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FOREWORD

Contract AF 33(616}5689 between the United States Air Force and the University of
Chicago provides for analytical studies of various {light systems under various flight situations
for the purpose of determining dynamic factors and relationships involved and for the purpose
of exploring design principles for such systems in the light of given performance requirements.
The studies relate to problems of flight both within and beyond the ea.rth'\s atmosphere. The
contract is monitored by Wright Air Development Division, Directorate of Laboratories,
Systems Dynamic Analysis Division Synthesis and Analysis Branch { WWDCS), Dr. Charles
Goldman, Chief; Mr. Paul W. Nosker, Assistant Chief; and Mr. Richard Sudheimer, Task
Scientist,

The work at the University under this contract has been conducted at the Laboratories
for Applied Sciences, Institute for System Research, Dr, Bernard E. Howard, Associate Director.

The institute forSystem Research, the Institute for Air Weapons Research, and Chicago Midway
Laboratories comprise the Laboratories for Applied Sciences, Dr, Frank E, Bothwell, Directo,r.
Reports issued under this contract are prepared for publication by the Publications Branch,
Mr. Burton P, Sauer, Chief.

Study 10, entitled "Aerodynamic Forces and Moments,'" under the above contract pertains
to the determination of the aerodynamic forces and moments that will be exerted on a given
vehicle during those portions of its flight that are within the sensible atmosphere--particularly
those situations involving hypersonic speeds and highly rarefied atmosphere--and to the compu-
tation of short-period flight motions with application to the simulation of flight paths of weapons
systems. Phase Two of this study calls for a unified set of technical documents comprising a
comprehensive and authoritative treatment of the field of determining air reaction on air ve-
hicles according to the state of knowledge now existing, such documents to be prepared for in-
structional and reference purposes. Phase Two is being conducted by Dr. M. Z. Krzywoblocki,
professor of gasdynamics and theoretical aerodynamics at the University of Illinois, under a
consulting agreement with the University of Chicago.

This WADC Technical Report 56-51, entitled Determining Air Reactions on Moving

Vehicles, will review all the expressions for the components of forces and moments as functions
of all parameters of flight known to affect these forces and moments, The treatment is intended
to be as general as is practical and to include all terms known or anticipated to have an effect
on flight,

The oldest theories concerned with the motion of a body through the air are ballistic
theories; those concerned with the movement of a projectile launched from a gun or rifle.
These are the classic and most fundamental theories and some of them recently have been ex-
tended to cover the trajectories of long-range rockets. It seems logical to begin this review
with a description of ballistic theories.

Accordingly, the first volume, subtitled "Methods of Free Ballistics," describes the
ballistic methods used in artillery to calculate the trajectory of a missile launched from a gun

or rifle. It was the first of a series of successive parts to WADC TR 56-51.
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Part II, "Methods of Rocketry,' contains the expressions and methods which have been
used to determine forces acting on a body in flight where the body has self-contained propulsion
but no guidance,

Part III, "Methods of Hydrodynamics, " contains classical methods of fluid dynamics
and mathematical physics which have been used to determine the forces acting on a body mov-
ing within a fluid.

Part IV, "Methods of Aerodynamics--Elementary Bodies,' contains both the analytical
and test methods used by aerodynamicists to establish the quasi-static forces acting on elemen-
tary rigid bodies which are moving in an airstream.

The present and final volume, "Methods of Aerodynamics-~Composite Bodizs, " is Part
V and contains the methods used by aerodynamicists to determine the quasi-static forces acting
on composite bodies moving in an airstream. Included in the volume are the methods for arriv-
ing at the quasi-static force picture for complex body shapes whose elements are subject to in-

teraction, interference effects, and deformation {(movable control surfaces).
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ABSTRACT

The present volume, the fifth in the sequence, contains information concerning the
following items: aerodynamics of composite bodies, effects of control flaps and ailerons,

and nonsteady aerodynamics of composite elements including buffeting.
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Chapter 1

AERODYNAMIC METHODS REFERRING TCO COMPOSITE BODIES

1.1 General Remarks on Interference Problems

In this chapter we shall briefly outline the methods referring to the aerodynamic inter-
action problems. Referring to a classical airplane, the following problems may be considered;
(i) Aerodynamic interference between the wing and the fuselage;

(ii) Aerodynamic interference of the wing on the tailplanes;
(iil} Aerodynamic interference of the propulsion system upon the lifting surfaces:
the wings and/or the tailplanes.

The interferences mentioned in (i) and (iii) are mutuyal interferences since the aerody-
namic phenomena on the wing affect the aerodynamic phenomena on the fuselage and vice versa,
Similar situations exist with respect to the propulsion system and the wings or tailplanes. The
interference phenomena to be included into (ii) are uni-directional phenomena, since the aero-
dynamic conditions on the wing affect the conditions on the tail surfaces but not vice versa.

Actually, the final purpose of the field of aerodynamics, known as interaction problems,
is to derive the quantitative laws which may enable one to predict the aerodynamic behavior of
a configuration composed of any combination of fundamental elements on the basis of knowledge
of the aerodynamic action and properties of each of these elements (the wing, the fuselage, the
tailplanes) when they operate alone and are not influenced by the rest of the elements in the en-
semble in question. Obviously, the particular components can be tested and analyzed much
earlier than the composite configuration. In the next step, one may attempt to explain clearly
what kind of effect the juxtaposition of the particular components has upon the aerodynamic prop-
erties of the whole, This may supply us the ways in which the fundamental elements may be

combined in order to produce the desired results,

Manuscript released by the author 24 June 1959 for publication as a WADC Technical

Report.

WADC TR 56-51, Part V 1



1.2 Subsonic Range Wing-Tailplane Interference

Below, we shall briefly discuss the main results of the analysis of the wing-tailplane in-
terference at subsonic speeds. The first aerodynamic phenomenon appearing in this problem is
the induced velocity due to the wing., The magnitude of the induced velocity due tc the bound vor-

tex line is computed by means of the Biot-Savant formula

W ok vbydn’ -
Zr 3 2372~ :
U amdy e+ (n-mm??/2 0

{1.1)

The system of trailing vortices induces a velocity Wy at the same point, which is directed

parallel to the z-axis (downward), and of a magnitude given by the relation

Yo 4ty &4 an'
v-ﬁﬁfﬁi+7——7ﬁ%'%' (t-2)
gy +{n-

The symbols, used above, denote:

Wy = the induced velocity created at any point of the {x, y} - horizontal
plane;
in
gi =5 i
2
n=5
— F -
V=30 ¢

b = the wing span;
I' = circulation;

U = the velocity of the incoming undisturbed stream.
The €y and €, are the associated contributions to the downwash angle.
The total contribution to the downwash, ¢ =« 4 te,, can be represented by means of the

formula

+ § 1 dnt

1f d

€ = = 1+

]y )Y 2 2
gi +(”I‘ﬂ)
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Using the notation

Y=Y 14— ] (1'4)
2 2
NJE§ + ()
the expression for the downwash may be given in the form
co L [Tay an (1.5
T 2w 4 dn n-1 .
Following Multhopp's method one may put down
m m
2 . .
Y= = Y, Z sin p@ sinps , (1.6)
n=1 p=1
where Yo is the value of y when n= M, » 2nd'the value of the latter being given by
n, = Cosmnii . 1.7
The following solution also can be used:
m Iy gi
€ = bvvyv - Z anynz wayv - Z bvn i+ = = Y, v (1.8)
n=1 n=1 Igi + (nn-—'qv)
or, using back the physical space coordinates
S : ]
e(&.nv) = 2byuy, - z bvn 1+ Yn (1.9)
2 2 2
_ n=1 £7 4 B (n,-m,)
with
sing
b = 2 » for |n-v|=1,3,5, ... ; (1.10)
v +1){cos8_-cosB )2
{m n v
b =20 for ]n-v] =2, 4, 6, ... 3 (1.11)
vn
b mtl o oglog oM (4.12)

vy 4sin9v ’

This provides the means for determining the values of ¢ at the point {g,nv}, when the pattern of

variation of the circulation along the span of the wing is known. This is expressed in terms of
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the angle 6 in Eq. (i.6). Employing a system of axes traveling with the impinging flow, one
may derive the analytic expression for the discontinuity surface of the trailing vortices in the
form
3
éi-§0+f edf (1.13)
£
where go is the vertical coordinate, measured at its trailing edge, of the wing located in an
arbitrary vertical plane, 1 = constant.
The values of ¢, obtained above, apply to the points which belong to the surface (wing).

For points which are located outside this surface, one may use the Taylor series development

e, o) = (et + (-t,)(3%)

B gar, b (1.14)

The motion in an arbitrary plane, { = constant, may be considered as two-dimensional, and the

continuity equation may be written in the form

l
-+
!
H
o
q
I}

{1.15)

i

Using Eq. (1.14) and applying integration process to Eq. (1.15) one can find the downwash angle
in the vicinity of the tail surfaces. Sometimes the value (g-gi), which corresponds to the point
at which one wants to compute the value of the angle ¢, is large; thus an application of the Taylor
series is not justified, In such cases it is more convenient to calculate the value of e(f,n,{) by
the use of the Biot-Savant rule

, ot Y(n')[(§—§1)2 - 19

0wl T
1

3T 14+ £ dnt
-l Je?+ 8%t + (e-1°]

2 2

pPE-r,)? 4 et
+ yin')dn . (1.16)
o f-i [(5-2,) %+ (- *1e 24 8%m-n) 4 BP0 2

From the numerical calculations one can derive a conclusion that for a given angle of attack, «,
an increase in the Mach number results in an increase of the downwash angle ¢ on the vortex
sheet (denote it by ), £, as well as of the displacement gi . The downwash angle ¢ for a giv-
en lift coefficient CL decreases as M, increases and the downward displacement (gi - QO) de-
creases as well. In the case of a wing of small aspect ratio or with & large amount of sweep,

the downwash angle ig given by the formula
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m
~ 1 £- tan A
e(ﬁ,‘q}):.?.bvvyv—z b i+ anl

at JeeIny lan )2 4 p2(n on )2

Yo ¥ (1.17)

here A is the angle of sweep. The corresponding formula for the angle ¢ at some distance be-
hind the wing may be found by using the Biot-Savant rule; the result is

2 2
+1 (L-L.)" - {(n-7')
€(&,m,0) = ;r' f 1 1+ g-ln‘]tanA ydn'

;3 %)
-t K57 Jee- 1ot [ean 232487 - 2483112

2 +1
A E-|n'[tan A dnt
+%—(€.—§1)f Lo | tan Lo r37r - (1.18)

(=) 24(2-,)% [(&- |t [tam )24 p2(n-n) 24 pP(1o 1) 7]

The effect of the roll-up is not accounted for by this equation.

For small values of the aspect ratio, AR, and larger values of the wing lift coefficient
CL » one is confronted with the necessity of making better provision for the roll-up effects than
is afforded by the relationships given above. Often the actual vortex system is replaced by a
much simpler one made up of a single vortex. Along the single vortex EW now being dealt with,
the circulation is constant and has the value I"m which coincides with the value of the circulation
found at the airfoil section located in the plane of symmetry, The two trailing vortices are as-
sumed to have straight line axes lying parallel to the free stream velocity vector. The calcula-
tion of ¢ at any point P may be achieved by means of the Biot-Savant law. Let us consider a

special case, when the point P lies in the plane of symmetry; then one obtains

§ysin Ay 1

\/§1COS A +§, \/§1+€. o Ai

Mg - gisln Aicos A1

€(£,0,0) = -;E

£, - M tan A
T . 10 i ,(1.19)
o

i, -ngtan 8 + 72 +

2 2 2
J(Ei"nota’n Ai) + rlo + é

where the symbols used denote

- £,
= s
' 1
tan A =B~ta.nA,
+1_X_
n :f d'f] . (1'20)
0 -1 Ym
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The first step in the determination of the aerodynamic properties of the test when it is operating
in the disturbed flow emanating from the wing is to compute the downwash values ¢, all along

the span of the stabilizer at the three-quarter chord locations of the airfoil sections constituting
the surface. By applying Multhopp's procedure, the distribution of circulation due to the inter-

ference effect may be written down simply as

M
b Ay, =€, + Z b oAy, (1.21)
n=1
where
b,=b,, * E—(z—) ; (1.22)
v iy

the meaning of the symbols is explained as follows:
bvv and bvn are the Multhopp coefficients defined earlier; <, is the chord of the
airfoil section of the tail at the spanwise position given by n=",,, while (Clcz)v is
the slope of the left curve of a two-dimensional wing possessing the same airfoil
section.

The changes in the values of the local lift coefficient and local drag coefficient are furnished by

the expressions given below, provided one has already obtained the results for the distribution

of the incremental circulation AYH due to the interference

w(AR), =
(ACL)tz W Z Aynsu’len H (1.23)
=1
w(AR), | g
(AcDi)t =T 2 Ayn(en + a, + Aai) + z yn(en + Aafi) sinen s {1.24)
n=1 n=1

where a; is the self-induced angle of attack created by the circulation distribution Y The

changes in the tail-lift coefficient and of the tail drag coefficient due to interference effects may

be expressed as

(ACy) = - =(Cp)y 5 {1.25)

(ACH), = (T ell- 2y - 2 (T2 - 2y . (1.26)
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Thus the resultant lift coefficient for the tail in the presence of the wing, (CL)t, and alsoc the

resultant induced drag coefficient, (cDi)t’ are given by the relations

(Cp) =€)t -3y (1.27)

(Cpgle = «(Cphy + (4 - H3Tpy, (1.28)

where (ﬁL)t and (C'Di)t are the coefficients of lift and induced drag, respectively, applying to
the isolated tail surface,

The interference effect of the wing upon the tail is of 2 much more complicated charac-
ter if the wing is provided with an extended high lift flap or if the flow is stalled over even the
narrowest of spanwise reglons., In both of these cases the lift distribution is altered from that
produced at a small angle of attack., In the event the flow separation is pregent, it is necessary
to distinguish between the cases of tip stalling and not stalling, i.e., whether the separation
first takes place at the tips or over the central portions of the wing. In addition to the change in
the form of the lift distribution, the separated flow conditions produce a wake whose thickness is
of such magnitude that it can no longer be neglected. When the tail surface lies within the wake
or in close proximity to its borders, it is necessary to add to the field of velocities directed nor-
mal to the free stream velocity (considered above) the field of interference velocities generated
by the wake itself. This wake interference is characterized by a decrease of velocity within the
wake and in a change in the induced angles of flow inclination compared to that which would have
been found to hold true in the absence of the wake. A quantitative determination of such effects
cannot be obtained from purely theoretical considerations. A satisfactory result may be obtained
by using a procedure offered by Silverstein and Katzoff. The experimental investigations of Sil-

verstein and Katzoff have led to two expressions for the correction to be applied to Eq. (1.13);

Agi = -12— ctsin Ef + ke, for a flapped wing ; {(1.29)

here C denotes the chord length of the flap; Gf is the angle through which the flap is deflected;

¢ represents the wing chord; k = empirical factor;

1 . .
Agi = -5 cssma, for a stalled wing , (1.30)

wherein g denotes the abscissa of the point from which the detachment takes place; this
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distance is measured back along the wing chord, starting at the trailing edge. The thickness of

the wake may be found from the following formula:
_ 1/2 1/2
Z;,W_ 0.68 €40 (§w+0.15) ' (i.31)

where the symbols used denote:
€40 ~ the profile drag coefficient applying to the airfoil section located at the spanwise

position corresponding to the plane n = constant, in which the wake's behavior is inves-

tigated;
£ = i wake thickness , (1.32)
w 2 chord length of the airfoil ’ ’
£ = distance downstream from the trailing edge of the airfoil (1.33)
w chord length of the airfoil : .

Similarly, one may calculate the velocity distribution in the wake from the formula

ot [ (g,w)ijjz P_; ug
= [1 - {(Z— 7 =1 - s o op=1-—, (1.34)
2 bW U U

a8

where Uy denotes the velocity at the center of the wake, u stands for the value of the velocity
at a point in the wake which lies at some vertical distance off the centerline. The vertical dis-
tance in question, when divided by the chord length of the wing, is represented by the symbol
i;'w . Thus, one is able to determine whether the stabilizer lies within or outside of the wake.
Whenever the tailplane lies within the wake it is essential to make allowance for the fact that

the dynamic pregsure applying to the region occupied by the tail is given by the formula

4 1.2
= (1 -y =p UL, 1.35
IR SV "2 *-29)
2 o0

with y = cp/c:v .

1.3 Subsonic Range Wing-Body Interference

The problem of wing-body interference at subsonic speeds may be solved by using the
Multhopp method, In this method the idealized fuselage is assumed to be an infinitely long

cylinder whose diameter is equal to that of the actual fuselage at the location corresponding to
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three-quarter chord position on the wing, The angle of attack of the fuselage with respect to the
direction of the free stream velocity is denoted by o - The wing is substituted by a single bound
vortex with its axis perpendicular to the plane of symmetry and passing through the aerodynamic
center. The angle of attack of the wing with respect to the direction of the incoming flow is de-
noted by a. . The trailing vortices are assumed to be straight lines parallel to the generatrices
of the cylindrical fuselage. Let I’ represent the strength of the circulation about the airfoil sec.
tion lying in any arbitrary plane y = constant. Then the potential function degcribing the flow
created about the wing-body system, by the action of the impinging flow with a uniform velocity

of U per upstream, has a discontinuity at the surface of the vortex sheet EW of the amount

e I &) B (1.36)
W W

where =z = Z, is the equation of the heorizontal plane in which Z, les. This potential may be

represented in the form
o(x,v,z) = Ulx - agz - afclii(y,z) + @Z(x,y, z}] . {1.37)

Here @i(y, z) is the additional potential which must be superimposed upon the body to counter-
act the cross-flow component, The Uioz denotes the harmonic function in the coordinates
{Xi’y' z} which represents the potential describing the flow due to the vortex system EW in the

presence of the fuselage., The coordinate Xy is given by

x =

B2 =1 - M2 . (1.38)

g 1

Due to the discontinuity relationship, given by Eq. {1.36}, one can write

2, -, =1“3(T ) - {1.39)

Z= 7 -
w

z=z+
W

In the next part of the flow domain in question, the potential @2 is continuous, Since the ex-

pression for the circulation can be given in the form
riy) = L ¢, (e} . Uc (4. 40)
E 2 Y wlett © -

where (a_) £ denotes the effective angle of incidence of the airfoil section measured with re-
w'e
spect to the zero-lift line, ¢ denotes the chord length and Y is the slope of the lift curve for

a wing of this profile, having an infinite aspect ratio. The effective angle of attack is given by
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the formula
8@1
legders = @ * 257 Z=z T (1.41)

where € is the induced angle of attack due to the flow generated by the trailing vortices acting in
the presence of the fuselage.

The flow approaching the fuselage in a direction perpendicular to the axis is called the
crossflow. One has to apply a conformal transformation to the crossflow, so as to map the
cross section of the body into a repeated segment of line located along the ;-axis. If the trans-

formation function is symbolically represented in the form

t= t1) (1. 42)

-

where t and the transformed point t are expressed as complex variables

t=z+iy ; t=z +iy , (1.43)

then one obtazins the following expression for the derivative

EX:) -~
1 - dt
(az )z:z - [R'P'(EE) - 1]t=z + iy ' (1.44)
w w

where the symbol R.P, denctes the real part. In an analogous way one may find the angle ¢;

ad 3
- 2 4%
€= 7 T, (_B_z—)z*—'z - 7(_32_)z=z ' (1. 45)
W W
with
@200 = x]‘jl-l;noo Qz(x,y, z) . {1.48)
1t is possible to show that
QZW(Z:Y) =mR.P.[§E£1n(t-t')ds} s (1.47)
s

where the symbol t' represents the complex coordinate, in the t-plane, that gives the location
of the element ds of the line corresponding to the segments t= z, t iy, along which the free
vortices in the t-plane are located. Since in the first approximation ds may be approximated

by dy, Eq. {1.47) becomes

o e A mp +b/2 4p g
zZ,V) = —=r R.P. f - — In(t-tY)ay'| , (1.48
20 2 -b/2  dyt )
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when b/2 is the semispan of the wing in the t-plane, which is related to the span of the physical

wing by the expression

- ol ) b
b= Z{I.P. [t(zw+17)]} . (1.49)
Further consideration gives
b/2 -
1 dt TP ar gy
2=y R.P() fﬁ = |, (1.50)
T t 1:—Zw+iy -b/2 dy' y-y

where

1"(;) = %CLQUC{QW‘i' af[R.P.(-cal% - i):'
1 [ ar | P2 ar g
- R.P.{ )} . LA O (1.51
T € f-b/z at y -y )

with the condition that dt/dt is evaluated at the location where t = L. + iy. One can use the

notations
. on= 2 (1.52)
b

Let us decompose the guantity y into two parts: one due to the incidence setting, @, -, and

another one produced by the angle of attack ac:

Y = Y0+af'Y£ ’ (41.53)

then one gets

dt
R.-PAx)
1 +1 d'yo d*'
-4 S0 ; (1.54)
-1odn' noon!
- H dy
i c dt Yt N .
Yf-E%a’;[R-P'(H?)J i“'z—f_ e ;_Tl’;‘ : (1.55)

When the values of vy are obtained, one may calculate the lift coefficient from the expression

—10 +
(€ =AaR| [ Ovans [ yanl, (1.56)
W
- 10
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where 10 = 2y /b. In order to compute the total lift of the entire configuration it is necessary
W
to add the lift acting on the fuselage to the above mentioned wing 1ift. It can be shown that this

is given by

-~

- g -~ -
(Cp)e= 2AR 2 -fﬁz 3, () 2 gk |, (1.57)
[+a] -~
¢, &
where
~ 250
@Zoo:' ~ 7
5

Ei s éz represent the values of 5 that correspond to the end points of the slot into which the

fuselage is transformed in the F—plane. Eq. (1.57) can be transformed into the form

'y E -~ éz d: - ~ ~
(Cple= AR|2yply - 2 ¢ ¢ fﬁ =1 (£ -E )yt |, (4.58)
£,
where
I'y=0
Yo = o - (4.59)

The moment coefficient of the fuselage in presence of the wing can be calculated in a gimilar

way. The resultis

L/c
av *
(C. .= - Zf A x
M o 6-—A—d(-5—— , (1.60)
av
where ¢__ is the average chord of the wing (cEw = A/b},
b=ait+e , L = length of the body ; (1.61)
* 2
A =whb" . (1.62)

The symbol A denotes the wing area; in the case of a body having an elliptic cross section with
semihorizontal axis in the y-direction equal to hib , the apparent area is given by Eq. {1.62).
The stability factor, or the derivative of the moment coefficient with respect to the angle
of attack, which account for the effect of the wing upon the fuselage, is a factor of prime impor-
tance in determining the location of the aerodynamic center of the complete airplane, This is

obtained from the formula

d(C_) L/c *
mf-—-z_’; av db& A d(x). (1.63)
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The influence of the Mach nwnber upon the distribution of the circulation per unit span

along the wing span and over the fuselage can be approximately estimated from the following

formulas
Mo 0.965

zY)Mcnc3=0 ) 2 1 ’
)
NPT Mot AR Crd Me=o (1 i Moo)

where the denominator of the right hand side represents the ratio of the slope of the lift curve

{1.64)

in the incompressible case to that obtained for the Mach number in question, Moo; i.e., the de-
nominator is equivalent to the ratio (cLa)M=oo/{cLa)M=oo » provided the assumption of an ellip-
tic lift distribution is postulated. The coefficient 0.965 is a correction factor that most likely
arises because of the fact that the circulation distribution is not elliptic.

Although the correspondence between theory and experiment is satisfactory, it may be
appropriate to point out why on the average, the theory can be expected to predict a larger
amount of lift than that which is actually found from tests. First, the boundary layer exerts a
pronounced effect on the actual result because in the first approximation it can be likened to a
virtual increase in the body thickﬁess parameter h1 . Moreover, the vorticity connected with
the trailing vortices lying close to the fuselage is very strong. ~This introduces a certain
amount of curvature intc the part of the flow in which the central section of the wing operates.

The previous discussion refers to mid-wing configurations, In the case of a low-wing
configuration the fuselage has a reduced influence on the spanwise lift distribution. If the free
stream uniform flow that impinges upon the wing-body combination in question has a sidewind
component producing the effect of an angle of incidence to the plane of symmetry, the probiem
of computing the mutual wing-body interference effects is much more complicated. An approx-
imate way of handling the present problem concerning the effect of the fuselage upon the rolling
moment has been suggested by Multhopp. He bases his analysis upon the assumption that the
wing is elliptic, and then proceeds to find the rolling moment created by the asymmetric angle
of attack distribution which is induced along the wing span due to the presence of the fuselage,
The distribution of the induced angles of attack may be ascertained by following exactly the
analysis discussed above. The free stream flow vector is now considered to impinge upon the
plane of symmetry of the airplane at an angle of yaw, denoted by . Thus,if at any point in the
plane t the components of velocity in the directions of the y and z axes are denoted by vy and

v _, then

z
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@ .y __ =z (1.65)

8o that the induced angles of attack produced by the body upon the wing may be written as

v

(@), = TJ{ =\ [I.P.(-g%)]t=y+izw , (1.66)

where I.P.{ ) denotes the imaginary part of the quantity appearing in the parentheses. Under
the hypothesis that the circulation along the wing has an elliptic distribution, the expression for

the rolling moment then turns out to be

M, + & >
¢ = Tt =‘C4‘f LP(GE) gmy t iz n - n%dn, (1.67)

where M’€ is the rolling moment, Cl

been substituted for the factor

is the rolling moment coefficient, and the constant C has

C= ! . (1.68)

__Fﬁ_ + 2
(C.!am -0 AR
w

Using some approximations, Eq. (1.67) may be reduced to the form

+2/7 dat
G, = - Cu f:z/-,r |:I.P.(d—t)]t=y+izwndq . (1.69)

Suppose the fuselage cross section is of the shape of an ellipse having semi-axes hib , and hzb .
Then the rolling moment of such a configuration, calculated with the use of the above given tech-

nique, has the value

4 “ “w 2 -1 2 2w

This is valid for any value of Z contained between the limits
-h b<z_<h,b . (1.74)

Ward developed a different technique. Suppose a complex body is immersed in a uniform

free stream flow of velocity U directed along the x-axis. The angle of attack is o . ILet the
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symbol ¢ represent the perturbation potential governing the disturbances superimposed upon the
uniform stream due to the presence of the wing-body combination. The aerodynamic force, nor-

mal to the x axis, created on the forward portion of the body is given by the formula
F4iF, = p U fc sdt | (1.72)
1

where t denotes the complex variable, t = ¥y + iz, and the line integral is to be taken around the
complete contour Ci » produced by the intersection of the plane P with the body and wing sur-
faces, The plane P is perpendicular to the longitudinal axis of the body. For slender body con-

figuration the equation of motion reduces to a two-dimensional Laplace equation

+22-0. (1.73)

The sought potential may be chosen to be of the form
E
@(X, Yl Z) = Qo(Yl Z;X) + QO(X) ’ (‘1 . 74)

with I'O(y, z;x) being a function satisfying Laplace equation

v e, = 0. {(1.75)

The boundary conditions are of the forms
B@D ‘
On the body: B = " Vn {1.76)

On the wake:
o -F: ) &
0 0 0 ar
om0, (3, 4.7
y /o ay z=ot oy %=0" v

where I' is the circulation. When the fuselage is a body of revolution and the wing is a flat

plate, the boundary conditions may be represented in the form:

de
On the body: v, = - U — + osz sing , (1.78)
and on the wing: v.=a U ., (1.79)
_ n w
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The symbels used denote:

= . -
v = the component of the free stream velocity U, taken in the direction
n

of the normal n;

o, = the angle of attack of the body's axis with respect to the free stream

b

-

flow vector U;

R. = the radius of the section through the body at the axial location in

gquestion;

-
the angle of attack of the wing with respect to the free stream U.

