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ABSTRACT

A basic investigation was performed to describe the heat transfer and tem-
perature distribution in semi-transparent window materials subjected to simul-
taneous convective and radiative heat input., The mechanism of heat {ransfer
within the window 1s treated by separated conductive and radiative modes,
Results derived from IBM 7090 digital computer programs are presented for single
glaze windows subjected to a hyperscnic skip glide trajectory, a supersonic
flight and a circular earth orbit. The conditions where radistive interchange
is important are studled. 1Initial results considering the effects of a thin
transparent film on a single glazing are presented.
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INTRODUCTION

Cre of the basic requirements of manned aerospace vehicles is that the
crew must be able to make visual observations during ascent, maneuvers, and
descent. For this purpose a viewing port or window has proved the most effect-
ive and desirable means. To permit adequate observation by the crew, the
material of such a window must be reascnably transparent to visible light rays.
However, such a material is usually transparent to obther radiations emanating
from the cutside enviromment and within the window which can be detrimental
and which affect the mechanisms of heat transfer through and within the window.,
Thus, the need for direct observation gives rise to such problems ag thermal
stress, excessive interior temperature, and thermal energy transmitted into
the cabin due to exposure to aercdynamic heating as well as thermal radiation
during any prescribed mission.

A basic investigation was undertaken to describe theoretically the mecha-
nisms involved in heat transfer to, within, and from window materials when
exposed to an enviromment of combined convective and radiative heating. These
hest transfer mechanisms were programed for an IBM 7090 computer to obtaln
insights to the transient temperature distributions that would develop and tc
evaluate the effects of glass properties, thicknesses and coatings.

Manuscript released by authors December 1964 for publication as an RTD
Technical Documentary Report.



SECTION 1
SUMMARY OF RESULTS

A detailed analysis of the combined effects of conduction and radiation
heat transfer through single-glaze windows has been made. The analysis was
programmed for solution on a digital computer. Instantaneous temperature pro-
files were computed by an copaque and by a transparent analysis for three tra-
jectories with d@ifferent heating rates, The results indicate that the tempera-
ture predicted based upon conduction effects alone (opaque analysis ) are
greater than these predicted based upon conduction plus radiznt effects.

These temperature differences may be as large as 150°K for some glasses, In
every case considered the maximum temperature gradient predicted within the
glass is less for the transparent analysie than it is for the opagque analysis.
The higher the temperatures developed within the glass the greater are the
effects of the radiant heat transfer. For temperastures above sbout 1000°K it
is necessary to conslder the radiant transfer if the surface temperatures are
to be estimated to better than *150°K.

The assumptions made in the analysis are as follows:

1. Unidirectiocnal unsteady-state heat flow in a plane, parallel,
optically smooth, homogenecus, and isotropic glass was assumed.

2, Absgorption coefficients are consldered constant within finite
spectral bands. Above a certain wavelength the material is
considered perfectly opaque,

3. The materigls ares considered to be non-dispersive.
L, Thermal properties are not considered as temperature dependent.

5. Any external radiant source 1s considered perfectly diffuse and
initially unpolarized.

G. Radiative attenuation withir the material is considered to be
described by the Lambert-Bouguer law and the propagatiocon is that
of a plane electromagnetic wave.

Te Fmission from within the body is described by a derived volume
emissive power.

8. Internal emission is perfectly diffuse and initially unpolarized,

a. Aerodynamic heating in hypersonic flight is considered as a fraction
of stagnation polnt heat transfer. Gas cap radiation to the window
is considered as emitting from a plane parallel graybody source, at
a uniform temperature behind a normal shock, and the gas cap thick-
ness is treated as equal to the stand-off distanece at the stagnation
point.

10. Aercdynamic heating in supersonic flight is given by the heat
transfer te a flat plate traveling at zero angle of attack. External
radiation is neglected during supersonic flight.

11, Direct solar radistion with a 60C0°K black body spectral distribution
and a form factor based upon the solar constant is used for the
window heat input during the orbital mission.

12, The effects of thin transparent films an a transparency substrate
are assured to produce superpositions according to "thin" or "thick"
film theory.

2



13. External (gas cap) radiation is assumed tc be from incoherent sources.

14, TInternal emitted rediation is assumed <o be Trom coherent scurces,

During the initigl phase of the contract two digital computer programs
were written for: (1) gingle-glaze unflilmed transparency, and (2) a multiple-
glaze transparency with firsti order effects of a film on the emergent faces,
An extension to the contract authorized the revision of the single-glaze com-
puter program to include higher order effect of films (of the crder 0.2 1
thick) on either or both faces of a single glazing and to provide for the
cormputation of the emission from the semi-transparent glazing. The revised
program (SIGTRAN) was written and rur at the RTD IBM 7094 computer facility
for a limited number of cases.

Initial results for filmed transparencies were obtained. These results
indicate that the gross two-wavelength-band approximation for the optical pro-
perties of film materials as well as substrate materials dcoes not adequately
describe gold film properties and fused silica and plexiglas data. Tin oxide
film preperties and soda-lime and aluminc-silicate data are fairly well
approximated. In view of these limiting approximations, the results show that
5 tin oxide-coated glazing develops slightly higher temperatures within the
glazing as compared to an unfilmed transparency exposed to the same hypersonilc
skip-glide trajectory. Consequently, the total radiant flux emitted into the
cabin from a tin oxide-coated glazing is equal to or greater than that from an
unfilmed transparency during the trajectory., Cold filmed results show that
the hlghest temperature levels are obtained with a 0.2 1 gold fllmed transpar-
ency which developed cnly about 1% of +he cabin heat flux radiated by the
unfllmed window.

Obvicusly the accuracy of the gold filmed results are limited by the gross
wavelength band approximations to the gold data and the relatively large thick-
ness of this f£ilm. Furthermore, fused silica (a material which is highly
transparent in the visible and near infrared and highly absorbent in the Tar
infrared} represernts a case approaching the two bounds of the semitransparent
domain. Consequently, the temperature predictions for fused silica are greatly
affected by truncation errcrs encountered in the numerical computer soluticn
tc the extent that surfacetemperatures zomputed by the transparent analysis
exceed the opadue analysis. Remedlal action to correct these limitations were
not authorized within the scope of the present study.



SECTION 2

DISCUSSICN OF BASIC PHENCMENA

2.1 Heat Transfer Within Windows

A partially transparent material can transfer heat by both conduction and
radiation. Other investigators hzve considered a "radiative conductivity” to
describe the radiztive mode. This approach has shortcomings since the '"radi-
ative conductivity' is not a irue property of the material but is alsc a
functicn of its dimensicns, This study has separated the two mechanisms,
treating the conduction ss "true” (phoreon) conduction and the rediative inter-
change separately as parallel mechanisms of heat transfer. In the following
sections the mechanisms of heat transfer are discussed as they affect the
window,

2,1.1 Radiation

Radiant exchange between the surfazces of copague bodies is a relatively
straightforward phenomenon. Usually the radiation 1s considered tc traverse
a non-abscrbing medium between the opa@ue surfaces and a net balance of ener-
gles provides a sufficlent descripiion of the heat transfer. In contrast,
partially transparent materials absorb radlation as it passes through the
material and absorption takes place throughout the depth of the material. A
window must be evaluated by considering its absorption and emission character-
istics in addition to its transmission properties gince the window itself can
become a sigrificant emitter at high temperatures. Furthermore, the radiation
absorbed by a portion of the window could come from an external scurce as well
a5 from within the window itself, Thus a window exhibits simultaneous inter-
action of abscorption and emission c¢f radiation throughout its volume.

The ability of a window material to absorb radiation is characterized by
its absorption coefficient;«ylndefined‘by ihe Lambert-~Bouguer law:

YK SeC g

I = I e * (1)

WX O
which states that within a partially transparent medium the intensity of mono-
chromatic radiation, Iix a1 a position x from an incident intensity. ;Ko is
reduced expeonentlally af its path length. x sec @, where o i8 the angle of
incidence with the normal direction x. The absorption coefficient,}k s 18 a
function of the wavelength. Recent measurements by European workers (summar-
ized in Reference 1} have shown that 5y is dependent upon the temperature.,
Typical absorption ccefficient data for window glass (soda-lime) are shown in
Figure 1.

The emission of radiailcn by a window material is a bulk phenomenon and is
characterized by 1ts spectral volume emissive power. This is a measure of the
moncchromatic power radigted at a given wavelength and solid angle by a unit
volume of material st a given temperature. This radiation is diffuse and pro-
ceeds uniformly in all directions. Gardon {Reference 2) equated the calculated
hemispherical emissive power of a semi-infinite partislly-transparent radistor
to the hemispherical emissive power of a comparable gpaque radiator and
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obtained the "spectral volume emissive power" of a partislly-transparent mate-
rial as:

2
Yy M)
J, = =/ (2)
by i
Where jh = the speectral volume emissive power
Tk = the spectral absorpticn coefficient
n = the ratio of indices of refraction of the
emitting medium to the emergent medium
WBX = hemispherical spectral emissive power of an

ideal (blackbody) radiator

With the spectral wvolume emissive power known, the rate of emission from the
surface of a pertially transparent body can be determined as a functicn of its
size and tempersture distribution by intégrating the rates of emission of each
elemental volume. The integration must include the effects of atienuation of
the radiations as they travel toward the surface cf the body and reflections
and refractions at the surfaces, The basic mechanism of radiant interchange
within a window msterial is embodied in the concepts of its absorption and
emission. The complications that arise are due to a ccmplete accounting of
all radiations resulting from inter-reflections and multiple passages through
the window,

4 diffuse radiation source emits in all directions from its surface., Con-
sider all the beams from the source that are incident on the window at an angle
B, measured from the normal tc the window. Of all these parallel beams, only
those shown in Figure 2 will reach the elemental volume 0V. As can be seen,
the first beam 1s refracted at the exposed surface and then propagates through
the window material which further reduces its intensity by absorption, until
the beam reaches §V. In passing through the elemental volume, ancther fraction
of the beam is again absorbed. Other beams reach the elemental volume by re-
flections from either or both of the window surfaces. The beams are attenuated
8.5 they pass through the window. Thus, many beams from many points on the
radiating source are incident upon the window at an angle g and reach the ele-
mental volume &V, These beams are incoherent with respect to one another,
hence the superposition of these beams results in a summetion of the individual
beams and no interference occurs. An integration of all the beams from the
radiation source that reach the window provides the total intensity reaching
the elemental volume &V. A summation of the absorptiong of each beam passing
through the elemental yolume yields the total absorplion of external radiations.

In order to complete the radiant energy balance it 1s necessary to consi-
der radiations emitted within the window 1tself. Once the temperature distri-
bution within the window is known, the volume emissive power determines the
emission from any elemental volume within the materigl. Since self-emission
takes place in gll directions. each elemental volume will emit toward both
boundaries. These beams will reflect and will reach every other elemental
volume of the window. The self-emitted beams will be reflected and refracted
giving rise to multiple reflections in both directions. The summation of
gbsorptions due to the passage of self-emitted radiations from each elemental
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volume ylelds the re-azbsorpticn of internally emitted radiation from these
volumes.

