620 x 10™* |-.30kg5 x 1071t 1..28538 x 107°

.3750% |- 11742 x 10720 | -.34839 x 1077 | .82h23 x 1072 | 18626 x 107°

4375 | .18815 x 1078 | -.7377L x 107* | -.87698 x 10711 | ,39805 x 207°

.5000% | -.73039 x 1032 |-,20239 x 1077 [-.56112 x 107*% [ 52154 x 107°

Pointe matched on the boundary

¢, Retios of Maximum Residuals to Maximum Values
of Physical Parsmeter within the Shell

il My ug Np
Meximum residual -
along the L18815 x 1078 |, 73771 x 107 | .B7698 x 10™Y| 35805 x 07
boundary

Maximum value of
the parameter
within the shell
Percentage of
maximum residual
to maximumm value

38476 x 1075

JI5TLT x 1072

Jro17 % 107 |1,01100

0,048%

0.9743%

0.0183% |0.0304%
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Teble 18. Spherical Shell Supported at the Boundary by Shear Disphragm.
Pentagonal Planform Cbtained by Point Matching
(R/t = 50, R = 1.932, a = IN2, b = & cos /5)
&. Velues of the Physical Parameters along 8=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
v [.39822 x 20™° | .33900 x 107% | .35662 x 1075 | .2879k x 1075 | 16817 x 1075 | .koes8 x 10~
1—; 0 = 36804 x 1075 |-.41803 x 1075 |-.80677 x 1075 |-,12884 x 10™* |-.15754 x 10™*
L -33914 x 1072 | 50847 x 1072 | 6950k x 10~ | 67940 x 1072 [-,16089 x 107
U .0 =.15282 x 107® |-.29735 x 10 |- 42koo x 107 {-.51637 x 10~® |-.55153 x 10™®
Bn 1.15832 1.06050 .8Log2 47810 = h19k7 x 10™%
b. Residuals along the Boundary
y v My ug Ny
.0000% | .38925 x 2071 |.,16799 x 10°7 | .00000 x 107%° -.ueoéé x 1078
L0519 [-.55790 x 107 | .23013 x 107 |.,95182 x 107° | .25972 x 107t
.10ho* | ,18530 x 10™% | ,37388 x 107® }-,39241 x 10712 |.,14827 x 1078
.1559 | .21702 % 10 |-.78015 x 107 23287 x 10™® |-,10018
2078% | L94769 x 1072 | 58026 x 1077 [-.166T2 x 107 |~ 41798 x 1075
.2597 |-.61586 x 107 13735 x 10™%  |-.Booke x 1078 ks
3217* | 32685 x 107 | 12483 x 107° | .18302 x 10722 | ,13024 x 10™*
3537 | .20828 x 10 | 27291 x 10™* | .50B29 x 107 [-.16792 x 10™*
JL4i56% [-,23086 x 10730 [-,15019 % 10™° {-.15018 x 10+ |-,11221 x 10~
L.-Pofin‘c.s matched on the boundary

¢, Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

v My ut, N
Maximum residual
along the .20828 x 10~ {.27191 x 10™* [.50829 x 107 [1.67918
boundary
Maximum value of
the parameter {,3822 x 107° [,69902 x 10™2 [.55153 x 107° [1.15832
within the shell
Percentage of
maximum residual 0.523% 0.38¢% 9,216%  |LUL .69
to maximum value
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Table 19, Spherical Shell Supported at the Boundary by Shear Diaphragm.
Hexagonal Planform Obtained by Point Matehing
(R/t = 50, R = 1.932, a = 1/\/32,, b = a cos n/6)
a. Values of the Physical Parameters along 8=0
x/b 0.0 0.2 0.k 0.6 0.8 1.0
v {.71257 x 1075 | 70034 x 1075 | .65277 x 1075 | .53841 x 1075 | 3946 x 107|-.55630 x 107°
%% .0 -.2154% x 1075 |~.60653 x 10™ |-,13188 x 10™% | -.22626 x 107%|-.279% x 10™*
M, J358h x 1078 | 79268 x 107 |1.2200 x 107 | 1.20297 x 107} 3408y x 107°
u, |.0 ~.34890 x 10™% 1-.67775 x 107 {-.94603 x 107 |-1.00835 x 107C}-.11317 x 10'5
B, 1.3%004 1.31870 1.30L4%% | 1.08531 -.34720 % 1074
b. Residuals along the Boundary
¥ W Mn ug, Np
L0000% |-.55929 x 10™2° [ .34098 x 10™8 | .00000 x 10722 |-.34hik x 1074
oz |-.41105 x 1078 [-.1675% x 107® |-.50824 x 107 | .10899 x 10t
L0884 | 14051 % 10729 [-,L5790 x 1075 |-.13120 x 107** | ,27993 x 107*
1326 | L4605 x 107 | 69149 x 107 | .10237 x 107 |~.43884 x 10*
JI68% {-,11818 x 207 | 75166 x 1075 |-.22372 x 107 | L1361k x 107°
2210 §-.35009 x 1077 |-.22017 x 107 | ~.32127 x 107F 3514 x 107
65o% | LIN8B7 x 1070 |-.20502 x 10™* | 31058 x 207** | 11861 x 107*
.3003 89569 x 1077 83108 x 10 L1860 x 1075 |-,5184h x LR
356+ |-.18699 x 10® | 12071 x 207° | -.69139 x 207* [-.23516 x 107°
“WEolnts matched on the boundary

¢. Ratios of Maximum Residusls to Maximum Values
of Physical Parameter within the Shell

o My

ut

Np

Maximum residual
along the
boundary

89564 % 1077

.83108 x 1072

L1860 x 1075

51,8496

Maximum value of
the parametexr
within the shell

LT1257 x 1672

1.22000 x 1072

JL31T7 % 1072

1.34004

Percentage of
maximum residual
to maximum velue

1.257%

£8.12%

131.30%

3866 .24%
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B. BOUNDARY POINT IEAST SQUARES SOLUTIONS

FPor an exact solution the differential equations and the boundary
conditions should be satisfied exactly &t all points of the region under
consideration. By using the point matching technique, the differential
equations were satisfied within the region while the boundary conditions
vere satisfied at discrete points along the boundary. The residuals
were calculated at numerous points along the boundary since in most
cagses the magnitude of the residuals (in the absence of an exact solu-
tion) may be used for evaluating the solution. It was found that the

residuals are zero at the points matched, and that they oscillate between

these points with increasing amplitude as the polar coordinate "r" in-

creases, as was shown in Fig. 14. This behavior is typical with the point
matching method, as discovered on other boundary value problems previously

(e.g., St. Venant torsion, plate bending).

It is desirable in scme cases to minimize the integral of the

square of the error (residuals in this case) to obtain convergence in the

mean in the limit. The technique consists of retaining "N" unknown
coefficients in the soclution of the differential equations, then writing
the boundary equations at "K" points, or using some of the equations
more than once at & point. In this way "M" equations will be generated
in "N" unknowns such that M > N.

In order to solve "M" equations with "N" unknowns, let the equa-
tions he designated by

N

z: a3y =by , 1 =1,2,---M . _ (4-7)
J=L |

Let a possible solution vector be "X;" which does not satisfy Ea. (4-7)
exactly, but leads to some residual error "“e,;" such that

E (a13Xy-bs) = e1 i=1,2,---M . (4-8)
5=

The sum of the squares of the residuals "¢," is given by

M M N N
=D e =2 E(aiéirbz);(&uiﬁ-bi) . (1-9)
<

i=1 i=1 J=
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The condition that the X's be chosen to minimize the integral of the
square of the error is

E/ZK, =0 (n = 1,+++,N) (4-10)

or
N

Z (aidzj-bi) =0 .

(k-11)

%

*Mz .ll*’Jz

or, in matrix notation,
[a]'[a) x] = [al%[6] (4-12)

where [a]T is the transpose of the matrix [a].

Hence the "M" equations in "N" unknowns are reduced to '"N" equa~
tions in "N" unknowns in an operation which assures optimel satisfac-
tion of the boundary conditlions in & least squares sense in any given

problem,

The exsmple problems solved in the previous section by means of
point matching was slsc analyzed by the least squares method. Two
cases were considered.

Cagse I ~ At each point where the boundary conditons are to be
matched as shown in Fig. 13, the equations associated with the trans~
verse displacement, rotation, and/or moments were written once, while
the equations associated with the in-plane displacements and/or mem-
brane forces were written twice. The latter boundary conditions were
repeated because they were seen to have the largest percent residuals
in the point matching results seen in Tables 6-20. Because the bound-
ary conditions were satisfied at five discrete points on each typical
boundary segment, there resulted 28 equations in 19 unknowns. These
reduced to 19 equations in 19 unknowns by means of Eq. (4-12).

Tables 21-24 summarize the results for the case of & clamped
spherifal shell with n-sided polygonal planform (R/t = 50, R = 1.932,
= 1N2.

Tables 25-28 summarize the results for the case of a spherical
shallow shell supported at the boundary by shear diaphragms (R/t = 50,

= 1.932, a = 1N 2,
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Table 21. Clamped Spherical Shell with Triangular Planform Obtained by Least Squares
Using Repeated Boundary Conditions
{(R/t =5C, R =1.932, & = LN2, b = a cos x/3)
a. Values of the Physical Parameters along 8=0
x/b 0.0 0.2 0.k 0.6 0.8 1.0
w |.12216 x 1075 | 11467 x 1075 | 91809 x 1078 | ,566L1 x 1072 | .19287 x 107® | .1k507 x 1078
-g% .0 ~.21549 x 1673 |- .L2lho x 1075 |-.50722 x 107% |-,46200 x 10™% }-.36606 x 107®
M L0270 x 1072 | 47890 x 1072 | .1338% x 10™ [-.52905 x 107 |-.16030 x 10~
u {0 -.1853% x 107 |-.328L6 x 1077 |-.3424h x 10‘7_ -.22513 x 10~ | .194og x 1072
Np .58168 .5L896 .507Thg .h61+E_36 L2952
b. Residuals along the Boundary
¥ w aw/n Uy uy
.0000% | .14507 x 10™® }-,36599 x 1078 | .19473 x 107 | Lo
0765 | 39188 x 107€ |- h2535 x 107 |-.21759 x 107®  [-.77507 x 107°
,1531% }-,23510 x 107° J56U05 % 207% | -.22681 x 107 | ,1hs6h x 1071
2296 -.2164L x 1078 .71317 x 1078 .99582 x 10™® .10849 x 1672
.3062% [ .12572 x 1072 |-.25166 x 107° 13145 x 1078 | Luh698 x 1071°
3827 32147 x 1078 1-.20461 x 10°7 |-.L0616 x 1078 |-.20892 x 107°
Ji593% 1-.L8g3g x 107 59196 x 107° 25084 x 10712 |-,88383 x 10™1%
5358 |-.34611 x 1078 | .1h4228 x 107® 25693 % 10~7 51652 x 1078
612k% | 15767 x 10° |-.43379 x 10™® | .B1647 x 107%® |-,56823 x 1073°
#7 and ov/on were forced once while ut and up were forced twice.

c¢. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

W w/an u, ug
Maximum residual
along the 34611 x 1078 |.14288 x 107° [.25693 x 1077 [.51652 x 1078
boundary

Meximum value of
the parameter
within the shell

L12216 x 107F [.5372

2 % 107 {.3h2Lk4

x 1077

L2kl x 1077

Percentage of
maximum resldual

to maximum velue

0.283%

2.60%

75.03%

15.08%

68



r o ore FF o

c. Ratios of Meximum Residuals to Maximum Values
of Physical Paremeter within the Shell

w w/dn u, u
Meximum residual
elong the .12538 x 1078 | ,15886 x 107 |.12821 x 1077 {.31733 x 107
boundary
Maximum value of
the parameter .18420 x 1075 |.58103 x 10™% | .7186L x 1077 |.7186kL x 1077
within the shell
Percentage of
maximum residual 0.0664% 0.273% 17.84% b
to maximum value
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Table 22, Clamped Spherical Shell with Square Planform Ubtained by Least Squares Using
Repeated Boundary Conditions
(R/t =50, R = 1,932, a = 142, b = a cos 7/k)
e. Values of the Physical Parameters along §=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
w {18420 x 1075 | ,17397 x 1075 | .1ke73 x 207 | .92009 x 107% | .33076 x 207° | .26345 x 107P
% .0 -.20685 x 107% {-.41683 x 10™° [-.53103 x 10°% [-.5L4346 x 1075 |-.57397 x 107®
rM,1 42375 x 1078 ] .39065 x 1072 | 20068 x 1072 |-.34703 x 107 |-,14782 x 107
up b0 -.37992 x 1077 {-.6%605 x 1077 |-.71864 x 107 {-.48370 % 1077 |-.13234 x 1072
Hp .50585 86036 79557 . 72506 LE0ET
b. Residuals along the Boundary
¥ v aw/an up ug
L0000% | L2637 x 107F | -.5732L x 107% §-.13856 x 10712 | 0
L0625 Jhgooz x 10719 | 41157 x 107®  [-,17208 x 107°  |-.26159 x 107
L1250 |- st x 107 .BBOL3 x 107 | -.3h073 x 107F® |-~.2lggh x 107
.1875 | -.5225T7 x 10 | -.6L0B7 x 107° 73791 x 107® 26666 % 1072
L2500% | 21380 x 1070 [-.34522 x 10™® [-.3B072 x 1072 { .13221 x 10712
.3125 .89558 x 1070 L0786 x 1078 | -.26147 x 107 |-.558% x 1070
L3750% V-, 76185 x 10720 | 84859 x 1070 | «,39524 x 107% | L3698 x 107"
4375 |-.12038 x 1078 | 15886 x 1677 | .12821 x 1077 [-.31733 x L07®
,5000% | L1431 x 20720 [.,32146 x 1070 |- 71h32 % 1072 |-, 73875 x Lo~1E
#y and ow/on were forced once while ut and up were forced twice.




Table 23. Clamped Spherical Shell with Pentagonsl Planform Cbtained by Least Squares Using
Repeated Boundary Conditions
(R/t = 50, K = 1.932, & = 12, b = a cos x/5)
a. Values of the Physical Parameters along 8=0

x/b 0.0 0.2 0.4 0.6 0.8 1.0
w |.19524 x 107% | .18518 x 107 | .15L3c x 1075 | .10233 x 107° | .38269 x 10 12862 x 100 |
g—% .0 -.1770h x 1075 |-.36442 x 1075 |-.53379 x 107 [-.53523 x 107° |-.23382 x 107®
M .3234g x 102 | ,32709 x 1072 | 21752 x 1072 |-.23983 x 107 -.13665 x 107
uy |.0 -.54960 x 107 |-.78105 x 1077 |-.86682 x 107 |-.59361 x 1077 | .72299 x 107:®
Ny 97976 93515 6724 .79015 71389

b. Residuals alcong the Boundary

b v aw/3n uy, u

L0000% | 12862 x 107® [-,23320 x 107 | .73445 x 10722 | Lo

L0519 [=.57306 x 107° {-,12758 x 107™® |-.36522 x 1071° | 6976 x 10™°
.1039% |-.23054 x 10™® 37884 % 107® 17921 x 1072 L39b19 x 10722
1558 |-.15713 x 1071t | 56202 x 107® | .1iB22 x 107® |-.13223 x 107°
.2078% | .15355 x 107® |-.26968 x 107 | .71515 x 1071® |- 10206 x 1071
2508 J-,1717% x 107® |-.18116 x 1077 -.h1+1'71 x 1079 .hoglz x 1670
S3117* | -.66051 x 10710 |-.63870 x 10710 | 46312 x 10742 | (39263 x 10722
.3637 | 86143 x 1072 | (77030 x 1077 | .152:7 x 1078 [-.20512 x 1078
b1s6% | 21336 x 1070 | 16824 x 10729 [..815% x 10712 |.,58170 x 107X

*w and ow/oh were forced once while ut and up were forced twice

c. Retios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

w ow/an u, uy
Maximum residusl
sleng the 66143 x 1070 { 77030 x 207 |.15217 x 107% |.20512 x 1078
boundary
Maximum velue of .
the parameter 19524 x 1075 153523 x 10" §.86682 x 1077 }[.86682 x 10~
within the shell
Percentege of
maximum residual 0.034% 1.439% 1.755% 2,366%
to maximum val}le
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Table 24, Clamped Spherical Shell with Hexagonal Planfzrr Cbhtained by Least Sguares
Using Repeated Boundary Condifions
{8/t =50, R = 1.932, a = LN2, b = a cos #/6)
8. Velues of the Physical Parameters along =0
iEF:(,/‘D 0.0 0.2 0.4 0.6 0.8 1.0
5 19756 x 107 | .1B797 x 107% | ,15803 x 107% | ,106h4 x 207° | 40739 x 107° | .12767 x 107°
%'5 -0 -.15844 x 1075 |-,33306 x 107® |-.50199 x 10™® |-.52326 x 10™% |-.,22680 x 107°
L 27527 % 10°%3) 29506 x 1072 | ,22058 x 1072 |-.18LLL x 10" |-.13054 x 107
ug {0 =gl x 10777 - B389k x 1677 [-,93627 x 107 |-.6L790 x 10 }-.37218 x 1071%
i 9, 1.00518 96105 89272 .81309 .T3016
b, Residuals along the Boundary
¥ w w/3n upy ug
Lo0o0* | 127 x 107® |-.22619 % 107 |-.36k2B x 107% ) 0
Lok {-.12123 x 167 [-.23706 x 107 | .16505 x 107® | .336L45 x 1072@
L0884% 1.,25554 x 10™® | ,3B977 x 107° 32974 x 10718 | 31027 x 1C0™22
1326 JATIE2 x 1072 | .94335 x 167 |-.65353 x 107% | .60238 x 1070
A768% | L1832h % 0™ ]-.31250 x 107° 27766 % 1072 | 11557 x 10T
2209 | -.52408 x 10°P |-.25722 x 1077 .19354 x 107 [-,51421 x 107°
,2652% |-, 75807 x 1018 | 70480 x 1073 | (16295 x 10712 | 76458 x 10712
3093 | J11737 x 1078 | 76212 x 1077 | ..69038 x 107® | .32755 x 107
,3535% | 15741 x 1071° |.,38363 x 107%C | .10018 x 1072 | ,55385 x 10722

#y and ow/on were forced once while ut and up were forced twice.