[H

o
W

'7 the fuselage is not a body of revolution, then the component of the velocity, v, must satisfy

ine condition
v=-u8 {1.80)

The general law concerning v is

ds dn _ ds
%Cvn&—-[} écads--U-J}z, {1.81)
1 1

where ds is the element of length along the contour C1 , and 8 is the cross-sectional area of
the fuselage intercepted by the P-plane. Introduce a complex potential function Wo= @ +in0 )
where q;o is the harmonic conjugate to @0 . Let it represent the function w5 in terms of a power

series of the form

o
-II

w.=F+F 1nt+s‘ F_t , {1.83)
0 0 pa m

m=1

where F, FO, and Fm are constants with respect to t, although, in general, they are func-

tions of x. Also let

t =y +iz 1.84
g~ Vg T (1.84)

represent the complex coordinate of the centroid of the area 5. Then one can show that the

complex force acting on the wing-body combination is given by the formula

. _ 2 d .
FY + 1Fz = prwUFi + me T« (th) . (1.85)
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liikewise, the normal force per unit axial distance is given by

aF dF dF 2
—F 412 i, U 4
AR g zTrme[dx fom g ()] (1.86)

The moment is given by

dr dF

x x
M . _ v o, z - ; _ U
o HiMy fo x[—a; +i -a;] dx = x(F_+1iF ) Zﬂme[L Fdx + - th] . (£.87)

This method was applied to various wing-body combinations; flat plate-wing plus slender body,
cruciform wing-body combination, wing-body combination having a cylindrical rump, etc.

The interference phenomena of the kind body-tail planes experience can be determined
by the methods discussed above, provided that the aspect ratios pertaining to the stabilizing
surfaces are not too large. If the aspect ratios pertaining to the stabilizing surfaces are too
large then the determination of the effect of the fuselage on the tail may be difficult. In spite

of that, in some instances the application of the methods discussed above proved to be valuable,

and furnished a fair amount of good information.

1.4 Supersonic Range Wing-Tailplane Interference

In this section we shall briefly discuss the methods used in the supersonic range to eval-

uate the wing-tailplane interference., The following main points may be emphasized in this.

problem:

(i) evaluation of the field of induced angles of attack produced by the wing;

(ii} using the point (i), one has to evaluate the aerodynamic behavior of the stabil-

izer due to the perturbations introduced by the wing.
One may distinguish here certain types of the methods of attacking the problem:
(i) methods which treat the wing to be a lifting surface;

(ii) methods which treat the wing to be a lifting iine,

Let us discuss as the first item the way of calculating the induced velocities produced by the wing

using the concept of the lifting surface theory, Again in this respect one may distinguish several

methods which can be used here, like the methods based on the conical flow theory and the so-

called methods of singularities,

WADC TR 56-51, Part V 17



Let us begin with a semi~infinite trapezoidal wing subject to conical flow principles.
Assume a ray t' having its origin at the tip of the leading edge. Let us make use of the follow-

ing symbols;
o™ the angle that the wing tip makes with the x-axis {in the direction of the

motion);
2
B = /mw -1 = cot {Mach angle);
t0 = B tan To
oo Aot - pr?
—
i
t' = = !
2
C = i_:___:_:__‘i_ .

t=ftan T j

T = the angle that a ray makes with the x-axis.

Let us introduce a function Gf{t,t') of the form

2
14 -1 Cc™ -1 T-C
1y = | = jus
Git, t*) W(t In|T| +2 tan™ T + =55 m[i_CT|+2) , (1.88)
then the induced downwash along a ray t!' reduces to
1
G(t, t'}dt . (1.89)

U'z=0 to M-t WfE-Eg

The above formulas are valid in the region which falls within the Mach cone emanating
from point A, i.e., from the tip of the leading edge. We have to consider also the regionII,
which is the region of the space lying downstream behind the Mach cone emanating from the
point A.

The velocities induced in region Il are given by

1
(F=0" ngt Lo [G(t,t') - G(t.t'*)] dt (1.90)

™
1-t , ft - to
where the symbol used denotes:
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= ; {1.91)
-1
/ *2
T*=1_."__%_‘_t'_ . {1.92)

The expression for G{t, t'*) may be obtained from the corresponding formula for G(t, t') by merely
substituting the quantity T#= for T in the latter forrmula. The symbol ¢, represents the length of
the wing chord located at a distance 0.75R from the root chord.

The above equations reduce to very simple formulae in two locations; at the trailing edge

of the wing and at the Trefftz plane, i.e., for x = e . In the first case the result is

gee-pEL . or-=o0, (1.93)

depending upon the location of the point in question. In the case of the Trefftz plane the result is

B ;Y_
W
(% ) a= f dt . {1.94)
T'z= f——_i T f——
In the special case of a rectangular wing the result is
w 2o ¥
(Fym0= 22 forp L <o, (4.95)
X =0 w
or for
B B
-——X>i; =-—25for05_-c—y—ii . {1.96)
“w " w

The method of singularities may be applied to the determination of the downwash behind a
lifting surface in more than one manner. One may apply a distribution of pressure doublets over
the wing; another way of achieving the same result is to distribute the velocity doublets over the
wing and over the wake region; one may use vortices over both the wing and wake region. We may
briefly discuas the method which employs the distribution of pressure doublets. The potential de-
scribing the perturbation field for the flow around the lifting surface is given in this case by the
formula

Aﬁxi(x xi)dx dy,

ff + 2 R(x) .97

[(y- Y)
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where the symbols used denote;

!
@
¥

; _ od B_Q .
A%, = (g - 4 {1.98)

R(x} =\ﬂx-xi)z - pz(y—yi)z + ZZ s (1.99

T = region of integration on the wing; this is the intersection of the plane of the wing with the
forward facing Mach cone issuing from the point P(x,y,z). After some manipulations, the

equation for the potential takes the form

2

_ E z

¢= T )
2w j.]:.’: [(X-Xi) - BZ(Y"yi)z - p_zz_z]s/z

a@dx, dy,

{1.100)

where the symbol 7' denotes that part of the region composed of the plane of the wing and the
wake surface, which is restricted to that upstream portion for which R > 0. The formula for

the downwash angles is of the form

w, _ 1 i *
(= zv [f A%y, KWy ¥ 7y fs ag Bodxy (1.104)
T'

where
(x -3, My - v, WRZ - p%a%)

K =
[e-x,)% - B2 1My -y % + 2 IR

(1.102)

The symbol Ag with the corresponding subscripts denotes the jump experienced by the
potential. The symbol S on the line integral denotes the path of integration taken around the
region Ty previously given. The symbol K=|k is the same expression as K except that the val-
ues of Xy and y, are restricted to those belonging to the boundary of the T region. For

points which lie in the wake (z = 0}, the previous equation reduces to a simpler form

Ad R * 2 2 * 2
14 Xiyi 1 ,‘ﬁx -Xi) -~ P (Y'Yi) *
(%’r) =0° 550 — - dx, dy, + 5= AS_ — dx
z 2 _{:f (x xD(y’ Y‘l) 1 27U §S 1 (x "X:)(Y'Yi) 1
{(1.103)

In this equation the points confined to the contour line S have been distinguished from the

general (xi, Yi) coordinates by using the notations (xj= . yt) . This formula can be easily
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converted into the following one:

R*

(-3, - v;)

w .1 * *
(T)z=0= 50 565 (Ag dy, +4a8  dx)

4 *4

R
[(X X, )y - YiTde ¥y

: f:[ :
- — A
2w U Y4 axi

T

For a semi-infinite trapezoidal wing the last equation gives

1
W _ 2o I{t, t')dt
(-l_f)z=0 -7z f

L 0 t-t )1 -1 ( —t)
with
2 2
ey = L j“:w/x\/(i 8% - 0o
1= 5, - £ - )
and § = x{/x . For a triangular wing with subsonic leading edges the formula gives
¥k *
(w‘) - . a % YiR dyi
U0 By s [Tz 2 %2 m-n)iyey)
¥4 1 1

2 R
B, [(x —xi)ry—vi)] Py (o

‘[f /eéxf - pzyiz

with EO denoting the complete elliptic integral of the second kind with the modulus k =

=ptan b ,

with & denoting the half angle at the vertex of the triangular wing,

(1.404)

(1.105)

(1.106)

the result

(1.107)

2
1 -0y

{4.108)

As the next theory, we shall discuss the lifting line theory. One may replace the con-

cept of the lifting surface by the concept of a lifting line.

Let the symbol 3 denote the potential

for the flow when using the concept of a lifting surface and @2 when using the concept of the 1ift-

ing line. The difference of these two potentials is given by

AHE  m)dE dn &n)dE d-
R N
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In Eq. (1.109) the following symbols are used;

{i) the part of the lifting surface which is bounded by the forward-facing Mach
cone having its vertex at the point P(x,y,z), where one wishes to obtain the value of &, is de-
noted by S5

(ii) the plart of the lifting surface which lies within the forward-facing Mach cone
but is further restricted to just the region bounded upstream by the lifting line is denoted by Si;

(iii) let ¢ dencte the abscissa value of the trailing edge location in any arbitrary

one of the airfoil sections cut out by the general plane n = constant, then Ag(n) is given by:

A%(n) = AYE,,m) (4.140)

After some manipulations the difference expression becomes

b/2

2 £ '
3 -3 = zZp dn 2 x - &
s 4T Zm [.b/?. By -m” +2°1%, 'J(x’g,)z 2y om)? - plal

- - ':=o ]m(é',n)dé' , (1.411)
Jix-g9? - phiy-m? - %2
with
m(§,n) = %A‘ﬁ(&.n) . (1.112)

The downwash velocity at a point P(x, v, 2) lying downstream from the lifting line is equal to

w_ 2 Y2 Clty-n) - vix- Dl , 1 IYZ L0 S (1.113)
T y -

2nU 3/2 2xU 2 21 d
T yi v R / o 4 R[(Y"Tl) +z] i

where the following notations are used:

{i) the equation defining the location in a fore-and-aft direction of the most

representative lifting line is given by:
g, = £) ; (4.114)
i) y= A,
(i) v G
(iii) the symbols Y4 and y, are the values of the spanwise coordinate n at which
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the forward-facing Mach cone emanating from the point P intersects the moat advantageous lift-

ing line (call it the line L);

(iv) R = J(x"nz - piy-m)? - g%l . (1.115)

In case of straight-line swept vortical axes, the equation for the downwash velocity reduces to

w ¥
7=59 I:G(vﬁ) - G(v"g):lnzo - %f; 2 [G(v) - G(0) %]dn , (1.116)
1
where
G(V)=" [Y“ﬂ-"(x~ﬂ][l32"(¥“"l) "(x‘“f)] . (1.117)

R{[(y-n - v(x-1)]° + (4 - p2+2)2%}

If the ultimate in simple wings is to be handled by this method, where the two swept lifting
straight-line axes are now assumed to coalesce into one straight line which is parallel to the
y-axis, then the equation for the induced velocity becomes

x(y - )(R” - 22 ar g, . (1.118)

R(x” - 53222)[()" - nfz + z2] dn

w 1 Y2
T~ Z'n'Uj_;
i

For the calculation of the values of w/U which hold for points lying on the plane of the undis-

placed wake behind the wing, Eq. (1.118) simplifies still further into

¥

w _ A 2 R dr

Thaz0” ZWUIY Sy dn (1.119)
1

Now, if the point P(x, y,z) at which the downwash is to be calculated, lies in the region II of the
plane z = 0, which is defined as the region comprising all points which lie inside both Mach
cones emanating from the extremities of the lifting straight-line axis under consideration, then

the above equation may be written in the form

[ e e e (. 120
2ny —b/Z dn =x{y-1) 2ry ub/Z dn v - n

where

* b4
r =TIHn —
NxE - gy -2
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The circulation T is usually represented in the form

sin(pan) sin({p& ., (1.122)

..MB

where I"n is the value of I" at the location Bn, and where the spanwise locations have been

converted into angular measure according to scheme

_ -1 2y - -1 nw
8 =cos ~ -, so that Bn = cos =31 (1.123)
The downwash velocity is given by the formula
m
T(y,) ' rm .  ire
(€420 = 25y FT= -2 Q. b — ' (1.124)
n=1 J:c - By, -

where the symbols 'bvv and bvn are the well-known Multhopp coefficients and the prime super-
gcript on the summation symbol denotes that the term with repeated subscripts, i.e., n= v,
must be omitted, Applylng a few additional manipulations the equation for the downwash angle

in the plane of the wake can be put into the form

(€)Z= = (f-;LU)(m+ 1) Z z p osin (o )f tan 9 cos (p@)d8 . (1.125)
n=1 p=1

The evaluation of the remaining integrals in this expression for the induced vertical velocities
comes about in a straight forward manner.

Eq. (1.125) was applied to various particular cases. The procedure expounded above
may be utilized to determine the downwash induced in the region occupied by the horizontal
tailplane, under the condition that the rolling-up of the trailing vortex sheet may be neglected
at this stage of the computations. Let us use the following notation:

Zt.e. » X, o aTe the vertical and horizontal coordinates of the trailing edge of the
wing in question, respectivelys

(e)z=0 ig the induced angle of downwash at the level of the wake.

Using these notations the actual displaced position of points iying on the trailing vortex sheet

may be obtained from the relation
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z,=2, +L ) dx . (1.126)

The remaining part of the procedure requires some numerical methods. The results are usually

presented in forms of diagrams,

If the trailing vortex sheet is considered completely rolled up, the induced velocity is

given by the formula

cl €

oy [ st
2nU(x" - Bz%) Ey_%)z ]J e[y _%')2+sz

i {xz - {32 Ey+ %l)z + Zzz]}(y+ %') (1.127)
[+ 512 4 | fe? - B2 (e 2% a2 | |

wherein the circulation at the plain of symmetry is denoted by I'

, l.e.,

0
= (D), o - (1.128)
For x»w, i.e., at the Trefftz plane, Eq. (1.128) reduces to
bt b
-2 + 2
W _ T ¥ 2 Y 2
(Tlx=07 7T PRI A S Sl I (t.129)
Z {vy+>5-) +=z

1.5 Supersonic Range Wing-Body Interaction

In this domain, they usually distinguish two cases:
(i) the leading and trailing edges of the wing are supersonic;
(i3} the leading edge is subsonic.
At first, we shall consider configurations having wings with supersonic leading and trailing

edges. The flow about a wing-body configuration is described by means of the velocity potential

described by the equation
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o=U {6 o), + a lo) - tro,+ oM gPY (1.130)

where

E=5 3 b= . (1.134)

The coordinates {x, y, z}, are converted into the physical coordinates {Xi‘ Yqo zi}by use of the

Prandtl-Glauert transformation

xi 5
x:F H y:yi : Z=Zi H [3'—’ mw-i H (1.132)
2% 2z
g: < : t = + H (1.133}

b = length of the span of the wing;
8] -}2).- (& - aW?_Z,) denotes the potential which governs the free stream flow;

u % [(qu)i + aw(qsb)z] denotesg the incremental potential that corresponds to the flow
perturbations produced by the body when it alone is inserted into the free stream:

U %awcpw denotes the similar incremental potential which corresponds to the flow
perturbations produced by the presence of the isolated wing in the ctherwise undisturbed
stream; the wing meant in this case is that resulting from an extension of the real ex-
posed planform across the area normally covered by the fuselage;

U2 ™

5@ denotes the incremental potential representing the interference effect of

the body upon the wing;

R L)

> @ stands for the analogous incremental potential representing the inter-

ference effect of the wing upon the body.

The potentials referring to the isolated components are assumed to be readily available by use

of standard treatments. The interference potentials must satisfy the following potentials:

(w) 8(9,.) (b)
a9 _ b2 3e
( LA );=0‘ ‘(T—g )g=o - (""“‘a;. );.=0 ' (1.134)
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over that part of the { = 0 plane which lies within the extended wing;

(b) a¢ (w)
BE w 8
( ar )r= rb= _(F t _%-I'_)r=rb ' (1.435)

over the body., In the equations above the following symbols are used:

r =

2
2R = _g"_i , (1.136)

T ' b
where there are used the cylindrical coordinates (x, R, 8) and Rb denotes the radius of a c¢ir-
cular cross section produced by a plane passed normal to the axis of the body at the generic
axial location x = constant.

The interference potentials may be determined independently of each other. Thus ¢(b)

can be expressed in the form

¢(b)= z ¢'£1b)(§, 1')rn cosnf , (1.437)
n

where only the even values of n should be considered; analogously, the function ‘P(w) may be

represented in the form

=D oM e, 1) cos (TBy (t.138)
m

where each function gﬁ(w) must satisfy the equation

02" 52 (¥)

S g (1.139)
agz 852‘ m
k = E‘Zm“ (1.140)
The boundary conditions are
ap (™)
Tﬁ.:O: -Gm(g) ; {1.141)
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where the functions Gm originate from the representation of the relative angle of attack in the

form

(w

)
a_bﬂ% =ZGm(§)cos (E‘—;’E) , m=1,3,5 .... {1.142)
W

The solution of Eq. {1.4139) with the corresponding boundary conditions is

£%-¢ o
(w) _ * - * * ¥ 2
fon =~ wh(E -0 ekt [Tk |k e - ,_________,(1 143)
(&"
where a shift in the origin of coordinates has been introduced by means of g =t - Ty - The

symbol Jn denoted the cylindrical Bessel function of nth order. The function hm is given by the
formula

#
£ <
h=-L 7 G (" g e g nlag™ (1.144)

The formula for gbi:) may be given in the form
(W) .2 f570  kr
o= [0 et e Thae, (1.145)

where the integral in question is of the Stieltjes type and the function Lm is

Lm(ﬁ*,ézé*')= z (g L3 ) [J(E -g"y? :I (1.146)

j=113;5 g -g +§

The component of velocity normal to the surface of the body of revolution, which is in-

duced by action of the wing interference potential (p(w) is

iv‘r:) AN . &
“—an rzrb- 5T — = -2cos9 ; sin kn fO Ldem n=r, cosp

gzrbsine
- 8i '
sing zcosknf L mlq=r cosg ° (1.147)
C,*—'rbsine

WADC TR 56-51, PartV 28



As the next item one should determine the potential corresponding to the interference effect of

the wing upon the body in the portion of the space not influenced by the wing tips. Fach function

q;;b) in Eq. (1.137) must satisfy the equation
2 (b
8% (b) (b) a%p(P)
1+ 2n 8¢ n
— + — = 5 . {1.148)
ar 9§
The solution of this equation is of the form
n ,0
¢,flb) - ('i) f 4. F_(& - rcoshujcoshnudu , (1.149)
cosh "£/r

r

where the functions Q’n may be determined from the relation

B(rn¢(b)) 0 . ®
-—a—r—L pmp ® " f 4 .9'n(§ -rbcoshu) coshnu coshudu= - Fn(é) , {1.150)
b cosh §/rb
where
. dg;l
F (£) = - - {1.151)

*
The function Fn may be also determined from the relaticn

v
- Eﬂ% = z F:(g) cosnd . {1.152)
w
I

In the case of a cylindrical body one may use the substitution
" = .
F (8N =T (Y ; (1.153)
the solution for Un(t) ig given in the form

t
U_(8) = H_(1) - f S_(t-thH_(1"dt' , (1.154)
0

and

> pt dF
u =____f S (1.155)
0
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Z
S_(z) = Q}(z) - j; Q. (z - VIO (n)dy

Z & ¥4 % *
+f Qe - ypary [ ey - vegvdy, ke e
N2 g (2= Q¥ (1.457)

dQ .
2 - 2:{’_2_ " - xz){[l"(n - %)]'Z[x”i/zu -x™3/2d B,

1
1 dB
+ %2t - x)n'i/Z_gT‘i:l + [T(n + %)]'2[x'1/2(1 - x}n+i/2(%- - nx - 2B,

dB
+ xi/z(1 ) x)n+3/2 n + 1:|} )

(4.158)
1/2 1,,-2 -1/2
Q (z) = _\f“? ey %[I‘(n - N7 - x)” / B 4
+ [T{n + %‘)-]”2(1 - x)n”/ZBnH} for n > 0; {(1.159)
m m
e Sl ] =

where K is the complete elliptic integral of the first kind with modulus ~x .
After the incremental interference potentials ¢(W) and ¢'(b) have been determined, one

may find the pressure coefficients on the wing and on the body, respectively:

a¢(W) 3¢,(b)
(ACP).W= -2 —5E + =3t §=0+ : (1.164)

3¢,(b) 3¢(W)
(ACp%: -2 Ein + —5r rar, (1.162)

in the region where { > 0,
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From the equations given above, one gets

2™ 8¢$’) - z e .
of §=0+ 3E §=0+ cos —-—11—2 = . cos kq j; Jo[k(g -t ')]dGm . (1.463)

m

The second part of the contribution to the incremental wing pressures, arising from the

body flow potential, is given by the formula

a(rng&l(lb)) N 0 .
B¢ =1 (€ - h hnudu , (1.164
=0t cosh ™1 (¢ /) n{ = n coshu)coshnudu )

After all the substitutions and manipulations the formula for the sought pressures be-

comes

a(rntpr(lb) 042 N n42 t-T‘l " .

—F (ot = (-1 NTF_(t~ T+ (- 1) fo F {9 (t - t")dt", (1.465)
where

z-1, & (t*)cosh[n cosh"i-r(z +1 - t*}] *
2 _(z) =f n a* (1.466)
0

{z -7 —_tz)_(z+1'

1
= 44, (1.1467)

r
T:;]:_); ‘rz_..’l._i.

The complete expression for the wing incremental pressures due to the total of all interference

has the value

# - %
(Wb)z v b é % % .
(AC), = = 2 5o = 28T [ ] +2 ) coskn " 3~ 3 [Ke” - g*)]fac
W w 0=0 - 0
ft_ti e ")de 1.168
- ZZ ) F(tMQ (t - t")dt" . {1.168)

In a similar manner one may calculate the pressures produced by interference effects on the

body; the required formula for the derivative gives

5 5W) a9 W)
_%f,_ r=rb= z cos (kr, cos ) —5r— t=r, sing
m
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E
§ -rysin® * w2 2.2
- Z cos(krbcosa)j;) L A ‘E«Jg - g™ - rosin“e|aG (1.469)

m

-Zvrb t %
= - 1t -t d 1
(ACp)b _U_ozw 2 cos nb fo Fo(t )Qn(t t"dt
n

#*
£ -r sing
+2 E cos(kr, cos e)f g l:k fe* - g2 rzsinze]dc- (£.170)
b 0 0 b m.
X

A similar procedure can be applied to the region located downstream of the trailing edge. The

following conditions must be satisfied:

- (2)
=ot £=0
denotes the axial location of any one of the points located on the trailing edge of the wing;

(i) Ad= (D) _= Ai(gw,'q) on the plane { = 0; here the symbol gw
L
{ii) the total induced velocity on the body itself is zero;
{iii) the function % must be continuous on the surface of the Mach plane £ - Ig l =
gw that originates on the trailing edge of the wing; a discontinuity of grad & is normal to this
Mach plane.

The potential we seek is taken in the form

pal = S 4 9k Mcos (3 (1.471)
m
where
{w) * gtv * * % 2 2 ag ™ .
ol¥ =ivhm(§w)+wkl;j; SCEA PN S : . (L.172)

N -5 - 12

%
in which gw = gw - Ty and the function hm(g*) represents the source strength given by
*
Eq. (1.144). The function qﬁniw) must be evaluated in such a manner, that it should cancel the
discontinuity in the component u(b) /{aWU) of the velocity along the x-axis. The analysis gives

the following expression for this function

w £-]¢] '
pr = e n? (e -t +'rrk§.fg hy (609, k fig - 07 - ¢ ¢ . (4.173)

N (& - g2 - 2
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The second condition below Eq. (1.1 70) requires special attention. The potential ¢(b)

may be chosen in the form

¢(b) = Z ¢.flb)cos ng , for 0 6<% , {(1.4174)
n
= - Z ¢(b)cosn9 for0>e> - g (1.175)
n ’ vz . .
n

The total radia] derivative, evaluated at the surface of the body, originated from both inter-

ference contributions is chosen to be of the form
(w) (b}
9 (g + ¢t - :
[ 37 = Tn(g,rb}smne . (1.476)
b n

Similarly, the induced velocity normal to the body originating from the wing-alone potential,

¢W » can be represented in the form

{w)
] ,
( %r“)r= - = nE T (&, r, )sinng . (1.177)

This implies that the total of the induced radial velocities normal to the fuselage behind the wing

are given by the formula

v Ed
E_rU =Z (Tn+T;1) sinnezz Tn(g,rb) sinn@ . {1.178)
W
n

n

* .
A counteracting potential, B (b), has to be constructed baving such a form that the following con-

dition is satisfied on the surface of the body:

*(b)

(Bglr )r=rb= -sz(g,rb)sinne . (1.179)
n

This potential may have the form
o - Donlsinne , n=1,3,5..., (1.180)
n
with
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o (B) (XY F *(& -rcoshu)coshnudu . (1.181)
. rn cosh {[g £ +(rb) /r} ®

The symbol (rb)w denotes the value of the body radius at the wing's trailing edge, located at

* .
£ = gw . One can verify that the functions &, can be calculated from the equation

0

cosh” {[g €ty w ]/1'

n+1i

- T:(g’rb) ={-1) g (-7, coshu) o1 nucoshudu

-€_ +(r)
+ (- 1)n+ Zf:;[gw - (rb)w]cosh [n ccuz.h—i(g gwrb b w)

g = gW + (rb)w (i. 182)

2
rNIE - 6+ () P -

The determination of the harmonic components Tz presents a separate problem which is dis-
cussed and solved in some of the references cited in the List of References at the end of the
present chapter,

In the case of the wings of high aspect ratio, the analysis given above may be simplified.
We shall put down below the most significant formulae which differ from those derived above.