Thus, an energy balance of sbsorption dus to external radiation, self
emission, and re-absorpticn from other elemental volumes produces the net
absorption of spectral energy at each vositicrn within a partially transparent
window. Integration of these monochromatic energies over the transparent
spectrum of the window yilelds the total energy abscrbed at each position or
layer in the window.

At the surface of the window, radlaticns in the opague porticn of the
spectrum are partially absorbed and the remainder reflected. The window also
emits in this wevelength band. With the exception of spectral considerations,
these opaque radiations are analyzed as any opague surface which requires no
further specializations.

2.1.2 Conduction

The thermazl conductivity of a partially transparent window material is a
very Ilmportant property in determining its temperature gradients. The trans-
fer of energy in dielectric solids can occur by accustical energy waves and/or
by optical energy wavesg, Energy transfer car be viewed as the propagation of
anharmonlc lattice waves through the material or as the interaction between
guanta of vibratioral thermal energy or phoncns. In this respect, the concept
of molecular mean free path 1s dntroduced in direct analogy to the kinetic
theory of gases, so that the phonon or "true" conductivity of a dielectric solid
may be defired by (Reference 3):

k, = % c_ vi {(3)
where: kc = the phonon {true) conductivity
cv = the heat capacity per unit volume
v = the average sound velocity

The volumetric heat capaclty and average sound velocity may be determined from
reliable data, but the difficulty arises in a measure of the molecular mean
free path, £. Thus equation (3) really defines the molecular mean free path
from measured phonon conductivity.

In addition to heat-energy transfer by vibrational modes, heat may be
transferred through partially transparent window materials by absorption and
reradiation of electromagnetic energy. Thus, in addition to phonon conductiv-
ity an analogous photon conductiviiy can be considered. Instead of molecules
or phonons the waves are considered as beilng composed of photons. A signifi-
cant difference exists since photons may propagate in a vacuum. A radiative
or photon conductivity arises from close analogy between the kinetic theory
or heat conduction of gases and dielectric solids and heat transfer by radia-
tion and zbsorption. An expression for the photon conductivity is (Reference

L)

_ 16 2.3, ,
kI" — —"3""‘01'1 T s (l,-)



where i = the Stefan-Boltzman constant
= the index of refraction

n
T = the abscolute temperature
Ji = the molecular mean free path

However, it has been shown (Reference 5) that a theoretical treatment of
steady stalte requires that the concept of radistion conductivity be applied
only at distances greater than 5/&A from any boundary, where 7%, is an effect-
ive high temperature absorption coefficient. Hence, if ¥y is about 0.5 cm‘l,
the radiation conductivify analysis is not valid within 10 cm from any bound-
ing surface. Thug for windows of practical thicknesses, the application of
the photon or radiation conductivity is not valid.

In opaque materials, conductlon is the only mechanism by which heat is
redistributed within the interior of the material. The laws which describe
conduction are well known and require no further explanation. In a partially
transparent window materlal the radiative mechanism increases the rate of heat
transfer within the material. Conduction, therefore, must be carefully sepa-
rated from the radiant intercharge that ocecurs within the partially transpar-
ent medium, The laws of conduction will be applied to "true conduction"
utilizing the "true" thermal conductivity rather than an "apparent” thermal
conductivity which has been determined by considering both mechanisms of heat
transfer. Therefore, it is extremely important to select the appropriate
thermal conductivitiy data for the window materials,

Unlike apparent conductivities involving both "true” and "radiation™ con-
ductivities, the "true" conductivity of glass is a weak function of termperature
(Reference 6). At room temperatures radiative effects do not contribute sig-
rificantly to the heat transfer mechanism., Therefore, conductivities measured
at near room temperature may be ragarded as "itrue" conduetivity values.

2.1.3 Convection

Just as conduction and radiation are the mechanisms by which heat 1is ex-
changed within the window material, convection serves as one of the primary
mechanisms by which heat is transferred to and away from the surfaces of the
window., In the absence of experimental data or the results of any detailed
analysisg, it will be necessary to estimate an aerodynamic heating rate based
upon an idealized model trajectory. In the present report, hypersonic trajec-
tories are used to compute convective input to the exposed surface of the
window as a Traction of stagnation point heat transfer rate, A supersonic
transport trajectory is used to estimate loecal heat transfer coefficients from
correlations based upon flat plates at zero angle of attack. Thus, the local
convective heat input at the window is determined on the basis of these heat
transfer coefficients and the difference between the recovery (or adiabatic
wall) temperature and the window surface temperature.

At the interiog surface of the window, a convective heat transfer coeffi-
cient of 1.5 Btu/ft hrF was chosen as representative {Reference 7). The con-
vective heal transfer rate to the cabin thus depends upon the window interior
surface temperature and an assumed cgbin alr temperature.

ic



Material in Section 2.2 and 2.3 establish the boundary conditlons for the
partial differentisl equation (Eg, 11, p. 19), the solution of which is the
main objective of this program.

The convective heat transfer in this subsection will be discussed in more
detail in Section 2.2. The radiative input will be discussed in Section 2.3,

2.2 VWindow Heating Rates

The following three missions were selected to illustrate typical applica-
tions of the analysis and computer program developed:

1. Hyperscrnic re-entry into the earth's atmosphere
2, Supersonic flight in the earth's atmosphere

3. Orbiting flight about the earth.

2.2.1 Hypersonic Re-entry

The hyperscnic re-entry imposes the highest heating rates that the window
system of an aerospace vehicle will experience. For 1ift-type vehicles a
possible re-entry Lrajectory is one which follows the equilibrium glide line
of the vehicle, i.e., a combinatlon of velocity, altitude and lift such that
all vertical forces of weight, 1ift, and centrifugal force are in equilibrium.

An idealized re-entry vehicle with a vehicle wing load W/S = 25FSF and an
initial velocity of 26,000 fps at 400,000 £t orbit, the skip-glide, hypersonic
trajectory at the maximum re-entry angle of 7° shown in Figure & has been
chosen to estimate window heating rates (Reference 8).

At hypersonic velocities; the aercdynamic heat transfer rates at the
assumed windcw location are nighly dependert upon the vehicle configuration
and effects of shock interactions. A generzl treatment applicable to all
vehicles 1s impossible. The heat transfer coefficients at the window location
are gssumed to be a fixed fraction of stegnation point heat transfer. A lcoesl
heat transfer rate of 10% of the stagnetion point walue was assumed for the
computations performed during this study.

2.2.,2 BSuperscnic Flight

A typical supersonic transport would be designed to cruise at Mach 3 and
to carry 100 passengers and a crew of 6 (see Reference 9). A New York to
Paris flight plan (Figure 5} consists of a linear ascent to Mach 1 at 22,000
feet, a parabolic acceleration to Mach 3 at 65,000 feet, and a cruise at Mach
3 until the descent. The deceleration is assumed linear Trom Mach 3 to Mach
C.8 and held constant. With the assumed flight plan the trajectory can be
determined (Figure 6).

The window was considered to be a flat plate traveling at zerc angle of
attack. A correlation for the heat transfer coefficient based upon free
stream conditions is used (see Appendix I). Thus, the aerodyramic heating
rate 1s computed as a function of the free stream conditions, adiabatic wall
temperature and wall temperature. Radistion from the external surroundings
are considered negligible.

11
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2,2,3 Farth Orbit

Analysis of the sources of radiations to an earth orbiting vehicle show
that practically all of the heat input is direct sclar radiation. The solar
constant above the earth’s atmosphere describes the input from direct solar
radiastion and the ratio of the solar constant to the blackbody emissive power
of a 6000°K source (the apparent temperature of the sun) produces a "'form
factor", lumping orientation and attenuations from the solar source to the
orbiting vehicle. Thus applying the form factor to the blackbody spectral
distribution of the sun. the input to the window ig adequately described.

2.3 Gas Cap Radiation

At re-entry speeds the hot gases around the vehicle can develop signifi-
cani radiant heating effects. A complete description of the flow sbout such
a vehicle includes knowledge of the reactions of molecules, atoms, icns, and
electrons and the corresponding energy transport processes. Effects such as
diffusion; recowbination in the boundary layer, non-eguilibrium flow and cata-
lytic properties of walls must also be considered (Referernces 10-12).

Convective heating to the stagnetion region of a hypersonic vehicle is
relatively well understcod. but an accurate estimate of radiation from the hot
gases to the vehicle is more difficult. To make such an estimate it is neces-
sary to know in detail the complete flow field behind the shock including
local temperzture, density, pressure, and velocity profiles. Shock tube
investigations have furnished some radiation data (References 13-15) but pro-
minent researchers do not agree on the magnitude of the radiation from hot air,
They agree roughly in methods of calculation but the main source of divergence
lies in the wvalue used for the oscillator strength or electronic f number,

Experimental and calculated resulis are presented in various forms such
as spectral intensity, integrated intensity, spectrally dependent absorption
coefficlents, and integrated emissivities, all of which are temperature and
density dependent.. Two different physical models are used to estimate radiant
heating rates: (1) a planar radiating layer and {2) a hemispherical radiating
layer. The models may be further subdivided to: absorbing cor non-gbsorbing
media, isothermal or noun-iscthermal . isobarie or non-isobaric, etc. The hemi-
spherical model is considered mecre correct (References 16 and 17} while the
non-igothermal effects have been shown to be small (Reference 16).

The independent parameters used ito determine the radiation field are the
velocity. altitude, and body configuration {nose radius for stagnation point).
A method for determining hot air radiation may be approached rigorously by
deflnlng the spectral intensity of emitiing gases which are in direct view of
the window, ¥Keck (Reference 1b) has made experimental measurement of epectral
intensities in shock heated air. From these data f nurbers were calculated
for the principal species that radiate. i.e., NOjy. NO_, NQ (2+), Cp, etc. The
average spectral ilntensity over a small wavelength baﬁd is calculated and
measured in the range of 2000 to 10,000 A in the temperature range of 4000 %o
9000°K and densities from 0.0l to 10 times standard atmospheric density.

Keck™s work is inadequate for the present application due to the limited range
of temperature and density.



A more complete presentation is given by Myerott (Reference 15) in which
absorption coefficients of air are calculated for the conditions: wavelength,
0.,1167 to 1.9837 microns; temperature L000 to 12000°K and; density 10°° to 1O
times standard atmospheric density. The fraction of blackbody rsdiaticns can
be determined using the absorption coefficient given by:

AR
. LA
Io= Wy, l-e (5)
where 1. = intensitiy at wavelength A
WB2 = blackbeody intensity at wavelength A
o = mean absorption coefficient
sV
the mean abscrption coefficient is given by:
EaY ~ - _h/‘kf]']
v,F il o- e j (6)

where: = gas absorption coefficient at wavelength A

Planck constant

=
I

= Boltzman constant

It is seen that‘?n is temperature, density. and wavelength dependent. Though
nmamerical values dfi-l/qu are available {ec.f, Reference 18) it was found that
the spectral dependence is too complicated to be used effectively.