¢. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

w ow/3n u, ug
Maximum residual
slong the 11737 x 1078 ].76212 x 1077 [.69038 % 107% }.32755 x 107¢
boundary
Maximum value of
the parsmeter 19756 x 1075 [.52326 x 1075 |.93627 x 1077 |.93627 x 1077
within the shell
Percentage of
maximum residual 0.05% 14567, 7.374% 349849
to meximum value

Ti



Table 25. Spherical Shell Supported Aleng the Boundary by Shear Diaphragm Triangular Planform
Obtained by Least Squares Usi Repeated Boundary Conditions
(R/t =50, R = 1.932, a = ILN2, b = & cos n/3)
2. Values of the Physical Parameters along 8=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
w [.15858 x 1079 | ,15298 x 107 | ,13480 x 1073 | .10249 x 1075 | .55890 x 1672 |-.21028 x 10~
3—: Rv -.16345 % 107 |-.35451 x 1075 | -,56018 x 1075 |-.75183 x 1073 | -.86575 x 107°
M, L7795 x 107 | L50883 x 1072 | .hghs0 x 1072 | .3B009 x 1072 [-.75Lh3 x 10+
u, |.0 -.20885 x 1077 |-.45544 x 1077 |-.70%62 x 1077 [-.9u663 x 107 |-.10346 x 107®
Bn .83863 BGTH RS .17153 -.11069 x 1078
b. Residuals mlong the Boundary
¥ v Mn ut Np
% -.21028 x 1077 |-.7544% x 107 | Lo -.11069 x 107
L0765 | .13358 x 1077 [-.1923% x 107% |-,31621 x 1077 .36050
L1531% | L3h4b1 x 1077 | 12505 x 107° |-.13029 x 1077 L6755
2206 -.é’rgﬁL x 1077 L0090 x 1072 {-,74B29 x 1077 | 1.01584
.3062% {-,18539 x 1077 |-.68810 x 1074 17875 x 107 JuB2s2
.3827 16460 x 107 | -.3g9791 x 1072 17559 % 1078 13775
Usg3x | 60680 x 1078 24775 x 1074 |-.52679 x 1072 | -.21733 x 107°
5358 |-.96840 x 107° | .25042 x 107 |-.15979 x 107 |-1.20479
.6123* |-.82582 x 107 |-.6508% x 107% | 18640 x 107® | -.10839 x 107

*w and Mn were forced once while uy and Fn were forced twice.

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

w [ ug Hy
Maximum residusl
along the 56840 x 107 |.25942 x 107 [,17875 x 1075 |1 20479
boundary
Maximum value of
the parameter | 15858 x 1075 |.50883 x 1072 |.10346 x 107 |.83863
within the shell
Parcentage of
maximum residual 61.07% 50.55% L72.77%  |1h3.66%
to maximum value

£
12



Table 26. Spherical Shell Supported at the Boundary by Shear Diaphragm Square Planform
Obtained by Least Squares Us Repeated Boundary Conditlons
(R/t = 50, R = 1.932, & = LAN2, b = & cos /L)
8, Values of the Physical Parameters along §=0
x/b 0.0 0.2 0.b 0.6 ©.8 1.0
w {.38L76 1078 | .37359 x 107% | .33653 x 10~5 | 26475 x 10~% | 15049 x 107> |-.5981L x 1071
a_: .0 -.22963 x 1075 [-.52735 x 1072 |-.92327 x 10™° [-.1355C x 107% {-.15904 x 10™*
M, .50226 x 1078 | 638L1 x 107® | 75717 x 1072 | 65605 x 107° | .14kog x 107
uy {.0 -.128% x 107° |-.25392 x 10™® [-.36583 x 107° [-.44797 x 10°® [-.47917 x 107®
N, 1,1011 Jghlah 69284 36723 .1l x 1077
b. Residuals aleng the Boundary
y w My Uy By
L% -.lgl18 x 10729 |.,55708 x 1077 .0 -.34571 x 1073
L0625 |-.38415 x 1073° | .85851 x 107° [-.47BLL x 10721 |-.31727 x 107*
125% | .98619 x 107*° | .Boo22 x 1077 | .31405 x 1072% |- 62U36 x 1.07°
1875 26856 x 107®  |-,36678 x 1077 o8y x 1072 | 97796 x 107H
,250%  |-.50184 x 10710 |-,79051 x 1077 |-.64968 x 1071® 1-.3181Lk x 107
3125 |-.68091 x 107° L1361 x 107 f..1ELB x 10~ |-.26k20 x 1078
L375% L17054 x 10729 | 21226 x 1077 10356 x 1072 [- 13709 x 107°
L1375 19578 x 1078 [-.67472 x 107¢ {-.90505 x 1071 | .33992 x 107°
,5000% |-.22161 x 10=22 |.,12213 x 107® [-.90574 x 107%¥ | 11846 x 107°

v and My were forced once while

ut and N were forced twice.

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

w Mn ut Nn
Maximum residual
along the 19578 x 1078 {.67472 x 107* |,90505 x 107*3| .33992 x 1077
boundary
Maximum value of
the parameter 38476 x 1075 [ 75717 % 1072 | 47917 x 1077 |1.01100
within the shell
Percentage of
maximum residusl 0.051% 0.890% 0.019% o.0344
1o maximum vaelue
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Table 27. BSpherical Bhell Supported at the Boundary by Shear Diaphragm Pentagonal Planform
Obtained by Least Squares Using Repeated Boundary Conditions
(R/t = 50, R = 1.932, a = 1/\]72, b =& cos n/5)
&. Values of the Physical Parameters along 8=0
x/b 0.0 0.2 0.k 0.6 0.8 1.0
w[.39822 x 167 | .36900 x 107% | 35662 x 1075 | .28794 x 1075 | 16817 x 10™% | .Lo2s8 x 10712
§—§ .0 -.1680k x 107° [-.41803 x 107 |-,80677 x 107 |-,1288k x 107 |-.15754 x 10™*
M 3391k x 107% | ,50BLT x 1072 | 6590k x 1072 | 67ghe x 1072 |-.16089 x 107
up |.0 -.15282 x 10™° [-,29735 x 107 |-,k2koo x 107 [-.51637 x 10™® |-.55153 x 107°
By 1.1583z2 1.0605 .8kog2 L7810 -.bight x 107°
k. Residuals along the Boundary
Y w Mn ut Nn
L000% | -.16238 x 1070 |- Ehagh x 1077 .0 -.25332 x 1073
L0519 |-.56910 x 107 22762 x 107%  |-.950UT x 1078 .25969 x 1071
.1039% | .60933 x 1071t | 20611 x 1077 L16305 x 107 [-,110h9 x 107
1559 21835 x 1078 |-, 77434 x 1073 .23205 x 10™® |-.10920
L2078% | 57908 x 1072 | .500k9 x 1077 |-.20455 x 1071t |-,7249k x 107
.2598 | -.61665 x 108 13641 x 107 | -.85046 % 1678 .36933
L3117* | -.77369 x 107 | ,178L6 x 1070 L5206 x 107+ | ,56550 x 1075
L3637 | 20825 x 1077 | .27570 x 107¢ | .50833 x 107 [L.67921
Js6% | ..10800 x 10710 |- €851 x 107 | .33697 x 107 | ,11369 x 107

*w and Mp were forced once while ut and Ny were forced twice.

. Retioe of Maximmm Residusls to Maximum Values
of Physical Parsmeter within the Shell

W My

ut, Nn

Maximum residual
along the
boundary

20825

x 1077 |.27570

x 107% |.50833 x 10~ [1.67921

Maximum value of

to maximum value

the parameter |.39822 x 1075 |.69904 x 1072 1.55153 x 107° |1,15832
within the shell

Percentage of

maximm residual 0.523% 0.394% 9,217%  (144.969%
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Table 28, Spherical Shell Supported Along the Boundary by Shear Diaphragm Hexegonal Planform
Obtained by Least Squares Using Repeated Boundary Conditicms
{(R/t =50, R =1.932, a = 1N2, b = a cos n/6)
&. Values of the Physical Parameters along ©=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
w |, 7h052 x 107% | 72806 x 107% | 67932 x 107° | .56126 x 107% | ,33377 x 107° 22634 x 107
%-E .0 -.21880 x 107° [-.62351 x 107® |-.13657 x 10~* |-.23580 x 107 | -.29913 x 107*
M LLERO x 1072 | LB1913 x 10™ {1.27111 x 102 [1.2666L x 1072 .98221 x 107=
uy |.0 -.36539 x 10™® [-.71005 x x07% [-.99138 x 10™° [-.11509 x 10™% |-1.18583 x 107°
Nn 1.35706 1.33807 1.3%12 1.12255 -.L6H8T x 1072
b. Residuale mlong the Boundary
Y w Mn ut, Nn
.0000% |-.22835 x 10~ | .oB221 x 10~ | .0 . -J46u82 x 1072
.Obk2 38024 x 1078 |-.23344 x 10=* |-.55817 x 107 1.17124
,088L% | (ho123 x 1077 | 64832 x 107 |-.98686 x 107° -620h3 x 102
A326 | 42787 x 1077 | .11311 x 107 | L11067 x 107 | -h.7h366
1768 | -.26835 x 1077 26209 x 10~% | 13009 x 107° -.78536 x 107
2210 |-.56258 x 10~ |-.32414 x 107® {-.346Lg x 107® | 1k4.57286
2652% | 46793 x 107 | 46060 x 107 [-.31689 x 107° 11267 x 107
.3093 15463 x 107° L1471 x 107F §-,15985 % 107 |-55,9279
.3535% | 63732 x 1078 91584 x 107* .263%5 x 107° -.95251 x 107

*w and M, were forced once while ut and Np were forced twice,

¢. Ratios of Maximum Residumsls to Maximum Values
of Physical Parameter within the Shell

v Mp ug; Hy
Maximum residual . -
along the 15503 x 1078 |. 11471 x 107* [.15989 x 10 55.9279
boundary
Maximum value of
the parameter .7ho52 x 1078 | 12711 x 10™% [.11858 x 107° | 1.35706
within the ghell
Percentage of
maximum residual 20.800% G0.245% 134.837% |4121.255%
to maximum value

(P



Case Il - In this case T points were chosen on the boundary as
shown in Fig. 15. Points 1, 2, 3, 5, and 7 are equally spaced along the
edge and points 4 and 6 are located midway between points 3, 5, and 7.
At points 1, 2, 3, 5, and 7, all the equations for the boundary condi-
tions were written, while at points 4 and 6 only the equations associated
with the in-plene displacements and/or forces were written, giving 23
equations in 19 unknowns which were solved in the least squares sense.

Tebles 29-32 are the results for the case of a clamped spherical
shell with n-sided polygonal planform (R/t = 50, R = 1.932, a = 1A2),

Tables 33-36 sumarize the results for the case of a spherical
shallow shell with n-sided polygonal planform s%?ported at the boundary
by shear diaphragms (R/t = 50, R = 1.932, a = 1IN2.

C. DISCUSSION AND CONCLUSIONS

As the number of points on the boundary to be matched increases,
the size of the coefficient matrix increases and the sclution usually
improves; however, there is a turning point where the camputing round-
off error caused by matrix inversion increases at a faster rate then the
improvement caused by increasing the size of the coefficient matrix.

In the case of the shallow shells, in contrast with plate-bending
problems solved using the polint matching technique, the boundary shape
affects the accuracy of the solution more. The complementary solution
for a simply connected plate with symmetric properties with respect to
the (8 = 0) axes is

N
We = z. (Bnr™ + Car®™™2) cos no
1=3,m

where r" and r»2 are continuous functions increasing continuously as r
increases. 1In the case of shallow shells, the Bessel-Kelvin functions
used and their derivatives are alsc continuous functions; but as the
argument increases, these functions oscillate (Fig. 16) with rapidly
increasing emplitudes, having zeros as shown by Table 37 for the Bessel-
Kelvin functions of zeroth order {Ref. 23); consequently, these functions
are increasingly difficult to control along a boundary as r increases.
However, it is also seen from the various results that edge residuals

of a fairly large megnitude can be tolerated as an acceptable solution,
particularly if the shell is thin.

In the case of the clamped shallow shell with regular n-sided po-
lygonal planform the residuals slong the boundary were reduced success-
fully by use of the boundary point least squares technique. For example,
results obtained for a spherical shallow shell with a square planform are
summarized in Table 38.
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Teble 29. Clamped Spherical Shell with Trianguler Planform Cbtained by Least Squares
Using Additional Points
(R/t =50, R = 1.932, & = LN2, b = & cos n/3)
a. Values of the Physical Parameters along 6=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
wl.12202 % 1075 | L11ho1 x 10°5 | .g200h x 167% | L5673 x 107° | 19246 x 0™ | .2980k x 107°
g—z N -.21552 % 107 [-.42547 x 1075 | -,5LBolk x 1075 |-.46395 x 107 |-,2527L x 10%°
M 60392 % 10™2 | 48011 x 1072 | ,13L27 x 108 |-.53172 x 10™% [-.,16171 x 107F
u, |.0 -.18612 x 1077 |-.3192% x 1077 |-.3L236 x 1077 |-.22372 x 1077 | 69096 x 107t
Bn .58182 55020 . 50945 RIS 23tk

b. Residuals along the Boundary

¥ w Iw/3n Uy ug,
. Q00 L1080k % 107 |-.2518g x 1079 69140 x 1072 | Loooo x 10738
L0383 J1hes1 x 1070 | -.30826 x 107 JLgrel x 107 | 78835 x 107HE
7655 | .33786 x 1072 |-.37892 x 107 b .31759 x 107 | L13120 x 107F
L1148 [-.16527 x 107 |- .2Us72 x 1070 |-.s6523 x 107t | L13731 x 1070
L1531% {~.27906 x 107° 25485 x 1070 |-.93%66 x 107t | 00663 x 107
2014 [-.28675 x 107® | .10353 x 107° |-.92886 x 107t | .23883 x 107
2206 |[-.18112 x 107 | .1664 x 10~® |-.51622 x 107t [-.98008 x 107t
2679 |-.Bg82% x 1071 | .1h7o7 x 107 | (11772 x 107 |-.16874 x 107C
.3062% | L1747 x 107 [-.92666 x 107° | .65583 x 107t |-.17135 x 1070
J3h5 21092 x 10 [-.29071 x 107 | .79284 x 107t |-.goLgy x 107
.aB27ex| .15u6k x 107®  |-.567H2 x 107 L0590 % 10711 | L4g323 x 107M
4210 28715 x 1079 |-.57931 x 107® |-.33197 x 1072 | 16421 x 1070
4593% [-.60022 x 10710 [-.1019% x 107® |-.93006 x 107 | .16936 x 1077
g6 |-.24656 x 1072 | L13015 x 107 {-.77270 x 107 | 16523 x 107t
.5358%% Lo7h1l x 107%° | .29814 x 1067 H3709 % 1073 [-.20503 % 1671
57h1 12218 x 10™° .35865 x 1077 18895 x 107 l..25353 x 107°
Szt | 78773 x 10711 | LbBh79 x 10720 | 12013 x 1074 | 22595 x 107
*w, owfon, up, and ug forced
** up ard ug forced
. Ratios of Maximum Residuals to Maximum Values
of Physical Paremeter within the Shell
w aw/fan up uy
Maximum residual
along the ,28715 % 1072 |.35865 x 1077 |.18895 x 107*°|.25353 x 107%°
boundary.
Maximum value of
the parameter 12042 x 1075 |.548gh x 1070 |.3u236 x 1077 [.34236 x 1077
within the shell
Percentage of
maximum residual 0.0235% 0.6534% 0.0552% 0.0741%
to maximuam value
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Table 30, Cla.l{zped Sphericel Shell with Square Plenform Obtained by Least Squares Using
ﬁ%tiogg]; gotn;:f%a’ a=1M2,b =2 cos w /L)
8. Values of the Physical Parameters along =0
x/b 0.0 0.2 a.4 0.6 0.8 1.0
w | L1BM6L x 1075 [ 17430 x 1075 | .14300 x 1675 | .92187 x 102 | .3312h4 x 107% |-.16227 x 107°
—a:,-' .0 -.20721 x 1075 |-.41761 x 1075 |-.58220 x 1075 |-.54460 x 1075 | 19552 x 10™°
L Jahlo x 107 | ,39139 x 107° | 20110 x 1072 [-.34778 x 107% |[-.14874 x 107%
u, |0 -.38169 x 1077 1-.65872 x 1077 |-.72092 x 1077 |-.484cL x 1077 | .39207 x 107+
. 50605 86122 LT9738 L72773 b5799
b. Residuasls along the Boundary
¥ W ¥w/on Yy ug,