These are

(5 e, = S i

5T rzrb—EFn(g)s:Lnn , formn=14,3,5, ... , (1.183)
in the whole interval 0 < 8 < 2w . The potential (,b(b) is expressed in the form

b) _ Z(pf_lb)sinne , (1.184)

with the value of the induced velocity given by

[1 3 ¢! ] N 0 )
_._._ _ F (& - r coshu)cosh du = . (1.185)
o8 ie=0" Z cosh~ig /r) P . 2 U

The boundary conditions reduce to

o o) al?y),
BT lg=07 "1 7BT |t=0 ¢ (1.186)
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3¢(b) Lr-)‘pw'

'—F“l"_— I‘:rb = - _a_r_.' r:rb " (1‘187)

Once the potentials have been determined, one can calculate the aerodynamic coefficients

(aCl v -lacy]

%
£
+4zcosknf0 {1 -—.Io[k(g*—g*')]}d(}m ; (1.188)
Im

the integrated lift over a chordwise strip of the wing is given by the formula

*

— £
(Acy) = {ac)  + ki + Z cosk-q‘ro Yo - Jo[k(g* - g*')]}c,m(g*.) a™ , (1.189)

w

where (Z?!)W is the two-dimensional lift coefficient of the strip in question, when the lift is
assumed to be distributed over the profile according to the Ackeret formula.
The interference action on the part of the body which is influenced by the wing, consists
of various parts. These are listed belows
(i) the axial components of velocity, stemming from the wing-alone potential
¢+ contributes to the total the part ALy
(ii) the axial components of the velocity, stemming from the wing interference

(w)

potential ¢ contribute the part Asz;

(iii} the radial components of velocity, stemming from the wing interference
potential contribute the part A3Lb;

Briefly, one can put down the equality

ALb = AiLb + AZLb + A3Lb (1.190)
The formulae for AZLb and A3Lb are
8 1 1 d
P Yo
with c
Yo
Ay = 2¢——; ¢ = the length of the wing chord at the wing-body juncture ;
wO b WO
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£
cos(kr, cos e)f w Gm(g')Jo[l'c\//(gw+ rysin® - £1)° - risinze:ldg . (1.192)
i)

L
™
<
o
il
'
|
Ha
V]

1 d b’ 8(rb¢g.b))
Tz dE A3t 2 BE Jr=r,

1|'b2

I* t * " " 1t
> |:F¢1 (t) +j; FL (e, (t - t)dt } . (1.193}

1]

Another procedure was proposed by Morikawa. His proposal may be described in the following

manner;, The interference effects are expressed by means of interference potentials gb(w) and

KON

Usually, one attempts to calculate these potentials separately; Morikawa calculates the
entire field of flow given by the sum (¢W + ¢(W) + ?‘)(b)) . Formally, the Laplace transform is

used. Let the potential describing the entire flow be denoted by ¢ . Then

{w} , (D)

p=¢,t9 + ¢ (1.194)

Assume that this potential satisfies the linearized equation of motion in cylindrical coordinates

2 2 2
8% _ 9 1 9 1 2
—%__g—+_fi8r+_z_%' (1.195)
At or r° 90
with the boundary conditions
L2
1,8 b
;(%)9=0=1+:z , forx>0andr>r, ; (1.196)
3¢ .
Gelp=r, =0 (1.197)
b
- (9¢ -
p(r,6,0) = (Bx)xio_ o . {1.498)

Applying the Laplace transform to Eq. (1.495) transforms Eq. {1.4195) onto the form

Vi¢-s8¢=0, (1.199)
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with the boundary conditions

2

1,33 1 Ty
?(a—g)e=0-~s— i+;§ s for rZrb ; {1.200)
(E) =0 1.201
ar r=r ' (1. )

Using the notion of the Green function the selution of Eq. (1.199) is given in the form

¢(res)-—-§ 9-8-5—5 . {1.202)

where the notation 8'¢/0n stands for the directional derivative of ¢ taken normal to the contour C;
the symbol ¥ denotes the Green function. Morikawa applied this process only to the semi-infinite

plane where z > 0. In this case he succeeded to find the appropriate Green function in the form

_ _ 1.(s)
G (P = Kylsp) + Ko(sp,) = 2 50— K (sr)K (ar)
ols}
i o8
+4 Z — K (sr)K (sr')cos n@ cosnB' , (1.203)

where r, 0, and r', @' are the polar coordinates of two points P and Q lying in the {y, =z}-

plane, The other symbols denote

F:\/rz + 1-‘2 - 2rrtcos {6 - 8') ; (1.204)
. 2 2 ] ] 0
p=Afr +r'" - 2rr*cos(B + 0% ; {1.205)
P = P(r,0)} ; Q= Q(rt, 8"}

I and K_ are the modified cylindrical Bessel functions of the first and second kinds, respec-
n n

- . - _
tively, with imaginary arguments, and of order n; In(s) = dIn/ds . The potential | may be

given in the form

i % &
¢ (r,0;8) = Ty ] i+ -z [B(r,0;r',7) +B (r,0;r'6)]dr!

iy
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o r
= _}_f (1 + _EZ]{KD[S\/TZ + 1-'2 - 2rrt cos B]
ws J, "
+ Ko[sfvrz + 1-'2 + 2rrt cos 9]}dr'

2 [
1 0 ry Io(s)
- 1+ —llg Ko(sr)Ko(Sr')
TSy r! Ko(s)
= L.(s)
+2 2 2 g, (st)K(st')cos2n0 dr'|. {1.206)
- K, (s) "
n=1 ""2n

The potential ¢ may be obtained upon reversing the transformation process

p= a [z, 0:9)] (4.207)

but this process presents insurmountable difficuity. Hence, Morikawa proposes another approxi-

mate form of the Green function

%(r,0;r', 04 =|:K0 s‘\/r2 + r'z - 2rr'cos (6 - 9')]+ Ko[s\/rz + r'z' + 2rr' cos (@ + 6')]
K. (sr') E (s)
B A .0 . KO[S,\/ITZ+-—1~§-2.-£,COS(G-9')}
It K(s) ! :
+K[s,\/1}‘+ 1 —Zr—cos(e-!-e')]} {1.208)
0 ;Z I" . .

With the use of Eq. (1.208) the inversion of the Laplace transform becomes feasible, but the

solution is valid only for small values of (£ - rb) at which the computations are made,
The above methods were applied to some particular cases with the following results;
(i) The predictions of the theoretical methods are confirmed by the experiments;
(ii) Morikawa's procedure gives fair answers but it can hardiy be useful beyond
£ /e, > 1.5,
In some cases it is possible to apply short-cut methods. Thus, for example, in a first

approximation the lift on the wing induced by action of the fuselage is

2

4o 1 r

AL = 2o UPh 2 [ o 2 a4 ; {1.209)
W 7 Feg ) v W 2"]’ .

for a rectangular wing this reduces to
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1
AL_=3p Ub—%(i—rb) . (1.210)

The total lift coefficient on the wing may thus be reduced to the form

4aw
{C —_ (1 + rb) . {1.211)

L'w, total = "3

The lift induced on the body by the presence of the wing is equal to

2
1 Ty

AL, = pwaf T(n) = dn, (1.242)
rb Tl

where I'(n) is the circulation pertaining to the wing section at a spanwise location denoted by n;

it may be expressed in the form

1 4czw 1‘12;:
Ll

thus, the expression for the corresponding body lift is given by

2 2

4o b 1 r r

_ 1 2 w bi'b
ALy = 30U —3 f clt+—=]—=dn . (1.214)

Ty n n

For a rectangular wing the above formula reduces to
de
_ 1 2 W i 3

ALb—-zme C 5 rbE_rb+§(i'rb):| . {1.215)

The corresponding lift coefficient is devised, by referring this amount of 1ift to a reference

area which is taken to be the exposed portion of both wing panels;

4a T

(AC )y = B—W 1 _brb [1 Tt %—(1 - r{’,):l. (1.216)

The fractional part of the lift carried on the wing and body may be given in the form

1
%AS_C)L_)‘J_ =x ! -rb+g2(i ~ T , (4.247)
L’'w, total 1 -r
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which is valid for a rectangular wing. The general formula for any planform is

i 1'2 rz
c 11+ B2 gq
W 2 2
(AC)y r n o (1. 248)
(Cij, total 1 r2‘
c. 1+ 2 dn
. w 2
b M
Another useful formula for the incremental lift induced on the wing is
5 2 (ch) 1
AL, = 2p,U%b wz n_ f cos kndy
m I
2 1 2 ke
C
*
= - 2p UZb_Zf dm W/bG (0) cos 1 cos kndg
o0 B m 1
r 0
m b
e
A 2c 1
2 b w/b ¥ £
= -p U 'ﬁ_f / dgif Gm(O)coskn—— dn
0 r 2P
#*
2 2c¢ 1 £
Z b b ¥
-5, U Ff w/ dgif Z G_(0)cosk|n+ —> lan . (1.249)
0 r N2 B
m
The expressions for the integrals are
*
1 £ 12
fr Gm(O) cosk|{n - :qu—g dn = ~ - a-wf — dni . (1.220)
b m rb Tli
After some manipulations the above equation becomes
2 2¢ £ HENTB) o
_ 2 b 2 b w/b . ¥ r'h b
ALy = 20U goegaympll - mp) - p U7 5 ey dgif = 4y l221)
0 ry il
1
or
LI c
1-N2pb ~1Inji + —
g2 b W N2pbr,
AL, =20 U g ega,mplt - )1 - F -1 (1.222)
The total lift of the wing is equal to
4aw 1
(CL)W = 5 (1 + frb - ZARB) . {1.223)
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where

—— r c
4 -NZpb 2 nf1 s —
W '\f?ﬁbrb
f=1 -
1 2T ry) (1.224)

A few remarks will be given on configurations having a wing with subsonic leading edge.
In particular, two cases are of interest:
{1) a triangular wing supported on a conical body;
(ii) a wing of any shape and sweep mounted on a cylindrical body.
Let us at first discuss a method for a triangular wing mounted on a cone with apexes co-

incident, Using the polar coordinates {8, w}, defined by

-1 -1 'qz + gz L
8 =tan (z/y) and w = tan — forOimiz . {4.225)
one can apply Chaplygin transformation
Z2s
tan w = t = 5} for 0< s <1 ; {1.226)
1 +s -

to transform the rays in the conical field of flow into points in the complex plane

€ = sexp(if) ; 2=2X+i€y . (1.227)

Using this transformation one can find the function describing the flow about an isclated extended

wing which is located in the stream of a fluid at an angle of attack of y radians. It is

vyt
W) _ 1 i , (1.228)
ENT -t,) 7,2
1YL -6
1
where:
E = complete elliptic integral of the second kind;
ti = the semispan of the wing;
the coordinates ¢ and 7 are related by means of the equations
1 1 ,~ 1 -~
== 3 (E+7) ;5 fA=rexplio)=7_+ify (1.229)
n €
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After all the manipulations the u component of velocity may be determined from the formulae:

on the wing,

2 4 2
t t.\8] t t
. aty 1 1_2(“0\4_{1_1 __26_(_9.) 2_1.._3.%-{—1
= i
AL tz 2 ti} tZ 1 ti t4 t
4 - -
tZ
1
4 to 12 tf tf tf . L 23
- —_ - — —_ - . 230
5tz | T 16 — - 32 - +19 3 ' ( )
1 t t t
with
t. 4 t t. 8 t
_ 3., %0 1 5 .0 . )
ti i- Zti'
IZ= - T K - -—3—1-:—1-— E H (1.232)
16ti~16ti’+i 7 -8t
- 256t6+384t4-134t2+3 128t4- 176t2+ 51
I, = 1 1 t " Es A 1 CK (1.234)
6 105t1 105 2 H .

j
Lnd
-~

E = complete elliptic integral of the second kind and of the modulus 4/1

K = complete elliptic integral of the second kind and of the modulus {1 - ti;
4= the sernispan of the wingy

1:0 = tan wq 3

wg = the setnivertex angle of the conical body.

On the body one has
o t t t. 4 t. 6
i 0 i 0 0 13 1
W l:i Ycos 28 + 3 (EI) {3 - cos 48) + (T:I) (1gleos 20 - gcos 69{\.(1.235)

u=-gE |ty

The lift curve for the complete wing-body combination has the form
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t. 5

8 0 3 0 8 ¢
12 (=) v 222 -2 (0 s,
d(CL)Wb _ ZTrt1 1 37 t 2 ti) 157 (ti)
da'w - p E ‘A . (1.236)

As the last problem, consider a configuration composed of a cylindrical body and a wing of any

shape of the leading edge. The complete interference potential is chosen in the form

b, = ¢§W) roli o)+ olP) 4 o) (t.237)

The following conditions should be satisfied:

o

(b) _
¢ = 2 4¢ . (1.238)
I )é 0~ ( L )é ot

where

A¢£b) = denotes the potential jump on the body.
The jump is defined by the function

A¢§b) = - 2Q(e,B) , {(1.239)

where Q(o,f) is a known function of the «,B location parameaters. The potential ¢§W) which
governs the perturbation flow about the wing should be found by one of the methods given above,

The further conditions are

polW)
L gm0 = - ZTE@E) (h.240)

1.6 Flight Investigation of a Tailless Triangular-Wing Airplane

Below, we shall briefly describe for illustrative purposes the results of flight investiga -
tion to determine the aerodynamic characteristics of models of a tailless triangular-wing air-
plane configuration following the report by Mitcham, Stevens, and Norris. The results refer to
three successful flight tests for the Mach number range between 0,75 and 1. 28.

The data showed that the models tended to tuck under slightly through the transonic region,
The variation of lift coefficient with angle of attack was linear within the range of angles tested

and the lift-curve slope increased gradually between Mach numbers of 0.88 and 1. 00.
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The hinge-moment coefficients increased rapidly between Mach numbers of 0.85 and 1,15
but showed a gradual decrease above a Mach number of 1,20. Elevator effectiveness decreased
approximately 40 percent through the transonic region,

The models exhibited static and dynamic longitudinal stability throughout the test Mach
number range with the center of gravity located at 20 and 25 percent mean aerodynamic chord,
The aerodynamic center showed a gradual rearward movement of about 15 percent mean aerody-
namic chord in the transonic region. All the models possessed directional stability throughout
the angle-of-attack and speed ranges of the flight tests.

An analysis of the flying qualities of a full-scale configuration has been made from the
data obtained from the three flight-test models. The analysis indicates adequate elevator con-
trol for trim in level flight over the speed range investigated. Through the transonic range
there is a mild trim change with a slight tucking-under tendency. The elevator-control effec-
tiveness in the supersonic range is reduced to about one-half the subsonic value, although suffi-
cient control for maneuvering is available as indicated by the fact that 10° elevator deflection
would produce 5g normal acceleration at a Mach number of 1.2, at an altitude of 40, 000 feet.
The elevator control forces are high and indicate the need of a control-boost system as well as
the power required of such a system. The damping of the short-period oscillation is adequate at
sea level and at 40, 000 feet.

At first, we shall collect the symbols to be used in the text;

A = amplitude of a short-period oscillation,

a = velocity of sound, ft./sec. ,

a, = longitudinal accelerometer reading, ft. /sec.z,
a_ = normal accelerometer reading, ft./sec.?',

a, = transverse accelerometer reading, ft./sec. 2,

Ci/Z = cycles for short-period oscillation to damp to one-half amplitude,

Cc = chox;d-force coefficient, positive in a forward direction, ; Vg\f %,
Ch = total hinge-moment coefficient,
Ch = rate of change of hinge-moment coefficient with angle-of-attack, per deg.,
o
Ch5 = rate of change of hinge-moment coefficient with elevator deflection, per deg.,

WADC TR 56-51, PartV 44



C]:1 = basic hinge-moment coefficient at zero angle-of-attack and zero

0
elevator deflection,
CL = lift coefficient, CN cos @ + Cc sine,
CL = rate of change of lift coefficient with angle-of-attack, per deg.,
a
CL = rate of change of lift coefficient with elevator deflection for a
&
constant angle-of-attack, per deg.,
CL = trim lift coefficient,
trim
CL = rate of change of total lift coefficient between two trim conditions
trim or elevator deflections, per deg.,
Cm = pitching moment coefficient,
Cm = basic untrimmed pitching-moment coefficient at zero angle-of-
o
attack and zero elevator deflection,
Cm = rate of change of pitching-moment coefficient with elevator deflection
6 =K
for constant angle-of-attack, per deg.,
Cm = rate of change of pitching-moment coefficient with angle-of-attack,
a
per deg.,
ac
C =— B | per radian,
m- ~
ac d{ac/2V)
A%
Cm = rate of change of pitching-moment coefficient with pitch angle,
]
BCm
Cm* _ = —————, per radian,
fc a(ec/2V)
v n W 1
CN = normal-force coefficient, T 5 3’
c = mean aerodynamic chord, 2.49 ft,,
d = distance between center of pressure of angle-of-attack vane and
center-of-gravity of model, ft,,
gg = rate of change of elevator deflection with angle-of-attack (due to
flexibility of control system)},
dC
Ic = rate of change of pitching-morment coefficient with }ift coefficient,
L
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F = stick force, 1lb.,
: . 2
g = acceleration due to gravity, 32.2 ft./sec. .

H = hinge-moment, in.-lb.; total impact pressure {(Eqs. 1.232) and

{1.233) 1b./sq.fft.,

IY = moment of inertia about pitch axis, slug-ft. 2’,

K = constant,

M = Mach number,

m = mass of model, lb.-sec.z/ft.,

P = period of an oscillation, sec.,

P = free-stream static presgsure, lb./sq. ft.,

q = dynamic pressuré, YPZM , Ib./sq. ft.,

R = Reynolds number, pVe .

S = wing area, 6,25 sq. ft.,

Ti/?. = time to damp to one-half amplitude, sec.,

t = time from launching, sec.,

v = velocity, ft./sec. s

W = weight of model, 1lb.,

x = stick movement, in.,

o = angle-of-attack cofrected for flight-path curvature and angular
velocity, deg.,

a; = angle-of-attack as measured during flight, deg.,

@ im = trim angle-of-attack, deg.,

;;—%r = nondimensional rate of change of angle-of-attack,

(—2%) . = rate of change of angle-of-attack with elevator deflection between

trim

two trim conditions,

5 = control deflection measured on chord line parallel to the plane

of symmetry (positive with trailing edge down), deg.,
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5trim = trim elevator deflection, deg.,

Y = specific-heat ratio (value taken as 1. 40),
5] = pitch angle, deg.,
-ézsg. = nondimensional angular velocity of pitch,
m = viscosity, slug/ft.-sec.,
p = mass density of air, slugs/cu. ft.
Subscripts:
1,2 = conditions brought about by change in elevator deflection,
a = full-scale airplane,
m = model.

Dots over a gquantity represent derivati\;es of the quantity with respect to time.

The models had a wing of triangular planform with 60° sweepback of the leading edge and
an aspect ratio of 2,31, the profile at all spanwise stations being an NACA 65(06)—006.5 section,
Longitudinal control was provided by a single set of constant-chord trailing-edge control surfaces
on the wing called elevons, Deflecting the elevons together provides longitudinal controls and, in
the assumed airplane, deflecting them differentially would give lateral control. The vertical fin
of the models was of triangular planform with a leading-edge sweepback of 60°.

The model fuselage and components were constructed of duralumin, magnesium castings,
and magnesium skin. The fuselage construction was of the monocoque type divided into three
sections. The three sections were the nose section which held the telemeters, the center sec-
tion which held the wings, vertical fin, compressed-air supply, and control-actuating system, and
the tail section which contained the rocket motor and booster attachment.

The planned movement of the elevons called for abrupt pull-upg and push-downs operating
at a frequency of about 1 cycle in 1.2 secondsand was accomplished by a compressed-air system.
The controls surfaces, which were unsealed, moved together between stops in an approximately
square-wave motion. On model 1 the surfaces were deflected down 5. 3% and up 5.30; on model 2
the deflection was down 4.7° and up 4.70; and on model 3 the deflection was down 1.1° and up 5.2°
The controls were in operation during the entire flight,

The models were boosted to supersonic speeds by a solid-fuel, 6-inch-diameter Deacon

rocket motor which is capable of producing an average thrust of 6, 500 pounds for approximately
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3.1 seconds. The rocket-sustainer motor for the model was a 5-inch solid-fuel high velocity
aircraft rocket shortened to 17 inches and modified to give an average thrust of 200 pounds for
1.4 seconds. The small sustainer motor served a two-fold purpose: (1) during the power-on
portion of the flight it prevented immediate deceleration after separation and allowed the con-
trols to operate one complete cycle at approximately a constant Mach number, and (2) it assured
a positive separation between model and booster at booster burnout. The sustain-motor nozzle
served as the point of attachment of the booster to the model. This type of attachment also
allowed a separation of the booster from the model if the ratio of drag to weight of the model
and booster were favorable.

The booster -model combination was ground launched from a crutch-type launcher. The
launching angle from the horizontal for model 1 was 43°40', for model 2 was 44°40*, and for
model 3 was 43°23°.

The data from the flights were obtained by the use. of telemeters, CW Doppler velocimeter
radar, photography, and radiosondes. The time histories of the data as the models traversed
the Mach number range were transmitted and recorded by a telemeter system which gave eight
channels of information, The data recorded were longitudinal, transverse, and normal acceler-
ation; hinge moment:; control position; angle of attack; total pressure; and a reference static
pressure used to determine free-stream static pressure. Angles of attack were obtained by a
vane-type angle-of-attack indicator located on a sting ahead of the nose of the model. The
angle-of-attack range covered by the indicator with the vane located on the center line of the
model was approximately * 15, On model 3 the angle-of-attack sting was deflected down 10°
from the center line of the model in order to record higher positive values of angle-of-attack.
Fixed wide-angle cameras and 16-millimeter motion picture cameras recorded the launchings.
The motion picture cameras also tracked the flights.

The models were disturbed in pitch by the abrupt movement of elevons operated as ele-
vators at preset time intervals which gave an approximately square-wave type of elevator motion.
The desired aerodynamic coefficients and longitudinal-stability derivatives were obtained by
analysis of the hinge moments, angle-of-attack, and acceleration responses resulting from these
cyclic disturbances.

The aerodynamic coefficients, stability derivatives, and flying qualities presented in this

paper were reduced from the model flight data. The results of the analysis are discussed below;
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Lift. The lift data are presented in the form of lift-curve slope CL for various Mach

a
numbers as obtained from two models of the same configuration but having different center-of-

gravity locations and different weights. The range of angle-of-attack in which data were consid-

ered for determining CL was +45°, The lift coefficient varied linearly with angle-of-attack
(-4

in this range, CL increased approximately 25 percent from the lowest test Mach number

a
(M = 0.88) to a Mach number of 1. 00 and then decreased approximately 15 percent from M = 1.00
to M= 41.20. The increase in curve-lift slope in going through the transonic region was evident

for both models.

Trim lift coefficient. Different elevator settings for models 2 and 3 confirmed the

assumption that C varied linearly with elevator deflection. The plots show an inherent
trim
characteristic of the model configuration to trim at negative lift coefficients between Mach num-

bers of 0.90 and 1.08. This was due to a basic untrimmed pitching-moment coefficient Cm
0
for the airplane at zero angle~of-attack and zero elevator deflection. The symmetry of the model

configuration due to the vertical tail and the upswept rear of the body would indicate an expected
positive Cm which was not in accord with test results.

¢
Change of trim lift coefficient with respect to elevator deflection, As would be expected,

the values of CL& for model! 4 with the center of gravity at 25 percent mean aerodynarnic
trim

chord were larger than those of models 2 and 3 with the center of gravity at 20 percent mean

aerodynamic chord. Within the Mach number range covered by the tests, CL remained
8, .
trim

fairly constant up to M = 0.86 at which point an abrupt reduction from 0.049 to 0.029 cccurred

between M = 0.86 and M= 41.00. A further decrease from 0.029 to 0.015 occurred in CL
i 5
between M = 1.00 and M = 1. 28. trim

Hinge-moment coefficients. Calculations were made to determine the effect of elevon

inertia on the hinge-moment coefficients. An extreme case showed the magnitude of the error to
be negligible, Therefore, no such correction was applied to the data. Corrections were applied
to eliminate the effect of phase lag between the hinge-moment coefficient and angle-of-attack
curves and the effect of oscillations in elevon deflection due to angle-of-attack changes. Hinge-
moment coefficients plotted as functions of angle-of-attack at a constant Mach number indicated
that the variation was linear in the range covered by the tests (o= % 150).

The tests show that Ch increases from - 0.008 at M= 0.85 to - 0.024 at M = 1.20. A
corresponding increase from —a0. 015 to -0.037 is shown for Ch5 between M = 0,85 and M = 1,05,

Both curves indicate a gradual decrease in the low supersonic region.
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The value of the basic hinge+moment coefficient at zero angle-of-attack and elevator de-

flection C, is given as a function of Mach number. The basic hinge -tnoment coefficient Gh

h
0 0
shows a reversal from positive to negative values at M = 0. 95 and a tendency in the low super-

sonic region to return to positive values. The variation of hinge-moment coefficient with eleva-
tor deflection was assumed to be linear in the solution of Ch .

0
Control effectiveness. A characteristic of the elevator used on the models can be seen

in the plot of change in lift coefficient per degree of elevator deflection CL as a function-of
5
Mach number. The parameter CL reaches a value of 0,022 at a Mach number of 0.96 and de-
5
creases to a value of 0.010 at M= 1.17, a reduction of about 55 percent through this speed

range. Values of CL show good agreement with the flight-test values obtained in the high sub-
5

sonic and low supersonic regions.

Two parameters of longitudinal control effectiveness for this configuration, change in
trim angle-of-attack per degree of elevator deflection (%‘;)trim , and change in pitching-
moment coefficient per degree of elevator deflection Crna , are both given as functions of Mach
number. The plots indicate an abrupt decrease in control effectiveness of the elevon between
M= 0.90 and M = 1,00, This reduction is of the order of 25 percent for cm6 and 35 percent
for (%%)trim . Above a Mach number of i.00 the curves indicate a further gradual decrease
in longitudinal control effectiveness to M = 1.28, the highest Mach number reached by the flight
tests (~0.045 at M= 0,9 and -0.009 at M= 1.28). Values of Cma were determined for the
angle-of-attack range between 10° and -8°.

The effect of center-of-gravity location is apparent in plots by the relative displacement
of results obtained from model 1 with the center-of-gravity at 25 percent mean aerodynamic
chord and from models 2 and 3 with the center-of-gravity at 20 percent mean aerodynamic chord.
The more rearward location of the center-of-gravity reduced the value of Cm and increased

5

the magnitude of (_ﬁ%)trim .

Longitudinal stability. When the controls are moved up and down in a square-wave type

of motion, corresponding changes are produced in angle-of-attack and normal acceleration. The
stability of the configuration is indicated by the pericd and the rate of decay of the short-period
longitudinal oscillation when the controls are held fixed between pulses.

The values of the period of the short-period oscillation induced by this abrupt control
movement as determined from the time-history records show the variation of the period with

Mach number for the models. The period decreased, a stability increase being indicated, from
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& Mach number of 0, 75, the lower test limit, to approximately M = 0,95, Above this speed the
period continued to decrease but at a much more gradual rate up to M = 4 .28, the upper limit of
the speed range covered by the flight tests. The period for model 1 was greater than that for
models 2 and 3 throughout its test range as would be expected since the center-of-gravity of mod-
el 1 was 5 percent of the mean aerodynamic chord behind the center-of-gravity location for mod-
els 2 and 3,

The static-longitudinalhsta,bility parameter in the form of the change in pitching-mornent

coefficient with respect to a change in angle-of-attack Cm is given as a function of Mach number

@
for CL values between + 0.30. The determination of Cm involved the use of the period of the
o
short-period oscillations as a primary factor. The value of Crn increased from a minimur of
o

-0.0095 at M= 0.85 to a maximum of -0.0162 at M = 1.45 for models 2 and 3 with the center-

of-gravity at 20 percent mean aerodynamic chord. An investigation of the change in CIn due to

a
a 5-percent change in center-of-gravity location shows that Cm for model 1 is lower than would
@
be expected from a comparison with models 2 and 3. Data concerning the evaluation of G
a
were carefully rechecked and there were indications that the seemingly low values of Cm were

@
due to accumulative errors within the accuracy of determining the physical characteristics used

to calculate this parameter,

A plot of aerodynamic-center position against Mach number, also indicates the variation
of the static longitudinal stability. The aerodynamic center moved very gradually from a mini-
mum of 42 percent of the mean aerodynamic chord at a Mach number of 0,80 to a maximum of
54 percent of the mean aerodynamic chord at a Mach number of 1. i5. The aerodynamic-center
positions for model 1, however, were 2-1/2 percent of the mean aerodynamic chord ahead of mod-
els 2 and 3. The more forward aerodynamic-center locations for model 1 were a result of the
low values of Crn obtained for this model. This difference, however, is within the accuracy of
a.erodyna.mic—centir location usually obtained from flight and wind-tunnel data.

The three parameters discussed in the preceding paragraphs (period, Cm » and aerody-
namic-center position) show that the static longitudinal stability of this configuratoi!on increaged
through the transonic region from a minimum value at about M = 0,82 to a maximum value at
M=1.15,

A qualitative evaluation of the dynamic stability may be made by inspection of the damping

of the short-peried oscillation induced by the abrupt control movement, Damping is represented

by the parameter Ti/Z » the time required to damp to one-half amplitude; it varies with Mach
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number. Since the flight-test models were not dynamic-scale models, the results are applicable
to the full-scale airplane only after corrections are applied. Models 2 and 3 with the center of
gravity at 20 percent mean aerodynamic chord showed more rapid damping characteristics than
model 1 with its center of gravity at 25 percent mean aerodynamic chord.