The work of Kivel and Bailey (Reference 13) was finally chosen as the
best applicable source for supplying radiative inputs from shock heated air,
The spectral volumetric intensity is integrated over all wavelengths and is
presented in graphical form as a function of air temperature and density.
From the volumetric intensity. curves are given for the graybody emissivity
of shock heated air per unit thickness as a functicn of alr temperature and
density. These curves have been fltied by & logarithmic polynomial expansion
of the form:

log /3% = 8, * & log T + a, .log2 T + as log3 T +ay lcxgl'L T (7)
where € /H% = graybody emissivity per unit thickness (em™)
Age el T congtants determined from the polynomial fit
log = logarithm to the hase 10
T = absclute temperature ("K)

4 least-squares gnalysis was used to determine the constants a.....8;. The
resulting values for the constants are shown in Tables 1 and 2. As may be
noted, one set of constants is applicable in the range 1000 < T < 8000°K and
the second set of constants i1s applicable in the range 8000 < T < 18,000°K.

To determine lntermedigte values. double logarithmic interpolation is perform-
ed between temperature and denslty values on both sides of the values required.

16



Density ratio

TABLE 1
COEFFICIENT FOR THE LEAST-SQUARES FIT
LOW TEMPERATURE :

1000 < T<8000"K

F)/po* aq &) 8 Bq &y,

10“6 -6.925307 2.8251600 -2.593648k 0,19645656  0.063004980
10'5 -3.7398826 -2 LEL367T  -0.78233130 0.2918966G  0.000000000
10‘LL -16.4635100 5.3745600 -1.8453232 0.28489560 0. 000000000
1073 -5l 258100 3h.832836  -3.9048150  -1.171182hk  0.”2Le8Lel

107° -P1.239832 T.3043176 -1.31h4115L 0.14599265  0,000000000
107t -75.888910 43,790500  -5.1229970  -1,L4008835  0.27386482

10° hog,0026hk0 =h2,048052 7.1221220 1.1666329 -0.26152723

10" 10k, Thaos -79.760151 11.775L16 2.357168h  -0.48591030

* P, is air density at sea level
TARLE 2
COEFFICIENTS FOR THE LEAST-SQUARES FIT
EIGH TEMPERATURE: 8000 < T < 18000°K
Density ratio

p/po* 2 a) a, 5, a),

10'6 -h2 329078 3.3773731 0.38418980  1.145458T7 -0,.23198607

1072 _56.086180  -L.0ok2870  2.922h950  2.0830P05 -0.43381861

10'ip ~50.699710 -bo57hk8oc  2,9574360 2.3487883 -0.48580387

lo'3 -87.580695 7.86817hH0  0.4915100C  2.9433819 -0.56388439

107 -38.483048 -3.1711910  1.56073C0 1.4969915 -0.28388548

107" 111572062 -0.3%727720 -0.232873C0  0.32303328 -0.024583406
10? 0,289237h  -1.3357925 -0.3175266L -0,.05093168 0,051322102
101 L,7243840 -1.6747281  -0.14927570 -0.1992315Lh  0,059054679h

x po is the density at sea level

A simplified equation for the shock detachment distance (&%) has resulted
from an attempt to Improve gas dynamic calculations based on the Newtonian

theory of impeact,

Following the scheme used by Prandtl for the reduction of

the hydrodynamic equations for large Reynolds HNumbers, the gas dynamic equa-
tions were simplified in the limit where M, the free stream Mach Number, is

large, and vy (the ratic of specific heats) approaches unity.

17
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design, the results seem to be satisfactory. To transform the equation for
finite M, the formal substitution is made:; (v - 1)/2 —s 1/K where K is the
ratio of normal shock to free stream density. Then &% takes the form

‘ 2R
it = —
5 ET (8)
R = nose or bedy radius

Tn this form the equation applies to high K (high M) only. If (K - 1)} is sub-
stituted for K, a surprising agreement with cxperiment iz alsc ocbtalned for
low supersonic speeds. Thus, the final form of &% is (Reference 18):

- 2R )
¥ o= K- 1) ‘ (9)

Equation (7) is used to compute the graybody emissivity per unit thick-
ness, /4% for a given temperature, T_ behind a normal shock and corresponding
density, o, behind the shock. Tor a given nose radius (assumed to be 6 inches
in this study) and free stream density. the ghock detachment distance may be
computed by equation (9). Thus, the product of €/¢% and shock detachment dis-
tance yields the graybody emissivity of the gas cap radiation, €. However,
the graybeody emissivity is scaled according o the exponential (Reference 16)

€ = —— - 1-¢°% (10)
g it
5Ty
where € = graybody hct gas emissivity

q; = radiative flux
o] = Stefan Boltzman constant
%{ = hot gas absclute temperature
€ = emissivity defined by equation (7)

Equation (10) yields an effective emissivity of the shock heated alr accurate
to within 20% of the exact soluticn as presented in Reference 20. The basic
assumptions leading to equation (10) are that the radiating layer is planar
(normal shock) of thickness &% which is divided inteo infinitesimal slabs
having an absorptivity per unit thickness equal to their emissivity per unit
thickness. The results given are then integrated over the width of the slab,

The foregoing steps have been used to estimate the bow shock radiation
incident upon a hypersonic re-entry vehicle. The shock 1s assumed toc be
normal and the radlation to come from a graybody whose emissivity is dependent
on density., temperature and standoff distance.

18



SECTION 3

ANALYSITS AND REQSULTS

3<1 Thermal Analysis

The analytical sclutiors for the transient temperature distribution of
windcws subjected to aerodyramic heating and/or external radiations are con-
tained in Appendix 1. The following expression relates the rate of change
of temperature of any point to the sum of the net rates of energy reaching
the point by conduection and by radiatlon.

aTi. tf aETi
R ()

The radiant interchange term ewphasizes that the radiant mechanism is treated
separately Trom the conductive mechanism of heat transfer. The radiant inter-
change term is made up of the net abscrption from external scurces, Q,, emis-
gsion of its own radiation, QE, and reabscryption of radizations emitted frcm the

surrounding medium, QR, thus:
o _ a ‘ 2
iqj (T,) Q,(x.) - axlx,) + Qglx,) (12)

The evaluation of the radiant interchange term leads to integrals which can
nct be solved in closed form and must be solved numerically. Differential
equation (11) alsc requires numerical solution. Therefore, the analysis for
temperagture distributlicns within the partizlly transparent window material
involves the solution of an integro-differential eguation with appropriate
boundary and initizl conditions

The beoundary conditlions are determined from the trajectory and the cabin
conditions. For the single-glarze problem, where only one pane 18 considered,
the thermal effects due to a hyperscnic skip-glide re-eniry trajectcory, super-
sonle Lransport trajectory, and a circular earth orbit have been computed
(see Section 2.2). For all these computations a 1/2" thickness of glass has
been assumed. rour different window materials were considered. Fused silica
(Corning 794¢), Soda-lime (Corning 0080) and Aluminc-silicate (Corning 1723)
were exposed to the hypersonic and supersonic trajectories while Soda-lime
and Plexiglas were used for the orbiting missions. The thermal and optical
properties of these materials are summarized in Table 3.

3.1.1 Material Properties

Both thermal ard coptical propertles of the window materials are required
for the thermal analysis. The thermgl properties cconsist of the thermal con-
ductivity and volumetric sgpecifiic heat. The thermal conductivity, as discussed
previcusly (see Section 2.2.2), is the "‘rue" thermal conductivity of the
material. Thus, 1in the absence of other data which reliably separate the radi-
ation effects from megsured thermal conductivities, the value at room tempera-
ture 1s taken ag the "true" conductivity and is assumed to be invarient with
temperature. The volumetric specific heat, though available as temperasture
dependent quantities is faken as the mean valus over the temperature range
{References 21 and 22),

2



THERMAL FROFERTIES AND OPTICAI PROFPERTIES OF TRANSPARENT MATERIALS

TABLE 3

Fused Bilica
(Corning 7940)

Scda-1lime
{Corning 0080)

Alumino-8ilicate
(Corning 1723)

Flexiglag 55

k

Therma! Conductivity [1.339 x 1672 8.370 x 1073 1.246 x 1072 1.730 x 1077
{watt/em®K)
e
Specific Heat .17 0,22 0.35
(cal/em°K)
o
Volumelric Spec.Ht. 1.566 2.511 2 hhl 1.7hh
(watt-sec/om3 K)
- -3 -3 -3 3
Thermal Niffusicity £.550 x 10 3.33%3 % 10 5,088 x 10C ©.992 x 10
{on 2/sec)
n
Refractive Tndex 1.459 1.512 1.547 1.50
g Ay
2 Wavelength- 2.0 2.75 2.5 1.25
o | Cutoff (microns)
e
&
0 v
H
9 | Absorption Coeff. 0,02 Temperalure 0.024 .1
g 1 Dependent
R (em ) (See Fig. 10)
e
Kz
- Wavelength~g 3.75 .5 o 5.0
& | Cutoff (microns)
&
<
@ | Absorption Coeff. C.h Temperature 6.0 0.7
v . Dependent
Ly (em 7) (See Fig. 10)
ie
o
Od
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The optical properties generally availlable for transparent materials are
refractive Index, and apparent transmissivity at normal lncidence, The
required abscrpticn coefficient can bhe obtained from these data by reference
to the work of McMahon {Reference 23). The resulting absorpticn coefficients
are shown in Figures 7 through 10,

It is possible to flt step-function approximations through these data to
facilitate computations. These approximations are also shown in Figures 7 Lo
10. As can be seen, the simplification is a rough approximation to the fused
silica data (Figure 7} and Plexiglas data (Figure @), but iz a good approxi-
matior to the aluminc-silicate and soda-lime data. The soda-lime data are
shown with temperature variation for absorption coefficients (see References
2 and 6). Some temperature dependent data for apparent transmissivity have
been given for fused silica in Reference 21, however. Lhese data are practi-
cally the same as the room temperature data.

3.2 Computer Program

The single-glaze computer program was written to accept the hyperscnie,
supersonic and orbiting missions input, and with the option of computing the
temperature distvribution by considering radiant interchange and conduction or
by considering conduction alone. The firsti secticn of the program computes
the radiant interchange field associated with the initial temperature field.
These compubations are numerical irctegration of the functions shown in Appendix
T using Simpson's rule {see Reference 24 ). With the radiant interchange field
computed for the initial temperature field the new temperature field is com-
puted for fthe next time interval. BSince the temperature field requires the
solutions of simulianeous linear equaticns. Crout’s method (Reference 25) is
utilized. An iterative computaticn is performed to assure convergence of the
temperature computations to within 0.1%. The finite time increment is reduced
until prescribed convergence is obialned.

The computer running times are shown in Table &, As can be seen, hyper-
sonic trajectores of cne minute duration real time regquired about 2 to 3
minutes of computer time. Supersonic trajectories of 157 minutes duration
real time required aboui 4 1o 5 minutes of computer time. This extreme vari-
ation in computer +ime illustrates that rapidly changing inputs (hypersonic)
require that smaller tims Increments be used in each calculation thus regquiring
longer running times.