L% -.16228 x 107 | (19559 x 10~° | .39211 x 107 | .0

.0313  {-.95490 x 10710 | a7m43 x 1078 | 27729 x 107° | .8625h4 x 107R°

0625 | 64857 x 1070 | 94184 x 107° |-.18009 x 107*1 | 14135 x 1072

0937 .22050 x 1072 [-.75182 x 10™® |-.3679L x 107° | ,14387 x 10°°

J1250% | 27097 x 107° [-,32930 x 10™® |-.62060 x 1070 | .Bgs9g x 1072

1563 L7465 x 1078 [ -.58558 x 1078 1-.66520 x 10729 [-.550L6 x 107%t

1875 {-.17907 x 1079 [-.68179 x 1078 | -.4B1lz x 107 |-.10847 x 107°

L2187 (-.18281 x 107® |-.4kiz6 x 107® {-.15138 x 1071° |-, 17724 % 107°

.2500% {-,10430 x 10™° [-.20338 x 107° L7386 x 10719 [-.17557 x 1078

2812 |-.18024 x 10™1° | 10789 x 1077 | .35220 x 107° |-.8931k x 106™*°

leske| 22863 x 107 | 17285 x 107 32526 % 10™° | 58132 x 107%°

3437 .31014 x 107° | 14863 x 107 | .15216 x 1079 | .19884 x 107°

375% | .28053 x 10729 |-.64081 x 107 |-.h684T x 1071t [ 23177 x 107°

L063  |-.55032 x 107 [-.26600 x 107 [-.22078 x 1071° | .66488 x 10710

Li375ee |- o504 x 107®  |-.L8B11 x 1077 |-.46306 x 107° |-.28363 x 107°

4687 |-.61435 x 107 [-.bbabg x 1077 |-.6958% x 10719 |-,54177 x 1070

.5000% | 60863 x 107° | .33217 x 10™¢ | .6830k x 107'¢ | .68287 x 1077

*w, &w/d, up, ard vy forced
*¥ py and ut forced

c. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

W ow/on up, ug
Maximum residual
along the L95047 % 1072 |.4B811 x 1077 |.6954k x 107 .5hi77 x 107®
boundery
Maximum velue of
the parameter JBL61 x 1075 |.58220 x 1075 |.72092 x 10~ |.72092 % 1677
within the shell
Percentage of
meximum residuai 0.0520% 0.838L4, 009549 Q.7515%
to maximum value
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Table 31, Clamped Spherical Shell with Pentagonal Planform Obtained by Least Squares Using
Additional Points

{R/t = 90, R = 1,932, a = 142, b = a cos n/5)
a. Values of the Physical Parameters slong 6=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
a: 219529 x 107 | .18523 x 10™5 | .15434 x 1075 | ,10236 x 105 | 38281 x 1072 -.98797 x 1071°
S | -0 -, 17707 x 10™% |-.36LUB x 1075 [-,53389 x 10™5 [-.53548 x 1075 | .18942 x 1072
M, .32355 x 1072 | ,32715 x 1072 | 21759 x 1072 [-.23968 x 1072 [-.1373% x 107t
Uy .o - ikoB6 x 1077 |-.78150 x 1677 |-.86728 x 10~ |-.59360 x 1077 | .28338 x 107C
Yo -97978 .93523 86749 79095 71263
b. Residuals along the Boundary
4 W Iw/a3n u, U

OF | -.98799 % 10710 | 18648 x 1078 | .283u3 x 107 | .0

L0259 | -~.7466k x 1079 ] (11925 x 107® | .22903 x 1079 | 19179 x 107®

L0519 {-.88236 x 10~ |-.536k0 x 107 | 80006 x 107'* | .30883 x 107°

0779 | -T9732 x 107 | -.2342k x 107® Y. 10610 x 10730 | .29535 x 107°

.1039% | 16195 x 107° | .31695 x 107® [-.34318 x 10™'° | .15399 x 10

1299 | .20410 x 107 |-.2kege x 10™® | -.52821 x 107° |-.69ke7 x 107°

1558 | 17698 x 107® | -.41681 x 10™° | -.6kooL x 10720 [-,28812 x 107

(1818 | 68675 x 10717 | 16662 x 107° [ -.62902 x 107° |-.Lok6s x 107

.2078% |-.10243 x 10™® | .22309 x 10™® |[-.43080 x 107~1° |-.35083 x 107

2338 [-.28054 x 107® | .30481 x 107® | .LBh53 x 1072 J-o.125LL x 107°

2597 -.38006 x 107P [-.33103 x 107® | .63135 x 10673 | .183% x 107°

2857 | -.3160h x 1072 |-.53497 x 107® | .11915 x 107° L1328 % 107°

LA1L7* | -.58245 x 10720 |-.73503 x 107 | .1147% x 107® | 38134 x 107°

3377 | .30802 x 10 | .14k76 x 1077 |-.14522 x 1079 |-,15623 x 1072

.3637%% 56385 x 107 | L37148 x 1077 | -.27204% x 107 |-.58205 x 10°°

.3B% | L7896 x 107 | L7968 x 1077 | . Lzoee x 107 | -.8436L x 107°

Jiasex | L3522 x 1070 Look8 x 1070 20829 x 107° .15133 % 107®

¥ w, ow/on, u, and ug forced
¥y, and ug forced

¢. Ratios of Maximum Residuals to Maximum Values
of Physical Parameter within the Shell

W aw/dn uy uy
Maximum residual
alang the 56385 x 1072 | k7968 x 1077 | 43905 x 107F | .84361 x 1079
boundary
Maximum value of
the parameter 19529 x 107° | 53548 x 107% |.86728 x 1077 |.86728 x 1077
within the shell
Percentage of
maximum residual 0,028%% 0.8975% 0.5062% 0.0727%
1o maximum value
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Teble 32. %ﬂign iﬁh;gi.;:i Shell with Hexagonal Planform Obtained by Least Squares Using
(R/t =50, R = 1.932, & = 1A/2, b = a cos /6)
a. Values of the Phyeical Parameters along =0
x/b 0.0 0.2 0.L 0.6 0.8 1.0
wl,19734 x 1075 | 18775 x 107° | .15785 % 107% | ,10631 x 105 | .hoBo2 x 07 | .2667 x 107
%‘E .0 -.15828 x 1075 |-.33290 x 107% [-.50141 x 1075 |{-.52263 x 1075 | .7i067 x 107°
M, 27499 x 1072 | .2gk73 x 1672 | .22032 x 1072 |-,18L17 x 10™® {-.13005 x 107*
L ! 47809 x 1077 |-.83L4g x 1077 |-.93359 x 1077 |-.646k41 x 1077 |-.35125 x 10731
Hp 1.00412 .96082 89184 .B116k .72899
b. Residuels slong the Boundary
¥ w v/ dn uy u

O¥ 266TT x 107 | .71130 x 107® |-.35120 x 107 | G

0221 | ,13002 x 107® |-.60100 x 107® | 50466 x 107} | 22766 x 107°

Ol J-,10179 x 107 |-.32065 x 10™® | .2ho13 x 1079 | 35772 x 107

L0663 |-.b8521 x 107® | 41706 x 107° | .36737 x 107° | .33007 x 107°

.088b* j-,5L015 % 1072 | .10609 x 10® | 25779 x 107%% | .1k71k x 107°

,1105 [-.28503 x 1070 | .55006 x 107® [-.15722 x 107M° [-.12272 x 107®

L1326 | L1h978 x 107P | 11889 x 107 | -.75740 x 1070 |-.366%2 x 107P

1547 | J48870 x 107® | .1136L x 107 | -.12315 x 107 |-.47209 x 107

Q768 | 386 x 107® 84189 x 107® | ~.1l919 x 107® |-,37008 x 107®

1989 | .54125 x 10%2° {-.17363 x 2077 |-.39891 x 1070 |-.88925 x 167'°

2209%* |-,52043 x 10™® |-.32849 x 107 L97603 x 10729 | 24680 x 107°

2431 |-.79748 x 10 [-.30652 x 1077 | .21867 x 107® | L4717 x 107°

a652% |-.b2353 x 16™°  |-.14721 x 107° 20534 x 107° .34ko6 x 107°

2873 | .bob13 x 107 | .53309 x 107 ]-.38590 x 10729 |-.8982 x 107%°

,3093%¢] 12605 x 10° | .20070 x 207® {-.b57L5 x 107°  |~.63116 x 107°

.3315 | .10759 x 107® | .95139 x 107 }-.65625 x 107° |-.77002 x 107°

A13s% | L1357 x 107° | 14820 x 107® | .30378 x 10 | ,17538 x 1079

% w, w/on, up end ut Forced
¥* up and ug forced

¢, Ratios of Maximum Residuals to Maximum Values
of Phyeical Parameter within the Shell

w aw/on u,

n L .
Maximum residual
along the 2605 x 1075 |.10070 x 1072 | 65625 x 1679 |.77002 x 107°
boundary

Maximum velus of

the parameter .1973L x 107 |.52263 x 10™% {.93359 x 1077 |,93359 x 10°7
within the shell
Percentage of
naximun residual 0.063%% 1,9268% 0,7029% 0.82484,
to maximum value
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Table 33. Spherical Shell Supported Along the Boundary Shear Diaphragn Trisngular Planform
Obtained by Least Squares Usipg Additional Points
(R/t =50, R = 1,932, & = LN2, b = a cos n/3)
a. Values of the Physical Parameters along 6=0
x/v 0.0 0.2 0.4 0.6 0.8 1.0
“w (-19311 x 1075 | ,18095 x 1075 | .13900 x 1075 | .58654 x 10™ | -.66706 x 107° [-.23707 x 105 |
5 |0 -.36261 x 1075 [ -.8U488 x 1075 |-, 14443 x 107 |-.21023 x 1074 [ -,260k0 x 1074
M .10855 x 16™1 | 13152 x 167 | ,15257 x 1071 | ,16178 x 107* | 16117 x 107*
n, f .0 ~022440 x 1077 | -.45125 x 1077 | -,53058 x 1077 [-.27722 x 1077 | 46518 x 107
N, 1,07080 89992 ST154Y L9518 12142
b, Residuals slong the Boundary
¥ w My ut Nn
L0 -.23707 x 1075 16117 x 107 .0 12142
L0383 | -.24371 x 1075 | ,16499 x 107™% | .34060 x 1077 | .16601
L0765 | -.25963 % 1075 | 17399 x 167% | 6533k x 1077 | .2961%
L1148 [ -.278k5 x 1678 L8176 x 107t .90883 x 1077 L9835
.1531% [ -,27537 x 1075 18072 x 1072 L10786 x 1¢™® .T4318
L1913 | -.25250 x 1079 L6567 x 107 | ,11keg x 10™® 98112
L2296 | -.20366 x 107 1369 x 107t L1030 x 10T | 114606
2679 | -.1368L x 1075 | .101B2 x 107t .99286 % 1077 }1.17395
.3062% | ~.68977 x 107 | .72780 x 107 | .87858 x 10~ |1.02727
.3bbh [-.20853 x 107° | 62793 x 107 | .85325 x 1077 | .73152
3827ex |- g1hol x 1077 | L77The x 1072 | L1002k x 10™° | .39327
4210 [-.38390 x 107% | ,10885 x 107 | .13683 x 107 | .18709
JA503% )-.96558 x 107° | .12gky x 167 | .1916% x 107 | .28938
L4975 1-.15830 x 107° .10324 x 107+ 25318 x 10~° LT5657
5358 [-.19803 x 10™° | .137% x 207 | .30655 x 10° [1,38218
ST |-.21057 x 1077 | 72008 x 1072 | 34319 x 10°  [1.63356
Ll2k* 1-,22911 x 1075 | ,10907 x 107 | (21349 x 107° | .87385
* w, Mg, ut and Np forced

*#% uy and Np forced

c. Ratios of Meximum Residuals to Maximum Values
of Physical Parsmeter within the Shell

v My ¥n
Maximum residual
aleng the 27535 % 1077 | L1BL76 x 1071 | 34319 x 107° | 1.633%
boundary
Maximum value of
the parameter L19311 x 1075 | ,16178 x 1071 | .53058 x 1077 | 1.07080
within the shell
Percentage of
maximum residual 142.59% 112.35% 6L6 824 | 152,964
to maximum value
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Teble 34, Sphericel Shell Supported Along the Boundery by Shear Diaphregm Square Flanform
Obtained by Least Squares Us Additional Points
(R/t =50, R = 1,932, a = LN2, b = & cos n/h)
a. Values of the Physicel Parsmeters alohg =0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
w |.38476 x 107 | .37359 x 107 | .3%53 x 107° | 26475 x 1075 | .1504g x 1075 |-.5014hk x 10720
= .0 -.22962 x 1075 }-.52734 x 1075 |-.92327 x 10~5 |-.13551 x 107* |-.15005 x 107
M_ 50225 x 107% | .63841 x 1072 | 75717 x 1072 | 65608 x 10= |-.B6492 x 10°© |
u, |.0 -.128% x 107 [-.25392 x 107° {-.36563 x 10 |-.44797 x 107 [-.L7917 x 107°
Ny, 1.10110 Lohhk 69283 36720 26986 x 107
b. Residuals along the Boundary
Y v My g lin
L% -.59252 x 10719 [-.9u68L x 1078 | .0 LE%h x 107
0313 |-.58078 x 107° | .28493 x 10™° |-.70508 x 107%t | 65640 x 10~S
L0625 |-.43732 x 107 | .B5259 x 167° |-.10882 x 107*° |-.39756 x 1074
0938 | .59797 x 107* | .95973 x 107° |[-.98uhg x 107** | .76383 x 107
,1250% | ,10010 x 1072 {-.321202 x 1078 |-.45807 x Lot -.6%55 x 107
L1563 .20156 x 167°  |-.19326 x 107% 22702 x 1071 |-,11L89 x 1074
L1875 | 26828 x 1070 |-.372% x 10™° | .75533 x 107 { (69954 x 107*
.2188 L1911k x 107°  [-.35868 % 1078 91684 x 101t | 12239 x 10°°
.2500% | 59430 x 1072° |-.21589 x 10~ 72536 x 10711 | 10204 x 107°
2813 |-.41856 x 107® | 6716 x 0% | L36661 x 1071 | 10371 % 1074
\3125%%]-.691R1 x 1072 | ,13363 x 10~*% | .59917 x 162 |.,00845 x 107
3438 |-.60883 x 107 13560 x 107 1.,13673 x 1070 |-,10086 x 1072
.3750% |-.20203 x 107%° |-.11k90 x 107  [-.36486 x 107 |-.57295 x 107
L063 .10802 x 1078 |.,30322 x 107 |-.74512 x 107t | .12313 x 107
L37sex| 119790 x 107 " 1o.67508 x 10=  {-.96332 x 1071 L7788 x 107t
687 | 17805 x 107° [-.78681 x 10™*  |-.26639 x 1072 [-.30251 x 107
.5000% | 20647 x 107° |-.90853 x 1077 .B27hs x 10™** |-.31985 x 107*

* w, Mp, ut and Np forced
*H oy anéd N forced

c¢. Ratios of Maximum Residuals to Maximum Values

of Physical Paremeter within the Shell

w M, ug L
Maximum residusl
along the .19790 x 107°% |.78681 x 10™* |.10882 x 1073¢| ,30251 x 1072
boundary
Maximum value of
the parameter 3BU76 % 1075 |.75717 x 1072 |.47917 x 107® |1.01100
within the shell
Percentage of
meximm residusl 0,051% 1.03% 0,002%4 {0.027%
to maximum value
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Teble 35.' 8pherical Shell Supperted Along the Boundary by Shear Diaphragm Pentagonal Planform

Obtained by Least Squares Us

g Additional Points

{R/t =50, B =1.932, & = 1N2, b = a cog n/5)
a. Values of the Physical Parameters slong 8=0

x/b 0.0 0.2 0.4 0.6 0.8 1.0
wl.38302 x 1075 | La7heh x 1075 | .3k223 x 1075 | 27511 x 107°  ,15977 x 107° | .L23%6 X 10'#
%:’; .0 S 6704 x 2075 {-.L113h x 10™F }-,78381 x 107% |-.12283 x 107% |-.13909 x 107%
M 33567 x 1072 | ,Lg530 x 1072 | 67019 x 1072 | 6209k x 1072 |-.463T6 x 107F
ug |0 -.1463 x 107 |-.28100 x 1078 |-,39970 x 107° |-.L8A4L x 107® |-.51525 x 10
By 1,15017 1.05389 .8hos2 .5038 .51213 % 1078
b. Residuale along the Boundary
¥ w Mn ut, i