The total damping factor Gm. + C e’ which is a measure of the dynamic stability of

0c ac
FAY v
the configuration expressed nondimensionally, is given as a function of Mach number. Model 1
with the more rearward center-of-gravity location indicated less tendency to damp throughout
the flight-test speed range than did models 2 and 3.
It will be noted that there is considerable scatter in the damping data. This type of scat-
ter may also be expected for full-scale airplane conditions inasmuch as the present data were
obtained in free flight and all the aerodynamic factors that affect damping were properly integra-

ted into the motion of the models,

Directional stability. Only models 1 and 2 were instrumented to obtain transverse accel-

erations. Model 2 apparently had some directional asymmetry that caused it to develop a small
positive side force throughout the flight. This effect approximately doubled at Mach numbers be-
low 0.90. Model 1 did not exhibit any such consistent side-force variation; its side forces re-
sulting from an occasional disturbance. Neither model showed divergence nor continuous oscilla-
tions; thus, positive directional stability was indicated.

Longitudinal trim characteristics. The longitudinal trim characteristics of the configura-

tion are as follows:

Trim angle of attack: The angle of attack for trimmed level flight required for this con-
figuration is given as a function of Mach number. Curves give center-of-gravity locations at 20
and 25 percent of the mean aerodynamic chord for both sea-level flight and flight at an altitude of
40,000 feet. The trim angle of attack shows a consistent small decrease with increasing speed
except in the region between M= 0.90 and 0.95.

Control position for trim: The characteristics of the elevator control in level flight are
given in the form of the variation of the elevator position required for trim with Mach number.
Control-position trim change is manifested between a Mach number of 0.87 and 0.95 at sea level
and 40, 000 feet. The control-position trim change is a function of variation of out-of-trim pitch-

ing moment with Mach number, change in control effectiveness, and movernent of the neutral point.

The resultant change in trim, a tucking-under tendency, appears to be of moderate magnitude.
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For example, at 40, 000 feet a maximum up-elevator angle of about 5° is required for trim at a

Mach number of 0.95,

and 1,20 indicated that the point ig well behind the most rearward center -of-gravity position
and the requirements for maneuvering stability are met,

Longitudinal control forces: The stick forces are based on a conventional airplane con-
figuration with 2° of elevator deflection for 1 inch of stick movement, The data indicate the
power required of a control-boost system with no balancing and trimming devices. For exam-
ple, with the center-of-gravity at 25 percent mean aerodynamic chord at a Mach number of 1,20
the stick force per g based on measured hinge-moments is about 900 pounds per g,

The variation of elevator control force for trim with Mach number indicate that pull
forces were required at all speeds below the trim speed and push forces were required at all
speeds above the trim speed within the range of Mach numbers from 0.95 to 1 -20. The opposite
is true for Mach numbers from 0. 80 to 0.95, but the elevator angle for trim in this range of
Mach number increases with increasing Mach number. Thus, the stick force would be in the
correct sense with respect to stick movement throughout the transonic region.

The elevator hinge-moment data obtained for model 1 indicate a force reversal at high
angles-of-attack (o > 150) at Mach nurmnbers below 0.90. Model 2, which flew at angles-of-attack
of about 7° at M = 0.90 » did not show a hinge-moment reversal but did indicate hinge-moments
near zero.

Longitudinal control effectiveness. At sea level a large variation in elevator effective-

ness was apparent from subsonic to low supersonic speeds with minimum effectiveness occurr-
ng at a Mach number of 4,06 for model 1 with the center-of-gravity location at 25 percent mean
aerédynamic chord and at & Mach number of 0.98 for modelg 2 and 3 with the center-of-gravity
location at 20 percent mean aerodynamic chord, Sufficient control for maneuvering is available
as indicated by the fact that 10° elevator deflection will produce 5g acceleration at a Machnumber
of 1.20 at 40, 000 feet with the center-of-gravity located at 25 percent mean aerodynamic chord,

Dynamic stability. Military specifications for stability-and-control characteristics of

airplanes require that the short-period dynamic oscillation of normal acceleration produced by
moving and quickly releasing the elevator shail be damped to 1/2 amplitude in one cycle (based
on free controls), The damping characteristics for the full-scale configuration have been evalu-

ated for the control-fixed condition although there is a slight oscillation in the control position
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due to hinge-moment effect. The fixed-control characteristics would probably dictate the behav-

ior of this airplane since it would require some kind of control-boost system to aid the pilot in
overcoming the extremely large stick forces encountered in maneuvering.

Ags can be deduced from tests, Ti/Za decreages through the transonic region and reaches
a relatively constant value at about M = 1,20 . Both the time to damp to half amplitude and period
indicate increasing stability for the configuration with increasing Mach number in the transonic
and low supersonic speed range.

From the results of a flight investigation made to evaluate the aerodynamic characteris-

tics and flying qualities of models of a tailless triangular-wing airplane configuration, the follow-

ing general conclusions are indicated for the Mach number range between 0.75 and 1.28:

Aerodynamic Characteristics

1. The lift coefficients varied linearly in the angle-of-attack test range of +15°. The

lift~-curve slope CL varied from 0,045 at a Mach number M of 0.88 to a maximum of 0.055
o
at a Mach number of 1.0 and then decreased to 0. 0475 at a Mach number of 1.20.

2. The hinge-moment coefficient per degree of angle-of-attack increased 200 percent be-
tween M = 0.85 and M = 1, 20; whereas the hinge-moment coefficient per degree of elevator show-
ed a corresponding rise of 150 percent between M= 0.85and M = 1.05. Both of these values

showed a gradual decrease in the low supersonic region.

3. The elevator effectiveness decreased by approximately 40 percentfrom a Machnumber
0f 0.9 to 1.25, For example, with the center-of-gravity at 20 percent mean aerodynamic chord,

the rate of change of pitching-moment coefficient with elevator deflection Cm at a Mach number
&
of 0.9 was -0.015 and at a Mach number of 1.25 was -0.009.

4. The configuration tested possessed static longitudinal stability throughout the Mach

number range covered by these flight tests. The value of Cm (rate of change of pitching-moment
a
coefficient with angle-of-attack) increased from a minimum at M = 0.80 to a maximum at M= 1.5

with the center-of-gravity at 20 percent mean aerodynamic chord,

5. The aerodynamic center moved very gradually from a minimum of 42 percent of the
mean aerodynamic chord at a Mach number of 0.80 to a maximum of 54 percent of the mean aero-
dynamic chord at a Mach number of 1.15.

6. The damping parameters and coefficients indicated that the configuration possessed
dynamic longitudinal stability throughout the test speed range.

7. The models exhibited directional stability throughout the angle-of-attack and speed
ranges of the tests.
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Flying Qualities

1. There is ample control for trim in level flight at sea level or at altitude. At 40, 000
feet a maximum up-elevator angle of about 5° is required for trim at a Mach number of 0. 96.
The transonic trim change, a tucking-under tendency, appears to be mild.

2. The elevator control remains effective in chénging lift or angle-of-attack over the
entire speed range, The effectiveness of the elevator in changing angle-of-attack, however, is
reduced to about half of its subsonic value at supersonic speeds. This change of effectiveness
occurs gradually,

3. With the center-of-gravity at 25 percent mean aerodynamic chord the normal acceler-
ation produced per degree elevator deflection is such that about 10° up-¢levator deflection is re-
quired to produce a 5g acceleration at 40, 000 feet at a Mach number of 1.2. The corre sponding
stick force per g based on the measured hinge-moments is about 900 pounds per g, a figure which
gives an indication of the power required of a control-boost system.,

4. According to military requirements, the damping of the short-period longitudinal os-
cillation is adequate over the speed range for both sea-level conditions and at an altitude of
40,000 feet.

Below, we shall reproduce the equations which were used in the reduction of data.

Mach number. The total pressures obtained frorn the telemeter records were reduced to

Mach number by use of the following equations:

H 1 AT
Subsonics 3= (1 + XM )V' , (1.244)

Supersonicy

— - {1.242)

where p, free-stream static pressure, was obtained from the reference static-pressure record
in conjunction with radiosonde data. Models 1 and 3 reached a maximum altitude of 4, 000 feet
while model 2 attained a maximum of 4, 700 feet. The Doppler velocimeter radar unit served as
an independent check of the Mach number obtained by reduction of the total and reference static

pressures,
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Angle-of-attack. Since angle-of-attack data were measured at a point some distance

ahead of the center-of-gravity location, it was necessary to correct these data for flight-path

curvature and angular velocity as described in reference 1. The following equation was used:

d i L 243
C!=a'i+v 1,844-—Ev+—a¥— . (.24)

Control position. Prior to the flight test of each model a static hinge-moment calibra-

tion of the control system was conducted to determine the amount of twist that would be encount-
ered in the elevons and control linkage under aerodynamic loads. The elevons were loaded at
two spanwise stations and readings were taken at five points to measure the amount of twist or
deflection induced. Control-position data recorded during flight were corrected by the calibra-
tion obtained from the static test.

The methods of analysis used herein apply to the free oscillation resulting from a step
function disturbance. The disturbance was created by an approximately square-wave type of
motion of the elevators moved abruptly between limit stops. The complete derivation of the

equations used will not be given herein but the basic equations of motion are as follows:

Vmié - o) = (CL @a+Cp 5)57.3q5 , (1.244)
o &
IYG = (Cma a + Cmd, a + Cmé 8 + Cma 5)57.3ch . (1.245)

In order to simplify the analysis and to permit the determination of equations for the
more important aerodynamic derivatives, a number of assumptions are necessary, It is assumed
that, during the time interval over which each calculation is made, the forward velocity is con-
stant and the aerodynamic forces and moments vary linearly with the variables a«, &, and 6,

Lift-curve slope. Several methods were tried for determining the lift-curve slope with

respect to angle-of-attack. The most expeditious method found was to measure the instantaneous
aC

slopes I and 3 ate given Mach number. Care was exercised in using only the portions of

the lift coefficient and angle-of-attack time-history curves where the slopes could be accurately

ascertained, The effect of lift due to the flexibility of the elevator was eliminated by correcting

dC

- for the lift due to the deviation of the elevator deflection from a fixed value at an instantane-

ous time, The following relation exists:
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C -
A L2_1 CLaAGZ_i
C = s {1.246)
La A"’z-1
where ACL is the change in CL between CL and CL taken over a relatively straight portion

2-1 2 1
of the lift time history, and A62-1 and AaZ-—i are incremental changes in § and o over the same

time interval. The value of CL used in this equation was a first approximation. Successive
&

approximations and evaluations were unnecessary.

After the corrected value of CL wasg determined, it was then possible to determine an
o

exact value for CL » the lift-curve slope due to the elevons, from the portions of the time his-
5
tories where the controls were moving from one extreme position to the other. The following

relation exists:

AC -C Aa
( LZ-i)trim ch( 2-1)trim

c. = . (1.247)
Lg (A52-1) .
trim
The variation of trim lift coefficient with respeet to elevator deflection CL was
& .
found by the same method used to find CL + The equation is trim
&
(ACL?.-i)trim
C = , {1.248)

L A '
6trirn ( 2”1) trim

Pitching-moments, The basic untrimmed pitching-moment coefficient Cm was calcu-

0
lated from the conventional moment-coefficient equation solved for Cm as follows:
0
CmO = Cm %trim " Cmﬁ Birim (1.249)
a =K
The derivatives C and Cm were considered linear in the range of the tests. The second
e §
term was eliminated by taking values of C for an elevator deflection of 0° and dividing the
trim
first term by CL to make Cm a function of the trim lift coefficient, or
o Y
C =-C @i ' (1.250)
Mg Ty 5=0
and
C
Mo
Cm =~ (CL _ ' {1.251)
0 L trim
a &=0

The values of Cm were obtained as described in the section on longitudinal stability,
: a

WADC TR 56-51, Part V 57



b LA T

Hinge-moments. Hinge-moment data were reduced to coefficient form and plotted di-

rectly against angle-of-attack for both up and down elevator deflection to obtain an approximate

value of Ch . This value was used in conjunction with the change in & due to changes in o to
&
correct the values of the total hinge-moment for constant elevator deflection as follows:
= . 1.252
(Cy) 5=K Cyt ABCh5 { )

A method was derived to eliminate the effect of phase lag between the two variables.
Constant values of Ch were chosen on each side of an oscillation peak and a mean value of o

corresponding to the constant value of C. was determined analytically and graphically. Final-

h
ly, the corrected values of Ch and o were plotted for up and down elevator to determine Ch
o
and Ch . There were indications that these values were linear and Ch , the hinge-moment

8 0
coefficient at zero angle-of-attack and elevator, was determined by direct interpolation.

Control effectiveness. The variation of trim angle-of-attack with elevator deflection

(Aa/Aa)trim was found by using the found by using the following equation:

Ax By i L 253
Ab)trim ~ (Af Y. ’ (1.253)
2-1'trim

The resulting values were used to obtain the control-effectiveness parameter Cm at a

5

constant angle-of-attack in the following manner;
_ Ag
() B
o
a=K

The solution of Cm is presented in the discussion of longitudinal stability which follows.
o

Longitudinal stability. Evaluations of the longitudinal stability were obtained by analysis

of the short-period oscillations induced by the abrupt control movements and shown in the angle-

of-attack curves in the time-histories. The solution of C , the static longitudinal stability de-
@

rivative, is obtained from the following equation as derived from the simultaneous solution of the

two equations of motion:

I 2 2

Y | 4n 0.693

c_ =--L | +(T 9) . {1.255)
@ gSc | P 1/2

A correction was applied to Cm to eliminate the effect of elevon flexibility andthe second-order

o
effects from the two-degrees-of-freedom method of analysis were neglected since they consti-

tuted less than 0.5 percent of the results.

The periods of the short-period oscillation P were read from the time-history curves
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and the time to damp the amplitudes to one-half magnitude was determined by the use of the

following formula:

T _ 0.693 P

= ' {1.256)
1/2° 32 Tog (A, /AY
where Ai and A2 were successive amplitudes above and below the neutral axis of the angle-of-
attack time-history at the point where Ti/Z was sought,

The quantities Cm and CL » corrected for the effect of elevator oscillations, were

a a
used in conjunction with the model center-of-gravity locations to determine the aerodynamic-

center positions in percentages of the mean aerodynamic chord. The following relation was

useds

Aerodynamic center = Center-of-gravity -

T d . . (1.257)

corrected

The dynamic-longitudinal-stability data were reduced to the form of

C + C R
me: - . -
Oc ac
2V FAY

by the following equation derived from the simultaneous solution of the two equations of motion:

81 57.3C1, ,vs
Y 0.693 a :
Co,- * Cm - 21T - dm . (1.258)
8¢ ac pVSc i/2
v

Flying-Qualities Analysis

Variation with Mach number of the control position required for trim in level flight,

The trim lift coefficient C for 0° elevator deflection was obtained by plotting values of
trim
CL corresponding to constant positive and negative elevator deflections against Mach number,

and the variations were considered to be linear in the test range. These values were taken from
0
the time-history data of the flight tests of the three models. The value of CL for & = 0
trim
was obtained by interpolation. Values of CL for level flight for the full-scale airplane were ob-

tained from the relation, (CL)ig = E'r-q& . The difference between (CL)ig for straight and level

flight and CL for &= 0° was divided by CL to give & for straight and level flight for
trim 5

i trim
various Mach numbers.
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Cy)yo -{C
e (me) =0 (1.259)
— . .2

trim = C
Ls

trim

Elevator control force for trim against Mach number. A value of deflection of elevator

per inch of stick movement for a high-speed fighter-type airplane was assumed to be

= 2° per inch .

o

Values of hinge-moment were obtained from the time-history plots of models for corresponding

. AH .
atrim values against Mach number. The value of (—Eﬁ-)trim was obtained from
(AH } - (HZ - Hi)trim - (AHZ-i)trim (1.260)
Ab Ttrim TB2 - Bi)trim (Asz-i)trim

At a given Mach number a value of hinge-moment was read at a given elevator deflection and
corrected to the Gtrim for straight and level flight at sea-level conditions by

AH

- 5tr:lm)(Ks_)trirn

H =H, - (5

L (1.264)

1

if the hinge-moment for atrim for straight and level flight at sea-level conditions is known, the

elevator control force is obtained by
’ (1.262)

where H has been corrected to full scale,

Change in normal acceleration for a corresponding change in elevator deflection

(Aan/AS)trim against Mach number., In order to obtain the change in normal accleration for a

corresponding change in elevator deflection against Mach number, the values of CL for level
flight for various Mach numbers were divided by CL (Eq. (1.248)) so that for ig the re-

. . trim
ciprocal of (/_\an/AB)trim , is

{C.)
AS = 2B (1.263)
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Stick force per g against Mach number,

The change in elevator deflection required for
a change in normal acceleration of 1g, reciprocal of (Aa /A8)
o
(A.H/A&)tri

trim ’ Was multiplied by
m (Eq. {1.260)) to obtain the change in hinge-moment required for a change in normal
acceleration of 1g. Then, for AF /g in pounds per g,

A (LH 5

1
g trim

A5 Mtrimx 573 - (1.264)
Dynamic stability.

The dynamic stability of the airplane in terms of period and damping

of the short-period longitudinal oscillations was determined from the oscillations of the model
corrected to full-scale conditions,

The correction factors were determined from a two-degree-of-freedom method ofanalysis

of the motion which assumes no changes in forward speed during the oscillation.

equations for the two as

The period of
the oscillation for the airplane in terms of period for the model was obtained from a ratio of the
C
m
o

I

am Ya Smcm m

P :PmT = - (1.265)
a a a an

The time to damp to one-half amplitude for the airplane was determined by the following relation-
ship:

_SIY 0.693 SY.BCLQpaMS
CM. - +C .- = -2 T- - im ’ ('1.2.66)
8c MAz paMSE 1/2
FA' A%
and equated for model and airplane as follows:
57.3C. p_a MS I, ¢ 2 I, 2 p.S.c?
. p
0.693 _ e % 21, YmE ) [ Yy aeaa 0.693 ) e
Ti/Za_- 4 My 1 c 41, a c ¢ Ti/Zm o
Ya m m Ya mPm”m“m

Flying-qualities specifications require that the short-period oscillations damp to one-half ampli-

tude in one complete cycle., This value was determined from the relation,

T
_ 1{23,
Ci/2a = B (1.268)
for the representative full-scale airplane.
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Chapter 2

EFFECTS OF CONTROL FLAPS AND AILERONS

2.1 General Remarks

The results of the control flaps upon the pressure distribution can be deduced from
the tests in wind tunnels, At Mach numbers below the critical value changes of flap angle
have considerable effects on the pressures in front of the hinge, but at high Mach numbers,
when shock waves occur at or behind the hinge line, the pressures in front of the hinge are
nearly independent of the flap angle. This result is to be expected, because at high Mach
numbers there is a large supersonic region, extending forward {from the shock wave towards
the leading edge, and changes due to movements of the flap cannot be transmitted upstream
through this supersonic region. The loss of control effectiveness due to this phenomenocn is
discussed below.

Another important phenomenon, which takes place over a fairly narrow range of
Mach number around 0. 85 is of the following nature. In general, when there is a well de-
veloped supersonic region on one surface of an airfoil with a control flap, this is terminated
by a normal shock at the control hinge, with severe thickening {possibly separation of the
boundary layer there}), It appears that it may often happen that at a slightly higher Mach num-
ber the flow behind the hinge reattaches itself to the surface, the necessary turning of the
flow at the hinge occurring through an oblique shock wave of suitable magnitude or even in
gome cases through a Prandtl-Meyer expangion.

A normal shock wave with thickening of the boundary layer then occurs farther back
along the control and may even be delayed to the trailing edge. It has been verified that this
effect is not dependent on the state of the boundary layer before the hinge, since very simi-
lar changes occurred in an experiment when the stream ahead of the airfoil was made tur-
bulent by a wire. It seems necessary that the pressure distribution ahead of the hinge should
be favorable (i, e., accelerating flow) and that a high local Mach number, about 1. 4 for an
obligue shock wave, 1.25 for a Prandtl-Meyer expansion, should be reached,

The effectiveness of the flap as a control decreases to zero at high Mach numbers.
This loss of control is explained by the fact that, at high Mach numbers, the pressures on
the part of the airfoil in front of the hinge are not affected by changes of flap angle., Thus,
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changes of flap angle at high Mach numbers can only affect the lift on the flap itself, and
cannot affect the lift on the front part of the airfoil, The reversal of control effectiveness
for Mach numbers above 0.8, is caused by fore and aft movements of the shock waves on

the flap,

2,2 Airfoil with Flap or Aileron in Incompressible Flow

Assume a broken straight line as the mean line of the airfoil. This represents the
idealized case of an airfoil with a flap like an aileron, or the case of a tail surface with a
rudder. The chord of the mean wing may have the length Ci » the chord of the flap the
length CZ' The value of the angle 8 corresponding to the intersection between the two
straight portions of the airfoil, at the hinge will be denoted by 8y - The angle of attack of the
main wing may be egual to @, the angle of attack of the flap {@ - §), and the relative angle
between flap and main wings 8. One can use Munk's formula to find the total lift acting on the

system. The circulation I'" is given by the formula

2T d
I‘:-Zan 4+ cost)dr (2. 1)
0 dx
where
V = the velocity of the incoming flow
4a = length of the chord

¥ = v(x) = the equation of the shape of the airfoil.

In the case under consideration, the formula {2. 1) takes the form

Z‘rr-BO 90
r=2vaef (4 + cos0) a0 + 2Va(a-8) [ (1 + coso)an (2. 2)
8 -6
0 0
or
2 +9o
r = ZVaczf {L + cos 8)dB - 2Va b f (1 + cosg)de {2.3)
0 -8,
evaluating the integrals we obtain
Bo sin 90
I = 4nVa a-ﬁ(-;’-r-- +— ) . (2. 4)
e gin @
2 0 0
L= 4gpaVv [}-S(T+ - ):l . (2.5)
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This equation shows that the inclination § of the flap is equivalent to a decrease of the angle of
attack by Aa = 8(8; + sin 90)/1r . The angle 8, is given by cos 8, =z 1 Zczlc . For small

values of cz/c one may write 8 > sin eo i 2"/‘:_27- , so that the change of the angle of attack
amounts to Aa = 48/w @? This is a simple rule for estimating the effect of the ailerons
on the total lift of a wing section. The second point of interest is the hinge moment. This is

the moment of the forces acting on the flap relative to the hinge. Let xg denote the abscissa

of the hinge; then one has

c/2 _
M, = pv f y(x)(x-xo)dx . {2. 6)
X
0
or
CZ 90 _
M = pVTf v{0) {cos ® - cosg 90) sin 0 de . (2.7}
L 0
The quantity vy (0} is given by the formula
2w
— Va d 0 - . . -1
Y:_;Tnej; %Cot ZT sinT dv + I (2ra sin 8) ; (2_.8)

again putting dy/dx = - a for By < 6 < (27 - 90) , and dy/dx = -(a-§) for -8, < 6 < BO , We

have
2w 8
- Va -7 . Vb 0 0-T .
Y = Teme cot A sinT dTt - 500 . cot 5 sin v dr
)
. -1
+ I'(2ra sinB) . (2.9

Thus the hinge moment has the value

2.2
M, = 4pV-a (q1a+1126) ) {2, 10)

where

1 % 2w 6-1 _. %
Ny Tz A {cos ® - cos Bo)def(.) cot —— sinT d-r+2f (cose-coseo) de

0
{2. 11a)
3 2]
1 0 0 - .
Ny T, ](; {cos & - cos Oo)de f_e cot 2—2-1 sin v dr
0
2 . %
- = (90 + smeo) A (cos 8 - cos Bo)dB . (2. 41D)
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Now one has

Zn 6
f cot-——é—l sinT'dr = -2r cos@
0
thus one has
ny = -90 4 sine0 cos 90 + Zsineo - 280 cog

To calculate n, we have to evaluate the integrals

8 % 0
T, -—-j(; fo cos @ sinT cot—é—i de dr ;

Next one gets

2] 6 92 sinze (1-cosp® )'2
| 0 0 i 0 40 dv - 0 0 _ 0
Ty=-3 t+ cos(B-T) Ty z 73
0 0
In a similar way we obtain
BS sinzeo (1 -cos 90)2
To2rz - ¢+ 3 ;
0 <]
1 0 0, . -7
Ty = 5 fo j; (s1n1--6)cot-——2— dr d8 ;
since
(4] 8 3] 8
f 0 f 0 gin T cot __2_7-9 dr d8 =f OI Osinecot -9 s04r
0 0 0 g
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:j; f cos 0 sinT cot — de dr H

%

% (% o-r
f f (cos @ sinT - cos T sin8) cot —— dédr
0 0

T

f 0 sin(T - 9)cot E—i— de d+ ,
0

ginr - 5in® = 2 cos Lzﬂ sin T—'z'i :
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{2.13)

(2. 14)

(2. 15)

(2. 16)

{2.17)

{2. 18}

{2.19)

(2. 20)

(2. 21)

(2.22)



thus

T :1‘[0[0 (sin v - sin@)cot T dr de
3 2 0
2} 0 8, L0
= fD f 0 Tcose+T d-rdes-%f ')fo(cos-r+c059)d-rd9; (2.23)
2
0 0 0
or
% % % .
T, = - COSTdeB:-ef cos T dT = - B, sin®, . (2. 24)
3 0 0 0
0 0 0
The expression for n 2 takes the form
1 2 2 . . 2
n, = = [BD + ZBO cos-G0 - 290 smeo - 8in 90] . (2. 25)
For small values of 8, i, e., of cZ/c, we find
e5 64
O A T (2. 26)
2 ny 1 3 p .
et
21 2
My = Gy z PV (2. 27)
then the coefficient Ch is equal to
~ 4 C 8
Ch-- 3 -C—I- @ - 5 5 . (2. 28)

Below we shall present another way of calculating the changes in forces when the
ailerons are moved out of their neutral position. When this happens, the characteristic
properties of the airfoil profile show an abrupt change at particular values of y. Moreover,
in the ordinary case, when the ailerons are moved in opposite directions, the lift distribution
ceases to be symmetrical. The problem of determining the distribution of the lift in such cases
has been attacked from various sides. We shall at first present a general method proposed by
Trefftz,

Consider a two-dimensional field of motion, which is to be found in a section of the
wake at a great distance behind the airfoil. This field is generated by the system of trailing
vortices, which form a band along the y-axis, stretching from y = -btoy = +b. The general

conditions, from wiich the integral equation can be obtained, may be expressed in the form
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of a boundary condition for the potential of this two-dimensional field. With the aid of con-
formal transformation the field is brought into relation with the field outside of a circle of
unit radius; then the potential is approximated by a trigonometric expression and an approxi-
mate solution given by Trefftz have been the starting point for much of the further work on
this subject.