During the seccnd phase of the contract, computer progrem revisions were
performed on the single-glaze computer program. The new prograr SIGTRAN is a
comptiter program for the sclution of the temperature distributicn and heat
flux of a single-glaze, filmed transpareacy subjected to hypersonie, super-
sonic and corbiting missions, Provisions are included to treat a thin trans-
parent film on one or both surfaces. The total integrated flux into the cabin
is also computed., With this revised computer program several limited cases
were run with thin gold and tin oxids films on an alumino-silicate substrate
and subjected to hypersonic skip-glide trajectory described in Section 2.2.1.
The computatior time was roughly doubled because of the increase in computa-
tions recessary to determine the flux emitted into the cabin.
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3.3 Results for the Single-Glaze Window Without Films

3.3.1 Hypersonic Skip-Glide Trgjectory

The surflace temperatures predicted for the single-glaze window are shown
in Filgures 11 anrd 12. As can be seen from Figure 11, the transparent analysis
ineluding radiant interchange as a mechanism for heat transfer, produces the
highest surface temperature in the fused silica window and the lowest in the
glumino-silicate window, The opague calculations (Figure 12) show the same
trend though somewhat lower In value with the Inferesting result that the soda-
lime surface temperature is brought very close to the fused silica surface
temperature. These results may be further studied by observing the temperature
gradients withir the glasses for successive times during the trajectory (Fig-
ures 13 to 22),

3:3.1.1 Discussion of Opague Results - Conslder the opaque profiles
shown 1n Figure 19, Boda-lime glass exhibits the steepest surface temperature
gradient while fused silica ard aluminco-silicate glasses have approximately
equal temperature gradients (the alumino-silicate gradient is slightly steeper
than that for fused silica). These calculations consider conduction as the
only mechanism of heat fransfer within the window., Thus, scoda-lime glass with
the lowest thermal conductivity of the three materials naturally has the
highest temperature gradient at the surface. Likewise, fused silica and
alumino-silicate glasses with almost equal thermal conductivities (both greater
thar that for soda-lime glass) develop temperature gradiente that are almost
equal (but lower than ‘hat for soda-lime glass).

To illustrate the relationship between the surface temperatures of the
three materials consider a constant heat flux as Incident orn the window. This
is not the case in the actual problem since the Input to the window i1s depend-
ent upon bhoth window surface temperaiure and external conditions which are
variable, but the simplification can be used to 1llustrate trends in the
results, A window, initlally al uniform temperature, subjected to a constant
heat flux, F . at the boundary X = L, and perfectly insulated at the boundary
X =20, will 8evelop a temperature excess over the Initial temperature given by:
{Reference 26)

\ 220 e
SRS LVRE s e (o Y
pel Tk YT B Taw T Ef €OR
where o = temperaiure excess over the initial temperature, °K
0 - constant flux at X - L, Watt/cme
ce = volumetric specific heat, watt-sec/cm3°K
X = spacial coordinate, om
= thickness = 1.27 cm
K = thermal diffusivity, cmg/sec
1 = iime, sec
1 = dummy Iindex for the summatlon
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The sclution of eguation {173) for the exposcd surface after 10 seconds of
heating yields;

g = 27.2 FO for fused silica glass
5 = 24,6 F,  for alumino-silicate glass
g = 26,1 P for soda-lime glass

From thege results 1t may be observed that fused silica would experience the
highest temperature excess at the exposed surface followed closely by scda-
lime glass and the lowest surface temperature excess would be experienced by
the aluminc-silicate glass. The temperature excess 12 a function of thermal
conductivity., velumetric specific heat, and the thermal diffusivity as given
in equation (13) and the trend of the temperatures are dependent upon all of
these thermsl properties,

The trends predicted from the illustratlive example are the same as com-
puted for the opaque computations shown in Figures 18 to 22, At various times
durirg the ftrajectory., the fused silica and scda-lime glags have nearly the
same surface temperature while alumino-silicate glass exhibits a somewhat
lower surface temperature in all cases.

3.3.1.2 Discussicn o' Transparent Besults - With the introduction
of the radlative mcde of heat transfer the absorption coefficient becomes the
material property thal greatly influences the window temperaiures. The cor-
responding temperature profiles for the transparent analysis which considers
both the radiative and conductive modes show that the relationship between
temperature gradients of the three glasses remains the same as observed for
the opagque calculations, Fused silica surface temperatures increased while
soda-1lime and alumino-silicate decreased relative to the opaque calculations.

The spectral abscrption coefficient plays a dual role; (1) it affects
the attenuation of external and internal radiations, and {2) it affects the
self-emission. The sbsorption is governed hy the exponential law:

-y, A
a, = L-=e (14)
where a) = fraction of moncchromatic energy absorbed
'?A = speciral absorption ceefficient

X path traversed.

The spectral rate of Internal emissicon per unit velume at any position X 1s

given by (see Appendix I)

%4, (%) - hngnﬂ’f}.,wBA.(X) (15)
where QEA(X) = spectral rate of internal emission at positions X
= ratic of refractive indices of the emitting medium
to the emergent medium
¥y = spectral abscorption coefficiernt
WBA(X) = blackbody emissive power at position X

sl



The effects of inecluding radiant interchange in the computations is best
studied by considering the temperature prcfiles of the glasses. The computer
results for fused silica and alumino-silicate glasses I hypersonic skip-glide
trajectory are used to iilustrate the trends. For this purpose consider the
time when both of these glasses have rearly equal itemperature profiles, These
computer results are shown in Table 5 for the fransparent and for the opaque
model computations.

Since the hyperscric skip-glide trajectory develops its maximum heat flux
at approximately 70 seconds, the transparent temperature profile for fused
silica at 67.25 seconds and the transparent profile for aluminc-silicate at
73.437 seconds occur durirg a relatively constant heat flux period. The radi-
ant interchange distribution within the glass. as shown in Table 5, may be
broken down further to arn =aergy absorbed distribution (from exernal source
and re-sbscrbed from the icterior) and to an energy emitied distribution (as
determined by avplying equation (15) throughout the material). These separated
distributions are shown in Figure 23,

Fused silica and aluminc-silicate glass have tThe same absorption coeffi-
cient in the firsi spectral band, i.e.. for all wavelengihs up to the first
cut-off A. {see Table 3), However, ir the second wavelength band., i.e., for
wavelengtlis between the Tirst cut-off wavelergth, A.. and the second cut-off
wavelength, Kg, the absorption co=fficient of fused silica 1s much less than
it is for alumino silicate, It is seen that more long wavelergth radiation
is permitted to reach all points in the fused silica (low’ij relatively undis-
turbed (low attenuat-on). Conversely. in alumino-silicate glass, long wave-
length radiations are sbsorbed much more readily and greatly sttenuated within
relatively short distances, Thus the radiaticns are more uniformly distributed
in fused sillica than they are in slumino-silicate. WNear the exposed surface
more radiation is absorbed by botrh materials than at the interior due to attenu-
gtion of an external radisting source, Alumino-silicate glass abscrbg the
external energy more readily than does fused silica but the available radiation
decreases mcre rapldly through the maverial.,

Self-emission &t the lcng wavelengih assocliated with the relatively low
glass temperature is grestest for the aluminc-silicete glass. At the exposed
surface and within the zlumirc-silicate glass the self-emission always remains
significantly large ccmpared to the absorption (as is shown in Figure 23).

This is nct true of fused silica where self-emission (which ocecurs primarily

at long wavelengihs) scon becomes negligible compared to the absorption. Thus,
alumiro-silicate absorbs more but alsc emits much more than does the fused
51lica. The fused silica abscorbs less but tends to retain what it has absorbed.
Thus, fused silica distributes both the radiant energies and the conducted
energies more readily than does the alumino-silicate and therefore attains a
higher temperature level, whereas the alumino-silicate glass develops a lower
temperature level,

3.3.1.3 Comparigcn of Opagque aad Transparent Results - Gardon
(Reference 6) computed temperature profiles For opaque and transparent soda-
lime glass and observed that the transparent profile was helow that of the
cpaque profile., A comparison of the Lhermal ard cptical propertlies show soda-
lime has the lowest diffusivity of the three materials and thus should (and
does) have the steepest temperature profile of the three glasses when treated
as opague materials. The temperature excess computation {aquation 13) for
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congtant heat Tlux shows that fused silica and scda-lime should have approxi-
mately the same surface temverature for the opague calculation. This has

been cobegerved in the results of the single-glaze computer program. The absorp-
tion coefficient of soda-lime is similar to alumino-silicate and therefore
soda-lime develops a iransparent temperature profile below that of 1is cpague
profile. Thus, the trend of alumino silicate glass agrees with Gardon's
results for soda-lime glass due to the similarity of optical properties,

The significance of the transparent analysis is further Illustrated by
Figures 2L to 26. The surface temperature rise is overestimated by 20%
(alumino-silicate glass surface temperature at 120 sec) if it is computed on
an cpaque (Fourier) analysis,

Both the transparent and cpagque calculaiions show that the maximum sur-
face temperature cccurs at 80 seconds, that 15,10 secends after the maximum
convective heating rale occourred. Therefore,it mey be conciuded that up to
about 80 seconds the heat transfer within the glasgs increase as the glass
becomes holter arnd at 80 seconds the glass heat transfer rate near its exposed
surface exceeds the net rate at which the window surface was heated.

The domain of the partially transparent heat transfer analysis lies
between two prescribed limits. When the materisl considered has no transpar-
ency it 1s cpaque and is treated in terms of pure conductive heat transfer.

On the other hand, when the material is perfectly transparent, radiant inter-
change does not effect the heat iransfer within the material and again the
material 18 treated In fterms of pure conductive heat transfer, All semi-

" transparent materials fall between these limits, Fused silica is easily dis-
tinguished frcm ihe other glasscs consldered 1n that it epproaches almost
perfzcr transparency. Consequently, the radiasnt interchange terms computed
for fused silica are always much lower than those computed for alumino-siiicate
and soda-lime glasses. The effects of computational accuracy of numerical
integration leading to the radiant interchange term becomes most pronounced
for fused silica. It 18 the radiant interchange term alore thai makes the
temperature prefile In the transparent analysis different from the temperature
profiile in the cpaque analysis. The temperatures near the surface computed
from conduction and radiation effects should be lower than corresponding tenm-
peratures computed from conducticon effects alone. Therefore, the transparent
profiles for fused silica are in srror to the extent that they exceed the
opaque profiles as shown 1n Figure 25 at positions near the exposed surface,

3.3.2 Additlional Hypersonic Runs by RTD

Personnel at RID made several runs using ihe single-glare computer program.
The trajectory for one of the runs is given in Figure 27. The resultis of this
run (see Figures 28 to 30) were forwarded to MRD for comment since the trans-
parent computaiiors for fused silica showed slightly higher temperatures than
the opaque computations while aluminc-silicate glass showed the opposite effects.
These results have, la general, been the same as previously discussed in Sec-
tion 3.3.1.3.