0% L2396 x 107  {-.46377 x 10% | .0 L9121 x 102 |

0259 | .25631 x 1077 |-.86286 x 10°° | 4035 x 10 | .13h95 x 107

0519 |-.16807 x 1677 58515 % 10™ 69221 x 1078 .2h733 x 107t

L0779 |-.6477L x 1077 50610 x 10™* | 77930 x 107 ] .37811 x 107t

L1030% [-.94733 x 1077 |-.11195 x 10~ | 63120 x 10° | .463b7 x 107

.1299 [-,90587 x 107 |-.39913 x 107° 28119 x 1078 45212 % 107t

1559 | -.50764 x 1077 }-.64154 x 107 |-.17078 x 107° .33272 x 107t

1818 | .51032 x 1078 |-.50467 x 107 |-,57661 x 107 } .15143 x 10°*

.2078% | .52443 x 1077 ~ ~.92730 x 10™* | -,77651 x 107® 62303 x 1070

2338 | .6L4051 x 107 | .76790 x 107° [-.64780 x 1078 | 79016 x 1072

2598 | 28499 x 107 | .15239 x 107% |-,15453 x 10™® | .2096%4 x 107t

2857 |-.k2847 x 207 | JLkb1T7 x 1072 | L61676 x 107 | .53009 x 1071

3L17% |-.11868 x 107 |-.10705 x 107 | 14467 x 1077 | .72239 x 107*

3377 ]-.16278 x 107 |-.30345 x 107 | 19991 x 107 46885 x 107

L3637+ |-.15502 x 1070 [-.5035k x 107% | 18435 x 107 |-.32646 x 107

3896 -.11227 x 107 [-.59770 x 107 | .Lh7ho x 107° |-.93316 x 107%

H156% |-.73767 x 1077 -.1985& x 107% |-.20116 x 107 BLT7E6 x 107

*w, Mp, g and Ny forced

% uy and Np forced

¢. Retios of Maximum Residuals to Maximum Values
of Physical Paresmeter within the Shell

v Mn Uty Mn
Maximum residual
along the 16278 x 107™° |.59770 x 1072 | 29116 x 1077| .93316 x 1071
boundary
Maximm value of
the parameter .38342 x 1075 | 67019 x 1072 |.51525 x 107® |1.15017
within the shell
Percentage of
maximum residual L, 2% 89.18% 5.65% 8.11%
to maximum value
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Table 36. Spherical Shell Supported Along the Boundary by Shear Diaphragm Hexagonal Planform
Obtained by Least Squares Us Additional Points
(R/t =50, R = 1,932, a = LN2, b = a cos n/6)
a. Values of the Physical Parameters along 8=0
x/b 0.0 0.2 0.4 0.6 0.8 1.0
wl.36351 x 1075 | .3553% x 1075 | .32582 x 107% | .26193 x 10™° | .1506k4 x 107 | .78332 x 1077
-?;'ni .0 -. 14084 x 1075 [-,36030 x 1075 [-,70338 x 107% [-.11066 x 107 |-.10546 x 16~
_M; .27234% x 107% | 42915 x 1072 | ,59531 x 1072 | .53785 x 107 |-.16292 x 107°
by |.0 -.14311 x 107 [-.27579 x 10™® |-.3866 x 107° [-.45266 x 107° |-.468Ck x 107°
L 114571 1.08850 93754 Lhalo 66907 x 107F
b. Residuals along the Boundary
Yy L My ug Bn
R 78332 x 107 {-.16292 x 107 | .0 66907 x 107
L0221 | .uo620 x 1077 | -.60166 x 10™* | .78521 x 107® | .7éoe2 x 107%
Johhz |ashizh x 107 | 10733 x 107 | 1332k x 1077 10073
L0663 |-.15921 % 10~ | .27329 x 10~* | .14679 x 1077 ,13372
088l [ -.22150 x 10° [-.51887 x 10™® | .11351 x 107 | .1637%
L1105 | -.20722 % 107° | -.1k019 x 107 L2339 x 1078 L7903
L1326 1-.12003 x 1078 | -.20846 x 107 |-,43817 x 1078 | 17150
ask7 | -.25120 x 107® |-.18627 x 107 | -.1130k x 107 | ,14199
1768% | 81467 x 10~ | -.3u720 x 107° | -.133k1 x 1077 10279
L1989 | .T7217 x 107 | .20445 x 102 [-.8uk03 x 1078 | .7u609 x 1071
.2210%% -,30707 x 10~ | .3938L x 107 | .32612 x 10~® | .75920 x 1071
.2h31 [-.20431 x 107 | .34902 x 10™® | .18B51 x 107 | .1o79b
L5k |-,36066 x 107 [-.uL316 x 10~® | .32843 x 1077 | .1h3s7
2873 | ~.43032 x 1079 |-.68773 x 107% | .38205 x 107 | .13L92
.3093%%| -, 36620 x 107 |-.11972 x 107F | .27819 x 107 | .54201 x 107t
.3315  |-.21485 x 107® |-.10388 x 107 [..4h2gh x 1078 |-.25515 x 10™t
.3535% |-.81047 x 1077 |-.86505 x 107 |-.63919 x 107 .17343

* vy, Mp, uy and Np forced
*# ut and Np forced

¢. Retips of Maximum Residuals to Maximum Values
of Physical Parameter within the -Shell

w My ut, Np
Maximum residual - o
along the 43032 % 107 | ,11972 x 10 63519 x 1C 17903
boundary
Maximum value of
the paremeter \36351 x 1075 | ,59531 x 1073 [ 4680k x 107° | 1.14571
within the shell
Percentage of
paximm residual 11,844 201.12% 13.66% | 15.63%
to maximum value
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Table 37. Zeros of Bessel-Kelvin Punctiong of Order Zero
7eros ber X bei X ber' X bei! X
1st zero 2.8h892 5.02622 6.03871 3.77320
ond zero 7.23883 9.45541 10,5136k 8.28099
3rd zero 11.6T73% 13.89349 14.9684L 12.74215
Lth zero 16.11356 18.33398 19,41758 17.19343
5th zero 20.55463 22, 77544 23.86430 21,64114
Table 38, Comperison of Solutions by Three Methods.

Clamped Square Planform.

Parameter

Point Matching

Teast square Sense

(un)max. at 6 =0

-0,70107 x 10~7

-0. 72864 x 10~7

Technique Technique
Cagse I Case II

J et w) _ 0.352% 0.006% 0.052%

Res. |
(—WsnL'es an) mex.| 26-685% 2.730% 0,838%

Res.
(—g—sgn—'*‘) e, | 155.476% 17.840% 0.0%%

R
(——e%t—“t) I 31.195% b, 4164 0.752%
v at r =0 0.1816 x 10~S 0.18420 x 10°5 0.18461 x 107S
[%g)max at 6 = 0| =-0.57230 x 105 ' |-0.58103 x 10~S -0.58220 x 107°

-0.72092 x 107

— n . ,
M, at{r =8 CoSp | _0.14682 x 107* |-0.14782 x 10~ -0,14874 x 107t
6 =0
r =8 t’.!(Z)S:‘i .
fl,. at o - o L 063088 0.66067 0.65799
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This behavior was typical also in the cases of trianguler, pentag-
onal, and hexagonal planforms. As the residuals on the boundary were
reduced to & maximum of less than 1%, the values of the physical param-
eters within the shell changed only slightly.

The accuracy of these approximate types of solution are usually
judged by two criteria: (a) the residuals encountered along the bound-
ary and (b) the rate of convergence of solutions as the number of
boundary points used is increased.

Using the boundary point least squares method (Case II), the maxi-
mum deviation from zero deflection along the boundary occurs in the case
of the hexagon and is only 0.064% of the center deflection. The maximum
deviations from zerc normel slope, zero normal displacement, and zero
tangential displacement slong the boundary cccurred in the case of the
hexagonal planform and were 1.927%, O.703%, and 0.825% of the meximum
velues, respectively.

Table 39 summarizes the values of the physical parsmeters at same
significant points. As the number of sides of the planform increased
the values of maximum redial displacement and radial in-plane forces
evaluated at ¢ = O and r = 2a cos n/n increased continuously and were
maximum for the spherical shell with circular planform. The normal
moments &t 9 = O, r = 0.2a cos n/n and at 8 = 0, r = a cos n/n decreased
continuously as the number of sides increased and were minimel for the
shell having circular planform. The center deflection and normal in-
plane force at (6 = 0, r = a cos n/n) were maximal for the hexagonal
planform.

Ill-conditioning of the coefficlient metrix does not only depend on
the shape of the boundary but also on the boundary conditions required
to be setisfied. This is exemplified by the problem of the spherical
shallow shell supported along the boundary by shear diaphragm. In that
case, the maximum deviation from exact boundary conditions between
points metched could not be reduced for the pentagonal and hexsgonal
plenforms, elther by increasing the number of discrete points used on
the boundary, or by the use of the least squares technigue. When the
least squares Lechnique was used, the coefficient matrix became i1l-
conditioned.

In the preceding chapter the point matching sclution was compared
to the exact solution for a spherical shallow shell with square plan-
form supported along the boundary by shear diaphragms. If we accept as
an approximate solution any solution which gives maximum deviation fram
exact boundary conditions between the points matched less than or equal
to that of the shell with square planform, then on the basis of this
comparison the only acceptable problem is the case of a shell with tri-
angular planform. Table 40 summarizes the results for shells supported
along the boundary by shear diaphragms with triangular, square, and
circular planforms. This shows that all the physicel parameters in-
crease as the number of sides of the planform is increased.
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Teble 40. Values of the Physical Parameters for a Spherical
Shell Supported Along the Boundary by Shear
Diaphragms; Trianguler, Square and Circular
Planforms (R/t = 50, R = 1.932, a = 1A/2)
Parameter 3 Number thSIQSS -
watr =0 0.30% x 10-% | 0,385 x 105 | 1.387 x 10-S
oW ¢ =0 -4 -5 -5
a =\ = ek ¥
"y t r =& cos 1/n 0.155 x 10 0.159 x 10 0.518 x 10
8 =0 - -8 | -8 _ -
u, atir - a cos n/n 0.287 x 10 0.479 x ;o 3.082 x 10
(Ma) max. 0.980 x 1072 | 0.757 x 1072 [ 2.479 x 102
=0 0.766 1.101 1.621
Na at%r = 0.2a cos n/n 7

Teble 41 gives results from the solution of the problem of uniformly
losded plates having clemped regular polygonal shape (Ref. 24) and hav-

ing the same planform dimensions as those of the shell referred to in

Table 39.
Table Ll. Uniformly Loaded Clamped Plates of Regular
Polygonal Shape (t = 0.03864, b = a cos n/n,
a = 1N2, E = 30 x 10° 1bs/in®)
No. of Sides atr=0 et =0 L
3 0.2380 x 107° 1.2265 x 1072 | -2.9650 x 107
b 0.7981 x 1075 2.2905 x 10™% | -5,1325 x 1073
5 1.2574 x 10°% 2.8902 x 1072 | 6.1718 x 1073
6 1.5740 x 1075 3.2400 x 1072 | 6.6750 x 10 3§
0 2.4638 x 107° 4.0625 x 1072 | -6.2500 x 1073
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The center deflection and moment of a clamped plate increases continu-
ously as the nurber of sides of the regular polygon is increased, and
the center deflection of a circular plate is 10.3 times that of a cir-
cular plate. But in the case of shells, the deflection at the center
of the circular shell is only .165 that of a clamped shell with triangu-
lar planform; the moments decrease contlnuously as the number of sides
is increased.

It is also interesting, in comparing a plate and & shell having
the same planform dimensions and thicknesses (from Tables 39 and 41)
that the ratic of the center deflection of the polygonal plate to that
of the polygonal shell lncreases as the number of sides increases. This
can be seen in Table 42,

Table 42, Ratio of the Center Deflection of & Polygonal
Plate to That of a Polygonal Shell Having the
Same Uniform Normal Loading and Dimensions
(Clamped Boundaries)

Number of Sides
3 4 5 6 -
"plate Mshell 1.95 .31 6.45 8.00 12.65
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V. SHALLOW SPHERICAL SHELLS HAVING ELLIPTICAL PLANFORMS

In this chapter, the results of further experience with the method
are sumarized; the noncircular curvilinear boundary is introduced by
means of using an ellipse. The method of point matching is straight-
forwaerdly applied as in the previous chapter. Numericel results for the
important physical guantlties of transverse deflection, slope, bending
moment, tangentisl displacement, and membrane force are reported, along
with an evaluation of the accuracy of the method by means of examining
the values of residuals along the boundary.

Consider the shallow shell with a spherlcal radius "R" loaded by
uniform pressure of intensity "gq," normal to the surface, having en
elliptical planform. One quadrant of the ellipse having a semi-major
axis of "a" and a semi-minor axis "b" is shown in Fig. 17. Certain rela-
tions among the polar coordinates "r" and "6," the angle ¢ by which the
outer normal n leads the radial direction, and the | between the n- and
x-directions are:

X

Figure 17. Typlcal Quadrant of an Ellipse

r = ab
(b® cos® 6+8° sin® 9)%
-
¥ = arc tan (EE tan 9)
b (5-1)
0 = y=0
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The problem was solved for different (a/b) ratios with five points
matched on the boundary in the first gquadrant. The fellowing values
were assigned for the constants

E =130 x 10°

R =5.8
go =1

b =1

v = 0.3

A. EDGES CLAMPED
Case 1 - a/b = 1.5
Table 43 gives the values of the physical parameters along
the radii 6 = 0, n/% and r/2, while Table Ul gives the values of the
residuals along the boundary at discrete points., The value of the maxi-
mm residual in each case was compared to the maximum value of the
physical parameter under consideration within the shell. The ratios
are tabulated in Table L5.
Case 2 - a/b = 1 (circular boundary)
Values of the physical parameters within the shell are given
in Table 46 for comparison with Case 1.
B. EDGE SUFPPORTED BY A SHEAR DIAPHRAGM
Case 1 - a/b = 1.5
Results are summarized in Tables 47, L8, and k9.
Case 2 - a/b = 1 {circular boundary)
Values within the shell of the physical parameters are given
in Table 50 for camparison with a/b = 1.5.
C. CCMPARTSON BETWEEN CLAMPED AND SHEAR
DIAPHRAGM SUPPORTED EDGES
One can directly compare values of center deflection, maximum
slope, bending moment, tangential displacement, and membrane force for

shells of the same size as aspect ratio (but different boundary condi-
tions) by locking at Tzble 51.
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Table W4 - Reslduals Along the Boundary.

Clamped Spherical Shell with

Elliptiecal Flanform (R/t = 50, R = 5.8", a/b = 1.5)
L2 W %{» up, ug,
0.0 % | =0.17506x1071° | 0.59197x1071° | 0.45581x10711 | 0.0
0.1963 | =0.25243x1071° | 0.25170x107° 0.51508x1.0™° 0.12177x1072
0.3027% | -0.18606x10"1° | 0.10415x1072° | 0.37943x1071% | -0.28121x1072
0.5890 | -0.21458x10~* | -0.78289x1071° | -0.24588x107° | -0.19580x107°
0.7854% | ~0.10652x10~%C | -0.15465x1072° | o0.h2k23x1071t | -0.19282x10712
0.9817 0.17006x1.071% | 0.560U6x10"*° | 0.51917x1072° | 0.24856x2071°
1.1781% |  0.80242x107%* | -0.13695x107*° [ -0.13630x107% | -0.62178x10713
1,374 | ~0.87688x10™%1 | 0.30465%x107%° | -0.887hex10™1t | -0.6L4128x107*
1.5708% | ~0.20809x10™1° | -0.17255%x107%° | 0,12837x1072 | -0.20560x1071°

¥Points mafched on the boundary
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Table 48 - Residuals Along the Boundary.

(R/t = 50, R - 5.8", a/b = 1.5)

Spherical Shell Supported at
the Boundary by a Shear Diaphragm Elliptical Planform

e W M, ut Np
0,0 ¥ | -0.69988x10"*C | -0,4ks522x10™8 0.0 | 0.18775x10™5
0.1963 0.14272x1078 | =0.62325x107° 0.24561x10™" 0.1892L
0.3927% | -0.65821x1071° | 0.14097x107% | -0.20358x1071* | 0.45598x107°
0.5800 | =0.54836x107° 0.23181x10"°% | -0.45437x107% | ~0.75865x107t
0.7854% | -0.52U58x1071° '-0.25381><10"7 -0.26152x10" %% | 0.83uh7x1L0™5
0.9817 | -0.23167x1072C [ -0.h4oU6Tx10™* 0.89259x10™° 0.13588x107t
1.1781% | -0.10473x1072° | -0.13261x10™7 -0.1198x10" | -¢.18179x10"°
1.3744 | ~0.89136x1071° | 0.5858 x10™° -0.14337x107° | -0.22936x10™%
1.5788% | -0.728568x1071° [ -0.12990x307% | -0.41801x1071® | -0.11921x107°

¥Points metched on the boundary
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Table 51 - Value of the Physical Parameters, Spherical Shallow Shell
with Elliptical Planform (R/t = 50, R = 5.8", b = 1")

Clamped Shear Diaphragm
Paremeter a/b = 1.5 a/b = 1.0 afo = 1.5 &/b = 1.0
watr =0 0.345x10™% 0.246x10™% 1.430x10"% 1.142x10™3
(%) mex. ~0.531x10™° ~0.380x10"° -2.323x10" % -1.799x10™%
(M,) max. -0.125 -0,089 0.153 0.145
(up) max. -0,103x10"% | -~0.058x10~% | ~1l.hhox10™® | -0.922x10™°
(Fn) max. 1,764 1.174 3,797 1.7
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VI. GENERAL EQUATIONS FOR SHALLOW SHELLS
HAVING ARBITRARY CURVATURE

This chapter is & summary of theoretical investigations into thin
shell theory with the aim of cbtaining in a reasonebly rigorous way &
set of equations spplicable to shallow shells having arbitrary curvature,
material orthotropy, and subJected to thermal gradients.

In the firast part the assumptions and approximations to be used
later are discussed. The second part reviews the deep shell equations
of Mushtari, Domnell, and Vlasov. These equations serve as a basis for
the shallow-shell theory presented in the last part. In this last part
the steps required to cohtain the shallow-shell equations from the gen-
eral equations are rigorously presented. The coupled, fourth-order
governing differential equations of equilibrium and compatibility are
derived, as well as the other useful relationships for bending moments,
transverse shearing force, and membrane forces. These equations include
the effects of rectangular material orthotropy and temperature varia-
tions in &ll directions.

A, ASSUMPTIONS AND APPROXIMATIONS

In this work Love's [25] first approximation that z/R may be neg-
lected in comparison with unity for thin shells will be used, rather
than the approach adopted by Vlasov [19] characterized by expanding
{1 + z/R)T in a power series, with the accuracy depending upon the number
of terms retained. Thus, if one retains the least number of terms
possible, then the two approaches wlll be ldenticasl. Further, the theory
of thin shells employs Kirchhoff's assumptions originally made for plates:
The straight lines which are normal to the middle surface before deforma-
tion remgin so after deformation and retain their length. The errors
introduced by Kirchhoff's hypothesis into the theory of thin shells are
of the order of t/R in comparison to unity [26].

Further simplifications of the theory of shells is possible but the
range of applicability will be consequently restricted to special cases.
0f these are the membrane theory, and the Mushtari-Donnell simplifice-
tions. The latter two formulations may be characterized as being an
intermediate case as compared to the membrane and bending theory, since
Mushtari (see Ref. [26], p. 89) and Domnell [27] in their work neglected
the displacements u and v in the formula for the change of curvature and
twist in the cases where the stresses due to the moments are of & magni-
tude less than or equal to the stresses due to the mewmbrane forces. In
the next section of the report the general equations employing these
assumptions will be presented.