A new variable  is substituted for y, defined by the relation
y = - bcosy ; (2. 29)

the connection between i and y is such that to y = -b corresponds the value $ = 0; for y = 0,
Yy = % and for y = +b, § = %, Itis then assumed that £ {lift per unit span) can be developed

into a series proceeding according to sines of multiples of the angle ¢, of the form
2 .
L = 4pV'b An sinny (2. 30)

where the An represents a set, finite or infinite, of numerical coefficients. This series
belongs to the type of trigonometric series, and it is known that a great number of functions
can be approximated in a satisfactory way by taking only a limited number of terms. The
series written in Eq. (2. 30) satisfies the condition that p becomes zero at the wing tips in

a way mathematically equivalent to that assumed in Eq. (2. 31);

2 4
I:,/bz—yz (£0+£2y +14y +o..0) . (2. 31)

Let us now substitute Eq. (2, 30) into the formula

b
PR A f+ dy A __ (2. 32)
Voo ovz Jop wly-n)
where w denotes the vertical velocity. Writing
-becosy' = ; dn = b sin ' dy, (2., 33)
one gets
znA cos ny!
—f{l— = 4pv? = , (2. 34)
n sin '

which furnishes
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A =I01r ap ZnAncosmp'

. (2. 35}
w{cos' - cos )
Making use of the equaticn
" au cos ny _ sin s 2 36
0 v cos T - cosy =¥ Sy (2. 36)
the expression for ¢ takes the form
sinn
¢ = Z nAn"-;i"rTJde— : (2. 37)
The expressions (2. 30) and {2. 37) are now inserted into the expression for the lift per
unit span, £, containing the effective angle of incidence (a- $);
i 2
t=5pVcmla-9), (2. 38)

where the symbols used denote:

¢ = chord of the profile

m = constant, equal approximately to Zx.

After some manipulations one gets

z A sinny = —g—lbi (a - znAn s;?nnj) s {2. 39)

Usually, ¢, m, «are known functions of y, and thus also of the auxiliary variable ¢ . Writing

R (2. 40)

and further taking together the terms containing the A's , and multiplying by siny, we can

transform Eq. (2. 39} into

z A sinng (np + siny) = pesing . {2. 41}

This equation is the basic relation considered in the theory of airfoils. The exact solution of
the problem of the lift distribution would require that Eq. (2. 41) should be satisfied for all
values of y from 0 to 7 inclusive, This, however, in general can be obtained ounly by taking
an infinite aumber of terms in the series (2.30). The method commonly used insearching
for an approximate solution is to require that (2. 39) shall be satisfied at a limited number of

points only, Then the number of coefficients can be limited to the same value as the number
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of points, Applying Eq. (2. 39) to each of these points, a sufficient set of equations is
obtained, from which the values of the coefficients A can be found without great difficulty,
The degree of approximation obtained in this way naturally becomes greater with increase in
the number of points, When the determination of the A's has been effected, the distribution
of £ and of the angle ¢ can be calculated,

This technique will be applied below to the wing with an aileron. The method of solu~
tion which is usually applied to the wing {without an aileron) theory aud in which usually only
four terms are used, becomes less satisfactory in this case, and it is necessary to take a
greater number of terms, Wieselsberger has remarked that as now the influence of the wing
tips becomes rather important {in the circulation of the moments Mx and MZ) care must be
taken that Eq. (2. 29) is satisfied at the points = 0 and ¢ = 7 . This equation is fully equiva-
lent to Eq, (2. 41) at all points where sin i is different from zero. However, at the points
Y = Oand Y = w, Eq. {2.41) is satisfied automatically, while Eq. (2. 39) still imposes a con=
dition on the A's, Taking the first point, ¥ = 0, itis seen that this condition assumes the

form

nZAn = a ., (2, 42)

At the point § = v, a similar equation is obtained where the terms of even index, however,

have the minus sign.
In treating the aileron problem for the rectangular wing it is assumed that both ¢ and

m remain constant along the span, while the angle of incidence has the following values:

“b<y<a(0<y<y ) et ;
_a<y<+a(¢a<tj.l<1r—¢a);a ;

+a <y + b('n'—tpa<41<'rr):a'-e . {2. 43)
Here (b-a) denotes the length of the ailerons, while the angle an is defined by
a = bcos v, - {2, 44)

As Eq. {2.41) is linear both in the A's and in the angle of incidence, it is possible to build
up the solution as the sum of two special solutions, one relating to a constant angle of incidence

of the magnitude o, the other to an angle of incidence having the values
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Oyt +e H
4%<¢<w-¢a:0 i

TS YT e (2. 45)

The first solution is the symmetrical solution for the rectangular wing with constant angle of
incidence, which has been considered in many numerical examples. Hence,it remains to con-
sider the other soluticm,. which has an aatisymmetrical lift distribution to be represented by
a series containing only the sines of even multiples of the angle . One may take 8 terms in
this geries, with coefficients AZ’ A4, weay A“), determined by means of the conditions:
(a} that Eq. (2. 42} must be satisfied (relating to the point = 00); {b) that Eq. (2. 41} must
be satisfied at the points = 2.00, 350, 450, 550, 650, 750, 850, respectively, It is then auto-
matically satisfied also for the other half of the airfoil.

One may consider four cases, in which the angle ¢ respectively has the values 400,
600, 700, 90° . As these points lie between the points where (2. 41) must be satisfied, the prob-
lem treated does not actually represent the case of an abrupt change of the angle of incidence,

but corresponds to a certain gradual change.

The results obtained by previous authors may be expressed in the following form:

1 2,3
M, = > pV (2b) Le ; (2. 46)
: 1
M, = EPVZ(Zb)3ga¢ : (2. 47)
1 2,2 :
8D; = 5PV (2D) neZ . (2. 48)

The symbols used denote:

the values of the moments;

2
g
1

aDi = the increase in induced drag.

2
For the case of aspect ratio A = (2b) /5, S = the area of the wing, p = 1/4, Eq. (2. 40}, the
numbers § , £, % are given in the table below. The ratio {b-a}/b is the ratio of the length of

an aileron to half span of the airfoil.

b-a
Ya b 4 € n

40° | 0.234 | 0.047 | 0.0492 | 0, 0462

(@)

60 0.500 | 0.100 | 0.0895 | 0. 4114

70° 1 0.658 | 0.444 | 0.0965 | 0.1440

(o]

90 41,000 | 0.135 | 0.1089 | 0.1980
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Another case which may be of interest is the case where both ailerons are moved in the
same direction. In that case no moments are obtained; there is, however, an increase both

of lift and of induced drag, which are expressed by equations of the form

LI INCE. '4 .

L = - pV (20K ¢ (2. 49)
1 2. 2

8D; = S pV(2D) K ¢ (2. 50)

The coeificients WL R JVD for the same case as mentioned above, are given in the

following table,

Ya b%a ¥, | ¥p

40% | 0.234 | 0.130 | 0.056
60° | 0.500 | 0.326 | 0. 116
70% | 0. 658 | 0.442 | 0,137
80° | 0,826 | 0.587 | 0,163
90° | 1.000 | 0.729 | 0.178

Another set of calculations has been developed by Gates, It differs from the method described
above by the way in which the coefficients of the Fourier series are determined. Instead of
applying the condition that Eq. (2, 41) must be satisfied at a finite number of points, egqual
to the number of terms retained in the series, it is required that the square of the error re-
maining in the fulfillment of this ecuation, integrated over the whole span, shall be a minirmnum.

This condition is expressed by the set of equations

™
8—2-— f dy [ZAH sinnd {np + siny) - pe sian} Z . o . {2.51)
n Y0

It is readily seen that the number of equations obtained in this way is equal to the number of
coefficients to be calculated, and that all these equations are linear in the unknowns, It seems
probable that this procedure with the same number of terms affords a better approximation
than the original method of satisfying Eq. (2, 41} at a set of isolated points.

A great advantage would be gained, if the calculations could be made in the form of a
series of successive approximations, where each new step is based upon the results of the
preceding steps, so that the degree of approximation can be steadily pushed farther along.

We shall describe below a method proposed by Lotz, The starting point is again the Fourier
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Series for £ which is written in a form slightly different from the previous form:

‘- pvzcomzansinmp , (2. 52)

™~

where ¢ is the chord of the median section. The equation for ¢ then becomes

m .
o sin mp

d;'! = -B—E-— na.n m—ﬂ}_ - (2. 53)

The new features of the process are that Fourier Series are introduced for the quantities
@ sinyg and (cO/c) siny (@ being the geometrical angle of incidence, c the chord of a particu-

lar section) as follows:

asing = Eansinmb s (2. 54)

c
_f-singh = Z [3ncos s TITREN (2. 55)

By means of the ordinary method of Fourier analysis the coefficients o, [3n of these series
can be calculated as soon as both @ and ¢ are known as functions of §. Moreover, each coeffi-
cient can be calculated separately, so that it is possible to increase the accuracy by taking
more terms in the development without changing the values of the coefficients already obtained.
When the planform of the airfoil is symmett;ic, the series (2.55) contains cosines of even
multiples of § only. Similar simplifications may occur in the series for a sin . In the case

of the rectangular wing, the coefficients B have the following values:

-1 4
ﬁv:Zﬂ' ; ﬂan:-m ;ﬂ2n+i:0. (2«.56)

Eq. (2.41)} is now replaced by;

( Eansin ) | Z ﬁncos ) + Ko Znansin = Z qrnsin oy, (2. 57)

mc

ko = —ppe - (2. 58)

In the product of two series occurring in the left hand member of Eq. (2. 57) one may write
provisionally, as indices, k and £ instead of n; the product can then be brought into the form

of a double series

z gakﬁlsinktp cos 8y, (2. 59)

which transforms into
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.1_% ;akﬁl[sin(k+!)¢+sin(k—1)¢] . {2. 60)

[

In this double series, which is found to be

1 4 1 1 1
3Pyt 73, 4B e, Bt PAYLONRE LNV TR LY A e

‘ia i
-3 1ﬂn+1__2_a2.pn+2-"' s (2. 61)

we gelect the coefficients of sinny. After some rearrangement one obtaius

1 1 4 1
Z24Po g~ P) 3B, - B ) bt s (B, "Pan.1)t2,(By -3 By)

1 1
t 3z an+i“31 - pZI’H»i) * Z'an+2(p2 B 52n+2.) o (2, 62}

The coefficients of sinnd on both sides of Eq. (2. 57) must be the same; this condition fur- -

nishes the following system of equations:

1 4
7248, - Ppgd #oo t 320 4By By y) + 2(Bg -5 By + g
1 1
2l Pany) F 72000 B ) = (26

In its exact form the system contains an infinite number of equations with an infinite number
of unknowns, 2,5 35,000 But in the nth equation the unknown a, has the greatest coefficient
while the coefficients of the other terms are usually smaller and decrease rather rapidly. On
account of this circumstance, the solution of the system can be approximated by successive
steps as follows:

First, consider the system of equations

i 1
%ai(ﬁn—i - lsn-}i) oot F) an-i(ai - IiLZn-i)-I'a'ﬂ([B'O ) ﬁZn-Hl”O) = (2. 64}

which are obtained from Eq. {2. 63) by rejecting the terms with 3441 Bpy20 etC The
first equation of the system (2, 64) appears to be
a By -2 B, + o) = @ (2. 65)
1Fe"Z P2 TRl =y .

and thus gives a value for ay; then from the second one, which contains only ay and a,, a
value of a, is obtained; aj ig obtained from the third, and so on. This procedure serves to

calculate the first approximation. Let us write the original system (2, 63) in the form
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1 1
}Zai(ﬁn—i B )b za g (By - By g)+a (B -7 Bygt mikg)

i

- an - Ean+1('pi - an-i-i) ] (2. 66)

On the right hand side of Eq. (2. 66) oneshould insert the values of the a's obtained from
the first approximation. The system obtained in this way, can be solved in the same way as
the system (2. 64 ) and so a second approximation is obtained, Then this second approxi-
mation can be introduced on the right hand side of the system (2.66} and a third approxi-
mation can be found, In this way the process can be carried on until the desired degree of
accuracy is obtained. In starting the work, as many equations are taken as may appear to
give values of a of sufficient importance in the right hand member of Ea. {2, 66}, If re-
quired, it is always possible to increase the number of equations afterward, so as to obtain
further coefficients, using the values already calculated as a provisional approximation, and
correcting them according to the procedure indicated.

If the planform of the airfoil is symrmetric, so that §'s of uneven order vanish, the
system of Eq. {2. 63}, as well as the system {2, 64) and (2. 65) can be separated into
one set of equations for the a's of uneven order, and another set for the a's of even order.
The method has been applied to the case of the rectangular airfoil with ailerons, The angle
of incidence changes along the span in the manner indicated in Eq. {2, 43}; the solution can
be built up from two separate parts, one relating to the ordinary rectangular wing with con-
stant angle of incidence, the other relating to the antisymmetrical distribution of the angle of
incidence given in Eq. (2. 45}, The coefficients of a . ﬂn , of the series (2,54} and
(2. 55) corresponding to the various cases must be prepared in advance and then the system
{2. 62) can be attacked. The results may be given in the form of diagrams for the coeffi-
cients L, &, q,Jf’L ' Ji’D , as functions of the ratio (b-a)/2b, i, e., the aileron length divided
by the total span. The coefficient m can be taken equal to 5, \ to 5, 6, 7, or 8, so that the
parameter 41/p may have the values of 3. 96, 6. 34, etc. There is another way of attacking the
problem in question, i, e., the influence of the deflected flaps or ailerons upon the pressure
distribution on the wing. This will be described below.

If 2 wing and an aileron or a flap are considered together, a combination of this kind
should be regarded as a single airfoil of somewhat unusual profile like a bent flat plate, For
experimental results of tests on this combination, reference may be made to some reports on

the working of a flap on a profile. Some general results of such tests will be cited below.
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The Reynolds number wag of the order of 4, 000, 000, The flap ran along the entire span and

its chord was 20 per cent of the combined chord, The experiments were carried out on
three combinations with varying proportions of elevator to total area, but all combinations
have the same overall form {contour and ptofile) for zero deflection of the aileron, The re-
sults are compared with the theoretical values. The comparison was made for the angle of
incidence (a-o) at which the lift vanishes; the agreement is good for small deflections of the
aileron but for large values additional deflection produces far less effect than theory predicts,
a fact which must be ascribed to separation of the flow at the rear of the wing. Similar results
are found for the theoretical and measured values of the moment; the agreement is good only
for small angles of incidence and small deflections of the flap (aileron). In addition to the
usual quantities, CL s CD , CM » for the aileron structure as a whole, one has to measure
the moment about the axis of the elevator or flap or aileron as well as the moment coefficient
M

E
C. = ; (2, 67)
E Sgeglp/2)v2

Here ME is the moment about the axis of the flap, aileron or elevator, SE and °E the surface
area and the chord of the flap, aileron or elevator calculated from the axis to the trailing edge.
This moment is important because it determines the force which must be exerted in moving
the elevator.

For convenience of calculation in practical cases, one can arrange the results of the

experiments in the following manner. The component of the force perpendicular to the plane

of the wing, i.e., the so-called normal force N, and its non-dimensioni coefficient, Cr1 .

c_ = —rﬁ_z__ , (2. 68) .
[(z) pv 5]
can be expressed with good approximation by the equation
C = k{la-18) , {2. 69)

n

where 8 is the angle between gtabilizer and elevator. Since the normal force is almost equal
to the lift, the coefficientk represents essentially the known connection between the coefficient

of 1ift and angle of incidence of ordinary airfoils. The following equation is approximately true:

2w

k =
[1+25/(2b)2]

(2. 70)
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The value of T depen&s on the ratio of the surface of the elevator {aileron) area to the total
area of the tail-plane structure. From the results of the experiments it is possible to derive
a curve connecting ¥ and S {elevator or aileron)/S. For any given tail-plane (or aileron-
wing} combination, the magnitude T is a characteristic constant. The moment of the air force

about the elevator (aileron) axis can be expressed approximately by the formula

M = ki(ﬁ"ria) [ (20 71)

E

where T, @ is the angular movement of the elevator (aileron) for which the moment vanishes,
If the angle of incidence is not too large (a < about 120), Ty is approximately proportional
to the angle of incidence, 80 that inside of this domain of values for &, T, is a constant
characteristic of the tailplane (a.ile;:'on). The value of this constant depends on the ratio of
SE/S, and a very crude approximation is T, ~ SE/S.

In the case a definite stability is required when the control surface is free, its location,
in such cases, must be investigated. Stability results from the combined effect of the forces
due to air and the forces otherwise acting on the elevator (aileron), Apart from acting forces
due to the air, the control surface is chiefly under the influence of gravitational (and possibly
also inertial) forces., These forces are due to the weight of the aileron {elevator) itself, and
their moment about the axis depends on the position of the elevator with respect to the vertical
or with respect to the direction of mass forces; this means that it depends on the angle -6,
Here § denotes the elevator deflection {angle between the aileron and wing or elevator and
stabilizer) and 0 the angle between the wing {or gtabilizer) and the horizontal. When the ele-
vator (aileron) and stabilizer are at zero position, i.e., 8= p = 0, the control stick may have
an inclination e to the vertical; hence, the gravitational moments about the elevator (aileron)

axis can be expressed in the following form:

M, = My sin{e -HP - 6) + M, cos(B -8) . (2. 12)

This moment due to the actual weights or masses must be balanced by the moment of the

forces due to the air when the aileron {or rudder) is free. The latter moment is given in the

formula
M, = CE—iz—-pVZSECE , (2. 73)
and there must be
MG " MA =0 . (2. 74)
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If the angles occurring in the above formulae are small, so that the sine of an angle may be
replaced by the angle and the cosine by 1, it follows that, in equilibrium, the aileron

(elevator) deflection B is such that

B = [rya-myle-0) - m,] (2. 75
o (T -Hm,) : - 75)
M,y
My =T 2 s ’ (2. 76)
5 PV kySpep
M
2
m? - 1—_-_2_5____. ) (2. 77)
7 PV R Spep

In general, an aileron is a special asymmetric arrangement of the wings with flaps, Each
half of the wing has its own special flap which in most cases extends cnly along the outer part
of the wing, Both flaps {(ailerons) are manipulated in opposite directions so that the 1ift is
increased on one side and decreased on the other, thus producing a rolling moment. The
difficulty of obtaining a quantitative estimate of the effect of ailerons is increased by the
fact that their efficiency falls away at their ends. At the outer parts, in fact, the effects of
ailerons diminish approximately in proportion to the lift of the wing itself, In order to esti-
mate the decrease at the inner ends, it is possible to consider an infinitely long wing having
a discontinuity in the angle of incidence at one point. The theory of the lift distribution :';n the
neighborhood of such a discontinuity is available. It has not been possible to deduce, however,
from the knowledge of single end effects any sufficiently reliable rule for calculating the com-
bined results of two such effects. For a theoretical discussion of this matter, consideration
must be given to the effect of all irregularities in the form of the wing. The ailerons belong
to this class when in action, This problem can be solved by a practical procedure of calcu-
lating the lift distribution of wings with arbitrary distribution of chord and angle of incidence,
One can calculate the effects of the aileron or flap deflection by using the method of
vortex fields. Obviously, an S-shaped forrn must be included. In the simplest case this is

given by the equation

y = (2. 78)

[3%] [Eand
—

3
x & -

[N 1le!

which corresponds to a distribution of lift over the airfoil chord in accordance with
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ac
.:;E-—L = 2K¢ ,./1 L (2.79)

Here £ = 2y/c, v is the distance of a point from the middle of the plate, c is the chord length,
The lift resulting from this component is zero and it only provides a pure moment, the coeffi-

cient of which is

c. = K= (2. 80)

This moment, when in conjunction with a circular curvature, produces a shift of the 1lift due
to the circular curvature (CL = (2w ) (2f/c}, fis the height of camber)} away from the middle
0

of the span; this shift has the value

As:c%

- % ) {2.81)

If the lift be shifted in this manner to a point ¢/ 4 from the front edge, it coincides in position
with the component provided by an increasing angle of incidence, so that in this case, altera-
tion of the angle of incidence produces no displacement of the point of application, The cross-

section thus obtained is a so-called "fixed center of pressure' profile, the condition being

c
= — 2. 82
As = ( )
It follows that
H -g-=8
) 0 = (2. 83)
where 9 is the angle at the center, and
3
- CSof&_ .&
o = 3 0 (_3_ 2) . (2. 84)

It should be observed that the S-shaped profile which has neo resultant lift, but a pure

moment, has, however, an angle of incidence of amount
X = -—6—- . (2. 85)

Here K denotes a special coefficient, depending on the lift distribution, Egq. (2.79}. The more
general cross section obtained by superimposing this cross section on a circular arc profile

of angle of incidence zero, will also have an angle of incidence e, In order to have the ordi-

S ¢

nates still measured from the chord, it is therefore necessary to subtract the ordinates
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z=-1/2 casg of a flat plate with angle of incidence @g- Similarly, in obtaining the values of the
forces and moments for an arbitrary angle of incidence @ (superposition of a flat plate) it is neces-
sary to observe that only the difference o - asxfé is effective as an additional angle of incidence.
For a cross section whose shape is composed of a circular arc of curvature f/c = §/8 and an S-section

of constantH, the calculation supplies the equation

3 .
e 2
y = g[—;u y: )+.y((%— -§-+%)]=§[§u -5+ % -a)J : (2. 86)

and the following coefficients of lift and moment for an angle of incidence a:

. 3] H
CL = 2«(81na+ Z"—g—) N (Z. 87)
. 8 N Hy _om . e 5
CM-T(sma+2- T-T)—?(SIUG+E-T2—) ) (2. 88)
where
8 = 8f/c . (2. 89)

The superposition of the S-shape on the circular arc displaces the position of greatest camber
height and in the shapes used in practical applications, where it is desirable to make the move-
ment of the center of pressure as small as possible, this displacement always takes place for-
ward. The camber height at the middle of the cross section is not affected by the symmetrical
S-ghape and is simply a measure of the amount of the circular curvature, so that the camber
height to be taken in the above formulae is not the maximum value, but the value at the middle
of the croas section. The curvature of the cross section decreases continually from the front
to the back, and eventually may even become negative (S-shape). The difference between the
angles ¢ and ¢ at the forward and after edges of the profile may be taken as a measure of the §
component of the profile, while the sum Y 4+ $is a measure of the circular curvature. The fol-

lowing equations apply here:

H {2.90)

w W

¥+ ¢=0(+2“S=

ol

b+¢= 8= . (2.91)

The condition that a cross section should have fixed center of pressure is = 0, giving

30 - @) = 4y + 9); ory= -7¢ . (2.92)
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A cross-section of this type and having fixed center of pressure has a point of inflection at

x = c/8. The greatest camber height occurs at

x:%&- %)z%(o.as) . {2.93)

There is no difficulty in calculating properties of any arbitrarily given cross section by the

method of vortex fields. In particular, there are the general expressions furnished by Munk's

integrals

Q
i

1
21r<z+2.f+ g———%——m ; (2.94)
-1 (4 - E)NJt -2

+1 2

c. = X2 .2 Y 1-£+
A N (1-£) 1 -22

13 (2.95)

Munk's integral especially adapts itself to the case of a given cross section whose shape deviates
considerably from the normal and whose properties are to be estimated. If, however, the prob-
lem to be solved consists of finding a cross section, or altering the shape of a given crogs Bsec-
tion in order to obtain certain desired properties, the previously described procedure of super-
position of typical forms is more suitable.

Some remarks will be given below on the discontinuous flow around an airfoil with flap.

The perfect fluid theory of Kutta and Joukowski for calculating the reaction of the air on
an airfoil with infinite span, engaged in a uniform rectilinear translation through a bulk of air at
rest, gives satisfactory results so far as the lift is concerned. This theory fails to account for
all details of the flow, however. In particular, it neglects the wake of deadwater which exists
at the trailing edge. The effect of this wake is to make the lift slightly smaller than the calcu-
lated value and to reduce the negative pressures along the rear portion of the suction side. Since
the effect is greatest near the trailing edge, the discrepancies between calculations and observa-
tion will be most pronounced for the total hinge moment of the pressures on a trailing edge flap.

The boundary layer theory has been used to calculate the size of the wake, i.e., the
point where the wake detaches itself from the body. Basing his calculations on the observed dis-
tribution, Hiemenz in 1914 obtained from the boundary layer theory an angle of 82° from the
forward peint for the point of detachment in flow around an infinite circular cylinder, a value in
good agreement with his experiments., However, his experiments were made at low Reynolds

numbers; an airfoil would be stalled for such a flow. For the high Reynolds numbers
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corresponding to the normal, unstalled tlight of an airfoil, the calculated point of detachment
for flow around the cylinder is at least 20° smaller than the observed value, even though the
calculations are based on experimental pressure distributions,

A definite advance was made by C. Schmieden in 1932 when he showed that for high
Reynolds numbers the perfect fluid theory is adequate to explain the wake behind a cylinder if
one assumes a discontinuous flow, According to this view, the wake is obtained as a special
case of the classical theory of jets. The theory of jets, due to Helmholtz and Levi-Civita,
agsumes a wake of stationary fluid at uniform pressure, bounded by two streamlines along which
the speed is constant and different from zero., In spite of the fact that such a dis continuity in
velocities would be impossible in a real fluid, Schmieden's calculated values of the pressures
around the cylinder agree remarkably well with experiment. The agreement is perfect up to the
pressure minimum; beyond that there are some deviations, which can be attributed to turbuletce
in the boundary layer and the circulation of fluid in the wake. The point of detachment is approxi-
mately correct, but the observed point is somewhat masked by the turbulence, and the circulation
of the fluid in the wake causes the constant pressure in the wake to be negative instead of zero,
as predicted by the theory.

Schmieden found, however, that the equations of motion for a perfect fluid, plus the usual
boundary condition that the velocity approach the stream velocity as the distance from the cylin-
der increases without bound,are insufficient to determine the discontinuous flow uniquely,
Various sizes and types of wakes are possible. There exist symmetric discontinuous flows with
wakes detaching from the cylinder at every angle from about 55° to 180°. For angles between
55° and about 124° the wake extends to infinity and is bounded by streamlines which are first
concave toward the wake and then, after passing through a point of inflection, are convex; the
drag on the cylinder is positive, and the constant pressure in the wake is zero. For angles be-
tween 124° and 180° the wake is finite in extent, the drag is zero, and the pressure in the wake
is positive. For the critical angle of about 55° the wake boundaries are always convex {Helmholtz
case). For the critical angle of about 124° the wake is infinite but has -a width which tends
asymptotically to zero, the boundaries of the wake are concave, the drag vanishes, and the

pressure in the wake is zero; we shall refer to this as the Schmieden case.

Since a correctly set physical problem should have a unique answer even for a perfect
fluid, an additional boundary condition is evidently required to determine the flow, Schmieden

has chosen the auxiliary condition that the wake boundaries be concave and infinite in extent,
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A possible reason for selecting the condition of concavity is the intuitive feeling that in a vis-
cous fluid any portion of a streamline with a point of inflection would be swept away to infinity,
However, for a perfect fluid there would be no such tendency; moreover, the condition of con-
cavity is an "internal" condition, more in the nature of a law of motion than a boundary condition.
The required boundary condition must be "external' in character —a condition which can be im-
posed arbitrarily as a constraint on the system. Such an external condition could only be im-
posed by specifying something about the nature of the impinging stream. In particular, we could
require that this stream be as nearly uniform as possible, that is, the difference between the
velocity and the undisturbed stream velocity shall approach zero as rapidly as pos sible as one
recedes from the cylinder in the direction of the stream source. In the present paper we show
that this assumption of "minimum disturbance at infinity' does in fact lead to the Schmieden case,
at least for infinite wakes,

On the experimental side the justification for choosing the Schmieden case for an approxi-
mation to the flow of an actual fluid at high Reynolds numbers lies in the agreement previously
mentioned between calculated and observed pressure distributions. Of the varicus discontinuous
flows, the Schmieden case gives the best agreement for the pressure distribution as a whole, but
more particularly for the forward part of the cylinder where turbulence is absent, As previously
mentioned, the observed pressure in the wake is negative instead of zero, but this is still the
best agreement possible since the theory predicts a positive pressure behind the cylinder for
finite wakes. Quantitative technical applications involving pressures behind the cylinder are sub-
ject to the limitations imposed by this discrepancy. Further refinements of the theory to elimi-
nate this discrepancy by taking into account the turbulence in the wakes have been suggested by
Schmieden.