3.3.3 Bupersonic Transport Trajectory

The itemperature predicted Tor single olzve windows exposed to the super-
sonic transport trajectory {(discussed in Section 2.2.2) are given In Figures

b



Temperature (°K)

12C0

:\ L = 1.27 em
1100 \\\\ s Transparent
\ — Opague

1000

900

800

700

300

LE 0.7 0.

3

Figure 24 COMPARISON OF TEMPERATURE PROFILES OF

HYPERSONIC TRAJECTORY FOR SODA-LIME GLASS




- Temperature {°K)

1300

1200

L o= 1.27

[

11609

l'ranssarernst

A0 |scc.

|

Transparent

Uheok

120

sec.

o
Q
o
@
0

D sec,

300

60 sec

0 0.

Figure 25

1 0.2

-
e

)
3

0.3

0.4

0.5

0.6

0.7

Dimensionless Distance (X/T.)

Q.

0

.9

CMPARISON OF TEMPEHATURE FROFILES CF HYPERSONIC
IF-GLIDE TRAJECTCRY FOR FUSED SITLICA GLASS

1.0



Temperature (°K)

1200

1100

1000

900

800

700

600

500

Loo

300

Figure 26

Jimensionless Distance (X/1)

L:#‘Z‘f'cm
\\ Transparent
\
\\ — —+— — —r Opague
W\ )\
W\ Ny
LA
\ \
\ N 90| sec
W
v\
NS
\ P
A\
~
N\ .
N
N\ N
\ N
&& \ \\ 120 sec
IR\ I~
N\ \ \\
\ N\ '
A \\‘ I N et
7O spe. N\ N\ ~ \\
N N \ ~
\ 651 sec \ \ \\'« S
\ ‘ :\ [ —
A1 sec. \ \ \
\ \_\N 30 sdc.
G0 sep,
0 0,1 0.2 0.3 0.4 0.5 0.6 0.7 0.5 0.9 1,

COMFARISUN OF TEMFERATURE FROFITES OF HYPERSONIC
SKIF-GLIDE TRAJECTORY FOR ALUMINOG-SILICATE GLASS

0



Velocity (FPS x 1073)

36

)
[A®]

n
co

N
=

20

16

1z

Altitude (Tt x 1073)

3607
320
280
U0 Pr—— L\
\ Altifude
200
\
160
N\
L Velocitj/ \
80 ‘
Lo \
) o 50 50

Time (minutes)

Figure 27 RTD FLIGHT PLAN,

HYPERSONIC SKIP-GLIDE

48




FITID-dINS DINOSHAdAH ‘AMLODILVHL
ITY ¥0J SHENLVIAdWIL HOVJIHNS INOVI0 g2 9andTd

Amwpﬁcﬂau oWl
o% 0% oy 0% 0g (8] ¢ 0
T T T T T 1
{spuowas ) UL
002L 0059 001G T 0009 0095 0025 . Qg 00ty 000n 00gE
Q02
mmeﬂH.ﬁmuocﬁﬁsqu/ y 7
7 ooy
/]
rd /
\ -~ /
Ering d1oe0 P 7= 009
e NS/
—— all.nnwnnHWxtn b d )
1 “wot1Ig PO
% ¥
- e
= 7 00g
mm.ﬂzm apIsang
Q00T
ool =
w2 T = 1

00gt

(d,) sanimradmag

002

oo

009

[a
&
(4, ) sanyuiadung

Q00T

QQat

cont

0051

49



HATTE-JINS DINCSHAJAH ‘AUCIDALVEL
JI¥ ¥0Jd SHENIVILINAL d0VANNS INIIVASNYEL 62 24nd1g

(Pajnupm) oW
05 oL ‘ 0t

oozl

{ gpuodas ) SWLL
00R9 00N9 0009 0098 o028 00gn 00ty 000% 009t

002

T 2980T TIg-ou Iy \ \\1 K
— sowzIng UTqE) /
N§ Z 7
R / \ ¥
h N /\ 08, ~ / 7
LG |SPFFINg e P 9 'w
N E— T e :
[~ o &
S P
\ P , :
B l..l.l.l.llln'llll.ll..llll.lllll'l\\\- \ M
BPITIS peeTa AI.I/ 20BlIng UTQED /] —
s V4 =
e ~ 4 \ =
l..r.lllll.l_llllllll ..\\_\\\

w21 = 1

00zl

1003

(,,{. ) aanjegaduay,

00T

0ozT

009 T

50



900

800

700

Temperature {°k)
o
O
s

500

Lo

300

Dimensionless Distance {X/L)

=]|— — 9- Fueed Sidlica Glass
::::::\\\\\~ Alumino48ilicdte Glass
t:::::\\H‘“a
h~h““::ﬁ‘“‘~\_
“'q.\"-..__
80’.2 S¢C.
=="~“='-,_ﬁ 07d6.25 ske ~,‘~“-Qd£“> 5 s¢c
\.____--"-‘ \
— ~ - 1206.25 sec
— 9065 sec
Ps““ /
00%.2
e —__1_. N
\-‘-
32c'6.25 ge .~
= = — Y —F 1
\\
\-\
-l—-._.__-__._-—-
_—_—-
C3od.25 e
C»31 sec,
') 0.2 0.4 Q.0 0.0 1.0

Figure 30 TRANSFARENT TEMPERATURE PREUFILES DURING RTD
TEAJECTCRY, HYPERSONIC SKIP-GLIDE

B



3L to 4. As may be seen, the initial phase of the trajectory cools the window,
In the heating phase., the temperatures rise sharply and remain relatively stable
during the cruising phase of the trajectory. During descent the temperatures
drop sharply and rise again during final leveling off.

The differences in the heating rates of the three materials considered is
the same as previously discussed for hypersonic skip-glide, i.e., fused silica
developed the highest temperatiure followed by soda-lime and aluminc-gilicate which
develcped the lowest temperatures. Fused silica temperatures predicted neglect-
ing radiaticn show neglegible variations from those 1Including radiastion., This
is not true for the aluminc-silicate and soda-lime glasses where significant
differences occur in the temperatures predicted without considerirg radiation.
The magnitude of the differcnce is much less than the differences noted for the
hypersonic skip-glide calculations. The closer agreement between opague and
transparent calculations for supersonic calculations is due primarily fo the
lower temperatures developed. At lower temperatures the radiative mechanism
is less capable of distribuiting the energy within the window. Thus, for exam-
ple, from an initial temperature of 293°K the maximum front face temperature
is 453"K based upon the opaque model and only 427°K based upon the transparent
medel .

3.3.h  Circular Farth Orbit

The temperature profiles that will develop in windows exposed to direct
sunlight in an earth orbit are given in Figure 45. Two materials considered
weres soda-lime glass and Plexiglas. These calcwlations tend to show that
solar radiative input, in direct sunlight doess not impcse stringent thermal
conditions upon the window during orbit.

334 Results for Single-Glaze Window With IFilms

3.4.1 Iaterference Bffect of Thin Transparent Filme

In the development of the analysis for a coated glass certain extensions
are necessary to account for the effecls of the film., Since the film thick-
ness is of the order of one wavelength or less in the visible =pectrum, the
film will produce interreflections which can affect the glass substrate tem-
perature and its emission into the cabin.

Interference implies the existence of ccherent radiant beams. For
example, a point Source external to the ccated glass shown in Figure 46 will
emit diffusely in zll directions. A fan of beams enveloped between the two
limits illustrated wiil interreflect within the film and arrive at the volume
element &V non-ecllinearly. Since each of the beams emanated from one and
the same source they are coherent having a constant relative phase difference
due to their respective optical paths. The superposition of these beams at
their polint of culmination, 3V, will produce varying degrees of constructive
cr destructive interference thereby affecting the intensity sensed at the
elemental volune.

Consider a beam made up of a number of rays, parallel to each other and
incident upon the filmed surface of the glass (Figure L7}, A group of parallel
rays inecident upon the film surface Interreflect within the film, superimpose,
and refract into the glass, The reflection from the back Tace of the glass

52
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can be followed in a similar manner to produce back reflectlons which again
produce superpositicn. Each bundle of rays may produce interference with the
rays in thelr respective bundle but are generally incoherent with cther bundles.

Parallel rays emanating from cne and the same source. produce interference
effects and are treated by the thin film thecry. Treating these bundles as
the individual beams were treated (c.f, Section 2.1.1); a geometric series
evolves which yields the total intensity passing through the elemental volume,
The abscrption of the tctal intensity yields the net absorption from the ex-
ternal source.

A similar argument can be pregented for the emission of a series of
sources within the glass. These sources may behave In like manner to produce
interference upon superpcsition of their interreflected beams due to the
films, A hot gas cap does not radiate as a surface but radistes in depth
within the hot gas layer. In this case the external beams are not from one
and the game source and therefore must be added incocherenitly. However; inter-
nal emitting sources do produce coherence and therefore will interfere.

The second order effects of interference due to the existence of thin
films cn a glass substrate can produce striking effects in the directional
emission of the filmed glass. For example, at certain angles of incidence
complete destruction of an incident beam to the system may occur and at other
angles of incidence bright spots will be displayed. The conseguences of inter-
ference upcn the temperature distribution has been investigated only for a
limited number of cases during this study.

3.4.2 Film Optical Properties

The variations of the opticel properties of gold and tin oxide presents
additional complexities since the calculation of the temperature distribution
through the window assumes that the radiations are piecewise graybodies, i.e..
the absorption coefficients can be represented by step functicng in broad
wavelength bands (see Figures 7 to 10). These same approximations are applied
to the index of refraction and extinction coefficlent data for gold and tin
oxlde. Accordingly, the speciral data for these £ilm materials are used to
compute the apparent reflectivity and transmissivity for the filmed interfaces
over the same wavelength bands considered for the glasses, Typical resulting
apparent reflectivities are shown in Figures 48 and 49. Tt must be emphasized
that, like the absorption ceoefficlent approximations, the apparent properties
for the film materials are a gross simplification to the actual data and are
used as a necessary first approximation to the actual data. As can be seen,
the tin oxide apparent reflectivity is fairly well approximated in the gross,
two-wavelength band regions. However, gold £ilm apparent reflectivity is
poorly represented by only two wavelength bands., The refinement of the wave-
length bands to conform to substrate materials as well as film materials 1s
necessary. This refinement of the wavelengih bands was not an authoriszed task
of the present study and conseguently could not be performed to increase the
accuracy of the calculations.

3.4,3 Temperature Prcfiles

The temperature profiles for 1/2-inch thick alumino-silicate windows sub-
Jected to the hypersonic skip-glide trajectory with either no f£ilm, a C.2 u
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gold film, or a 0.2y tin oxide film on the incident or back surface are ghown in
Figures 50 to 53, The glazings with a gold film on their incident face consis-
tently develop the highest temperatures while the glazings with a tin oxide

film cn thelr incident face are slightly cooler. Both cecatings, however, produce
temperature profiles above those predictea for uncoated glass.