In the derivations of the equations for thermoelastic shallow shells
in Part C the assumption of Nazarov [28] and Mikhlin (see Ref. [26],
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p. 95) that at every point of the middle surface the quantities (3z)/(3x)?

and (ox)/(3y)® can be neglected in comparison to unity will be adopted,
rather than Vliasov's [19] assumption that for shallow shells the Gaussian
curvature is zero, reducing the Gauss equation to two terms.

B. MIJSHTARI-DONNELL~-VLASOV APPROACH
The main assumptions made by this approach are that one can disre-

gard the tangential displacements 1 and v in the formula for the change
of curvatures kK, and kg and twist 7, resulting in

M (6-1a)
B

=_ 10 /1 1 ow

kKg=-=2 (=M\ - L & (6-1b)

BBB(BBB) A"B Xy

T=-_l_(a_?w_-;.éé@_;§§@ (6-1c)
AB\ddp A B Xx 3B dxoB

where o and B are the orthogonal principal coordinates of the middle
surface of the shell, and A and B are the corresponding coefficients of
the metric tensor of the coordinates.

However, it should be mentioned that neglecting the displacements
u and v in the formula for changes of curvature and twist will induce
errors which, justifiably, are insignificant for the cases where the
stresses due to moments are small in comparison with the stresses due to
the membrane forces. Substituting the simplified expressions Eq. (6-1)
into the expressions for the potential energy of the shell, and using
the principle of minimum potential energy, one obtains the equilibrium
equations for an element of the middle surface in terms of the displace-
ments (Ref. 26, p. 89). Writing these equations in terms of the forces
and moments one obtains

L (9 (e “‘-a—(ANa)‘*%Naﬁ"@Nﬁﬁ]'{'q“:O (6-2a)
A:B[aa( aa) + 55\l B ot

1 (2 9 3By -éf‘iNa]*" =0 (6-2b
E[.a_a(mﬁ)»raﬁ(mﬁﬂwaa pa - 5 Yee| * 9 (6-2b)
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a a NG - N = -
%ﬁ [a—a(BQa) + E(A%)] - i:g' R‘;ﬂ t gy =0 (6-2c)
%E [%a(EMaa) + %E(AMra) +'§% Map - %5 Mffl -Qa=0 (6-2d)

-

AA
%AE [%a(BMaﬁ) + gE(AM,Bﬁ) + % Mga - 5 Maa| - Qg = © (6-2¢)

Mag _Mga _ (6-2f)

Nag = Nge + R, Rg

Comparing these equations with the equations of equilibrium of
general, thin-shell theory we find that the guantities Qq/Rs and Qg/Rg
involving the transverse shearing forces are missing from Egs. (6-2a) and
(6-2b), respectively. Coldenveizer [21] deduced the compatability condi-
tions of strain in the deformed middle surface directly from the condi-
tions of Gauss and Codazzi., They are

{Bé_"é+§(xﬁ-;ca)_AaT A A

T - 2T + = ==
X o ¥ % m»® ¥
1 Sy A de 3B
= |a 2E8 4 22 -p 2B .= - = 0
A ACREE - )]}
(6-3a)
%+%K - K -B-a—-a-a.—.i +.']_'._Sa§
{Aas e o Ra
1 Y, dB de A _
+§;[B-—a—‘;é+-&;yaﬁ AaBa__.(ea-eﬁ)]}-o
(6-3b)
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(6-3c)

Applying the same approximations to the conditions of Codazzi [i.e., Egs.
(6-3a) and (6-3b)] they will reduce to

%-Kg_az-%-'@ﬁ_(%-ea@):- B_ M (6-ba)
Xt P 3 By \ v %/ Raky o
and
Wy BT EA.=}._'(.BB&_E E‘L)_ A (6-4b)
¥ % X Rg\® P PB) R ¢

Upon substitution into Egs.(6-24) and (6-2e) one arrives at the
following expressions for Qg and Qg:

=-Dpi (S (w3 + (L-v) 6-
Q A[aa( ) L—lRaRﬁ e (6-52)
- G-v)ow 6-5b
Qg D = [éﬁ(VEW) + Raiz 85] (6-5b)
where
D = EtS

12(1 - v%)

and V- is the Laplacian differential operator.
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The gquantities

are neglected in comparison with

d d

For shells with zero Gaussian curvature the justification is obvicus;
however, as an approximation, it can be used for other cases. The right
hand sides of Eqs. (6-5) will contain first-, second-, and third-order
derivatives. If the transversge displacements involve funcitlons which
vary rapidly with the shell coordinates, terms involving first-order
derivatives can be neglected in comparison with those containing second-
and third-order derivatives. Hence, employing this assumption and sub-
stituting into Eq. (6-2¢), we obtain

ooty + Dea  Neg (6-6)
Ra Rﬂ

Vlasov transformed the equation further by introducing an auxiliary
stress function ¢ (,B) defined by

=13 (190 1 BN -
Naa Baa(Baa)+F§aaaa (6-72)
1 /13p\. 1 X
N = D e o =X o = e (6-7b)
. Aaa(AaA) AB® 8 8

U —— g—— | — ———— ——

(6-Tc)

Upon substitution in Egs. (6-2a) and (6-2b), we see that these

equations for the case qqp = gg = O will be satisfied identically if the
condition that

109

-
Q
I
=
5
[l
I



l_;i@_:-'l ia_®= (6'8)

relative to the other terms in the equations., This is justifiable if
4{a,B) is a rapidly verying function, as argued before. Introducing
the Geuss condition for the deformed middle surface, Eq. (6-3¢), the
expression for the change in curvature and twist as given in Eqs. (6-1),
and for €g, €g, and Y4 the isotropic stress-strain relations

1
€q = —E"E (Naq - VNﬁﬁ) (6“'9&)
Eﬂ = !:E:E ("VNaa + Nﬁﬁ) (6-9b)
2{1L +
7:25 = JTV). Naﬂ (6-9(:)

we obtain the compatibility equation

1 3 d | 3 A dav] = K
R EEEIE S ()

(6-10)

The second part of the left side of Eq. (6-10) can be neglected in
accordance with our assumptions, and then reduces to

Wiy =Kaa Kg | (6-11)
Rg Ra

As an example, consider the class of cylindrical shells as shown
in Fig. 18.
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Figure 18. Cylindrical shell

In this example the G-curves are the generators lying in the x-
direction while the B-curves are in the s-direction; therefore

A=B=1
Ra = RX = o
Rﬁ = Rs(S)

Substituting into Eqs. (6-1) we get the following expressions for the
change of curvature and twilst:

Kg = = — (6-12)

T = - Ow

Axos
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and, from Egs. (6-5),

K,
Nyy = ——
=~ ds®
2
Ngg = g;% (6-13)
2
Mys = - o
s

Consequently, the governing differential equations will be

D [84W + 2 M, 54“] F13% . dn (6-1k4)
x* ot Sl R &=
and
4 4 4 =
9% ,p 9 % BW_, (6-15)
t x23s®  wF R x°
In general, for cylindrical shells, s = RO, where R = R(8); e.g.,
R = constant (circular cylindrical shell)
and
ab cops .
R = (elliptical cylindrical shell),

(a® sin® 6 + bZ cos® 9)%

C. ORTHOTROPIC SHALLOW SHELLS SUBJECTED
TO PRESSURE AND THERMAL LOADING

Flﬁgge [29] analyzed cylindrical plywood and ribbed shells and
Ambartsymyan [30] developed the governing differential equations for
anisotropic shallow shells using Vlasov's assumption. In the present
derivation we will use the basic Mushtari [26] and Donnell [27] assump-
tion; i.e., disregarding the tangential displacements in the equations
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= e e e

for change in curvature and twist. Let

z = z2(x,¥) (6-16)
be the equetion of the middle surface in the Cartesian system of coordi-
nates O-xyz (Fig. 19). This function becomes especially simple for
shells, the middle surfaces of which are sections of elliptic or hyper-

bolic parsboleids, or of clrcular cylinders, in which case one will have
the quadric surface

Z = 8g = 81X - 82Y - 83K° - 84XV - 85V (6-17)

where the aj's are constants.

y-curve

Figure 19. Shell element and its rectangular projection
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The points of the middle surface are determined by the Cartesian
coordinetes x,y of their projections, and the parameters x and y will
serve as curvilinear coordinates on the middle surface. The x~curves
of the curvilinear system of coordinastes are plane curves generated by
the intersection of the middle surface with planes parallel to the plane
xo0z while the y-curves are generated by the intersection of the middle
surface with planes parallel tc plane yoz. The square of the length of
an element of the middle surface 1n curvilinear coordinates is

d82 = g_” dcty Aoy [ (6-]_8)

where the gis are the coefficients of the metric tensor, For Cartesian

cocrdinates tak
w111 be 813 takes the value of the Kronecker delta 813, and Eq. (6-18)

as® = a&x® + qy® + 422 (6-19)

From Eq. (6-16) we can write

dz = gi ax + 92 dy {6-20)

Substituting into Eq. (6-19)

ds? = [? + (gi)%] ax? + 2 gi.gs axdy + [} + (%&)2] ay?  (6-21)

From Eq: (6-21) we conclude that the system of curvilinear coordinates

consisting of the x-~curves and y-curves in general is not an orthogonal
system of curvilinear coordinates for the middle surface, and the.angle
A between the x-curves and y-curves (Fig. 19) is given by '

&
dy

b p @]

cos A=

(6-22)
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Equation (6-21) is usually referred to as the first guadratic form
and consequently the first fundamental guantities are -

o @)
ax

A.Bcos?\=-a-z-az

Consider as a first example the case of a circular cylindrical shell
(see Fig. 18). 1In this case z is a function of y only;

(z + R)® + y® = B® (R is constant)

As 8 second case, take the spherical shell showm in Fig. 20.

115



Figure 20. Spherical shell

)

It

B}“=Y(R2~x2-y2 sin @ tan ¢

It is worth noting that in the case of cylindrical shells the
X-curves and the y-curves form an orthogonal curvilinear s8ystem, while
for the spherical shell they do not.

The the_ory of shallow shells is appropriately based on the assump-

tion that ore should neglect the squares and the product of -@-Z- and —g-i-
in comparison to unity [28]; thus dy
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Fr

-

E
"

gi
Ei

—_— =< 1 (6-23)
ax

Based on this assumption the arc lengths and included angles of the
cwrvilinear curves will be

dsy = [1 + (izc-)aﬂdx = dx

= 2V 4y = 6-24)
dsy EL i (ay).xdy v (
¥z &z
cos A S R =0
%

Hence, the incremental lengths of the arcs of the x-curves and the y-
curves can be identified with increments of the Cartesian coordinates,
and the x and y curves are orthogonal. Therefore, the well-known equa-
tions of the theory of thin shells in an orthogonal curvilinear system
of coordinates are applicable in this case. The curvetures 1/Ry and

l/R of the x-curves and y-curves, respectively, and the torsion l/ny
of the surface will reduce to

L. %
Bx x
l_ = - éﬁ& (6'25)
Bx y*
1 %
Rxy XAy
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The simplified Mushtari-Donnell equations for the change of curve-

ture are

Kx

(6-26)

The equations of equilibrium are obtainable from Eqs. (6-2) meking use
of the fact that Nyy = Nyx and Myxy = Myx. This gives

B_Nx'l'_ﬂaw + = 0
>
.B_NE+.a_NJ9£+qy—O
dy A

dy

My
MY gy =0
- QW

where the generalized forces are defined on Figure 21.
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Figure 21, BSign convention for a shallow spherical shell

The direct strains (stretéhing) in the x and y directions, and the
shear strains are

ex =M 4 W_
dx Ry
v, W
€y = — + . _
A, (6-28)
=_®+ﬁ+ _W—.
Ty T w TRy

where the term 2 —¥. accounts for the nonorthogonality of the system of
curves.
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The conditions of Codazzi of the deformed middle surface [Egs.
(6-3a) and (6-3b)] become (&s discussed previously, the terms involving
the tangential camponents of the displacement may be neglected)

* *
B (M 29)
o % Rx \dy (6-29a)
and
XK dr 1 [k der
—_— -+ | XY - X = 0 -
where e:, s;, v* are defined by
§ .
* F
o =-2 X yop X
XAy Rxy

while the Gauss equation of the deformed middle surface Eq. {(6-3c)
be

& Xy B

Kx o, T 4+ & + 9 {
dy ax

Sy _ 1 am] + S [a-ex 1 amr] - 0
2 Z =
Ry R}c;y' Rx d{ ay

(6-30)

The total strain (stretching and bending) at any point along the
thickness of the shell will be
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&y = € * 2z Ky (6-31)
;}C,V = Txy + 227

The stress-stralin relations for an orthotropic material subjected to a
temperature gradient T = T(x,y,z) are

X Vx-=
€ = == « — g + T
Ex Ex Y %x

Y
- — 1 -
&y =- Lo 2 F + T (6-32)
EY Ey ¥ ay
- fon
T =G
with the condition that
Yx . Yy
Ex Ey

because of the symmetry of the stress-strain equations. Thus, for an
orthotropic material we have four independent elastic constants and two
independent coefficlents of thermal expansion. Inverting Eq. (6-32)
gives

ox = 1 -Efxvy [Ex *vyEy - (O + vyoy) T] (6-332)
oy = T-_fﬁ; [vx'Ex Ty - (%t vey) T] (6-33b)
Ty = Oy | (6-33¢)
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Assuming that we can represent T(x,y,z) as

: =z T (x,y) 2 (6-34)
n=o

it can be represented as two series, one containing the even powers of z
(symmetric) while the other contains the odd powers of z (antisymmetric);

l.e.,
N N

T= E ; Tn(x:Y) zit + E .’ T;(x,y) 2l (6-35)
n=0,2, n=1,3

‘

The resultant force and moments resulting from integration along the
depth are

N
E +1
Ny = - X t (Ex + VyEy) -2 (ax: + VM) @ﬁ& Tn(x,y)
(l - VxVy) n= ,2 (n + l)

(6-36a)

N

R n+1

Ny = |t (vgex + ey) - 2 (o + vxox) E &2 Tn{x,¥)
(1 - vgvy) = (o + 1)

(6-36Db)

Ny =t 37y (6-36¢)

N
= ___jﬁi____ 13 _ :E:: v /2 n+2 T*
Me = T o) Slkx *ovy) - 2 (o + vk ) . K—L)——(n =3) n(x,y)

(6-36d)
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N
ta 'y o n+ "
My=?_€x_” — E(Vx“x"' /cy) - 2 (ay"' Vi) Z {_L.)_r_l_e T (%,¥)
n=1,3 (6-36¢)
and
3 e (6-361)
12
Inverting Eqs. (6-36) we find
S e
=+ | 1w - t /o)n
€x % Ex(Nx VxNy') + 20 (n + 1) Th(xs¥) (6-37a)
n=uU,
R n+
111 o) 1
€y —t- ﬁ;{-wa + NY) + 2ay. E % Tn(x,y) (6=37b)

and

(6-37¢)

Assuming the existence of a stress function ¢ = &(x,y) and a poten-
tial function 2 = o(x,y),

N = 24 g

=te (6-38)

From Egs. (6-27a) and (6-27b) it can be seen that it is necessary
to define & by
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and (6-39)

The values of the transverse shear Qx and Qy are dbtained upon
substitution in%to Egs. (6-274) and (6-27e);

. =[_ £ %y aaw_( 2By, 2%\ %
* - 12(1 - vay) ax3 12(1 - vay) Qe Oy

N *
o Bxl(ox * vyoy) [T aTn(x,y)]

(1 - vay) s (n + 2) 3% (6-h0a)}
and
Qy = [} ( tsEy”x L 2%\ % t By 3w
12(1 - vxvy) ya®  12(1 - wewy) KO
N n+z ok
2E'y(a,y' + on‘x) (t /2) aTn(X:Y) (6-]-I-Ob)
1- vy 3(?_+ 2) oy

And from Eq. (6-27c) we get
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Dx Q:E + 2Dxy a*w + Dy é:ﬂ + L Fo _ .2 Fop
E; ax* axzaya d* By Oy° Ry XUy
i 1.1 (t /2)+
E +Ryg;5—q- (x+ ) (l‘VxVy)E n+2
E [E (g + vyay) &r n(x,.v) F By (0 + vatk) BzTgs(;,y)]
ﬁ (6-k1)
ﬁ% where
E Dx = £ 7Ex
12(1 - VxVy)
%'t«i(_l)ﬁ__.pe(}):ﬁ( VxEl[ + 20
E 12 (l - va-y) 12 (l - vxvy)
- t OBy
& 12(1 ~ vxvy)

substituting into Eq. (6~30) we get the second governing differential
equation,

101 %0, [ vy _vx,1) 30 1 3
t 1By X* Ey Ex G SoE  Ex o

N
+1l-vx Qf%]_ 2 (n/2)"*2 C%K Frn(xy) + .____i_gz%)

t (n +1 x=
n=0,2 )

(6=k2)
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The general forms given by Eqs. (6-41) and (6-42) can be special-
ized for isothermal, isotroplic shells as follows,

1. Thermoelastic Isotropic Shallow Shells

The governing differential equations for this case are

2 = NG
DV + & ¢ _ 2 ¢ s1 98 (i
Ry aye Reg &y Ry &2 B ( i ) g

2Ea t /2 )Rt=
- _(_.L)_v Tn(X,'.Y)

n+2
= ( )
and
1_\.,4@_;_32:,, 2 Fu _.__l_azxqr:_l--\a"a.:_’ﬂ
Et Ry 3&° Ry Iy Ry 7 Et
N
2052 : t/2)ptl
" n i(HL+LJ.)_V Tn(x,y)
2. Elastic Isotropic Shallow Shell
2 = 2
DV"‘w+-]=-a:— 2 o +.J:.__a_.§=qn_(l-_+l-_.)g
Bx ¥ Ry Ay Ry o Ry Ry
and
1 -
"Ry ny Ry O
These equations duplicate the well-known forms given previously in
Ref. 16. :
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VII - SOLUTIONS OF THE CRTHOTRCPIC THERMOELASTIC SHELL
EQUATIONS FOR CIRCULAR CYLINDRICAL CURVATURE

The general differential equations for orthotropic shallow shells
with thermal gradient, Eqs. (6-41) and (6-42), can be written as

(&) v+ te () o= [ - a3+ )

- f% Lﬁlélfif.(p, 32 Lalay) 4 p éfznﬁiﬁil)]
Ay

n=1,3 (n+2) dx*®
(7-1)
L (.§_,..a_ ( , ) [(l-v )y F, 22, (1. ve) F, 2 Q]
ox Jdy oy v 3x2 Y o2
N 1
+ 2 Z .(1:1_2).!1 (01:: d .T_n(x:Y) + aeTn(st))f
t n=0,2 (n+l) dx2 dy2
(7-2)
where
J4 a4 o4
I, = Dy 2— + 2D, o7
1 dxt ¥ x2dy2 dyt
o o a4
= Fy = + 2F, + Fy =
1'2 ax4 ¥ axaaya ay4
L3 = ...:L aa - 2 ae + i ..a_z-
Ry BXE ny BXBY Ry ayz
Dy = —t B
12(1-vyvy)

£3 « 2 S ‘ -
Dxy = 75 [TI:§;;:7 * 2G] 12 [(l-vxv,) * gc]
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_ 2Ex(Qytvyay)

L= vavy

_ 2E; (o +v x0ix)

1l - Vx'Vy'

In the case of a circular cylindrical shell (Fig. 18) we have

and Eg. (7-1) reduces to

0 (28) v ia(88) o [o-

-3 T (p 2aun) , 5 $Gun)y)

oo

n=1,3 (#+2) 3y
(7-3)

while Egq. (7-2) remains unchanged., In this case the operator La,(§L,§L

X oy
. 1 %

will take the form Lg = =
TR
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The solution of Egs. (7-1) and (7-2) can be written as

E
I

=W, + W,

(7-4)

©
1

o, + O

while w, and ¢, are the particular solutions while w, and @, are the
complementary solutions. One form of particular solution will be given
later in Part D of this chapter.