In 1940 Schmieden applied his theory of discontinuous flow to the case of an airfoil with
infinite span whose profile is an inclined straight iine segment. It was found that the pressure
distributions so obtained,agree almost exactly with the pressure calculated from the Kutta-
Joukowski theory,except near the trailing edge, where the wake would be expected to exert an
appreciable influence. It should be observed that the Kutta-Joukowski theory also uses an addi-
tional assumption beyond those involved in the perfect fluid equations, namely, the Joukowsk:
hypothesis that the circulation is such that the velocity at the trailing edge is finite. Schmieden
makes no direct agsumption about the circulation, but replaces the Joukowski hypothesis by the

above assumption concerning the nature of the wake. From Schmieden's point of view the
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Joukowski hypothesis is a special assumption concerning the nature of the wake in the limiting
cage When the wake is made to disappear,

An objection has been raised to Schmieden's theory of the airfoil with straight line pro-
file in that the pressure is negatively infinite at the leading edge; it is one of the requirements
of the classical theory of jets that separation of the fluid from the body occurs at such points.
However, in an actual airfoil no separation occurs at the leading edge (unless the airfoil is not
stalled) because the leading edge is rounded off. The infinite velocity is not a necessary feature
of the Schmieden theory, but only results from the sharp leading edge which was assumed to
render the mathematics feasible. Singularities of exactly the same order are obtained from the
Kutta-Joukowski theory when applied to sharp leading edges.

One may apply the Schmieden theory to the case of two-dimeunsional flow around an air-
foil with flap, the profile being a broken line,

Consider a plate whose cross section is
a broken straight line {Fig. 1), The angle of
attack of the main wing may be denoted by & and
the angle of attack of the flap by @+ B. Thus B

is the angle of depression oftheflap, We assume

that & is positive and that B, if negative, is

greater than -a. The velocity of the undistributed

Figure %

stream (velocity of flight} is denoted by Ve

There will be a critical streamline which divides at the stagnation point S, follows both
sides of the airfoil to the points of detachment, D and T, and then to infinity as boundaries of
the wake. At the points of detachment the boundaries of the wake leave the plate tangentially.

Evidently the ratio of the lengths {chords) KT to LK must not be too small, or else the
point of detachment D will not fall on the flap. We restrict attention to cases where the flap is
long enough for D to lie on the flap—an assumption that appears to be justified in all cases of
technical interest,

The method of Levi-Civita does not give the velocity distribution along the surface of the
plate directly in terms of the position which the point under consideration has on the plate; but
instead, both position and velocity are expressed parametrically in terms of an auxiliary variable
¢, where ¢ is an angle ranging from 0 to w. The explicit expressions are as follows, where v is

the speed of the fluid and s is the distance measured along the broken line from T:
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1 1 1 N Blm
sin > (¢L+ b) sinE [¢S-¢! sin > (¢K+ &) sin 3 H’E - o]

% Sin% !¢L'¢[Sin%(¢s+¢) Sin% I¢K" q’l Sin%(¢E + 4>)

{2.96)

v =V

B/m
sin¢dd (2. 97)

fq: sin%(¢L-¢)sin2%(¢S+¢) sin-;—'-[an—Hsin%(q;E-l-q:)
0

sin%(daL + ¢) sin%(ch-} $) sin% ]¢E-¢]

Here the constants ¢p ., ¢g q;L , ¢Kand cz depend on the dimensions of the plate and on a and .
The number c‘2 is a proportionality factor determining the scale of the figure. Values of ¢ be-
tween 0 and $1. correspond to points on the under side of the plate while values between ¢L and
% give points on the upper side. The determination of the numbers ¢E , ¢S R 4>L , and ¢Kis the
most difficult part of the whole procedure and will be discussed later. For the present we sup-
pose that they are known. It will be sufficient now to observe that these four constants are
angles between 0 and x, whose magnitudes are in the order written, which if used as the upper
limit will yield the positions of the points E, S, L, and K respectively. Also, the angles ¢S
and ¢ are near n/2 if @« and B are gmall.

If the integration in Eq. (2.97) is performed there is obtained with {2. 96} a complete
parametric representation of the speed at the airfoil surface. From Bernoulli's theorem it is
then a simple matter to calculate the pressure in terms of the parameter ¢. If the pressure at

infinity is P the presaure at any point will be

p=~§(Vi—v2)+pw ’ (2. 98)

where p is the density of the fluid
The total hydrodynamic forces acting on all or part of the airfoil may be found by inte-
gration of the pressure. In particular, the total moment of the forces acting on the flap taken

with respect to the hinge will be

* da N ds
MH-_-j;) qu-s)a@-Lx plip-o) 55 b (2.99)

where £ is the length (chord) of the flap ET and moments in the counterclockwise direction are
considered positive.

The resultant force on the airfoil is vertical; the drag vanishes and the total 1ift is
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i 221 . . . .
Y= - 3 WPV, l:sm 2¢L—31n Zq;s + g {sin Z¢K—s1nZ¢E)]

In addition to the distributed pressures there is a concentrated force {suction) at the
leading edge which acts parallel to the plate LK. Its horizontal component must equal the hori-

zontal component of the resultant pressure on the airfoil, since there is no concentrated force

at the hinge K. The magnitude of the force at L is

sin % (¢ +d)sin % (¢, ~¢g) B/w

sin 5 (¢, - $, )sin % (6 +bg)

2 2, L2
F_4-npv°°c sing, sin E(¢L-¢S)

The integrations must in general be carried out numerically or graphically, The inte-
gral has been carried out in closed form only for the case of a gtraight plate, i.e., B =0. The

problem is much simplified in that case by the fact that of the four constants, and ¢K do not

*E
dgp=slmta), bg=2irm - a
occur an ¢L'2 T+ oa ’¢S_2 T - a)

As ¢ varies from 0 to ¢E the corresponding point in Fig. 1 will move along the under -
gide of the flap from T to E; as ¢ goes in succession from ¢E through ¢S , ¢L ) ¢K to v, the
corresponding point will move along the underside of the plate through 8§ to L and then back
along the upper side through K to D. Now the distance traversed on the underside between E

and L muset equal the distance on the upper side from L to K. Hence, if the integrand in equa-

tion (2, 97) is f(¢s ¢Es ¢S' ¢L’ ¢K): then

Iy 5
. {4 b, g, b s $)de = f fdd (2. 100)
*k
If » = TK/KL is the ratio of the length of the flap to the length of the stationary part of the
airfoil, we rmust have
f *e fdg = N ‘L
0 = fde . (2. 104)
*E

Equations (2. 100) and (2. 101) are the two conditions on the constants imposed by the
geometry of the airfoil. A third condition is obtained from the requirement that the velocity
must approach the stream velocity as the distance from the airfoil tends to infinity. The fol-

lowing equation is the mathematical formulation of this condition:
- B - .
q)L ¢S +"".r;" (¢K ¢E) = a+ f§ . (2.102)
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For the fourth condition,we need the Schmieden hypothesis mentioned in the introduction, or
some alternative. The hypothesis which we propose is a natural and direct extension of the
physical assumption on the basis of which (2. 102) was obtained. Whatever physical principle
causes the velocity to approach the stream velocity as the distance from the airfoil becomes
large might also be expected to cause it to approach the stream velocity as rapidly as possible.
This is our basic hypothesis; it says that the disturbance at distant points shall be a minimum.
The general mathematical formulation of our hypothesis for our case of a broken atraight

line leads to the condition
gin 41, -¢s + T—Br-(sinq:K - sin @E) =0 . (2. 103)

For B = 0 this reduces to the condition which Schmieden has used for determining size of the
wake, namely ¢; =7 - ¢g - Putting p = 0 in (2. 102} we get ¢L - ¢s = a. Hence ¢, = %(11' + &)
and ¢'S = -} (r - o).

The four equations will determine the four constants involved, These equations can
only be solved by successive approximation. Equations (2. 100} and {2. 104) can be solved by
trial, the integrations being performed either graphically or numerically.

We consider Fig, 1 as a diagram in a complex z-plane, z = x+iy, We choose the com-

plex potential

W=L!Ji+i¢2 »

in such a way that the streamline y, = 0 will be the critical streamline which follows the surface
of the airfoil and wake, with Wy = 0 at 5.
The w plane minus the positive half of the real axis is mapped ento the interior of the

upper half of the unit circle in a T plane by the transformation
2
w = a [cosqys—%(*r-l-—i;)]z . (2. 104)

The radii from -1 to 0 and from 0 to 1 in this t-plane correspond to the free streamlines, The
pointas on the unit circle with arguments ¢E , q;s s ¢Kcorres'pond respectively to E, 5, L, K. The
number a is a counstant.

Consider the complex velocity

H_z_zve' ) (2.105)
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Along the real axis in the Tt -plane between -1 and +1 the speed v must be constant and equal to
V! the undisturbed stream velocity. Along the successive segments of the unit circle between
the peints T!, E’, §', L', K', and D', the angle 6 must have the respective constant values -{a+B),
~a, n-a, ~eand -(a+B). It will now be shown that the following expression for the complex

velocity will satisfy these conditions:

. B/

Jilat B) (T e TPL) L - ') [ (7 - e TIK)e PR 7 - ¢'*E) "

=V
m

gl:_ (2. 106)

(1 -e L)t - 95)0®5 | (v - PK)(7 - o PE)el0E
We use that determination of the bracketed quantity to the B/ power whose argument vanishes
for 1 = 4. The absolute value of this expression is obviously constant and equal to Vi, if r is
real, For t = e1¢ on the unit circle we make use of the identity

1. 1. 1. 1
. (erg)| 7 ile -6 - Fil4-4) gre')
R L] e [eZ' b-¢ - ez—l bod J: 2162 e sin%(fb-fb’) ’

to rewrite our expression in the form

B/n

i .4
E (¢+¢K) §sin E (¢"¢'E) ’ (2' 107)

3 (@-dye) sin 5 (¢+o)

o]

dw _ 1(a +B) %1037 (¢+¢L) sin > LAY -¢g) | 8t
sin 5 (4’ $; ) 8in > (¢+¢S) si

jn]

where the determination is chosen to agree with that in (2. 106}. If ¢ is between 0 and bp each
factor involving the sine of a difference is negative, all the negative signs will cancel and the
argument of the whole expression will be a+ B; hence 8 = -{(a+p) as desired. If ¢ is between ¢E
and ¢S » the quantity inside the brackets will be negative and have an argument - w; hence the
entire expression will have an argument a. In this way all the prescribed values of 8 may be
verified. Since our expression for dw/dz is analytic and not zero inside the upper half of the
unit circle in the 7-plane and satisfies the required conditions for v and @ on the boundary of
that semicircle, it follows that the flow around our airfoil is thereby correctly determined. If
we take absolute values of both sides of (2. 107) we get the required formula {2. 96). Also, from
(2.104) for T=e'?

dw
aZ

-az[cos ¢S~%(T+1/T)](i - i/-rz) = -Zazi(cos q:s-cos ¢)e_i¢sin¢

4azie-i¢sin % (¢S+¢) sin % (¢S -¢) sing . (2.108)
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Since dz = (dz/dw)(dw/d+)dr , we have

[dz | = % |[de| . (2. 109)

dw
dr

Now ds will have the same sign as d¢, if ¢ is less than ¢; and opposite signs if ¢ > ¢L . We
can therefore get ds from 1dz ! by removing the absolute value signs around d¢ and around the
quantity ¢; - $ in the expression for v. Hence {2.97) follows immediately on substituting
(2. 96) and (2. 108) into (2. 109), integrating, and setting CZ= azlvm.

We need only observe that the complex velocity must approach Va8 T > 0. Putting

T = 0in {2, £06) we get

el p)e‘i¢Lei¢s[e'i¢Kei¢E1;3/1: ,

which reduces at once to (2. 4102),

Consider the function

dz Vao . .
wl{Tt)=1In (vwa;)z In —v—--i-le . (2. 110)

This function is regular within the upper half of the unit circle and continuous on the diameter
formed by the segment of the real axis between -4 and +1. It is also purely imaginary on this
diameter. Hence it can be continued into the lower half of the unit circle by reflection of iw(7) ;
and w{T) will then be regular within the entire unit circle,

Expanding w(T} in a power series we get

v
aZ oo cO

dw _ o ow(T) _ | @0 - w(0)r - w(0)74/2 -

2 2
vm{i - wHO)T + [{w (0} - w"{0)] =T e } . (2. 111)

Here we have put w{0) = 0, which is the condition that the velocity equals Voo at infinity,
In all cases discussed in detail by Schmieden and in the preseunt paper, the flow is uniquely

determined by the condition
w0} = 0 . (2.412)

Hence, there is one and just one flow for which
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as O
-V ~ —_
T T T .

for n 2 2; for every other flow n = 1. Since T — 0 as z - w (for points outside the wake),
dw/dz will approach Yoo at a maximum rate as z - x if the flow satisfies (2, 112). This is, for
the cases under consideration, the desired mathematical formulation of our hypothesis that the
disturbance of the main stream at infinity shall be a minimum.

Equation (2, 112) would be insufficient to determine a unique flow if one of the two points
of detachment of the wake had not been determined a priori. Thus,in the case of an airfoil with
sharp trailing edge, one point of detachment is placed at the trailing edge; for the case of a cir-
cular cylinder, the two points of detachment are assumed to be symmetrically placed. Situations
can be imagined, however, such as an airfoil with blunt trailing edge, where neither point of de-
tachment could be determined in advance. In such a case one can have a still smaller disturb-
ance of the main stream at infinity {(i.e., n 2 3 in the above asymptotic formula} by imposing in
addition to (2. 112) the condition

w"{0) =0 , (2.113)

For symmetric flows this last condition is automatically satisfied whenever (2. 112) holds.

The theory predicts the following sequence of events as one passes continuously from the
case of a circular cylinder to an inclined plate by way of elliptic cylinders with increasing ec-
centricity but with major axis having a small consgtant inclination with the direction of the stream:;
for small eccentricities {and very high Reynolds numbers) both w '(0) and w "(0) vanish, both the
drag and lift are zero and the disturbance of the main stream at distant points is the least pos-
sible. As the ellipse becomes flatter and the trailing edge less blunt, the lecal vigscosity and
pressure conditions at the trailing edge gain control over the lower point of detachment of the
wake, the condition (2.143) is lost, and a corresponding lift is developed. The flow in this state
corresponds to that in the normal flight of an airfoil, For still flatter ellipses, higher angles of
attack or lower Reynolds numbers, the local conditions around the leading edge gain control of
the upper point of detachment, the condition {2,142} is also lost, and there iz a positive drag pro-
. portional to w'(0} and a positive, although much smaller, lift. In this state the airfoil is clearly
stalled, Thus the development of a lift and of a drag mark abrupt changes in the state of the flow
associated with the loss of the conditions {(2.113) and (2.1412) respectively; and there is a critical
range of Reynolds numbers marking the effect of local conditions which determine the transitions

from one type of flow to another,
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Consider the expression

id -ig
wir) = Inlr-e N -ln(r-e 1),

where ¢, ig an arbitrary constant angle. Then

1 i

m'i{'r) = T, - =Ty )

T-2 Ti-e
" o i 1

wi('r) = iq’i " + ST ,
{r-e ) (r-e )
by iy

wi( 0} = -e + e = 2i Etinctti ,
-2i¢,  2i4,

mi‘(O) = -e + e = 21 sin2¢i

Now, from (2.106) it follows that w(T) is the sum of a constant and constant multiples of expres-

sions of the form wi(T)’ Hence

w'0) = Zi[sinqaL - singg + g (sin¢K— sin:bE)] .

w"(0) = 2i[sin2¢; - sin 24’5*‘2 (sin2¢y - sin 2¢5)] . (2. 114)

Equation (2. 103) is an immediate consequence of the first of these equations and our hypothesis
(2. 112},

According to the Levi-Civita formula, the total drag on the airfoil is proportional to
w'(0). From our hypothesis it follows that the drag is zero. In fact, in the case under consider-
ation our hypothesis is equivaleut to the condition that the drag vanishes. However, in other
situations such as the case of a finite wake discussed by Kolscher,the two conditions differ.

The total lift may be calculated from the Levi-Civita formula

2z, 2_ 2
Y= gmwpv, ¢ i "{0) , c_.a./vm,

and (2, 144) to be

1 2 2. . 8, .
Y = - STV, © [ 5in 2¢; -sin2¢g + & (stq)K-smzq;E)] .

For B = 0 this reduces to the Schmieden expression
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Y = 1'rpV2 czsina .
o0

Consider the flow around a corner K with arbitrary angle pr, 0= I £ 4. Draw the small
circle C of radius r about K. The finite force at K, if any, will be obtained by applying Euler's
momentum theorem to the fluid inside C and taking the limit as r approaches zero. We assume
the fluid as a free body, where -; is the reaction of the concentrated force E on K.

We have
F-f F{pds:pf"ﬁ’??ds )
C+AKB C

where n is the inward unit normal,
It is assumed that the stagnation point § is not at the corner. Hence for small r, setting

N =/, 05 25 1

g% =k/z-K)M (21PN (2.115)

- - FA N
where k is a constant and O(r1 2 7\) is a quantity such that 0(1-i 2)\)/1-1 ] A is bounded as

r — 0. Hence, if we put z-K = relw,

v = |k|r_)k+0(ri-2)\) . VZ:Ek|Zr_2R+O(ri_3X) s
. - _ 2
e (ke oty 5. _% ik [%pr % 4 0(2%)

- . . 1-2%,, 1-2%
where o = 0 if A = 1/3, =4 -3n if X > 1/3, and O(ri Zk) is a quantity such that O(r Vr -0
as r - 0.
Now
K T r
f mpds = -1 @ ]klzpf PR P f 0(r7) dr
A 2 0 0

Both these integrals tend to zero with r if p < 1, If w = 1, this integral and the corresponding
integral along KB both diverge, but since, in this case, the pressures along AK and KB are
directly opposing, it is permissible to use the principal value of the integral along AKB. With

this understanding we may write

r

r
— 1—’ - - —
npds = == n |k|2p (ri-rijdr+ nO(rG)dr,
2 1 0 0
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where ;i is the normal to AK. Both these integrals tend to zero. For the arc C
w(l+p) L -
f npds=- -;— ‘k[z p f r—Zk +ie1(¢ '")de +f o H{r%)s . (2.416)
C 0 C

These integrals also approach zero; the first integral is zero if p =1,
The Euler momentumn theorem thus reduces to
F = limp f nvvds
r—-0 “C

But cos {n,v)=cos(y-6-7w), V= ve19 ,

P f Avvds = --il f Vzewds - %) f Vze_leeZleds
C C C
The first of these integrals is similar to {2. 146) and will approach zero for the same reasoun.
For the second integral

. . w{di+p) 2 . 2 .
- Vze-queZleds S —Z-%k e—:‘qJ lk! eZI}\qude -8 O(ri-‘})‘)ds .
2 Ic ¢ "; r K ZJ;:

The last integral approaches zero, The first integral also approaches zero if p <1, Ip =1,
however, its value is not zero. Evaluating this integral we get finally

4
R |1

F )
kZ

0

il

, if p#gd . (2. 1147)

We have thus proved the general result that for a concentrated force to exist at a corner
which is not a stagnation point the corner must be a cusp. In particular, there will be no con-
centrated force at the hinge K. The concentrated force at the leading edge may be found by
evaluating k, giving
B/

—

.1 |
i sin 2 (¢ +dysin > (4, -4 )
F =z - 4p-|rvozocze lasinz¢L Sinzé(‘*’}_‘“ ¢S) 2 TLTTK 5 \PLTYE

sin g (bg-by Jsin > (o) +oy)

2 2 . )
where, as before, ¢ = a /Vw. The direction of the force is parallel to the plate LK and toward

the left., In the case P = 0 this reduces to
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= 2 2 -ig, 2
F:-—p-u-vwce gin o ,

which agrees with the expregsion given by Schmieden.
It will now be shown that under the minimum hypothesis the width of the wake tends to
zero asymptotically as the distance from the airfoil becomes infinite,

We have as in (2. 441)

2 3
dz i w(r 1
I = v © ( Yo . [1+w"(0) Iz— +w' {0} %— + .00 ]
0 o0
Also
dw .1 1 1 1
=-a' (5 —— - —— cos¢ tcosg, - = 1)
dr 2 .3 2 5 s 2
Hence
2
dz dw a i 4 4 w''(0) 1
dz—'d_"v_ Fd'l’—-;‘;-[-z:—? ‘-'ECOE¢S+—'_4—‘;+0(1) dr
Integrating:
= C, + iC —az 1 j‘-|-1cc:oa +m”(0)1n + 0(T)
TMT ety [t Tzt peosdgtSptlar v 0(n) |
where Ci and C.‘2 a are real coanstants, Thig expression is of the form
. A B .
z = C1+1CZ+ :Z—+‘_r'- + iDinT + O (7) ,

where A, B, and D are real constants and A is positive., For + real and positive this will give

the coordinates of a point (x1 . yi) oun the lower boundary of the wake

A B
xi—ci-l—-? +'_F"'+0(T) '
T
vy = C2. +D Inv + O{7) . {2.118)
If r is negative we put v = ~7' where +' is posgitive and obtain in like manner the coordinates
(x2 , YZ) of a point on the upper boundary of the wake
- A B T
xz—ci+:—"z—;—,--'1rD+0(‘r) R {2.119)

¥y = C2 +DloTr' + 0(7")
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Consider the particular values of v and 7' defined by the equations

B-[—.JBZ -4A(Ci -#D-T1)

-B+ (B% - 4A(C, - t)
- |'_ ZA y

1.
T ZK '

L]~
t

where t is a larger real positive parameter, As t becomes infinite both v and T' tend to zero

through positive values. Substituting these expressions into (2. 118} and (2. 119) we get

-B + BZ—4A(Ci-t)

x =0(v')-0(v}), y,-y, =DIn + 0(r')-0(r) .

2 ™
B+JBZ—éA(Ci-vD-t)

Ag t-+o both these differences approach zero; hence the width of the wake tends to zero.

2.3 Correlation Between Wind-Tunnel and Flight-Test Data on Stability and Control

Below, we shall demonstrate the procedure of the correlation of wind-tunnel data and
flight-test data referring to stability and control for an airplane., The following nomenclature

will be used:

w = airplane weight, lbs,,

] = area of wing, sq. f{t.,

Sa = area of aileron, sq. ft.,

Se = area of elevator, aq. ft.,

Sr = area of rudder, sq. ft.,

c = wing mean aerodynamic chord (M. 5. C.), in.,

a = center of gravity movement, in.,

c. = aileron mean geometric chord aft aileron hinge line, in,,

Ce = elevator mean geometric chord aft elevator hinge line, in.,
e = rudder mean geometric chord aft rudder hinge line, in.,

pid = angle of sideslip, positive when right wing is forward, deg.,
g = angle of yaw, positive when left wing is forward, deg. (-p),
VIIL p. b, = air speed, miles per hour,

p = mass air density, slugs per cu. ft.,

T = density ratio,

g = dynamic pressure, lbs, per sq. ft.[ q = (1/2p )VZ] ,
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C = lift coefficient (lift/q¢S),

L
Cm = pitching moment coefficient about e. g. {pitching moment/qgSc),
Ch = hinge moment coefficient. Subscript a, e, or r denotes aileron, elevator, or

rudder. Based on mean geometric chord and control surface area,

Fs = stick force, lbs.,
o = pedal force, 1bs.,

8 = control surface setting, deg. Subscripta,e, or r denotes aileron, elevator or
rudder.,

Ab = total angular range of control surface, deg. Subscript a, e, or r denotes aileron,
elevator, or rudder,

AQ = angular stick or pedal displacement corresponding to A5, deg.,

'!s = satick length, in.,

Ip = pedal arm length, in,,

de/dit = change in pitching moment with change in stabilizer incidence,

dche/dit = change in elevator hinge moment with change in stabilizer incidence,

dﬁr/dLlJ = change in rudder deflection required for trim per degree change in yaw angle,
n = load factor,

g = acceleration of gravity, ft. per sec. per sec.,

£ = tunnel wall correction factor, equal to 0. 105 for Wright Brothers Wind Tunnel,
T = downwash factor for tunnel wall correction to pitching moment,

A = tunnel cross-section area, 57.3 sq. ft.

The standard Glauert wall corrections to drag and angle of attack were applied to the
wind-tunnel data.
Pitching moment corrections to the wind-tunnel data due to wall restraint on the flow at

the tail were computed from
5 de
A.Cm = - 57, 3§T'K' -—Jl—t-— CL . (2.120)
where the factor v is a function of the tail length and was derived by Lots.
Tare and alignment corrections were incorporated in the wind-tunnel data, No correc-
tions were applied to the wind-tunnel control surface hinge moments.
The flight-test instruments were calibrated on the ground, and the necegsary corrections

were applied to the flight-test data, Where necessary, positionerror corrections were also applied.
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In analyzing the data, a gross weight of 12, 389 1ba. was used . The above gross weight
is an average of the gross weight range of 12, 000 to 12, 672 lbs., with a corresponding c. g.
range of 23. 3 to 32. 3 per cent M. A, C., used during the flight-test program. When referring to
the data, indicated velocities will be used throughout the report, Some error, not gerious,
however, is introduced in this analysis, since the wind-tunnel power data were based on a gross
weight of 13, 509 1bs. and sea-level altitude.

The flight-test and wind-tunnel control forces were trimmed to the velocities indicated

in the following table:

Configuration Velocity
Cruising, power off 300 m, p. h.
Cruising, rated power 300 m. p. h,
Landing, power-off 96 m. p. h.
Landing, rated power 100 m. p. h
Diving, power-off 300 m., p. h.

The methods used in trimming the data will be explained later.

The indicated velocity corresponding to a given lift-coefficient was computed from

Vt = ,.f39‘1W/SCL . (2. 121)

The contreol surface deflections were measured with respect to the stabilizer and fin
chord line, respectively, during the text program.

The stick fixed neutral point variation throughout the flight range was computed from the
stabilizer effectiveness data.

The wind-tunnel pitching moment curves were plotted directly from the tabulated data of
a reference, from which it was necessary to transfer the data to the flight-test c. g. positions.
This was done approximately by the following method. T..e equation for the moment transfer

from (c. g. )i to (c. g. )2 is

M, = M1 + Lacosea + Da sine , {2.122}

N
or in coefficient form

a a .
sz = cmi + < CLcos a+ = CD sinea . {2.123)
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By approximation, cos a=1 and sin a= 0; therefore,

_sz = Cmi + (a/c)CL . (2.124)

Equation (2. 124) was used for transferring the wind-tunnel pitching moment data to the
flight-test ¢. g. positions .

The longitudinal control characteristics were obtained from the elevator effectiveness
data in the reference.

The stick forces were computed from the wind-tunnel data using the following control
force equation:

Aﬁe

g -};- Gy 95.c, - (2. 125)
Since there were no wind-tunnel tab effectiveness data, the flightstest tab effectiveness
wag used in determining the required elevator trim tab angle at the specified trim velocity.
The stick force and elevator deflection required for the accelerated flight condition were
computed by the approximate method.
The directional control characteristics were determined from the wind-tunnel rudder

effectiveness data. The pedal forces were calculated using the following equation;

Ab 1
Fp = Ae -TP— chrsrcr . (2. 126)

The flight-test tab effectiveness was used in determining the required rudder trim tab angle at
the specified trim velocity.

In the control force equations, the values of the mechanical advantage factor, A§/A8,
were assumed to remain constant; irrespective of control surface deflection, This assumption
is reasonable; the stick and rudder positions closely follow a linear relationship with the control
surface deflections, The data were obtained by actual measurement on the ground.