These results agree with intuitive feelings of how the cocating effects the
glass temperature. Consider the apparent reflectivities for a glass with
coabings and without any coatings. The uncoaled glass surface would reflect
the least amcunt of energy back intc itself while zold ccating would best
reflect these internally-generatea lorg wavelength radiaticns. Since more
energy isg reflected back into a gold-coated glass, 1t should develop s higher
temperature profile than the unccoated glacs.

3.4.4 Heat Flux into the Cabin

The net radiant heat flux intc the cabin is given in Figures 54 to 56 for
the hypersonic skip-glide trajectery. A gold coating on the emergent face
reduces the cabin radiant heat flux o 1% of that for an uncoated glass. An
uncoated glass develcps less cabin radiant heat flux than a glass coated on
the incident face cnly.

3.4,5 Discussion of Hesults

The results given for the temperature distributiong and radiant heat flux
emitted into the cabin are initial values chtained from ithe SIGTRAN computer
program. In view of the film properiies approximations {(Secticn 3,&.2) the
resulting temperature predictions may wel: be in error. Further verification
of their accuracy is required using finer wavelength subdivisions. However,
the trends and compariscors made betwsen the coated and uncoated glasses are
vglid and serve to illustrate the prominent effects of the film materials to
raise the lemperature distribution ana lower total heat flux into the cabin in
gome instances.

From the results it would appear that the minimum heat flux glazing is a
window with & geld film on its emergent face. However, the increase of inter-
face reflectivity which is produced by a zold film also iacreases the tempera-
ture within the window and decreases the overall apparent transmigsivity of
the window system. As can be seen from Tatle & the apparent total hemispheri-
cal transmissivity (in the visible spectrum) is four orders of magnitude lower
for a 0.2 4 gold-filmed glass than either uncoated or tin oxide-ccated glass.
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TABLE 6

AFPARENT TOTAL HEMISPHERICAL TRANSMIGSTIVITY
OF A FILMED ALUMINO-SILICATE GLAZING¥

Incidert Face ¥mergent Face Transmissivity
lo Film No Film 816
No Film 0.2 i 8n0, Film . 600
0.2 | Sn0, Film No Film 587
0.2 1 510, Film 0.2 u Sn0, Film 32
No Film 0.2 ¢ Au Fiim 3.8 x 1077
0.2 i Au Film No Film 4.8 x 1077
0.2 |1 Au Film | 0.2 Au Film 2.9 x 1077
0.2 1 Au Film ' 0.2 |t 800, Film 3.6 x 1077
0.2 ¢ 5n0, Film i 0.2 4 Au Film 3.0 x 1077

*These values were computed from the average properties values ir the Tirst
wavelength band for tin cxide and from optical properties data at 0.400
for gold. Beth film materials were computed as 0.2 1 thick on a 1/2-inch
thick substrate of alumino-silicate glass,
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SECTION U
CONCLUSIONS AND RECOMMENDATIONS

Any accurate analysis of heat transfer within a partially transparent
medium must include the radialive mode of heat transfer ag well as the conduc-
tive mode whenever the medium is exposed to radiations within the diathermous
spectrum or, whenever the medium itself is at a high temperature, The basis
for radiative interchange has been extended from earlier theories so that
window system configurations can be handled and temperature predictions can be
made for a variety of thermal inputs. FHigh aerodynamic heating rates, ac asso-
ciated with hypersonic flights, produce high temperature levels within the
window., At these high temperatures radiative heat transfer becomes importart
and must be included in the analysis. At temperatures above approximately
100C°K it is necessary to consider radiant interchange if the surface tempera-
tures are to be predicted to within * 150°K.

The work summarized in thls report provides a basic description of the
heat transfer within a single layer of =semitransparent window material. Com-
puter programs have been written and developed for specific trajectories and
missions as input conditions with several options available such as the opticn
of using the opague analysis and/or & constant convective input. The influence
of computational accuracy. particularly as asscciated with the numerical inte-
gration of the radiative interchange for neerly transparent materlals should
be Investigated further. There is a need for additional study te modify and
refine the digital computer program into a more useful tool applicable to more
general problems as well as the specific applications thus far Ilncorporated.

Additional work that ig recommended includes:

(1) Reduce and simplify the input information presently required in the
trajectories by Incorporating canned subroulines available in the RTD computer
facilities library

(2) Refine spectral bands to include more accurate step-function fits to the
material cptical properties

{(3) Remove the absorption approximstion so that any material of any thickness
may be handled, and

(4) Include temperature dependent thermal properiies,

The work completed on the effects of a thin transparent film is extremely
limited and is only & beginning ito the analysis and understanding of this
importent technique of controlling hesi transfer in an aercspace wvehicle.

Only cne film thickness has been considered and therefore dces nct cover the
phenomenon of interfersnce of optically very thin films. It 1s recommended,
therefore, that an extended study be undertaken to study further the inter-

ference effecte of thlinner transparent films.

The theory utilized in the development of the sclution for temperature
distributions within windows and thermal flux into the cabin of an aerospace
vehicle introduces new concepts which are not encountered in more conventional
heat transfer problems. As a result, the solution is quite complex and



predicts phenomena which are sometimes difficult to perceive. To establish
ceonfidence in the theory as well as to verify predicticns derived from computed
results an experimental program is recommended wherein temperature and radia-
tion measurements are maae under laboratory conditions and compared with
computed predictions for these conditicns. The experimental verification pro-
gram must be designed such that:

(1) the boundary conditions are accurately known without interjecting
extraneous experimental errors

(2) +he radiative interchange mechanism of heat transfer is prominent
(3) the sensors used must not influence the test sample

These requirements emphasize that a very speclalized approach is needed which
departs from ordinary heat transfer experiments. Only by adhering to these
regquirements will g valid verification program be achleved,

Furthermore it is strongly recommended that techniques to simplify the
analysis be investigated. These simplifications may take the form of ideal-
izing the window system thermal input which analytically could yield approxi-
mate closed form sclutions. A varameter study using the digital computer
would profitably expcse sensitive parameters which play a major role in radi-
ative interchange within semitransparent materials, In thilis manner dimensia:-
less correlaticns based upon characteristic properties would lead to advanta-
geous simplification of the analytical maze inherent to this most complex heat
transfer problem,
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NOMENCLATURE

Units
volumetric specific hesat (Watt sec/cm “c)
Torm Tactor
convection coefficient (Watt/cmE °c)
Intenslity (Watﬁ/cm? -ster- )
index on the spatial coordinate being considered
intensity (Watt/cm? -ster-y )
index ¢on the spatial cocrdinate of influence
volume emissive power (Watt/cm3 -ster-g )
thermal conductivity (Watt/cm )
thickness of the slab {em)
nunber of wavelength bands
refractive index
auxiliary function defined in test
fraction of blackbody energy
rate of absorption of energy per unit volume (Watt/cm3)
surface
time {sec)
absolute temperature {°K)
radiant flux (watt/cm?)
position coordinate {cm)
auxiliary position coordinate {em)

angle between the direction of beam (within the (Radians)
slab) and the normal to the slab

angle external to the slab (Radians)
absorption coefficient (cm_l)
emissivity

wavelength ()

directional reflectivity

mean reflectivity of surface for diffuse external
radiation

directional reflectivity for perpendicularly and parallel
polarized radistion, respectively.

directional transmissivity of the surface

auxiliary function defined in test
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denotes
denotes
denotes
denotes
denctes
denotes
denotes
denotes
denctes
denotes
denotes
denotes
denctes

denotes

Subscripts
perpendicularly polarized
parallel polarized
initial or just prior toc first reflection
external radiztlion source
incident
angular dependence ona, B, Bl, respectively
wavelength dependence
absorbed from external source
erritted
at the back surface: X = L
reabsorbed
surface
at position X

direction to the right and left, respectively
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Tntroducticn

The basic investigation of window system requirements for advanced aero-
space vehicles undertaken under Contract AF 33(657)-9138 required a detailed
analyeis of heat transferred and temperature distributicns in windows occur-
ring during a varlety of manned missicns. These windows will be subjected to
aercdynamic heating as well as thermal radiaticn as they traverse specified
trajectories for these missions. This appendix discusses the derivations and
scluticons to a single-glaze cf partially transparent window material subjected
to the thermal enviromments of hypersonic, supersonic, and orbiting flights.
The digital computer program written to solve these problems numerically on
the IBM 7090 is discussed and computer program logic is illustrated schematl-
cally.

Thermal Analysis

A partially transparent or diathermancus medium such as glass when sub-
Jjected tc an enviromment of combined convection and radiation heat transfer
will absorb thermal erergy at its boundary and within its body and will pro-
pagate the energy within the glass by the combined mechanisms of conduction
and radiation. Within a transparent medium, the temperature distribution is
governed by the equation:

ocaii = 2g."(T,) +k agTi (16)
b at 3 1 BXE
where pc = volumetrice specific heat

T = temperature

t = time

Xk = "true" thermal conductivity

X = spatial cocrdinate

g'" = energy absorbed per unit volume per unit time

ul = index on the spatizl coordinate being ccnsidered

J = index on the spatlal ccordinate of influence

The nature of simultaneous transport cof energy by conduction and radia-
tion inherent in partially trensparent materials requires the study and formu-
lation of the mechanisms by which energy is exchanged and influenced at any
level within the medium by surrcunding levels in the medium and by external
sources, The conduction represented by the last term of equation (16) is
relatively straightforward and requires no further explanation. However, the
radiant term requires considerable development and is dealt with in detail.

The flux absorbed from radiations in the transparent portion of the spec-
trum at any level; X, within or at the surface of the transparent medium may
be expressed per unit volume ag.

?Eci;(ﬂ:j) = Q1) - agx,) + a(x,) (17)

90



Thus, an elemental slice of material at ¥X. will absorb flux from external radi-
ations, Q,(X.); will emit, @ (X.], its owh radlation, and will re-sbsorb radi-
ations, QE(X.), from cther elemental slices within the medium. Each of thesge
terms is derived individually in the Tollowing sections.