Complementary sclutions to the homogéneous equations

s@2) ol

can be cbtained either by:
(1) Uncoupling Eqs. (7-5) and (7-6), or by

(2) Using the suxiliary function technique which will be discussed
in detail in the following sections.

A, THE AUXTLIARY FUNCTION METHOD

This technique was used extensively by V. Z. Vlasov (19], 8. A.
Ambartsumyan {20] and A. L. Goldenveizer [21] for solving problems in
linear shell theory and requires the introduction of auxiliary functions,
Thus the problem which was originally described by a system of simultan-
eous differential equations (i.e., Egs. (7-5) and (7-6) can be described
by a single differential equation of a higher order in the auxiliary
functions. Choosing

w= Lo ( ax,ga;) V(xy3) (7-7)
0= 1o (2 ,—) V(xy9) (7-8)
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Eq. {7-6) will be identically satisfied, while from Eq. (7-5) we obtain

[Ll (Sa:?'a%) te (Eic E?r *le (ai aa) (éaiéd } ¥(x7) =
(7-9)

where y(x,y) is the auxiliary function. Eq. (7-9), which appears in
explicit form as '

BB ar 2 p 3y, 2N MY B
xSy dx Xy aanyB ay ax4

(7-10)
where

Pl = Dxe
P> = 2(DxF::y + nyFx)
Pz = DyFy + WDy Fyy + DF,

Py = 2(DyyF, + D Fyy)

Pg = D,F,
1
Ps = =

can be considered the replacement equation for the homogeneous system,
Egs. (7-5) and (7-6).

By virtue of Egs. (7-7) and (7-8), the slopes, membrane forces,
bending and twisting moments, transverse shears and displacements can
be obtained in terms of the auxiliary function (Goldenveizer in his
work refers to the auxiliary function as the potential function).

oW 42 9> F, -11

Sx (Fx axs + ny axaayg + ¥ 5x5y4) W(x,a’) (7 )

v, _ 35 35 5

—t = (F, ——— + 2F, + Fy x =12

Sy ( Ix4dy ¥ ax26y3 dyS ) 1|r( ’) ( )
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Qx,

Ny = %ﬂlﬁ:}l (7-13)

Ny, =& S (x,y) (7-15)
© Ry

My = - Dy [Fx a_sﬂxai:.l). + (Eny-]-y Fx) —ﬂ"_ﬂ'—l
3

x4y

+(F+2vay)_‘f’(_x.=.x.).+vF _‘V(.a‘.::_l:'
dxZJy*
(7-16)

= ¥ (x v
My = - D, [vxe - panl (Fet2v Fay) —a;-ig;;l

+ (2F, yHVaFy) OV (x,5) + Fy aew("Y)]

d3xZdy* Jye
(7-17)
Mx,‘ = - 2t°G [Fx aew(xﬂ?) + 2F,, o° V{x.v) + B, ! ”:!]
12 xSy ox %3y 2 Bxay's (7-18)

”
- [ D,F, O (x,y) + (2D4F 4y 4D, F,) §Zﬂlﬁ4xl
ox’ 3xSyy?

+ (DF, 42D, Fy,) _ﬂiu.l + Dy, F, _i(_x_u_l]
oxdy®
(7-19)

131



7 7
Qy, = - [nypx -a—y—(i;-ﬂ-l + (Dny+2nyny) B_\M—x"'ﬁ

3xdy dx a3y

+ (Dy,F,+2D,F,y) (xav) + D, Qz‘ﬂ:’rmlJ
dx2dy® oF
(7-20)
= 1 a4¢(xsy)_ - _Y_(_;L).B‘L x -21
. RFy[: oty o ] (720
4 ,
6. = R; [5 V(eay) -y, M] (7-22)
x dxt Jxdy=
L oM (say) -
Vave T 7RG S3x "y (7-23)
u, = i[ QM - Vy .a—sjr—(.ﬁa-ll] (T_EL})
RF, dxdy” ax®
2 lffve o LY 0%(y) o L 3% (5,y) -
Ve R[(tEx tG) %y Fr  ay® } (7-25)

B. ADMISSIBILITY OF THE TECHNIQUE

We have represented the displacements u, v, and w in terms of the
anxiliary functions as given by Egs. (7-24), (7-25), and (7-7), respec-
tively.

Or in operator form

P e

< o

.~
0

(7-26)

o 9
Lo = 2 .
= dx ay) 1|I( :Y)

S
]

where Ly is a vector operator.
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Now let us suppose the existence of three arbitrary, sufficiently
smooth functions u, v, and w derived from the equations of equilibrium,
Eqs, (6-27a) and (6-27b), in terms of the displacements:

tE, 0% 38 Eyv 32y tveEx  Ow
s + G = |u + | 22X 4 tG = - L —
(1'va, %= Bya) (1- Valy O%dy R(1-vgvy) OX
(7-27)
tvx 2 2
(o vse) Zv(o e B Dy o B
Bxay 0x2  l-v,v, Oy© R(1-vavy) O¥
(7-28)
or equivalently in operator form as
tVEEx aW
" R(3- “VaVy) 3x
(7-29)
__tE, 9w
R(l ~VxVy ) 3y

Supposing that the region is simply-connected, then from Eqs. (7-29) we
can write,
( \

e ) R—(m ox to
= L;l (—a—a;:%) < > + (7'30)
Ve - —tE.x__ éW_ Vo

\ R(1-vxvy) Oy )

and from Eg. (7-7)

Wy = 18 (S 553;) V¥ Yo(s,y) (7-31)
where Lé'l (s_x’aiy and Lgl (ai,g.) are the inverse operators of I (BX By
2.8 Y

and Lg (aa_x’%) , respectively.
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With the value of the auxiliary function Y(x,7) given by Eq. (7-31),
the expressions for u and v can be obtained from FEq. (7-26)

] @) =G @) s

For the unigqueness of the displacements then the expressions of u, and
v, given by Egs. (7-30) and (7-32) should be equivelent; i.e.,

(7-32)

(8 By) -l(a Y +L4(a%’§)‘l’0(=t,v)

= TN~ 18]
- 1ot (_@_,ﬁ) R(1-vuv,) 3x .\
ox Jdy
VO ’

By ow

R(1-vxvy) Oy
(7-33)
In order that {iﬁ}}is the homogeneous solution of Egq. (7-7); i.e.,
8]

2.9 =) -
L4=(ax’ay) Yo(x,y) i_VO‘ (7-3%)
implies that

tvxEx ow

Lé(ga;g%)gl(aiai)W=Lgl(§,£_) :E,,v,)i
_ BBy Qw
R{1-vivy) dy
(7-35)
But
W=l (ai B?r Lgl(a%’ﬁ)w (7-36)

Let Lg (%’%) operate on Eq. (7-31), remembering that
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2 (22)1 (2.2)- ¢ (730

(the identify operator), we get

= (55) = (35) = (5o5)

tv Ex d -1/f{3d o
- —_—— I = 2 \w
R(L-v,ivy) O [ ( >3 ) ]
= Yyl O S oy (7-38)
tE Q [ -1 /3 0O ]
- — 2 2.2
R(1-vxvy) Oy e (ax’ay)w
If we have a set of equations in partial derivatives
1 i=1,2,""'n
E &id (—a—) U.J =0 (7—39)
i=1 OXq l<g<k

where ujy are the unknown functions and ag; gé— the linear differential
Xq

operators of finite order and with constant coefficients, this set of

equations in partial derivatives can be replaced by a set of algebraic

equations

i = 1 «.
2 a5 ANVs =0 1=1,2,:-m
i=1l 1l<a<k

(7-k0)

where the partial differentiaticon with respect to x, was replaced by
some parameter Aq

Suppose that the first (n-1) equations of (7-40O) enable us to
express Vi,Vo,+++,Vp-1 in terms of V,

v =Di(?\l)7\2,"'?\k)
i

Va (T-Ll'l)
CIOSTREIRRR YY)

(i=1,2,«--,n-1)

where D; and Q can be taken as polynomials in Ap,As, A,
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Introducing the function II such that

0 0o J
=D —_——rey —— I _J_+2
e : (axl axE ’ Bxk) (7 )
(i=1,2,++,n-1)
=gf{ S, 9% ... -
Uy = Q.(axlaaxea ) an)H (7 143)

end substituting into Eg. {7-39) we get

n-1
) 3 3 3 3
a (=)D =-) +8, (— — T=K({=) nm=20
332_ J(Bx«:.) *(axq) (axq)Q’(BXq)i (axq)
(7-Lk)
where K(7q) is the determinant of the set of Egs. (7-40). Hence any
function II satisfying {7-b4) provides by means of Egs. (7-42) and (7-43)

a solution to the set of Egs. (7-39).

Dencting the operator of differentiation with respect to & by p
and the operator of differentiation with respect of y by X then the

o d ) ;
operators Le (ax ay) Lig (SE’E s Lg (B;’é?f- will be
La(psA) = Fup® + 2Fxyp®A% + FyA* (7-43)

% p-)\.? _ FeVx ps

R
La(psA) = (7-46)
1 (vx _i) 2, _ Fz s
R (tEx tG oA R A
(ltﬁ_ 02 & tG7\2) (_EE__VL + tG) A0
L(p,A) = { TTVxVs LVavy (7-47)
(..___..Ltv =By 4 ‘tG) A tGp? + LBy A2 )
l-vavy l-vyv,

From which we see that Eg. (7-38) i1s identically satisified upon substi-

X 0 9o o 9o
tuting for L (— — jand L (— ——) th i T d
g \5p5s s\'Sy e expressions for L4{(p,7) an
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Ls{p,A) given by Eqgs. (7-46) and (7-47). Further the suxiliary function
Wo(x,y) should satisfy the differential equation '

I (&%)%u,n =0 (7-18)

4 4
r, ¥eea) o op,, Dolayy) 4 5, Bolaar) - g (7-49)
dx Ax=dy Ay

Eq. (7-49) is a generalization of the well known biharmonic equation.
According to Lekhnitskii [31] the fourth order differential operator can be
decomposed into four linear operators of the first order. The character-
istic equation of Eq. (7-49) is:

Fy 8% + 2Fy 8% + F, = 0 (7-50)
Denote the roote of Eg. (7-50) by sy, sz, 83, and S4. The general

solution of Eg. (7-49) depends on the roots s;, sz, S3, and s4. Hence
Eq. (7-48) can be represented in the form

DaDaDaDy ¥o(x,y) = O (7-51)
where
d .
b, = "a_x' - 8y % s L = ‘1:2:3;}'{’ (7‘52)

By means of Eq. (7-51) the integration of a single equation of fourth
crder is reduced to the integration of four equations of first order
Assuming that the roots s, are distinct we denote

Divo(x,5) = V1(x,v) (7-53)
DoV (x,y) = ¥2(x,y) (7-54)
DaVz(x,y) = Va(x,y) (7-55)

From Bg. (7-55) we conclude that the function ¢3(x,,) should satisfy

Da¥z(x,y) = O (7-56)
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The general integral of Egq. (7-56) is an arbitrary function of the
argunent (x+s,y) and is dencted by

¥a(x,y) = Fa(x+say) (7-57)

The function V2 (x,y) should satisfy the nonhomogeneous equation of the
first order

m
Davz(x,y) = falx*say) (7-58)
Integrating Eq. (7-58) we obtain

f:(X+S4Y)

(54-83)

Va(x,y) = Fa(x+say) + (7-59)

Proceeding in the same way we obtain Vi(x,y) and finally ¥ («,y), and
after changing the notation of the arbitrary functions we cbtain the

general expression for Vo(x,y):

L

Vo(x,y) = fy{x+s1y) + fo(xtsoy) + Fa{xtsgy) + fa(xtsgy) = é;%.Fy(X+SkY)

(7-60)

According to Savin [32] it is impossible for Eq. (7-50) to have real
roots, as will be seen later. Let us assume that

sy = 6y + iny

2 = (o + 1np

(7-61)

i

sa =§ - in

84 = L2~ ins

arranged such that
M > 0
Nz > 0 (7-62)

T # M2
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Since the function ¥yo(x,y) is a real function of x and y, then we can

denote

71 X+ Gy + iy

X + 81¥

n
It

Zz = X + 82¥ = X + Lpy + ingy

Hence, Eg. {7-60) can be rewritien in the form

Yol(x,y) = £1(21) + £2(22) + £1(21) + £2(22)

(7-63)

(7-64)

where f1(Z,) and f5(Zs) are analytic functions. f;(Z,) and fo(Zo) are
the complex conjugates of the functions fy(Z,) and f»(Zs), respectively.

Introcduce

ILCL-

= q(Z1)
L2 - x(za)

then

afo
Q:; = %x(Z2)

A7z

(7-65)

(7-66)

From Eq. {7-64) and by using the expressions given by Egs. (7-65) and
(7-66) one can obtain the general equations for the displacement com-

ponents u(x,y) and v(x,y)

2Re[p1Q(21) + pox(22)]

it

u{x,y)

i

v{x,y) = 2Rel[a10(21 ) + a2 (Zz2)]
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where

(7-69)

P2=FySE - =&

P (7-70)

QE"—'

Sz }

The general form of Egs. (7-67) through (7-70) for the case of anisotropic
elagtic bodies were given by Lekhnitski [31) and Savin [32]

Let
Vol(x,¥) = By{Zy) + Re(Z2) + Ra(Zy) + RelZz) {7-71)
but
u= Fl [B%O(x’y) - Yy -asﬁfo(x,y)] (7_72)
R Jxdy*® ax2

oo t(z- 2) Mpé_g&il] (7-73)

tEy dxZoy

Substituting for y,(x,y) into Egs. (7-72) we get

u = ?-gx ; Re[(82-v, )RalZ,) + (Sa‘vx)Rg(ZE)]i (7-74)

In order that Egs. (7-76) and (7-74) be compatible then we require that
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F, -ﬁ- #£0
(7~75)
F -“-’-‘574 0
R
but ¥ and s2 are
o2 Fay +NFuy® - FLF,
FF
(7-76)
=2
68 = - Fug = NFxy® = F,F,
F

Excluding the case R = « (in which case the cylindrical shell degen-
erates into a rectangular plate) we find that the requirements given

by Egs. (7-75) are always satisfied. Hence the asuxiliary function
technique is admissible for all ranges of elastic constants, The

authors would like to caution the reader that in the case of cylindri-
cal shells, this technique rendered no difficulties, but in cases of
other types of shells it might, It was pointed out by Mishonov [33] that
certain difficulties may be incurred in the case of spherical shells,

C., A SPECIAL CASE

For the case where

¢ = —(Baly)" (7-77)
2[1 + (vxvy)”]

then
ny = FxFy =0 (7"78)

and the characteristic equation, Eg. (7-50) will have double roots.
Consequently, Eg. (7-76) reduces to

Fi
sf = s5= - - (7-79)
¥

For this case it can be verified that

Vo(x,y) = ZE1(2) + 2£1(2) + £2(2) + £2(2) (7-80)
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After investigating the governing differential equations for this
special case, 1t was concliuded that & simple solution exists. This
solution will be introcduced in the following section and we feel that
this form of the solution is more attractive since it resembles the
Levy type solution discussed later in this chapter.