The wind-tunneldirectional control data were modified to include the flight-test angle of
sideslip. This was done by determining a value for the parameter, dsr/qu, from the wind-tunnel
tests. The angle of yaw is equal in magnitude to the angle of sideslip but opposite in sign.
Therefore,

dﬁr/dLIJ = - d&r/dﬂ s {2.127)
from which the incremental change in rudder angle required to trim when the airplane is flying
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at small sideslip angles is

A = - (d&r/dLlJ)AB . (2. 128)

Applying this increment to the wind-tunnel data places the wind-tunnel directional control data
on a compatrable basis with the flight-test data,

The directional control data were not transferred to c, g. positions corresponding to those
used during the flight tests, since at or near zero sideslip any such corrections would be small,
Neither were the data corrected for the yawing moment induced by the deflected aileron required
to hold the wings level. An examination of the data indicated this correction to be of negligible
magnitude, since the aileron deflection required always remained small.

For the flight tests, the control position indicators were rigged so that the elevator
angles were measured with respect to the thrust lire and the rudder angles were measured with
respect to the airplane centerline. The deflections for the elevator and rudder have been cor-
rected to measure from the stabilizer and fin chord lines, respectively, for this analysis, since
this is the normal production rigging.

The lift coefficient corresponding to a given velocity was computed from

C, = 391W/SV;2 . (2.129)

The stick fixed neutral point variations were computed from the flight-test data by the
use of the elevator control data. The method used for determining the stick fixed neutral point
variation is given in literature. To apply the method, a plot of elevator area, Se , versus the
airplane lift coefficient, CL , for at least three center of gravity positions is required.

The airplane pitching moments are obtained from the flight-test longitudinal control
data by the following method, The method coasgists of determining the CL's for trim from the
several c. g. 's tested (at least three c. g. 's are necessary) at a constant elevator angle, These
points are spotted on the CL scale for Cm: Oof a Cm versue CL graph, The change in Cm due to
a change in c. g. from c. gy to c, g5 is

C.guy-C.gey

AC_=C_ -G _ = - —% " 2C ) (2. 130)
L,

2 ™
When pitching moments are desired for elevator angles for which there are no trim

lift coefficients at any of the several c. g. 's tested, it is necessary to obtain values for the

parameters de/d&E for the flight range.
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For a constant CL on the Seversus CL plot, a change in c. g, causes a change in the

elevator deflection required for trim. Therefore, a ACm can be computed from

AC,, = - {Ac.g. /100)C . (2. 131)

The corresponding Aﬁe can also be computed;
AB, =6, -6 . (2.132)
Dividing these equations gives the de/dﬁe for the given CL 3

de Ac, g. c

ds_ T T100(s_ -3
e Ei 32)

L (2.133)
This is done for several values of lift coefficient in order to determine the elevator effective-
ness throughout the flight range, Having previously computed a pitching moment curve for one
elevator setting, usually zero degrees, additional curves can be calculated for the desired
elevator deflection. This parameter will be satisfactory for low elevator deflections, say = 100,
For elevator deflections beyond this range, the value of the parameter may decrease because
the elevator effectiveness tends to decrease.

The flight-test and wind-tunnel longitudinal control data were trimmed at the velocities
indicated previously. This was accomplished by obtaining the elevator tab effectiveness at the
required trim velocity, The amount of tab required was determined as follows:

At the required trim velocity, obtain dFs/dai from the diagram. Then,

6t = (Fs) Zero tab/ dFs/dst ) (2.134)

The stick force at the trim velocity will now be zero. A new force curve can then be obtained for
for the fixed trim tab setting throughout the velocity range.

The maneuvering flight data were plotted directly from flight data, The major portions
of the data were taken at an air speed of 200 m. p. h., However, there seemed to be a negligible
change in the data between 200 and 280 m. p. h, It is estimated that there would be no appreciable
difference between 200 and 240 m. p. h. An air speed of 240 m. p. h. is used because the wind-
tunnel data were computed for this air speed.

The flight-test and wind-tunnel directional control data were trimrmed by the same

method as that used in trimming the longitudinal control data.
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The similarity of the configuration as tested in the wind-tunnel and in flight must be
compared before any attempt can be made to coordinate the results between the two types of
tests.

The neutral point comparison indicates that the wind-tunnel data are generallyconserva-
tive, For the cruising configuration with power-off, the flight-test data showa 3% percent stability
margin over the wind-tunnel data in the Vrna.x and Vclirnb range. In the vglide range, the two
curves converge, and the wind-tunnel data indicate better stability than the flight-test data,

The applicetiaiof rated power for the cruising configuration is destabilizing in each case,
but the flight-test data maintains a 1 perceunt margin of stability over the wind-tunnel data
throughout most of the speed range. For high speed the flight-test and wind-tununel neutral point
locations are the same.

For the landing configuration with power-off, the flight-test data show a 3 per cent aver-
age stability margin over the wind-tunnel data throughout the flight range. Rated power tends to
bring the flight-test and wind-tunnel data in close agreement, except for high approach velocities
where the wind-tunnel data indicate better stability.

For the diving configuration the airplane shows a 3 per cent margia in stability over the
model, However, the stability trend diverges sharply at lift coefficients greater than one. The
reason for this is not readily apparent.

In connection with the neutral point data it was considered advisable to compare the pitch-
ing moments as obtained from the flight-test and wind-tunnel data, The pitching moment curves
show the same degree of comparison as the neutral point analysis, which is to be expected since
both were based on the same data. However, it is to be noted that the elevator effectiveness de-
termined from the flight-test data is slightly greater than that shown by the wind-tunael data.

The longitudinal control data show good agreement for all configurations. However, for
the cruising configuration with power-off, the flight-test data show a slightly greater change in
elevator deflection with velocity, indicating that the increased stability has a greater effect
than the increased elevator effectiveness, With rated power the elevator deflection curves,
though displaced, are nearly parallel, thereby indicating that the increased stability and elevator
effectiveness of the flight-test data tend to cancel each other.

The stick forces likewise show fair agreement, although this is regarded as more or
less coincidental because of the 5-1b. friction force present in the airplane control system, for

which no allowance was made in the analysis of the wind-tunnel data. In many cases, the friction

WADC TR 56-51, Part V 132



force was greater than the measured stick force, This may partially explain the difference in
trim tab angles required.

There were no tab effectiveness data obtained during the wind-tunnel tests, and it wasg
necessary to use the flight-test tab effectivenees data in determining the tab a.ngle- for trim for
the wind-tunnel data. The use of the flight-test tab effectiveness in the analysis of the wind-
tunnel data is questionable, since it is possible that the wind-tunnel tab effectiveness would be
different from that measured in flight test. However, it is considered more desirable than the
use of calculated tab effectiveness.

The data indicate that the correlation is well within satisfactory limits based on the
magnitude of control system friction that was inherent in the flight airplane,

It may be of interest to compare the hinge moment parameters dCy /dari and dCh /ds
as obtained from the flight and wind-tunnel tests. The values of these par:meters were ?ie— ©

termined to be

Parameters Wind Tunnel Flight Test
dCh fdn'i 0 -0.0012
e
dc, /ds -0, 0024 -0. 0033
he e

The comparison is not, in general, considered completely satisfactory,

The cormnparison between directional control data for the ¢ruising configuration is satis-
factory. The cruising configuration, power-off, indicates a difference in rudder deflection re-
quired for trim of 1. 3° throughout the speed range. However, the control gradient, dﬁr/dV, is
approximately the same. Rated power causes a steeper control gradient for the wind-tunnel
data than for the flight-test data.

There is a discrepancy of considerable magnitude in the rudder required for trim for the
landing configuration. With power off the difference varies from 2-1/2° at 100 m, p-h. to5-1/2°at
160 m. p, h. The difference using rated power is approximately 5-1/2.0 throughout the flight range.
If the flight~test data had not been available prior to the wind-tunnel tests, it is possible that
considerable effort would have been expended in an attempt to improve the directional control in
a waveoff , which is characterized by high powers at very low speed and is generally the most
critical from a control standpoint. For this reason, the wind-tunnel data for this condition is

not considered satisfactory.
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The directional control forces do not agree in magnitude at various air speeds. However,
the trends are similar for the wind-tunnel and flight-test data throughout the flight range of all
configurations. Again this is regarded as coincidental because of the large friction forces found
ou the airplane.:.

The rudder tab angles required for trim are subject to the same discrepancies as the
elevator tab angle, since the flight-test tab effectiveness was used to determine the tab angle
for trim for the wind-tunnel data.

There were no comparable directional control data available from the wind-tunnel tests
for the diving configuration, However, it is believed that a comparison of data for the diving
configuration would agree as well as that for the cruising configuration, since the airplane flight
characteristics are similar for these two configurations

The values of the rudder hinge moment parameters as determined from the wind-tunnel

and flight-test data are:

Parameters Wind Tunnel Flight Test
\':ICh /dat 0 0
T
dC, /dé -0.0028 ~-0,0028
. T

The comparison is in much better agreement than that for the elevator.

No data ere shown for directional control at various angles of sideslip, since there are
not sufficient wind-tunnel data available. What data were available did not represent the correct
lift coefficients, Similarly, no comparison is shown for lateral control because of the incomplete
wind-tunnel data.

The wind-tunnel and flight-test data are subject to various differences, some of which
may be apparent in the data and some which are considered likely to exist but whose magnitudes
are unknown. These differences can best be explained by listing and briefly discussing those
applicable to each type of data.

Because the airplane velocity is greater than the velocity at which tunnel tests are made,
the Reynolds Number of the airplane is greater; provided the altitude at which the airplane is
flown is not excessive. The initial flow separation on the model wing, occurring at a lower angle
of atvack than on the airplane, should manifest itself as a progressive increase in longitudinal
stability up to the model stall because of the breakdown in downwash angle at the tail. The
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divergence of the neutral point data for the diving configuration is unexplainable at this time
because there were not sufficient data available to determine the cause. Principally, scale
effects will cause the greatest differences in maximum lift coefficient and longitudinal stability
near the stall, provided that the angle of attack of the tail surfaces is not large enough to result
in a tail stall at lower lift coefficients.

The two types of corrections applied to the data consist of a mechanical correction due
to flow misalignment and balance tares and an aerodynamic correction due to the effect of the
tunnel walls on the model characteristics, The mechanical correction is generally determined
for the propeller-off condition and is probably not correct for a power-on condition.

The classical wind-tunne! wall corrections are based on an ideal wing having anelliptical
digtribution and are not, therefore, strictly applicable to any other wing or to 2 complete model,
although it can be shown that minor variations from an elliptical lift distribution will have a
negligible effect on the magnitude of the correction. The application of power may cause abrupt
changes in the lift distribution because of slipstream twist and velocityand should, therefore, re-
quire an additional correction of the type derived by Swanson.

No wall corrections are applied to rolling or yawing moments or control surface hinge
momentd, since such corrections are small and generally negligible,

The propeller on the model is a fixed-pitch unit and does not, therefore, duplicate com-
pletely the characteristics of a full-scale constant-speed propeller, the most important of which
may be the propeller side forces, Some calculations made in conjunction with another model
indicated that the side-force coefficients of the model propeller were nearly three times those
of the full-séale propeller. However, a calculated correction for this difference cannot be
justified.

Similarly, because the model and airplane torque coefficients are not equal, the slip -
stream twist angles are not equal, which will manifest itself in the yawing moment data. Inter-
pretation of the data may then give misleading results.

It ig customary to omit from the model numerous external drag items such as rivets,
lap joints, radio masts, etc., since such iterms have been found to be extremely sensitive to
changes in Reynolds number, This omission is satisfactory provided the items are not located
on the wing where induced flow separation could be started which could affect stability charac-
teristics; also, if the drag items are large, the stability may be changed because of the drag
moment. The latter is particularly true in this analysis, since the landing gear and cowl flaps

were omitted from the model,
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Since all of the longitudinal data are critically affected by the c, g. position, it is
necessary to determine as accurately as possible the flight-test c. g. position, Because of con-
tinuous consumption of the fuel load, this is gometimes difficult to do, and it is often necessary
to use an average c. g. position, For planes whose c. g. is not affected by fuel consumption,
this problem is of little importance.

The effects of c. g. movement due to fuel consumption on directional control data at or
near zero yaw are small and need not be considered in this analysis.

To evaluate static stability correctly it is desirable that no acceleration other than that
due to gravity be present in the data, Provided that a precise flying technique is carefully fol-
lowed, this will normally be true, but gusts or other unusual weather conditions may prevent
satisfactory data from being obtained. In addition, when steady state longitudinal data are ob-
tained, it is desirable that the rate of change of velocity with time be not greater than approxi-
mately 1/2 m. p. h. per sec.

On~: of the most difficult items to evaluate is the variation in flying technique of different
pilots or the day-to-day variation in an individual pilot, since the accuracy and usefulness of
the data will depend almost entirely on the pilot, For this reason it is advisable, if possible,
for one pilot to make all the tests or, failing this, to have pilots of at least equal abilities and
temperament, It is not possible to state what influence this may have on the analysis in this
report,

The airplane structure, particularly the wings and tail surfaces, is elastic enough to
cause noticeable changes in all stability parameters because of deflections, Because the wind-
tunnel model is much more rigid, the deflections are smaller and the effect on the ;stability
parameters is less. These effects undoubtedly may cause some of the discrepancy shown be-
tween the wind-tunnel and the flight-test data,

The control surfaces provide a graphic example of the effect of air loads on surface de-
formation, since it has been demonstrated that the effects of fabric bulge under load may cause
as much as 100 per cent variation in the hinge moment characteristics of clogely balanced sur -
faces. The use of a solid control surface for the prediction of stick and pedal forces is there-
fore of doubtful value.

The changes in instrument calibrations or malfunctioning of an instrument during any
flight is often unknown until the data are ready for reduction, at which time it is necessary to

either neglect the data for that instrument or to repeat the flight. The wind-tunnel tests are
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more closely supervised, and a running check of the data as taken generally reveals any dis-
crepancy,

There is also some doubt cbout the accuracy of the method for obtaining some of the
flight-test data—for example, the measurement of the sideslip angles. The sideslip angles are
determined by means of a vane attached to a mast projecting ahead of the leading edge of the
wing at the tip, and it is assumed that the equilibrium angle of the vane is the sideslip angle.
Such a method probably does not possess sufficient accuracy to be used for a close comparison
with wind-tunnel data because of the influence of the field of flow ahead of the wing on the air-
flow direction around the vane,

The correlation of comparable wind-tunnel and flight-test data verifies the reliability
and usefulness of pé)wered wind-tunnel tests for predicting stability and control characteristics
of airplanes, Several basic differences in the data have been briefly discussed, and the con-
clusion is reached that the degree of correlation for this airplane and model is satisfactory.
The correlated data of several airplanes might well be examined statigtically in order to de-

termine to what degree wind-tunnel data may be trusted in the design of future airplanes.
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Chapter 3

CHARACTERISTIC PROPERTIES OF NONSTEADY COMPOSITE ELEMENTS,

AERODYNAMICS, FLU TTER, BUFFETING, AND TAIL SURFACES

3.1 Fundamental Notions and Equations

This chapter refers to a nonsteady flow of an inviscid, non-heat conducting compressible
fluid along bodies and lifting surfaces. In this section, some fundamental notions and equaticns
will be given, pertinent to the problern in guestion.

Tre condition for the irrotational flow is
curl g = 0 , (3. 1)

and this implies that a scalar velocity potential, &, exists such that

q=grad® . (3, 2}
The equation of continuity has the form
] .
.% + div(pd)= 0 , (3. 3)
and this may be written in the form
8 - .
—5g+qgradP+Pd1vgrad'I’=0 . {3. 4}
The generalized Bernoulli equation is
9P 1 2 dp
—a?+-zq_ +fr=0- (3.5)
with
2 op
a = g; ] (3' 6)

denoting the local variable speed of gound, the equation of continuity can be expressed by means

of the form

i 9 — 2 2

-;(*5—‘:'+C1C°V)@=V®, {(3.7)
where the subscript ¢ indicates that the designated variable is to be treated as constant with
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rzspect to the operations Vand 8/8t. With the corresponding operator

-Dc _ 8 -
Dt = 5t t 9V . (3. 8)
Eq. (3.7} takes the form
2
1 D3 2
~ = V5 . {3. 9}
a2 Di2

Thig is an invariant form, i.e., it permits an easy conversion to any coordinate system whether

fixed or moving. Ina space-fixed Cartesian coordinate system it is

2 2 2 2 2 2
1_LM+1_L 2_34- 1 ¥ _ |22 _Zu_v_Tag_ZVWWBQ
::12 8 x% a.2 oy al | pz% al 99y al 9yoz
_2_“%1_.6_21_2_“_ _Ef_‘?__zv.a_zi’__zl_a;zi__i_ﬁi’=o (3.10)
,2 920x o2  oxBt ;‘Z By ot a2 028t © 2 )

One method of solving this equation is to apply a linearization, This consists of regarding all
. 2 .
velocity disturbances smalil in comparison with U, a and (U-a), of expanding a around its value

for the undisturbed stream, and of retainingfirst order terms only; the result is
= 2 2
L s T v = VR, (3. 11)
a
)

where a, is now the constant value of the sound speed in the uniform stream and grad ¢ now
represents the disturbance velocity vector (;-U.

In Cartesian coordinates Eq. (3.11) becomes

21,2 2 2 2 2
1-9_,.6_%+M+3¢ _2 M 8¢ 1 8¢ _ 4 (3. 12)
2 5 3 2 aZZ aZ ox Bt aZ 5¢2
2o | 9% y ] )
Applying the transformations
x=£ + Ut ; y=m ; z=f ; t=1t , (3. 13)
transforms Eq. (3. 12) into the form
2 2 2 2
O%- 22+ 28+ 2. L 28 (314
9 on ag, ag ot

WADC TR 56-51, PartV 167



Let
$ = ¢*exp(i wt) (3.15)

*
then the equation for ¢ has the form

2 % 2 % 2 %
2o 5t o2 5t 24 ) +-7‘2¢"‘= o, (3. 16)
ag on a%
where
w
.’x: a—;“j - (3- 17)

Another method of solution consists of the application of the acceleration potential.

From Euler's equation,

Dy _ dp 3
o = gradfp . (3. 18)

it follows that the acceleration vector D4 /Dt may be expressed as the gradient of a scalar

v= -f3& . (3.19)
P
Let
q = gradé , (3. 20)
then
D 3
< _g--f2%
o = ¥= - (3. 24)

The relation between the disturbance potential ¢ and the pressure p can be inverted to yield the

relation
1 * x - x!
- e —— 1 - - t
s yimt) = - g [ ptemt - e (3. 22)
where far ahead of the disturbance at x = -co the potential has been assumed to be 0. With

ox v, 2, 1) = oy, Dexpliot)

Eq. (3.22) transforms into the form

* 4
¢ (% v, 2} = 5

exp [ -i © (xU“i)]f 0¥y, 2) expliwx'U  lax! . (3.23)
o0 -00
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Let the mean camber surface be designated by

z = Z(x, y,t} . (3. 24)

Then assuming that the profile in a nonsteady flow is represented by its mean camber surface,

the boundary condition is

Z
wix, v, 0, t) = %‘::+U%; . (3. 25)
Obviously, its value is given by
8
w = (%) . (3. 26)
z=0

The disturbance pressure is an odd function of z, and therefore is zero on the {x, y} - plane, ex-
cept at the lifting surface where the pressure difference P = S (between the top and the bot-

tom surface), positive downward (i. e., the lift is negative), is given by
o o
P(X, Y t) = P(X: ¥s +01 t) - P(X, ¥ -0, t) = 2p(xl ¥y Os t) = me(é% +U _a—i) . (30 27)

The mathematical problem then consists in determination of ¢, {for the velocity and pressure
fields) in the upper half space z > 0 from a knowledge of the differential equations, the conditions
at the boundary surface z = 0, and conditions at infinity, On the plane z = 0 ahead of the location
of the wing, the perturbation potential ¢ is zero, i.e,, 9¢/0tand 8¢/ 8x also are zero; aft of
the wing location, P given by Eq. (3.27) is zero. The trailing edge conditions or other edge con-
ditions are regarded as part of the boundary conditions,

Below, we may briefly discuss some fundamental methods of solution of the differential
equation, given above.

Consider Green's theorem., For any two functions ¢ and §, which with their first deriva-

tives are finite, continuous and single-valued, the theorem states that
2, 2 f 3
f(¢v 9o vV = J (o 35 B8 g5 (3. 28)
v s n

This represents a reduction of a volume integral into a surface integral, with {8/ on) denoting
differentiation along the outward normal to the surface 5. - A classical application of it to the
case where ¢ is a regular solution of Laplace equation in the space region V, and  is chosen to

be equal to 1/r, gives
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8
R R LIE

where ¢ is the potential at a field point P expressed in terms of the boundary surface values of
¢ and 8¢/ 8n. One may notice that solutions are here built up by integration of surface distribu-

tions of the elementary unit source solution

by ‘"a";lr? , (3. 30}

and of the doublet or dipole solution with axis in the direction n:

Yo, (3. 31)

H| =~

T
¢ =~ Zy Bm

2 2
where r ig the geometric distance {x-£) + (y-m )2+(z—§) from the field point (x, y, 2} to the
source of disturbance at {£,n,4} . For the wave equation, the Kirchoff formula appears as
the basic solution:

¢(t-3f:)

AL e B
tp g L T » T TTTF s (3. 32)
aOO
or also,
_ 1 f r
bp T 5 Gt -~ 7—)d5 , (3. 33)
e
with
i 98 3 1 1 8¢ or
G(t) = T -5%-‘1’35(;) + E’E —5% -g'a . (3.34)

The argument t—(r/aw) corresponds to the time of action of the disturbancees whose influences
reach the field point at time t; sometimes the name of the retarded potential is used for this
sort of potential. The fundamental solutions appearing in Eq. (3. 32) which correspond to the
source and doublet are

b = g (i) (3. 35)

a

i 9
¢ 7T T |

e

£(t - Er__)] ) (3. 36)

o0
For the harmonic wave eguation, Kirchhoff's formula appears as the equation of Helmholtz; the

source and doublet relations become
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=
4 = - Z.Tr‘_r_ exp(- iKr) , (3. 37)
* 1 9.1 .
¢, = "Egﬁ[?exp (- ixr)] , {3. 38)
with
H= —— . (3. 39)
o

In two dimensions the familar solutions are

1
¢i = 2-1; ln r H (3- 40)
1 8 1  &r
%2 I Mty o (3. 41)
with
2 2
r =‘\/(x-§) + (y-n) . . (3. 42}

For cyclindrical wave disturbances corresponding to the plane case of Eq. (3. 35), the results

are

o0
1 r
¢ = - 2'1?.[0 f(t- i cosh uydu ; (3. 43)

{3. 44}

t-r/a
. f w a_f(0)ds
S T Zn 2. .2 2
- a'2 (t—B)Z - r2
00

A simpler form can be obtained as a source-pulse or temporary source solution by congidering
the source act only during a brief interval at time 8=r . If instead of f(8) there is introduced
f{r}6(6-7), where () is a singular impulse function or Dirac & function defined as zero every-
where, except at 8=0, where it is characterized by having unit area, one obtains as the source-

pulse solution:

1 a f{r)
b = - om : (3. 45)

;‘/ai (t-'r)z - rz

The cylindrical harmonic solution corresponding to Eq. (3. 37) is
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I S R - H2 () (3. 46)

where use has been made of the following integral relations:

) oo 2
f exp(-id{r coshu) du = f exp(-i K'ru) du = %; H% ) (XKT) , (3. 47)
0 i _

'Juz—i

and where the Hankel function is defined as a combination of Bessel functions of the first and

second (Neumann) kind;

#) = 3500 - gl (3. 48)

The function H%Z) has the following expansion;

p ,
H(g‘)(k) = ;1‘27 Ink +... for k=0, =/-p expl-i{k -7 )] +... for koo . (3.49)

If one defines

{2) .
H1 (k) = Ji(k)'lYi(k) . (3. 50)
and
(2)y - 4 (2}
I—]’1 (k) = - K HO (k) , {3. 51)

then the doublet solution (3. 38) takes the form

o = 5 2 1¥er) = 5F HP ) & . (3.52)

Consider Eq. (3.12); the fundamental solutions of it may be called moving sources and doublets.

Let the arbitrary function f{t) in Eq. (3. 35) be defined as an impulse occurring at time t=7, i.e.,

flrys(t-+) (3. 53)

where 8(t)=0for v # 0 and for 7 =0 it has unit area with respect to v. The function (3.53)

possesses the property

+0
f f(t- o )6(c)do = f(s} . (3.54)

=-oo

Consider a series of impulses, one following the other in a path, whose points are given in the

space-fixed coordinate system by
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£ = &(7) ; mEalt) 5 t=g(r) . (3.55)

t-r/a
1 f
6= -~ * ET)G(terEH) dr (3. 56)
- o0 >8]

t- 1 = i: = ;t:q/[x - £(m))% 4 [y - (0% 4 [z - Ut . (3. 57)

To find a solution in the case of a uniform motion with velocity U in the negative x-direction, let

the sources be located on the £-axis and let them flow one after another at the positions
g:-UT;qzo, t=0 (3. 58)

Thus for + = - the source is located at £ = w » and for T = 0 the source is located at the origin,

The distance between the source point and the point in the field is

2 2
r =~/(x + Us) + y" 4 2 . : (3. 59)
Introduce a transformation of coordinates
r

T8, t-T - =9 (3. 60)
[+ o3

then the integral ¢ will have a value only for 8 = 0, equal to

1) d
b = - I;[“:‘-‘“ ﬁ{le:o . {3. 61)

Eqgs. (3. 59} and (3. 60) give the value of T

re A Ux R (3. 62)
g al e
R =afx + )’ + p4y% 4 22y (3. 63)
M = 2 (3. 64)
o] a
[+ o]
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Also
a
1dr 0 (3. 65)
rde ar+t Tlx+ UT)
The equation for ¢ takes the form
1 1 Ux AR 1 3. 66
A T el H (3. 66)
4r R ag,o a [32

which may be transferred from a space-fixed coordinate to 2 coordinate system (xo, Yo zo) mov-

ing uniformly along with the source located at (§43sM g LO):

x+Ut=x0-§0: Y:yo-no; Z:ZO-X:_;,O (3.67)
The result of all the manipulations is:
{a) Subsonic point source:
1 D 1
¢1 = - _—411‘ f(t - a—) = - __—_411'R. f(‘t - Ti) H (3‘68)
)
2 2 2 2
R=A[x-6" +BUy-n"+=-071; (3.69)
D - M::o(x -£) + xR
T E T ) ; (3.70)
oo amﬁ
2 2
B" =1 - M_ . {(3.71)

One may call the gquantities & and D as amplitude radius and phase radius. The harmonically

oscillating moving source is given by

¢: = - Ei—a:— exp (—ib.} Ti) y (3. 72.)
or
* i .
¢ 7 " Ipgg °°P [-iplx - §) - iHR] , (3.73)
H=ua )t ow- oM (a gt (3. 74)

WADC TR 56-51, PartV 174



(b) Subsonic line source:

Moo(x - £) cosh U

I N e
$ = "Z'EB'.I;ft+ ampz -awﬂz

du

aiﬁx-a)zwzty-n)z I IO V N LA

To the equation (3. 45) there corresponds the equation

a f{T)
¢0 = - Tiw" = »
'\/aozo(t—TIZ - lx - g - U -T2 - (y - )?
and to Eg. (3. 47),
* 1 . ® .
4 = - 705 exp[lp(x—é)}fo exp (- i K coshp) du

& = g5 exp [~ i (x - g)}Hﬁf’EﬂMx -8+ plly - n)z] :

{c) Supersonic point source:

oy = - e [£(t- 7)) + £(¢ - LPY I

& =\/(x—g)2 S SRV [ LY PR IL B

.. D _ 4 ME-0-&
1 2% 2% Mz—i
w —
Y L Mco(x-§)+o@
Ty & —— = —
2 a a
0 00 MZ. -1

For harmonic oscillations, the source moving at a supersounic speed has the potential

4,’;: - 7&& [exp(-iw -ri)+exp(-iw'r2)] ,

or

WADC TR 56-51, PartV 175

{3.