Multiple Reflectlions of a Single Beam

As g preliminary step to the derivation of the expression for radiation
absorbed from external sources, consider a menochromatic, perpendicularly
polarized beam of intensity g arriving at the internal boundary of a partially
transparent medium at an anglée of incidence, 0O, as shown in Figure 57. The
two beounding surfaces have directional reflectivities, P and # , for the ex-
posed and internal surfaces, respectively, At the internal surface the beam
is partially refracted and partially reflected. The reflected component is
attenuated as i1t passes through the sheet, partially re-reflected at the ex~
ternal boundary whence 1t 1s aitenuated further by refraction and the balance
is re-reflected over and over again. A layer of thickness 5 N yithin the glaz-
irg, at a distance X from the exposed surface,_ is traversed by multiple
reflected beams in both directicns. TLet g™, gI s g ; gIV,..,. dencte the
intensities of these beams as they pass through the layer & X the first, second,
third, ete. time. Then:

1T v 1
g8 __, 7 g T2 + gv + e
and
_ T ) 11T } v N (18)
g - g £ g vewn

represent the sums of intensities traveling, respectively, to the right and to
the left. The intersity of each of these besms is:

gI - & OTOJV(L - X) sec

gII . %OPP eJyL sec O (e~7X seca,)

gIII . poﬁ oA seca(e-'y(L - X) sec a)

gIV - & P Pl -3yL secq (E-WX sec!x)

gV . EJPE e-kyL seca.(e—v(L - X) sec a)

gVI - g Fépf -5YL sec i (e-vx sec(x) (19)
so that eguations (18) become:
g - goﬁﬁie—v(L + X) sec (1 +f}ple-2YL sec O ﬁ? i -yl sec @ .
s - g e_,\Jg(L - X) sec [1 +fiple_2YL sec Q F’P1 . -yl sec o P

(20)

where, for the sake of brevity, the subscripts have been omitted and:
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p,pl = fractional reflectivities of the exposed
and internal surfaces, respectively

Y = spectral absorption ccefficient
I = thickness of the glazing

o = ahgle of incidence, and

X = ccordinate of layer d¥

The total intensity of beams crossing $X therefore is:

gF = g_, t & _
& = ap peJY(L + X) sec o (1 pp, oYL sEC O p%O§ e-&VL secd, )
, oL - X) seca [+ oo, oYL sec o pEpi -yl sec %13

(21)

Each of the bracketed expressions asbove forma geometric series. Eguation
(21) may therefore be written in closed form as:

-y(T, + X) sec o (L - X} sec &
gt = g p {4 - }
o1 -2yL sec @ -2yL sec o
L-pp e L-pp e
or g o
v o l_ &E;Y(L + X) sec +,Q“V(L - X) sec @y (22)
S -2yL sec @
1 - PPy e

Including the necessary subscripts, equaticn (22) vecomes:

g Py -
B ool Pl ¢ (L + X) seca (L - X) sec
Bloxs = 1 - plo ooVl sec & { pLe velh )
B

(23)

A similar expressicn may be written for parallel polarized, monochromatic
beams:

_ Sooll_ PLn (

i =2y Losec o
L A © A

, e—w,rk(L + X) sec

]O” (L - X) Seca}

-y
&3 te tA

(24)

For initially unpclarized beams it follows that:
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-~ L sec g

5kap PiL © A ; X secq 4y X sec @
Box = T, { 1 o 2hLsect [ AL e +e Y ]
1+ t-pipy, e
T
+ (25)

, ol eJ}lL sec (XL
1l 1H [pz e
! -2y, L sec @
1
L TS T I

—”le sec & N e+'}§&X sec OL]]

Equation (25) expresses the total intensity at a position X due to multiple
reflections of a beam arriving at an internal boundary with an intensity of

a0

Absorption of External Radiatlon

Consider a partially transparent glazing exposed to a radiant flux W
during a time increment t to t + &t. If the flux is perfectly diffuse the
irtensity of beams incident upon a plane surface at an angle Pis:

W
) Hx
1 AP = —= cos § (26)

At the incident surface the beams are partially reflected and partially re-
fracted. Their refracted portion enters the glazing at an angle & and has
the intensity

i 2 cas 06
pas = mp® Tosp | (27)

where for initially unpolarized; incident beams

1 .
o b _ — g e !
Thus, the intensity of a beam originating from a diffuse scurce, arriving at

an angle of incidence 2, and refracted into a material of index of refraction

n, from a medium of refractive index ny is:

W n. =
B B 2
oo = T (5= cos aT' (29)

1

The refracted beams are partially absorbed as they traverse the glazing. They
reach the level X within the glazing with an intensity:

> 2.2 -y
HL‘(_E) oS e’}hX sec O

Thax — = =0 'm (307

The level X 1s alsco traversed by multiple reflections of the beam originating
from the outside the glazing. The intensity of the refracted beam just prior
to the first refraction at the interior boundary is:



Thus the treatment for multiple reflections of
that for gyq  of equation (25).
all multiple reflections is, therefore:

(2L)

takes the same form as

The sum of the intensities, at level X, for

n,

W (;g) T cos g o Al TeC @ e Th I sec
Ix w1 ( an
HaoX (il T O -2y, L sec @
1 ;i L-pppip e
L
. ¢ WL osec @
[o e—ryki{ sec o -Ify)LX Seca1+ Ty Pr® A
L T! \ -2y, L seco
Lo A ()
32
[pl,l e—'ka sec o ewkx sec &]}

The total spectral intensity of =all beams at level X is then:

I

B\ oX Thox = 7 hux

2

1l

W 1,
D (—E) T cos
P

1

TiDax

(s

T
- 84 - L
. Y)LXsec +e!ﬂ./KXsec )+

-y, X sec @ eugﬁ/?kL see o P11
afe’x Til 1 v HEYKL sec
' 1+ —p P1P1,®
1

. '

I Py (p! v, X sec o ¥y, X seca

! -

EEE T VE

(33)

To determine the rate of absorptiorn of energy from these beams consider an

elemental slice of material
through the slice is

By the Lanmbert-Bougtuer Law

is transmitted, or in other

at X, having a thickness 8X. The path of beams

a5

55X sec

I. e _ﬁ*})\és

]'?&

words, a fraction

oA

A

I
Io?n

1 1. e hoS

9%



1s absorbed within the increment. Therefore the abscrbed intensity in a slice
3% is:

B = 68
Ty = (1= e277) Ip oy (34)

Actuslly, beams from cutside the glazing cross the glazing at all angles
varying from zerc to the critical angle, @ . The intensity of all these
beams is reduced in their passage through fhe slice. The corresponding rate
of accumulation of energy within the slice is equal to the rate of absorption
of spectral flux:

n, 2
= 2(-=) 2
Wy (nl) 5K Wy @ (X)
where
y _ 1
B cr_' -y, & sec o, © EYAL sec o plL
Q’)(X) = f i {E‘ X + q
. T, 1- ola E-QY)\’L sec o
1 + 'T_ "L 1L
1
: T o]
(Fi_e-ka sectt e+xKX sec a) +'rtl ltl_gy ——
LoL- fypye A ‘
X (35)
. . N , Y OK sec G
(N;l - KKX SEC(L_]_ e+)‘/\,X sec Ob)]} (l e A ) sin O cos o di

X

The absorption of spectral flux per unit volume is:

&

_ H\X
a1 = —2

so that the integral over-all wavelengths yield the total rate of abscrption
of radiaticn energy per unit volume as

, ny 2 e
Q%) = 2(;11) £WH')L® ax (36)

Internal Emission

If at any time the temperature of a layer at a position X in the glazing
is known, the spectral vclume emissive power is given by:

o 2 :
) 1y (0
J'}L(X) = - (37)

where W A is the hemispherical spectral emissive power of a blackbody radi-
ator at the given temperature. The rate of internal emission of radiation
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ger unit volums at the ievel X is therefore:

ay(X) = 1mofo.-a)“(X) dx

ar n 2w
a(X) = M) B (X) ax (38)
- L o

Re-Absorption of Internally Emitted Radiaticn

Radiation emitted at any one level within a partially transparent mater-
inl  is partly radiated from the material arnd partly re-abscrbed at cther
levels within the material. To determine the rate that energy 18 re-abscrbed
abt level X it is necessary to consider the rate of cmlssion from all other
Llevels, such as y. Any time Lhe temperature at y is krown the volume emissive
power J}ﬁy) is also known.

Primary Radlation-Re-Absocrption

An clewental slice at y of thickrenss Gy emits radistiorn having in Tte
respective direction the intonsity

81y = A4 (y)dy and 8T, = iy (y) oy
— ~ < <

Thege beams are attenuated by absorption as they lLraverse the glazing., They
reach the leovel X within the glazing with the internsitics:

X (X ~ y) seca
o, ‘ = Uy ly) &y ‘K( J
‘Iiax — JA(>) ey € Tor X >y

and ;
o s oy - X) sec w <
oL < = AUy e for X <y (39)

Thus the total spectral dntensity of all the primary beams {emitted within

the glazing) at an angle @ and crossing ¥ in either direction is:

X -y (X - y) seca L v (v - X) secu
I = 3 (y)e n dy + [ K (y) e dy
Ao A oy
o) —= X <
W (0) , W (1))
+ et —E%ﬁ—n cos o eJ}lX seC(x+.€£‘_§%T__ cos o e-y}ﬁL - X) sec o
e 1

(ko)

At the level X the beams cross an elemental slice of the meterial of
thickness &X so that their paths are

OX sec o
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and their intensity is reduced as

Sy = (1o eBEEECay o (41)

The spectral flux absorbed in the slice 1s the sum of intensities absorbed
from the beams traversing the glice in all directions so that:

/2

5Wr. = 2 sing (1 - o ¥, 5X sec &)y [(fg>2 fL () () & |X - v IseC(xd
AX 5 o A o) OV)LY By Y/ € A y
+ €L, (0) cos o e hE SGC(I+-€ilWE}ﬂL) cos a e - X) sec %1 aa
(42)
Let: 3/2 % 0. oy lx l ,
P, = sina(l - e HUL sec je hi A Yy dsec & gy
O
/e K ' %
P, = [ € sinacos a(l - e it see Gy Mp X sec 4y o (k3)
o
/2 s
P, = J € sin acos 0 (1 - e oK sec 0y e ML - X) sec @ g
o |
then n, 2 1
& = 2 (=) hy
uwaem {(nl) C{‘,)&(y) wBl(y) P, dy + B, WB",\(O) + P3 WBK(L)}(uh)

which is the expression for the flwx abscrbed in an element 5X at ¥ due to
primary radiation from y.