In this case Dy, and ¥,;, will be given by

Dx = _tB(ExEI)i/Z
¥

12(1-vyvy)

; (7-81)
S S
t(ExE, )"

iy

/

and Dy, D.y, and Dy will be related to Fy, Fyy, and Fy, respectively,
by the following reactions:

Dy _Dxy _ Dy _ t*E,E. L
o =7 = (7-82)
Fr Fxy Fy 12(1-vuvy)

In this case it is advantageous to write the governing homogeneocus
differential equations of shallow circular cylindrical shells,
Egs. (7-5) and (7-6) in the following form:

iw otw ofw 137 _ _
Dy Sz + Dy %252 + Dy - + ot " 0 (7-83)

F, éfg + 2F .y _éfg__ + Fy, éjg _ L éfE = 0O (7-8&)
ox* dx2dy = ax% R 3x®
Maltiplying Eq. (7-84) by £* we get
D, % + 2Dy % + Dy 3% _ [F o%w =0 (7-85)
ox* J3xZpy® dy* R Jx%

Introducing the parameter A as a multiplier to Egq. (7-85) and adding
this to Fg. (7-83) yields

b, BN) oy () oy ol(wine) | M ST (vr_ ;iz 0)=o

Jx* T axBay® dy* R oxZ

(7-86)
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Setting
2_ 1 _le(l-vevy) -8
Bq. (7-86) reduces to
a‘l- D4 a4 EA 82 _
(D, Py + 2Dy, -BJ'C—EBY_E + D, 5}2 + - -a?é-) (wtpg) = O (7-88)

Solutions of Eq. (7-88) satisfying the boundary conditions of shear
diaphragmgs at x = 0,8 (see Fig. 18) are obtained in Cartesian coordi-
nales by assuming

W+ A = ¥, (y) sin ox (7-89)
where

a:P-H-.
04

substituting (7-89) into (7-8L) gives

Dy¥a (¥) - 207Dy, ¥a(y) + (a"'Dx - ig) Taly) = O (7-90)
Let
Y. (y) = Cdeaﬁy (7-91)

Substituting Eq. (7-91) into Eq. (7-90) we obtain the characteristic
equation

D5} - 207D.y85 + 0*(aDs - %) =0 (7-92)

Solutions of Eg. (7-92) are

Dy, t [ £ . R ST AN A
5§ ) ¥ + (14ny 03 Dy(ade R ) (7_93)
DT
But
DZ, = D,D, (7-94)
and Eq. (7-93) takes the form
82 = o Dxx ;( io‘ez)” (7-95)
D, D,R
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Remenmbering that

(BL)* = 3 g"* (1+i) (7-96)

Substituting Egq. (7-%6) into Eq. (7-95) we get

AL 2 Ve
8% = cxg-D-’-‘-‘L+( al) * i(a_____f)

D, \2D,R 2D, R

(7-97)

2\, 2 )
Bg o~ &L‘L _ Ofé a_ i ( Q l o
Iy 2D,R 2D4R

¥

It can be verified that the square root of a number composed of a
real part and an imaginary part can be written as

(g+ih)% = + NI {[(g%402)% + g]” + 1 [(g®+h®)% - g]*}
1 1 . (7"98)
(g-ih)% = + NI {[(g2+h2)% + g]° - 1 [(gP+n®)% - g]"}
For convenience Egq., (7-97) can be rewritien as follows
8% = a + ic
(7-99)
85 = b - ic

where

4k

D B e B MBE e M B e
; il



Comparing Egs. (7-98) with (7-99) yields

81 =NT {[(a2+c®)% + a]% + i[{a®+c®)% - a]%}

82 = - T {[(a%4c®)% + 2] + 1[(a24c?)% - a]"}
| ' (7-100)
8s =NE { [(64c2)% + 0" - i[(b%4c2)% - b]"}
84 = - NI {[(bZ4e2)% + 1% - i[(b24c®)% - b]* }
Let
71 =NE [(a2+c®)% + a)”
72 =% [(02+c)% 4+ b]l
(7-101)

o =NZ [(aP+c®)% - a]”

e =NE [(bP+c3)% - b]

Substituting Eqs. (7-101) into Eq. (7-100) gives the roots of the
characteristic equation; then the roots are substituted into Eq. (7-91)
yielding expression for Y,{y). After substituting Y,(y) into Eq. (7-89),
one obtains the solution

(wtyo) = (Cle(7l+ipl)y + Cge'(71+ipl)y

(7-102)
+ Cgel72-102)¥ 4 o e~(7271P2)¥) gin o

where

Cy = Ay + iBy J = (1,2,3,k)
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Further manipulation of Egq. (7-102) yields

l .
w o+ 37 ¢ = {[(Al cosh 71y + Az sinh y,¥y) cos pyy
I

+ + o+

+

+ .

(Ag cosh ¥y + Ay sinh y,y) sin pyy
(As cosh 72y + As sinh y»y) cos poy

(A7 cosh yay + Ag sinh yoy) sin poy] sin ax

(7-103)

ifA; sinh 71y + Az cosh 7.¥) sin py
(Ag sinh 9,y + As cosh 71¥) cos pry
(A5 sinh yoy + Ag cosh 7zy) sin pay

(A7 sinh 72y + Ag cosh ¥5y) cos pay] sin ax}

Eg. (7-103) yields the following expressions for ™" and "@":

g

t2E,E

I

+ gin

+ cos

+ s8in

u_,__JLh_)% [-

12(1-vyvy)

Py
P=2y

P2y

sin

COS

sin

cos

(Ans cosh yyy
(Apns cosh 7oy

(An7 cosh 72y

p1y (Any sinh

PrY (Ans sinh
Eal (Ans sinh

p2y (An; sinh

1kéE

[cos pry (a1 cosh y,y + A, sinh 5 y)

+ A.q sinh y,y)
(7-104)
+ Ans §inh 723’)

+ AnS sinh 723{) ] gin O::nx

71¥ + A,n cosh yy)

71Y + Ang cosh yy) (7-105)
72y + Mg cosh yoy)

72¥ + Ans cosh y2y)] sin @,x
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D. A NAVIER-TYPE OF SOLUTION

A Navier-type solution is & special form which assumes that all
edges are supported by "shear diaphragms"; i.e. the boundary conditions
given by Eq. (2-21) apply. Consider a shallow, cylindrical shell whose
planform dimensions are a x b, having a cylindrical radius R, The
boundary conditions are satisfied exactly by choosing

ZZ Apy sin ox sin Py

m n

=
I

(7-106)

¢ = ZZ Byn 8in ax sin By
m n

provided that the loading functions are alsc represented by compatible
double sine series; i.e.,

8,n Sin gx sin By

"
5
50

@= 33 b,. sin ox sin py (7-107)
m n

N
T(x,y) = 3 Z Cymn 8in ax sin By
k=0,1] m n

where
&= % (m=1,2, )
(7-108)
B = Eé'l (n = 1,2, )

Substituting Eqs. (7-106) and (7-107) into Egs. (7-1) and (7-2) gives
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(0TT-4)
: 2fo=9 wou
£g uts %0 uts A_:E.U (fo.9 + *o0)  { W+ “Yq _Hh_mﬁxa - T8 + %3 (%a - HVNGH_WN {=
: N
- m
Ad uts x0 urs _“_:J =+ Mg (.9 + frasd.0z + xmtov”_ < <
o
=
ok (2+3) efr=u . wu wou
huﬂ..mmuqon..nmﬁ D ("dzd + AHNGV.NI.*MANQ ”_M +aEn.. H—NNH
(601-1)

om u

£d uts x0 uts _H_:nm Wm - "y (“q,9 + a0z + xmtouu_ <X



which have a solution
Any = €227y - G127z
€182z - €12€z21
B.. = S1172 = €217
€11€22 - €126z

where

€11 = a4Dx + 2@252]);;, + 54:Dy

(7-111)

(7-112)

€12 = - Y
_of
€21 =
ezp = O*F, + 20°B%F,, + BT,
N k+2
b
71 = &yn - —BE 4 Z &ELE_)__ (oPPy + BEPy) Cumn
R
sT,3  (k+2)
= [2(1- 2 b 2 z 2 2
Yz = [a ( Vy)F:: +B (l'vx)Fy} mn t & (a Ox + B ay) Cllmn

t

Solution functions for slopes, membrane forces, bending and twist-

ing moments, transverse shears, and displacements are

é.“‘!-.—.ZZaAmn cos ox sin By
ax m n
é‘-"—:ZZB A, sin ax cos By
oy m n

2 (b - B®B,a) sin ax sin By
I

=

K

It
=[]

—

=

[

11
5

3 (bnn - OFB,,) sin ox sin By
n
Nyy = - 3. 3, 0B cos ox cos By

m n
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It should be noted that the Navier type solution given above is a
particular solution for the govening differential equations (7-1) and
(7-2) and, as such, can be used in Egs. (7-4) for this purpose.

E. A VOIGT-LEVY TYPE OF SOLUTION

This special method of sclution is well known in the literature
of vibrating {Ref. 34) and statically loaded (Ref. 35) plates. We
shall here discuss the fundamental assumptions of the method and the
method of determining the roots of the resulting characteristic equa-
tion,

Consider the case when only one of parallel edges has the shear
diaphragm support conditions defined by Egs. (2-21). If the curved
edges x = 0, a, (see Fig, 18) are supported by shear diaphragms, then
we can express an auxiliary function ¢(x,y) in the form

¥Wx,y) = 3, Foly) sin ox (7-125)
m=1
where
n
o = ?H , n=1,2,

substituting the expression for y(x,y) given by Eg. (7-125) into
Eq. (7-10) we obtain the following ordinary differential equation

p, Xhly) P &CF, (¥) + P 0%F, (¥)
s oy8 4 oy° s dy*
(7-126}

- PPy éfg&ill + @F(a*Py, + Pg) Fuly) = 0O
dy”®

We seek a solution of Eg. {7-126) in the form

Fo(y) = 8™ | (7-127)

substituting Eg. (7-127) into Eq. (7-126), 1 can be determined from
the characteristic equation

Po1® - ofP4at® + a*Pat? - ofPat® + at(afPy+Ps) = O (7-128)
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Some of the roots of Eq. (7-128) are zero for the case of @ = O which
have no significance. A procedure for obtaining the roots of Eg. (7-128)
is given in Ref. [36], where it was shown that the roots can be written
as follows

. A
T = - 13 =& +ing
T2 = =~ T4 = §; - ing
(7-129)
T =~ 17 =z + ine
T =~-1g=§z-1inz
/

Gofﬁenveizer, [21] in his analysis of open cylindrical shells,
studied the properties of the roots of a similar characteristic equa-
tion. No effort is made here to reproduce a corresponding analysis,
however the reader is referred to Ref. [21], pp. 249-259 and 296-300
for relevant information.
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APPENDIX A

EXPLICIT EQUATIONS FOR SLOPES, BENDING MOMENTS,
SHEARING FORCES, MEMBRANE FORCES AND TANGENTIAL
DISPLACEMENTS FOR ISOTROFIC SHALLCW SPHERICAL SHELLS
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+(m(ﬁ<r"_,x + keu x) “(“* 2o e X )Sin(n6 -24))
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Npg (pe3 of 3)

+ C"_,( RN S Sin(no+ ad)))
- Chg("(h“) “-(hn)s"“(“e"ld’))

"C (_L"S HﬂeS|n1¢

+(ﬁx(]oer“_|x - beLn_'x) - H(::') LcL“x) C.s(he-aé))

"Eh‘(beb“"'* SiunbdSinagd
*’(F"x(be“h_tx + bel X +:‘-(—3\;'—)Lcrhx)(!os(n9-1d>))

(‘&CT’ g]y\ng S|n3¢

n(hﬂ)

(7 (er,_ = kel ) = 5 ket x)Ces(n0-28)

= s fev ) .
-C (ke '-‘i"x SinndSin2d
(@ltee x + R0+ B ke ) sno-26)
~T (nn-0) 2" Cus(no+24))

+ C“( n(n+ DX (h+1)Co$( ng-ﬂb))}
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N {p.1 of L)

let  «= D[N (1-D)
N s }__]_ { (beru _ bexf.’x) N d(selax ber—)()) Sin2)
s, (((bux ber'x) |y berr kel o )
+ ¢ (=X kex &e“) «(Reix | Eer's)) Sinag)
+C, (((F‘i"" vlecy | Rerr keii)g a4
- ¢, (5 Sin2d)
s (35 Sin(a-3¢))

‘L%{f(

+ (((Lerxy‘— Bel!)__ 1( bevrix + beu X)) +“(( berx +b¢t.x)

1( ber’x —;?,fo )))SIk(B—lé))

Ll((bcr’;_. beL’x) + d(ber’x-i- LGLII))CoS 6Sin2é

Cie
+ {T(%((Ioerx +beux)-d berx —-bux))Cosgs n1¢

_‘_(((berm + beu‘l) +1(ber x ~- bel x))_“((bcrn-bci.x

| . K’ L
(2 L b)) Sin(e-a4))
Cs
+ ﬁ (-‘i((ﬁerx - &ec x.) + "('kCr x + kel 1))(‘0595;"2&

+((& ferx -fcetx.) _ 1(ﬂcr X + Reif x)) . = ((f&” +ﬂux)

so (B ‘r‘“”*)))sm(e 26))
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Nk (p.2 of L)

( ((ﬁer £+ EELX ""‘(‘&CYJX - ﬁEL X)) Cog6Sin 1
+((( Rerx + &eux) ra (_ECr K - ket x.)) o(((ﬁcv-xx- ’ﬁclx)

“JI,

-3 (Reoley Relk ))San(o-ncb))

- ¢, (Sin(9x+1¢))

+ (;‘:((Ler"x -LeL’x) + -((lbcr'x + beL'xJ)gihQS:n2¢

Sl

~((( berx - Lr_[.x) (Lcrtx. + bel x» + bCer belx)

+12 (ber’x ;1 bei' K))) COS(G-—JQS))

+ %;:('%((b“"* +L2L’x) '-d<bcv-'x --bel'x)) Sin8Sinid
_‘((( berx ;g-_be?.-x) *_1(52\"'& —beL'x)J_d(( ber x —belx)

_1( ber’x + L““‘))) Ces(O- 1&))

-é- ( ((ﬂ"r‘ ﬁe"*)+ “(f(trx + &CL ;))S;neS' Y

‘Jl

__(((_i(gcn - &ug) _ (‘ker !\:i ﬁux)) +‘(((£g_§_tx_ge_‘__¥)

(f«er * ~ ‘Qu m)))ces(9~2¢))

+ %(—‘((ﬂgr" + f(e‘ 'x) _ot(fiu' X —f(ci'x)g”‘gs;"n‘*’
~(( fcerx + f<eo: l(f(er —ﬁu ))_ «(( Rerx — ﬁeux)

_ 1(&cr X :—1ﬁu x)))CoS(G-—J(ﬁ)}
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Nk (pe3 of L)
_F Cos(o+2¢))
9 X
oF [y (et x™Sintrs 28)
nh=a
+ Cua("‘h(*’* 1) X_(‘”a) Sin(né- 2d>)
+C’“ (“é (bern_zx + A Leih_lx) Cosn€Sinag

3
.
4
L
3
b (T lber x - b x) - 2 e )
L
.
L
L

xl

n(n+1)

+d( f—-:—&( bcrh_‘x + belh_ix) + Ler“x)) Sin(na—ch)

xl
+Cn‘(—--l<bgi,m1x ~ of Lern-1X)C°5 m933n1¢

n(nei)
g}

+(( 17;_-‘1( bETH‘.x + \‘)?-L“_.X) + bcrhx)
+ X ({.—i?-‘( Ioef.wx ~ be "..-"O + "‘Q::l) Lelnh)) S n(he—:@)
+C~5(---i—(f<crn_1x + & keimx) Cesn@ Sinagd
*‘(('ﬁ?—x({(t:r"-‘x - f(elh_‘x) - h—(—:tﬂﬁeihx)

h(

+¢((.ﬁ%(kcrﬂﬂx + ic;’“-,)ﬁ) + n:‘)ﬁcrhk))s:n(né-aé))

4

+ ch‘(--%(f(crl”_lx - ﬁerﬂ_:x) CosnBSinag

"‘ n{n+t)
+((f{1(f<ern_|x + éfin_.x) + (K: f(crﬂx)

+ o((ﬁ—?_;_(ktlh_.x ‘éel"“”;) + M(;:')fgi”x))Sin(hG-2¢))

#C_(n(n-) 2" 500 (n0 v 20)

_<h1—l.)

_C“g(h(hi-i))( Slﬂn(né*lé))
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Nk (p-h of '-l)

+ EM (v(h(h-')K"ﬁlCcS(nG*-ld)))

-._C—h)(dh(ni-l)'(h_(h*-l)CgS(hg")&))

..-C—ha(%_(ber‘mlx +dbeih_Lx>SInn9 Sinad
(S eer e mhei 0 = 25000 )

nin+r)

"rok(fﬂix('ocrn‘lx + log"_n_'x) S Berhx)) Cos(n 6_:1¢))

_.'C'M(—'i(bci,h_;x ~aber x)Sina@Si.ad

nln+t)

L
+((EX(\’{'-%-—|X * L!.\.h_‘x) + x?

ber x)
. (ne), .
+'\({-{‘Lx( Lec_‘_‘x —-Ler“__'x) + h._x:-— be;nx)) Cos(hg_;.t,))
_Ehs(';lf(ﬁcva_ax + o RCL,,,")S"thSFHQd:

+<(E(ﬁerﬂ¥- —"(e':.nqx) - h(::;l)ﬁci.hx)

+ «(“rT:} (ﬂerﬂ_‘x + fm’.h_'x) + h(;:o Ecr"x))Cos(n 9-24,))

_.Eh‘(-i(ﬂelh_ix - «,ﬁerh_ix) S}MQS?nngp
n
+((fﬂ(ﬁerw>\ + kel  x) + "—(%hi)ﬁerﬁx)
+°‘(wl=:"_x (kﬂin_‘x - ﬁerﬁ_rx)-r- ”‘(:;:') ﬁcinx))cos(u9—2¢>))
-_E"_'(h(h-l) %n_;Cegani-lé))

+Eh8( h(h+;) x’(hf;)CoS(n9—2¢))]}
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u, (p.1 of 3)

u = ulosp + viing

—ﬁ- “- Cox = Culre)becx + CplisDber's — Co(1+ D) fei'
“‘C:‘(/f-ﬁ)écr’x - C;S,('*D)'):—] C’os¢
e Xo (
- » -2_" o 9-¢)

+2C, (14D) hux Cos (0+ @)

+e, (I\‘l))[ (berx - beix) Cesotysd +(6er X+ éecx)c s(o- 4,)]

_ 6 (Ifﬁ)[

(berx +£e¢x)Co59C'a:¢ +(6¢rx = bel Cos(® é)_]

+C, (i+?)