(3.

{3.

{3.

(3.

{3.

(3.

{3.

(3.

(3.

75)

76)

77)
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q;: = - o expl-ip(x-£)] cos KR,

2R
M
—_ w 1 18 :-—-'—'w ©
2% Mfo- 1 & Mz"i

the source-pulse solution witht - T = 7 is

£t - 7)

i
q) = - dr N
L VNP
Mw(x - £) R
Ti 2 = A + 3
' a B a B’
2 2 2
R =[x -€)" - By - n) ,
2z 1/2
B = |M°o - 1|/ ’
and the harmonically oscillating source
* 1 2 expl- iwT})
%7 " Zap ar
T {7 - 7, (v, - T)
1 172
or
* 1 . L
¢y = - P exp[ - ipfx - g)]f exp (i K SRcos 9)d0 ,
G
w me
x: B = *
awﬁz ’ a.wpz
and

o = - 25 oxp [-inlx - €] JOE"%X -6 - gy - n)Z]-
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(e) Sonic point source:

For a source moving uniformly in the negative x-direction one gets

1
¢ = - Wxog fE-Ty) (3.96)
where
2 2
1 - -
T T | x-6 4 r-n) + (z- 1) = -éD—— . (3.97)
o0 (x - &) o
For the harmonically oscillating source the result ig
* 1 .
¢y = - mexp(dw Ti) . (3. 98)
(f) Sonic line source:
+x0 2 Y 2
- 1 (x-€)" + (y ~n) z
b, = - - f £l & - Al - dz ; (3.99)
& 2a (x - §) 2a_(x - £)
O o
4)* exp(—iw-ro)f 0 : )\,Zzz)dz (3. 100)
= - expl|- » b
i 2w (x -£) 0
1 (y - )°
Ty = Ea; x-§ + —G(T'é-)-— i {3.104)
22 - lo (3. 102)
- Zawix - £} * )
The integral in Eg. (3. 100} can be evaluated, (it is equal to N¥/2 \)and thus
* 1 :
§ = ——— exp(-iwT,) (3.103)
i BNx -§ ot
B=-2NZnNT (wa;‘)i/z; 12 e 3 (3.104)

3.2 Applications to Airfoil

Consider an airfoil in a two-dimensional flow of incompressible fluid, Suppose an airfoil

of chord ¢ = 2b moves uniformly with velocity U and creates small disturbances. Let the normal

velocity of an element located at x = xy be w(x1 »t} The primary pattern of the flow arising from

the disturbances created by this element is the so-called noncirculatory one,
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velocity potential at any point x due to the normal velocity W at % is

N _231; wixy, b A%, Lix, %) - (3.105)
1 - *x, —/\/i - le\f‘l - xi
Lix, xi) = 21n . (3.1006)
X = xi

The distribution of surface pressure difference associated with the noncirculatory potential is

f )
20,1 U 1 1-=

U 8 9
= - —_— - = e e— b
APy 2Pco(b ax Bt) by T \F XX (a2 WAy
Poo Juw
- L{x, Xi)b 5 /_\xi . (3.107)

The flow pattern given by Eq.{3. 105) furnishes an infinite velocity and pressure at x = X, and at
the edges. The singularity at x =%, vanishes by making use of continuous distributions w and
Cauchy's principal part in the integrations. A circulatory flow pattern must now be superimposed
of such a magunitude as to cancel the infinity at the trailing edge at each instant, As a comsequence
of that, a surface discountinuity of velocity appears at the trailing edge and a free vorticity left be-
hind in the wake. Consider an element of this surface at x = X, > 4 (behind the airfoil), of a magni-
tude E(xo, t) per unit length, that is AT = Eb/_\xo . The surface velocity potential induced by this

element at the airfoil can also be found by a conformal mapping method and is

EbAxg  _AA-x A -1
Aq,lz = — tan T %%, . {3.108)

If the wake extends from x4 = 1tox, =5 i, e., the airfoil motion starts att = {s - 1)b/U earlier,

then the velocity potential of all elements is

N =l N {3. 109)

The trailing edge condition for smooth flow must give the finiteness of the expression
L2 (a4, + A0 (3. 110)
Bx 1 2 ‘ '
x=1

Using Eqs. (3.4105) and (3.409) this condition becomes
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T \ i,_..__
i / 1 1 t X
= wix,,t}) Ax = - E — 0

1> N (xq. t) dxg, . 3. 144
T 4 1 x, 27 1 0 / xg - 1 0 ( )

This may be regarded as an integral equation for determining the wake vorticity in terms of the
normal velocity w for any element Axi .

The pressure due to circulatory potential is

Zp U + x
~ U/ a ) Poo 0
AR, = '%z‘;(ﬁ; e ) Ad, = - [/ o T dx (3. 112)
0 2%4 2
1 -x x -1
or Y
§ X+ x
E dxo
200 "1 A< -4
AP, = > TS AQ(ri,t) . (3. 443)
V1~x / 0
E/ 1 dxo
1 ’\/xo -
1 1 +x1
AQ(xi,t) = = w(xi’t}Axi (3.114)
AT T
Consider an example: let
*®
w(xi, t) = w (xi)exp(iwt) y (3.1415)
E(xg, t) = Eg exp {iw [t - (x, - 1) 2] (3. 116)
or T T 0 u ’ ‘
= E0 exp ;i[ut - k(xo - 4] f s (3, 447)

*
where w and EO are complex amplitudes; the coefficient k is

wb we

k:_ﬁ"‘ = 3% - (3.1418)

Then the equation for APZ can be rewritten in the form

s X5+ x

2p U /——~——==exp(- ikx )dx
§ X4 + 1
\/1 —xjv__‘———-— exp (- :kao) dx

AQ (3. 119)
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1+ Xy _
w(xi, t) Axi T ) . (3.120)

e

AQ =

The evaluation of the integrals for s - = requires a special effort, To this end, letus consider

the expression

s expl- ikxo)

f 0 exp( - ikx ) dx f dx

2 0" 0 1 2 0

xo xg - 1
= 3.424

xq + =1 s exp(- ikxg) CEEN exp ( - ikxg) ¢ )

f exp( - ikx ) dx dx . + dx
o0 0 0
2‘ 1 xZ -1 1 xz -1
*o -~ 0 0
On the right hand side of this equation the integral
Xq €XPp (- 1kx0)
dxg {3.1422)

(k) -L J——

may represent some difficulty for s — co. It is possible to evaluate it with the result that

k) = - % - H(iz)(k) . (3. 123)

The expression (3. 121) for s ~wtakes the form

2
C{k) H(i ){k) (3.124)
COHP) iy (k) ) '
Equation {3, 119) takes the form
2p U 1+x
1-x i i
AP, = 2= El(k) - ] wAx, - (3. 125)
v Jaax J1-ox (L= %) 1

The function C(k), proposed by Theodorsen, is often written in the form
Clk) = F(k) + iG(k) , (3. 426)

and is tabulated. The total pressure is the sum of AP'I and APZ , Or
1+x
ap _  Pw Bw U [i-x i 1
T, - 2L, %) FE F 2P 7 N T x ,i-xi(xi-x+ctk)'i)w . (3.127)
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and the total loading at x is given by

+1
dp
Pl = fi o T (3. 128)

There exist a few other formulas for the pressure difference P(x,t), such as:

_ 2 8 e sin n@
nie, ty = pcoU exp (iwt) (Zao cotz- + 4 12 a ) . (3.129)
where
ag = Clk)(Ay - A + AL (3. 130)
_ ik ik >
an = T An—i - nAn - -_Z_Atl-f-i , (n — 1) , (3. 13’1)

and where the coefficlents An are supposed to be known from the expansion of the normal velocity

0

w o= Uexpliwt)(A, + 2 )D A cosnq) . (3.132)
1

Another function used is

1200 4+ 1P

T(k) = 2G(k) - 1 = , (3. 133)

g k) + 1K)

and

2 k4
mie, t) = - pcoU fo W(-—COBn,t)F(B,n,k) dn , (3. 134)

with

sin @

8
cos B - cosq + COt_Z"[“' - cosn )C(k) + cosn ]

(3.135)

F(6,n,k) = - ik@(8,n)sian +

The total value of dP/dxi in an incompressible fluid may be separated into two parts; the non-
circulatory terms, arising from A¢1 » which act instantaneously, and the circulatory terms
(potential), which are in general a function of the wake (i, e., of the past history of the motion).

The part due to the wake may be given in form of the expression

(P1)_ = nClk)w (x,)exp(iwt) , (3. 136)
2p U 1 +x
0 1 -x i
n = n(x,xi)z = T A %, (3.137)

Another represeuntation for the total pressure difference is
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P=P,.4+ P ; (3.138)

- /it x (3. 139)
Py = 7P IWon/ 1T =k, (s)

where the symbols used denote:

wg = WO(xi) - constant, which implies that the antire airfoil suddenly acquires a

uniform normal velocity;

ki(s) — this function is related to the function C(k) by means of the equation

ik

2
- - . 3141
PI wpwbwoi\/i x" &(8) { }

Clk) -1 =I 00 [ki(s) - 1] exp {(-iks)ds ; (3. 140)
0

the delta function &(s) represents

8H(s)
os !

§{s) = H(s) = expliks) . (3. 142}

The total lift per unit span may be expressed as
i
L = prwawo[ki(s) + —Ebﬁ(s)] . (2.443)

The application of the principle of superposition for the general transient distribution of normal
velocity leads to the contribution of the non-instantaneous wake terms, to the pressure term

dP/dx1 . One form for this result is:

8
(P])w = n(x,xi)[w(xi, 0)1(1(8) +I0 ki(s - a) 58—; w(xi, o)ds | . (3. 144)

The result (3, 144), together with the instantaneous terms remaining in Eq.{3. 127) when the term
containing the factor C(k) is omitted, is the complete result for the density of pressure difference
or loading dP,u’dx1 , for the arbitrary normal velocity function w(xi s 8).

Scometimes, the normal velocity function is separated into two parts; one part, Wy is
associated with the motion of the airfoil, the other, w,, is associated with a penetration of the
airfoil into a nonuniform air stream or gust. In developing the analysis for the complete pressure
distribution, there appears another pair of functions to be derived, One function, kz(s), corre-

sponds to an indicial response to a unit traveling wave [ HI{U/b)t —xil or H{s -xi), that is, to the
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Penetration effect into a sharp normal gust. The other function corresponds to the sinusoidal
velocity wave w = expli{wt - kxi)] traveling down from the leading edge toward the trailing edge.

Below, one will find the lift distribution corresponding to the harmonic traveling wave, With

Xy = - cosn, one hag
W = Wg exp (iwt) exp (ik cos ) . (3. 145)
The trigonometric Trepresentation
w0
exp (ik cosn) = BO + 2 ) B, cos(nn) (3. 146)
i
furnishes the coefficients
n
Bn =1 Jn(k) . (3. 147)

From Eq. (3. 132) one gets

bl
AL = o in:fn(k) . (3. 148)

With the use of the coefficients (3. 131) the total lift per unit span length is given by the formula

L = ZﬂprZ(a_O $ ai) exp {iwt) , {3. 149)
where

ag = {C(k)[ Tylk) - iJi(k)] + 17, (k) } %0_ . (3. 450%
In particular, one may use the formula
L = 2mpbUw, exp (iwt) {C(k)[JO(k) - iJi(k)] + Ji(k)} . (3. 151)
The moment about the quarter chord per unit span is given by
M = tpszzexp (iuot}(a,1 - %az) . (3.152)

In the present case, this gives, M = 0. Consider now the lift after penetration into the normal

sharp gust w = WOH(S - xi). Then one gets
L = prbUwokZ(s} . {3.153)

The pair of functions

k,(s) and C(k)[Jo(k} -iJi(k)] + i.Ii(k) .
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are related by means of a Laplace transformation, Similarly, the function kz(s) can be expressed

in terms of the function ki(s) as:

kz(s) = ks(s) + k4(s) . (3.154)

+1
i 1+¢
kyls) = & f4 k(s - o)p) o5 do (3. 155)

-

LA/1- % for sl <1,
-n'

i

ke 405)

for s > 1 {3.156)

I}
o

moreover, one has ki(s) - 0 for s < 0. DBy insgpection, one may notice that kz(s) corresponds to
the wake (including the quasi-steady) effects, and k4(s) to the apparent mass effect. The variable
¢ is measured in half chords and corre sponds to the distance of penetration of the midchord into
the gust, so thats = -1 corresponds to penetration by the leading edge.

Let the normal velocity distribution be given by
w(-cos g, 8) = w; + W, , (3.157)

where w, is due to the motion of the airfoil and w, due to the penetration into the disturbed atmos-

phere or medium, The pressure difference, as given by Kuessner, is of the form

2p U L

n(e, s) = —— . [F,(0m,s) + Fy(@,n,8) + Fy(8n,s)]dn , (3. 158)
where

B ] sin @ i . 1-cos(B-n) 8 .

Fy = [cos-q cot s+ 5s 8- coom + 3 sinq In T-cos (67 -é-;:l Wy (3.159)
s ow

-— e i -
F, = (1-cosn)cotS fo ky(s - 0) 5o do (3. 160)
F. = (i-cosﬂ)co'c-s--.rH’1 k(s -a) 3W2 de {3.161)

3 2Jg 2 9o ) !

The functions ki{s) and kz(s) correspond to those defined earlier. Thus, ¥, corresponds to the
apparent mass effect, F2 to the wake, including the quasi-steady effects for the part w, and F3

to the entire effect of penetration into the gust w4 .
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3.3 Airfoil=Aileron-Tab Combination

Assume a dynamic system consisting of a wing, aileron, and tab., Let us congider the
harmonic oscillations of this system including aerodynamic balance, Assume that a wing sec-
tion possesses two hinges; an aileron hinge (or elevator, or rudder hinge) at x = x,, and a tab
hinge at x = X The leading edge of the wing section is at x = -1, the trailing edge at x = 41 .
The hali-chord b= c/2 is used as the reference length. The leading edge of the aileron is
located at x = X, and the distance from (xe -xc) is denoted by ¢ . Similarly, the leading edge
of the tab is at x = xq and the distance from the tab hinge to the tab leading edge (xf—xd) is de-
noted by m. Let us assume that the wing undergoes the harmonic oscillatory motions with am-
plitudes;

{i) a displacement h (or the velocity h) in the vertical direction downward;

{ii) a turning about the axis x = X the instantaneous angle of attack being a;

{(iii) a rotation of the aileron about x = X, the angle of the aileron, B, being measured
with respect to the wing, i. e, » With respect to the angle o3

{iv} a rotation of the tab about x = Xe, the angle of the tab, y, being again measured

with respect to the aileron.

Similarly, we have to discuss the types of the normal velocity distributions involved in this repre-

sentation., These are:

(i) for the magnitudes of h and a, the velocity is uniform and proportional to x over

the entire chord, namely,

wix) = -[h + Ua + (x—xa)a] ; (3.162)

(ii} for B and for vy, the velocity is assumed to be zero for x < X uniform and pro-

portional to x over the aileron chord, namely
wix) = - [UB + (x-%)8] . (3.163)

One may consider some additional terms associated with the leading edge of the aileron and with

the distance f; this may be treated as the step-shape limit Ax 0 of a distribution

w=0 for x < X and for x > X+ Axc ; (3.164)
w:%ﬁ'—!— for xc<x<xc+ Axc . {3, 165)
Cc
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The total velocity potential can be considered as a sum of terms, one as sociated with each term

in w. This means that

(3. 166)

with

* * L]
n="h, e, a, B B, v, ¥
. e LA
In the relations for the pressure difference there also appear terms containing h, @, B, Y .

The total force positive downward, the total moment about x = X_, and the aileron and

tab hinge moments (the sign convention is as follows: poaitive moments tend to raise the leading

edge and correspond to the clockwise direction) taken per unit span length are expressed by the

formulas
+1
F= bf Pax (3. 167)
-1
2 +1 ’
Ma = b f-i P(x—xa) dx H (3. 168)
2 1
M[3 = b f Plx-x )dx ; (3. 169}
< e
c
2 i
M = bf P(x-xf) dx {3.170)
Y x4

where P is the pressure difference. Below, we quote some results for the h and « degrees of

freedom. These are

2 . .
F = -p b (xh+ Urer - wbx &) - 2wp UbC(K)Q ; {3.174)
_ 2; o 1 e 2.1 2, or 2.4
Ma = - pwb [ - -n-bxah + w(z - xa)Uba + wb (§ + xa) o:] + anwa (_2: ¥ xa)c(k)Q, (3.172)
Q = Ue + b+ b2 ¥
= Ua + h + (2 - % )e . (3.173)

The following terms may be associated with the corresponding physical interpretations:
{i) the apparent mass term per unit length as sociated with vertical acceleration of a

plate, wp bz;

(ii} the apparent moment of inertia term, poob41r(-;—' + xi) 3
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(iii} the damping terms associated with the angular velocity c;';

(iv) the velocity term Q associated with C(k), which corresponds to the resultant velocity
1

at the three-quarter position (xa = —z), and one may note the fact that the part of the moment in-
X , 1
volving C{k) vanishes at X, - 5. One may introduce various short notations:
1 2
-F = -Z pOOU CCI H (3. 174)
1 2 2
M = zme ce . ; (3.175)
¢, ={c, J24ic, a ; 3.476
1 0Bt Gl (3.476)
e = (cm h)E + {c Ya . {(3.477)
One may introduce certain coefficients:
A = 1 ) A 1
11~ 7 %4 ,n } 127 7% ,a } (3.478)
B 2 _ 2
AT T T mn b ATt Tm g (3.479)

Since these coefficients are complex, they may be separated into real and imaginary parts;

_ a1 .
Agg = Ry + iy = 2L, praile, (il (3. 480)
_ 4 : o
A, = R, 4 i, = ;[(cl ’ a’)z'+ i{c, ’ a)ll ; (3. 181)
A,, = R,, + iI —--%[(c Yr + i{c 1] (3.182)
24 T 24 247 r m,h m, h ' :
. 2 . ;
Ay, = Ry, + 1122 = - ;[(cm’ a)r + 1(cm a)l] . (3.183)

>

It is clear that the aerodynamic coefficients A can be conveniently represented in the form ofa
matrix; the rank of the matrix is equal to the number of degrees of freedom in the system in
question. In each term Aij of the matrix, the aerodynamic inertia and restoring terms can be
grouped into real parts R and the damping terms intc the imaginary parts I. The various coeffi-
cients are often referred to as aerodynamic derivatives. One may notice that the moment is

taken variously about spanwise axes th,rough the quarter chord, midchord, or leading edge positions,

g0 that a conversion formula of the type
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M = M, + nbF (3.184)

ie valid,

With the inclusion of aileron and tab-control surface degrees of freedom, there appear
numerous parameters in the aerodynamic results.

Obviously, the whole problem of what simplified substitutions to employ for the velocity
distribution normal to the wing surface, in order to properly represent the actual physical be-
havior of the airfoil or its control surface, is an important one. The theoretical results, in
particular for control surfaces, may need some modifications, This is due to physical reasons,
like the large influence of the boundary layer on hinge moments, etc. There are some ideas of
using, in addition to rectilinear segments, parabolic arc segments to represent the effective
camber lines, It has been proposed to use empirical or semi-empirical factors to modify vari-
ous coefficients. Thus, based on some experimental information, the inertia, damping, and
elastic aerodynamic terms may in certain cases be multiplied by factors which are less than
unity. Such propositions, although useful, are not too satisfactory in many general cases, be-
cause of the quite different behavior of the boundary layer and of the flow pattern for low and
high oscillation frequencies. Similarly, the dynamics of the boundary layer and of flow separa-
tion is important in the effect of varying mean angle of attack, both for unstalled and stalled con-
ditions,

One may discuss a solution of the equations, derived above, ina particular case of a
subsonic oscillating flow in two dimensions, The differential equation satisfied by the accelera-
tion potential or by the pressure p is given in Eq. (3. 12), where for the present case, the variable
z has to be omitted and the coordinate y takes the role of the coordinate z in the boundary con-

ditions. The normal velocity can be written in the form

i 8 x-x'
W(X,O,t) = = -5;.3 f_w W p(X', ¥s t - i )dx‘ H (3. 185)
for the harmonic oscillations
*
w = w (x)exp {{wt) , (3. 186)

Eq.{3.185)takes the form

# 1 x, £ 8 % x!
w {x} = ~ 5 U exp (-iw -L—.I-) f-m By P {x', y) exp (lw U—)dx‘ R (3.187)

[+a]
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%*
» an unknown dis-

tribution function and a kernel function is determined from Eq. (3. 187), The fundamental doublet
solution, obtained from the oscillating moving source solution, Eg. (3, 79), by differentiation in

the present cage with Tespect to the position variable M, results in the following form:

* .
;p—p-(f—’—”l = -z 5”; fexp [ -in(x' - £)] vl arry exp (iwt) } (3. 188)
[+ a]
whe re

me © M2
xH = ; = T — 3. 189
Upl M= ry ( )
R’ =:‘/(X' - E)Z + ﬁz(y - )2 ; (3. 190)
Bo=1- M |12 (3.191)

The doublet expression (3.188) has been norinalized to represent a total jump in the pressure
potential across the surface which is harmonic and of magnitude unity. That is, the total pres-

sure difference isg

P = - P OXP (iwt) . (3.192)

Substitution of Eq. (3. 188) into Eq. (3. 187) gives a particular distribution of normal velocity w,
associated with the normalized doublet and which is used to define the kernel function. Thus the
kernel function has the property of giving the normal velocity at any field point induced by unit

harmonic loading at the loading point. The substitution yields

) -iexp [ -i(x/U)-ipe] . £¥ iwxt) 8% _(2) .
K% £iM_w) = lim ¢ 4BUX 34 f_wexp(a;%) gy—ZHO (HKRYdx' . (3.193)

y—~0

The result (3, 193) is presented in a simple form, but it is a divergent one for y—0, One may

replace the operation az/ayz by the operation
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2 2 M-
3 2y 8 IR (3.194)
—3 = -] (1 - Moo) 3 +{ g ) —1_—_—;12
oy ox o
Integrating twice by parts, letting i, and y approach 0, and using the expression
0
. FA 2 i+p
-C0 o0
gives the following result for K, :
= 2 K (g (x- 3.196
Ki - Uz' X (U (X g): MOO) ] ( )
and
w _ 1 {2) s X {2)
K(._U_x,Moo) = - 48 exp (ipx}{HO (A x|} iM_ TX] Hy (oix))
wx,n‘Uﬁz

-1 2
- ipzexp( 1“"‘) (-'ﬁ‘% In ‘N‘; L +f eme)Hg )(Mmlx ldx )}(3. 197)
up® w0 0 /
Let the line airfoil be represented by its distribution of normal velocity extending from the
leading edge x = - 1 to the trailing edge x = 1, the actual chord being 2b. Let the normal velocity
*
distribution be harmonic of the form w (x)expliwt). Then the following expression relates the

*
known funciion w {x), the normalized influence function Ky and the unknown loading function

1 (£} where 1 {£) represents the local intensity of the surface jump in & or {- P/poo):
" +1
W= o [ K Uk (3. 198)
-1

This integral can be written in the form

+1
w*(x) = kf . y*(g)K(s, Mw)dg H (3.199)

3 . . * ] L] * 3 13 *
in this equation, the inteusity of loading, vy , is defined by the equation

P o= - p Uy (E) exp (iwt) (3. 200)
K wb
= ¥ ;s s = Kix-£) (3. 201)
whb Moo kMgo
H = o —‘3—2— = -—{;—2— H (3. 202}
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b e s (3, 203)

s il - %
From the boundary coudition it is required that y (1) = 0, The function y*may be expressed in

terms of
* 8 & sinnd
vix)=1U [Za.o cot + 4 ; an — . (3. 204)
where x = - cos 0 and the a's are complex coefficients to be determined. The kernel function

K(s, 0) for the incompressible flow is given by

K(s,0) = zor - e’;fr(‘is) [Ci(s) +i(Si{s) 4 g)] (3. 205)
with
gz%.'l(x-g)zk(x-g) , (3. 206)
] % cosu s 1 -cosu
Ci{s) = - f-s - du = lnexp{ys)- f() ——1-1———-—~—du ; (3, 207)
8 .
Si(s) =f0 2l du . (3. 208)

To calculate the coefficients a . one has to apply the method of successive approxirations which
will be described below, This method hag been applied mainly to the wing without aileron under-

going vertical translation (h) and pitching motion (). Let

w(x,t) = exp (iwt) W*(X) = -lh + Ua + blx - xa)a] , (3. 209)

be expressed in the form

o0
&
w o= U[Ao +2 3, A cos netl . (3. 210)

1

Comparison of Eq. (3. 240) with (3. 209) with x = - cos 8 shows that the coefficients a are zero for
n > 2. The collocation method consists in setting up and solving a system of n linear equations

for the first complex coefficients By renesd 4, 80 that the Posio integral equation is effectively
satisfied at n points of the chord @

goreee Gn - The coefficients of the a's in this system of equa-

tions are given by definite integrals, involving the product of the known kernel K and one of the
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chosen aerodynamic mode shapes appearing iu the relation (3. 204). These integrals are obtained

by numerical integrations and are functions of frequency, Mach number, and of the distance be-

tween downwash and loading points. The numerical methods of solving Eq. (3. 199) are based on

the tables of the numerical values of the kernel function K(S’Moo)' The kernel function may be

expressed in the form

F(M_)
K(s,M_} = 4 IGIM ) In s + K (s, M), (3. 244)
i
F(M_) = ——" , (3. 212)
1
G(M ) = ——Fm—— , (3.243)
2
2w i - l\/I00
2
M eYM
K(0,M_) = - E 4+ if- % N ! In =
RV 2 2 24 -M
a1 - M 2w A1 - MS 2t A1 - M ( )
14 A/ - Mfo
bk 2 |, (3. 214)

where y = 0,5772 .., is Euler's constant, Another iterative procedure, which will be degcribed

below, may be applied to include effects of ajleron motion. ¥For a given normal velocity function
N .

w(x,t) the value of y (or P) for the incompressible flow may be represented by subscript zero

*
as Yq » The required distribution y may be written as

* * %*
Y =Ygt AYy (3. 245)
or
* oo« % '
W) = [ Il + avg ()Rl M )aE (3. 216)
By the definition of Y:
+1
w' (%) = kf , YolE) K(s, 0dE (3. 217)
so that
LE T * %
k[, Aol vt - Ky [Ks, 0) - Kis, M]dE = wila (3. 218)

% . . . *
where wi(g) is a known function defined by Yo and by the difference in the kernel functions,
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_ % L %
Y -y0+yi+y2+... +yn+Ayn , (3. 249)

obtained ag exactly as desired from the simpler equations utilizing K{s, 0), In the steady case

th * R * 2
€ convergence of Y to its value Yo /’\/ i- ‘Mao i reached in the manner of the sequence

* 2
Yolt + 4 4 +.00) (3. 220)
with
2
k=4 ALME (3. 224)

This method was applied to the calculation of the force and moments for a wing undergoing ver-
tical translation and pitching, and the aileron coefficients were included for the value 0.45 of the

aileron chord ratio,

3.4 General Remarks

According to the results in the past, the control surface derivatives have exhibited wider
deviations from theory than the wing derivatives, Thig is because the controls usually operate
in the boundary layer {often separated) of the main wing; there appears flow leakage and sharp
variation in the pressure distributions near leading edges of the control. Seme data on controls
are given in workg by van de Vooren, Erickson, and Robinson, Andreopoulos, Cheilek and

Donovan, and Dresche T,
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