[ (IGCFK -~ iCLK) Cos© Co$¢ + (ier Lt ﬁet x)C"S(G ¢)J
q‘ (H-D)[

(erx v Reix) CostCusg + (K= Kei’y e g g

+ C:a(wﬂ);’-z Cos(0-¢)

—_— x.‘l .
- C” Y SM(9-¢)

- 1(-:- (!*D)L&X Sin(o+¢)

+ ‘— LI*IJL (berx _chx)Sth6C3S¢ + (éer‘ + bec K)S‘ (9 ¢)J

-~ 5’4 ( +1J)I_( berx + 5::.,&)&#9(’.:54 . (bcr X —beg___{_)S n (8- ¢)]

¢ (HD)J_——(}ferx - kein)SinbCos ¢ 1—(&”‘ * ’if';’x) Sin(o-8)

- 7{(;:?)[ Kerx + kelx)Sin6Cs ¢ +(5££__"_:£E_v_3_<)5,“(6 )

+'A")"i i -
#C{a(f )x Sin(o-4)

195



u. (ps2 of 3)
X 4l
-~Cm — T Cos(no-9)
~(n-1)
+CM_ e CoS<ﬂ9+¢)

+Cm(l+-9){”"{|§<berh_‘g - L-.ei.h_lx) Co3n@ Cos §
+ 2 bei x Cos(nb-d)]
=¢ (e g (ber_x + bei_x) Cosn6Cust
+ ‘;l Berhx (’.,5.(.«9—4))]
+C (H‘D)[“‘_l'(f«r ~ ket )C e
oS o L ev %) Ces n®Cesd
+ -E fielnx CGS("Q"‘*’)]
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~(n+)
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~(n=-1)
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u, (p.3 of 3)

+ T, @ ber x = bet_ <) 5inn6Coc + ¢ bei xSin(n0-¢)](149)
- E’M[‘,i_,;(berh_lx +bel, x)Siun@Cosp + 3 ber x Sin(no-$)](1+9)
+ E_s[-;—(-;(f@rh_,x -~ ﬂeth_'x)Si nnbCosd + % ﬁcL“xSin(ne—M](H'D)
=T [mker_x+ ket ) SimndCusd + % Ker y Sincas-8)](149)
~T_ (4D xS0+ 9)
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APFENDIX B

USEFUL KELVIN-BESSEL FUNCTION IDENTITIES
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berix = (ber'x - bei'x)/ J2

bergzx =

(2x™ veitx - ber x)

bersx =[-8x'2 {ber'x + bei'x) + hx~! (ver x - bel x)

bergx =

bersx =

bergx =

beryx =

L.

p—

i

- (ber'x - bei'x)| / N2

Lth‘“ ber'x + 24x~® bei x - 8x~L bei'x - ber x]

L-38’+x'4' (bertx - bei'x) = 192x~3 (ber x + bei x)

4 722 {ber*x + bei'x) - 12x~1 (ber x - bei x)
+ (ber'x - bei'x)] /N2

-3840x"5 peitx + 1920x™% ber x - 768x 3 bertx

- 144x" 2% pei x + 18x™2 bei'x - ber x

46080x~° (ber'x + bei'x) - 23040x~5 (ber x - bei x)
+ 9600x™* (bertx - beitx) + 1920x™® (ber x + bei x)
- 288x™% (ber'x + vei'x) + 24x"1 (ber x - bei x)

- (ber'x - bei'x)| /J2

bergx = ["6uslzox'7 ber'x - 322560x~° bei x + 138240x™5 bei'x

ber!x =

-—
berzx =

-~

!

.

- 28800x=% ber x + 4B0Ox~3 ber'x + LBOx~? bei x

- 32x™1 bei'x + ber x]
-x"1 (ber'x - beifx) - (ber x + bei x):l /N2

“bx™2 beitx + 2x”) ber x - ber’x]
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berlx =[21Lx"3 (ber'x + bei'x) - 12x~2 (ber x - bei x)

+ 5%x~* (ber'x ~- bei'x) + (ber x + bei x)] /2

berjx =[--l92x'4 ber'x - 9%6x~3 bei x + 4ox"® beitx

- 8%~ ver x + ber'x

ber;x = |:1920x'5 (ber'x - bei'x) - 960x™*(ber x + bei x)
« 408x™3 ‘(ber'x + bei'x) + 84x~% (ber x - bei x)

- 13x™% (ber'x = bei'x) = (ber x + bei x)| /2

ber;x = |-230’+Ox-6 bei'x = 11520x~2 ber x + L992x™™ ber'x

+ 1056x~2 bei x - 180x~% bei'x + 18x™! ber x

- ber'x]

The corresponding equations for beipx and bei'x can be obtained by
replacing ber x and ber'x by bei x and bei'x and by replacing bel x
and bei'x by (-ber x) and (-ber'x), respectively.
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The bibliography on shallow shells listed below was compiled from
Applied Mechanics Reviews, wherein abstracts of each publication may be
Tound, PFor this purpose, the entries are listed in order of year and
serial number as found in Applied Mechanics Reviews. Papers dealing
specifically with vibrations, dynamic response, or buckling are not
included, the scope of the listing being limited to static deflection
analysis. Further, it must be recognized thet this listing is far from
complete, primery omissions being theses, govermment research reports,
less well-known foreign journals, and articles prior to 1948,

1948 - 953, Vekua, I. K., "On the theory of thin shallow elastic shells"
(in Russian), Appl. Math. Mech. (Prikl. Mat. Mekh.), Jan.-
FEb. 19)‘;8, 'V'Ol. 12’ ppo 69—714'.

954. Ambartsumyan, S. A., "On the theory of anisotropic shallow
shells" (in Russian), Appl. Math. Mech. (Prikl. Mat. Mekh.),
Jan,~Feb. 1948, vol. 12, pp. 75-80.

1949 - Lu8, Reissner, Eric, "Stresses and small displacements of shallow
spherical shells. II," J. Math. Phys., Jan. 1947, vol. 26,
Pp. 279-300.

1950 - 452, Ambartsumyan, S. A., On the calculation of shallow shells
(in Russian), Prikl. Mat. Mekh. II, 527-532 (1947).

1955 - 2683, Reissner, E., Small rotationally symmetric deformations of
shallow helicoidal shells, J. Appl. Mech. 22,I, 31-34, Mar,
1955.

1957 - b2k, Johnson, M. W., and Reissner, E., On inextensional deforma-
tions of shallow elastic shells, J. Math, Phys, 34, 4, 335-
346, Jan. 1956. '

Y27, vVorovich, I. I., On certain direct methods in the nonlinear
theory of shallow shells, Dokladi Akad. Nauk SSSR (N.S.)
205, 1, 42-45, 1955 (translated from Russian by M. D.
Friedman, 572 California St., Newtonville 60, Mass.)

1062, Ambartsumyan, S. A., On the theory of anisotropic shallow
shells, NACA TM 1424, 11 pp., Dec. 1956.

1378. Naghdi, P. M., Note on the equations of shallow elastic
shells, Quart. Appl. Math. 1k, 3, 331-333 (Notes), Oct.
1956.

1063, Ambartsumyan, S. A., On the calculation of shallow shells,
NACA TM 1425, 11 pp., Dec. 1956,

106k. Nazarcv, A. A., On the theory of thin shallow shells,
NACA TM 1426, 7 pp., Dec, 1956,

205



1957 = 1759. Simons, R. M., A power series for the nonlinear equations
for axi-symmetrical bending of shallow spherical shells,
J. Math. Phys. 35, 2, 16h4-176, July 1956.

1958 - 2071. Simons, R. M., A power series solution of the nonlinear
equations for axi-symmetrical bending of shallow spherical
shells, J. Math, Phys. 35, 2, 16L-176, July 1956.

806. DeSilva, C. N., and Naghdi, P. M. Asymptotic solutions of
a class of elastic shells of revolution with variable
thickness, Quart. Appl. Math. 15, 2, 169-182, July 1957.

8ok. Oniashvili, O, D., Certain dynamic problems in the theory
of shells (in Russian}, Moscow, Academy of Science, 1957,

196 pp.

1959 = 5976. Reissner, E., Rotationally symmetric problems in the
theory of thin elastic shells, Proc. Third U. §. Nat.

Cogﬁr. AEEl.MEch., June 1958; Amer. Soc. Mech. Engrs.,
1956, 51-69.

4396, Reissner, E., Symmetric bending of shallow shells of
revolution, J. Math. Mech. 7, 2, 121-1k0, Mar. 1958.

5472, Vlasov, V. Z., Theory of space vibration of thin-walled
bars and shells as well as aerodynamic stability of
suspension bridges (in English), 9th Congres Intern,
Mecan. Appl., Univ. Bruxelles, 1957; 7, 519-526.

5973. Grigoliuk, E. I., Stability of nonhomogeneous elasto=-
plastic shells, Soviet Phys.-Doklady 3, 2, 438-441,
Dec. 1958, {Translation of Dokladi Akad. Nauk SSSR
(N, 8.) 119, L, 663-666, Mar.-Apr. 1958 by Amer. Inst.
Phys., Inc., New York, N. Y.)

5461, Librescu, L., Some problems of the theory of a class
of nonhomogeneous elastic thin shells (in Roumanian),
gtudii Si Cercetari Mecan, Appl. 10, 1, 187-202, 1959.

3304. Vorovich, I. I., On the Bubnov-Galerkin method in the
nonlinear theory of shallow shells (in Russian),
Dokladi Akad. Nauk SSSR (N. 8.) 110, 5, 723-726, 1956.

2845, Remaswamy, G. S., Research on a new doubly curved
shell, Part I. The theory of a shell irn the form of
Prandtl membrane, Civ. Engng, Lond. 53, 626, 899-900
Aug. 1958,

2305. Oravas, G.-A., Transverse bending of thin shallow shells
of translation (in English), Ost. Ing-Arch. 11, 4%, 264~
276, Dec. 1957.
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1222 - 68h.

5978.

1960 - 5085.

Lho7,

6249,

3887.

2759.

2752,

221k,

636.

1961 - Lo7l,

Oravas, G.-A., Stress and strain in thin shallow spher-
ical calotte shells (in English)}, Publ, Int. Assn., Bridge
Struct. Engng. 17, 139-160, 1957,

Bridgland, T. F., Jr., and Nash, W. A., Elastic deforma-
tions of shallow shell in the form of an elliptic parab-
oloid, Proc. Third U, S, Nat. Congr. Appl. Mech., June
1958; Amer. Soc. Mech. Engrs., 1958, 265-271.

Reissner, E., The edge effect in symetric bending of
shallow shells of revolution, Comm. Pure Appl. Meth.
12, 2, 385-398, May 1959.

Silkin, E. I., Analysis of shallow shells on an elastic
contour {in Russian), Izu. Akad. Nauk SSSR, Otd. Tekh.
Nauk no. 8, 101-106, Aug. 1958.

Kornishin, M. 5., and Mushtari, Kh. M., A certain
algoritim of the solution of nonlinear preblems of
the theory of shallow shells, Appl. Math. Mech.(Priki,
Mat. Mekh.) 23, 1, 211-218, 1959. (Pergamon Press,
122 E. 55th St., New York 22, N. Y.)

Oravas, G.-A., Analysis of thin elastic shallow segmen-
tal shells (in English), Publ, Int. Assn. Bridge Struct.
Engng. 18, 201-21k, 1958.

Mishonov, M., On the theory of shallow shells Appl.
Math. Mech. (Prikl. Mat. Mekh.) 22, 5, 972-979, 1958.
(Pergamon Press, 122 E, 55th St., New York 22, N. Y.)

Flugge, W., and Conrad, D. A,, A note on the calcula.tlon
of shallow shells, ASME Trans. 81E (J. Appl. Mech.), U,
6583-685 (Brief Notes), Dec. 1959,

Oravas, G.-A., Transverse Flexure of shallow barrel
shells, Trans. Engng,., Inst., Canada 3, 1, 23-31, Apr.
1959.

Reissner, E., On the determination of stresses and dis-
placements for unsymmetrical deformations of shallow
spherical shells, J. Math. Phys. 38, 1, 16-35, Apr.
1959.

Krasiukov, V. P., The calculation of flat shells by the
method of finite differences (in Ukrainian), Nauk Zap.
Kievek. In-ta 16, 16, 247-258, 1957; Ref. 7h. Meknh.

no. 4, 1959, Rev. 4153.
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1961 - Lé62.

2393.

185k,

1297,

146,

145,

5283.

6549,

La73.

Lovo.

°277.

5278,

Nauk SSSR 26, 59~65, 1958,

Apeland, K., Stress analysis of translational shelis,
Proc, Amer, Soc, Civ., Engrs. 87, Em 1 (J. Engng. Mech.
Div.), 111-139, Feb, 156L.

Pshenichnov, G. I., On the analysis of latticed shallow
eylindrical shells (in Russian), Inzhener. Shornik Akad.

Pelka, Z., Computation of translational shells by means
of the funicular polygon (in Polish), Rozprawy Inz.
7, 4, 465-480, 1959.

Tsurkov, I. S., Elastic equilibrium of rectangular panel-
type shallow shells undergoing finite deflections (in
Russian), Inzhener., Sbornik Akad. Nauk SSSR 26, 49-53,
1958,

Csonka, P., Formulas for calculation of stresses in shell
domes (in German), Bautechnik 37, 2, 59-62, Feb. 1960.

Tooth, A, S., Kenedi, R. M., and Hossack, J. D. W., The
use of semi-graphical methods in the stress and deforma~
tion analysis of shell forms, Struct. Engr. 38, 4, 129-
137, Apr. 1960,

Soare, M,, Application of the many-point method for the
study of shells (in Germsn), Rev. Mecan. Appl. 5, 3,
417-436, 1960.

Kalmanok, A. S., The analysis of rectangular membrane
plates by analogy with doubly-curved, flat shells (in
Russian), Rasschet Prostranstv. Kongtruktsii no. U;
Moscow, Gosstroizdat, 1956, 415-450; Ref. Zh. Mekh.
no., 7, 1959, Rev. T967.

Mushtari, ¥Kh. M., and Surkin, R, G., Medium bending of
shallow spherical panels, square in shape, with nonlinear
relations between stresses and strains (in Russian, Zh.
Prikl. Mekh. Tekb, Fiz, 2, 162-165, 1960,

Kagsimor, D. M., The analysis of a particular, concrete
problem of a prismatic shell (in Azerb,) Elmi Esserler
Azerb, Univ, no. 11, 49-72, 1957; Ref. Zh. Mekh. no. b,
1959, Rev. 4151,

Dulacska, E., Thin-shell construction of ellipitical
ground plan (in Hungarian). Melyepitéstudomanyi Szemle
10, 6, 284286, June 1960,

Monskhenko, D. V., and Proskurayakov, V. B., Scaling
the state of stress of thin shallow shells (in Russian),
Izv. Akad, Nauk SS88R, 0td. Tekh. Nauk, Mekh. i Mash.

no. 6, 161-163, Nov./Dec, 1960.
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1961 - 6569,

5281,

6567.

5953.
153.
;gég - 3248,
6993.
63h1.
5761,

6345,

5173.

5169.

Svirskii, I. V., Utilization of similarity considerations
for the improvement of the convergence of a process of

guccessive approximetion in shell analysis , Appl. Math,
Mech, (Prikl. Mat., Mekh.) 2k, 1, 177-190, 1960,

{Pergemon Press, 122 E. 55th St., lew York 22, N. Y.)

Pghenichnov, G. I., Static analysis of lattice~type
shellow cylindrical shells (in Russian), Inzhener,
Sbornik Akad. Nauk SSSR 27, 171-178, 1960,

Dawoud, R. H., Symmetrically loaded shallow shells of
revolution, Mathematika 7, 13, 23-35, June 1960,

Ross, C., The simplified design of concrete hyperbolie
paraboloid roofs, Civ. Engng., Lond., 56, 654, 65-66,
Jan. 1961.

Lawruk, B., A hinged thin shallow spherical shell recian-
gular in the horizontal projection (in English), Bull.
Acad. Polonaise Sci. (IV) 7, 7/8, 413-418, 1959.

Mushtari, Kh. M., Bagic theory of shallow shells with
fillers (in Russian), Izv. Akad. Nauk SSSR, Otd Tekh.
Nauk, Mekh., i Mash. no, 2, 24-29, Mar/Apr. 1961.

Flugege, W., Statics and dynamics of shells [Statik und
Dynamik der Schalen], 3rd edition, Berlin, Springer-
Verlag, 1962, vii + 292 pp. DM 36.

Duddeck, H., Bending theory of a shallow hyperbolic
paraboloid shell defined by z = ¢ xy (in German),

Ing.-Arch. 31, 1, Lk-78, 1962,

Berezovsky, A. A., Nonlinear integral equations of
shallow shells of revolution (in Russian), Inzhener.-
ZI-_h.. Ll', 5, l"']+-53, May 196.]--

Klimov, B., Contribution to the general bending theory
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