Multiple Reflections of Double Beams

Consider two internally generated beams (monochromatic, perpendicularly

polarized) which arrive at their respective surfaces with the intensities:

GO and g as shown in Figure 58. At the surface they are partly refracted and
partly réflected. Their reflected components are attenuated as they pass
through the thickness cf the glazing, partly re-reflected at the other surface
and attenuated further sgain and again. At the level X the two beams cross
the element 5X with each reflection and they may be summed in the following
manner :

q+> = GI + GIII + GV R

G'é = Gll + GI‘I + GVI + L ]
I Iv VI

g_> =g + g + g + v e n
_ gI R 5 S A

gé_ 23 g R
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where the individual intensities are:

GI _ GO,:JG_FYX sec O

oI 60 p, /b secd (e-'y(L - X) sec 3

c_Il"I _ o, papl e—EyL sec cc(e-’yX sec oc)

oV o Gop2p§ o~ L sec a.(e—'y(L - X) sec ct)

v Gopgpi oL sec G VK sec oy

GVI _ GO‘OBPE e-5}lL sec Of,(e—'y(L - X) sec OL) (45)
and

gI - e e-'y(L - X) secq

gII _ g0 e—'\,L sec oc(e—"y}{ sec cx)

g;III _ goppi L2 sec Ot(e-'y(L - X) sec ol y

gIV _ g ngf e—3’;;‘L seccx(e—'yX' sec C{.)

gv _ ‘. ,02,0% e-lryL sec on(e-'y(L - X) sec ay

gVI - g, papf e—5’,fL sec O(,(e—’\ﬁ{ sec OL)

Thus by substituticn

G, - GO,OB_F?‘K seC O g +,o,f:)1e'2\’L sec & pEpi e—lr,fL sec @

G = Goiﬂp]_e"!(QL - X) sect (1 + pple-E'}'L sec o pQPie-)-ryL secd

&, - goplole*Y(T_ + X) secul Mo+ pple-E"yL sec O F—’Epi e_le secal |

e - g e—’}‘(L - X) sec [+ pple-’r}yL sec o, p2p.’i oIl sec o
(46)

Summing all beams crossing ©X and noting that the bracketed terms in equation
(46) are a geometric series results in:

G p ) , ) |
O%% = OEML — (e yX sec Ot r .~ A2L - X) sect},]
1 -ppe ¢
1
&% AL - X) seco L + X) sec a
¥ o seca L© t pe ]
1 - prre !
B (47)

With the appropriate subscripts equation (47) may be written for perpendicu-
larly and parallel polarized beams as:
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Py X s _ _
ax* _ %\,O(,O_L L - v L Sec v ple ry)L(EL X} sec OL]

A
MO L vy Losecqy [ 11
1 - 'OJ_‘OLLe by
1 B} i B}
N S0y PLL [e yk(L X) secq . VX(L + X) sec oc]
o =2y L osecu 1
L-opeyye A
(48)
and
S ot F]
cott Fl /. X secq —y. (2L - X) sec
G = - [e "N + phe I 1
pYo2 ] 1 - p'” p{” . BFyKL sec o 1l
g [N . .
Aoeil L - (1, = X) seca . =y (L + X) sec g
) s oYl seca [ T o ]
Loy oy 2

(49)
Summing the polarized components:

o = G%x1 ™ Shxu

and since all Internally generated beams are non-polarized it follows that:

1
Gl © C‘/\,aoll = 7%
and
= el .'17. E‘
& ool & ol 2 Thao

The =sum becomes:
1
P I A g 5
1 dl {l ]e YKX ec o

Ao 2 “rao -2y L secuw . . -2y L osec o
L-pipjpe A Lo Aiee
I 1 I t
PP Py Py . (2L - X) seca
+ = o+ e i
1 o e ny sec 1- o ol e—E}rXL sec i
i R It
1 1
. i {; pll . plIL ] -7}ﬁL - X) sec
Z Buo 1 ol o e—E"_,ka sec (L 1 - alo! e—E";'kL sec
RN A
”')[ 1 1] O!
. PPy . TR ]e-yl(L + X) sec u}
1 v a4 —2y L sec N o —27)LL gec o
- 1OJ_"OI_LO A - p“{:]l“e

(50)

13



Let:

P P
Pl o= & [ L + H 1
1 2 L. oo '~2y>LL sec o 1 Lo e_z‘:"xL sec
PLA Y - Pufin
pl p1
) 1L Ll :
o=z [l iy e—Ey_)LL sec 1 - o o e-BFYXL sec aJ (51)
TRy Piy Py
.\T r 1 T
P L £y Pry Oy Py ]
12 - 2 r . -2yl secq . 2y, L sec o
1- ey e A 1 Py PLn & A
Then equaticn (90 ) becomes:
ey =y X sec (2L - X) seca
= vy
G = B (17 tPpe )
-y {L - X) seca . AL + X) sec (52}
tg . [Bie ! ) +P O\ ) ]

which 1s the expression for the total intensity crossing a position X due to
multiple reflections of two beams arriving at respective internal boundaries
wi intensities nd .

h t t C}Gt.O & g" (X0

Re-Absorpticn of Multiply Reflected Radlation

A part of the internally emitted radiation is multiply reflected between
the surfaces of the glazing so that 1t will traverse the elemental slice
again and again. Upon gach traversal more of 1t ig absorbed. The intensity
of the beam just prior to the first reflection emanating from a layer 8y at y
is:

L = secn R (L) -y. L sec &
¥ = [ (y)ye Y ® dy +e€! —= sosa e A °
.’LO(O o ."\.e l ‘al
and
L . , w.,{0) .
% - () e—y./\‘(L - ¥} sec Gy + e BE_L cos g o HE seC O
]7\_(10 J& v T
o => (53)

In the treatment of multiple reflections of double beams 1t is seen that the
fellowing identities are true:

I* = G nd i¥ —
o0 rop & 1,\0:3 - g?mo

So that substituting into equation (52)

. - . “v. X sec o . =Y, (8L - X) sec @
3 oo LP1&7h tPp e X ]

- (L - X) sec o

. g =y (L + X) sec &
% . A
+1),!1DLP96 . +Plp € A ]
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Or, by equations (53):

W, (L)
Ra = f if\(y) e HY 8e¢ ady + ei Bf: cos o e_VA,L sec OC]
e} é—
, -y.X sec a -y, (2L - X) seca
[Pl g YN + Py e A ]
L w_.(0) ‘
+ [ [ ;&(y) e-ﬁYK(L - ¥) seca dy + €' cos o e-YkL sec OL]
o >
[Pé e—ﬁy}\(L - X) sec . e-’yl(L + X) seec OL]
' (54)
A fraction (1 - e:\"kéx seca) of the intensity I¥X_ is absorbed as it tra-
verses 6X, Thus, the rate of =zbscrption of Spectmcl flux becomes:
Gz = 2{(%)2 Lv (y Wi, (3 )P, dy + Wy (L) P
AX no Al BA BA il
nE 2 1
+ (;l-) C{ Ty g, ()P ay o+ WG, (0)Py, (55)
where
ﬂ/a VA osec i -y (2L - X) sec 0ty Y.y seec
P:.L=f[1'-’:’L A -Pl‘e/\.' ] e” Tn sin o
o)
(1 - e-ylﬁ}{ sec OL) da
m/2 . . . .
P, f€' sino cos a(l - e ’y)\f)X_ sec O")[P‘ e R sec Py e—Yk(QLﬁ()seoaJ
i1” 5 L 12
o ’ykl gec U dc
/e v (L ~ X) seca -y (L + X) seca; . (L - y) sect
P, =J [Pl e A : + P TN ' le ' n 2in o
J o4 7e 12
&
(L - e HoR sec Ct) an

/e o
Pj]_: /6‘ sin & cos & (1 - e .5}{ sec a)fPé e'\").(L - X) sec
o

:Y}\‘(L + X) sec @ o~ HL seca
(56)

+ P! act

12
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Equation (55) is the expression for the flux absorbed in an element X at X
per unit volume due to multiple reflections from all layers y.

Total Bate of Re-Absorption

The total spectral rate of re-absorption per unit volume is the sum of
the re-absorption from primary radiation (equation 44) and the re-sbsorption
due to multiple reflections {equation 55). Thus:

f)w-aex 61,1%)4%
- A A
This sum may be expressed as:
n, 2 L
= 2i{-—= - + P
U, {(X) t(n1> £ 1 (o g, () B oy + g, (0) By (X) 4 vy (1) B, (X))
(58)
where /
N T2 -y OX secq
B(x) = J sina(:S2k Y hl X7 Bee a
o [
N (Pi eale sec o P e;YA(QL'X)SeCEﬁe;YKy sec o
+ (Ré eJyAﬁL-X) Sec(‘)u+ Pige-7}£L+X) sec a) e~7}ﬁL-y) sec(x]d(x
- -, 5 .
- /2 Y, oK sec -
P.(X) = [ € sin @ cos a(l e ) e HhE seca
1 o &X
+ (P e—",-*.)‘(L—X) sec G, o, e—*f}k(Lw{)sec on)e-“y)LL sec &y
2 12
/2 -y, 0X sec o
o _ j/ RV R S ) ¢ (L-X)sec &
PE(X) = J & sin @ cos e X MRS
o)
. ; oy (T .
v (B! v K osecw | P, o /y, (BL-X) sec &y KL sec o o
(59)
and for all wavelengths, the totsl rate of reabsorption becomes:
, W ; o 6
aR(X) = {j}"QR)SX) an (€0)

Inter-Face Reflectivities and Transmissivities

Fresnel's equatilons relate the amplitudes of the electric waves of the
incident, reflected, and refracted beams at an interface. Comparing the
energy of the incident and reflected beams which are two beamg within the
same medium, the Fresnel eguations lead to the following expressicns for the
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directional reflectivities of a dielectric materisl for perpendicularly and
parallel polarized beams, respectlively:

Sir‘-g( B - o) Sing(ﬁl ‘&' )
Py = T3 and P11 = T
+ sin (8 + o) sin"(B, +a)
(61)
1ﬁﬁiﬁua) 3 Hm%ﬁl—m)
P = Syt arn ! =
. tan (ﬁ +0) pl}l tang(ﬁl + o)

where B and B , are the angles of refraction of the incident and emergent
medium, respectively. The angles of refraction and incidence are related by
Snell's Law as;:

n

1 = i = 1 i 2
, sin B n, sin @ ng sin By (62)
where the n's are the indices of refraction., It can be shown that a critical
angle of incidence exists beyond which no energy is refracted or in other
words all beams at angles of incidence greater than the critical angle are
given by:
n n
_ L =171 A . =173
a,., = sin (ng) and G, = s€in (np) (63)
¢
Furthermore, the directional transmissivities of a dielectric material inter-

face for perpendicularly ard parallel pcolarized beams respectively become:
.1 — _ 1 1
T_L = 1 pl and Y

For a filmed Interface, the reflectivities and trarsmissivities occurring
in the radiant interchange terms sre apparent properties, The film causes
inter-reflections to occur and the rays comprising a beam incident on the fiim
will superimpose and may cause Iinterference depending upon the origin of the
beam, Therefeore, with a filmed interface the source of radiant beam deter-
mines how the interface property is to be computed.

- 1-p (64)

For coherent; sources "thin" film theory is used which accounts for the

phase lag upon superimposed rays. Thin film theory has been recently advanced
by Vasicek {Reference 27) in which it is shown that the classical Murmann-
Fosterling Tormulas derived for thin absorbing films violate the laws of con-
servation of energy. Conseguently Vasicek derives the following egquaiions for
the component apparent reflectivities and transmissivities.

e o rf + ;122-2;'4, grirl COESE + 8 - Al)

L I+ #L e " o+ Eﬁirle-D cos( £ + I éi}

- Tl'ig i r;;E e 2rx) cos(E+ O - )

}|| ) 1+ r’gr"ge"gé‘ -+ ErGTH cos(€ +-5ﬁ - 5”) (&5)



and

2 2 &t
ti‘qie ¥ tan Bctn g
T* = — .
L1 1+ r72r"2e 3 + E?i?re'g COoS (g + 6i - 51)
2 H2 "‘Q' :
th t” e ® tan Bcin o
’r* =
2,0 DET -£T
. 1+ 1! r"|e g + 2r'r'e g cos(€ + ah - 6" (66)

where the computational method and definitions for the component terms are
given in reference 27, The zbove equations comprise the apparent properties
for the polarized components of the filmed interface with ccherent sources,
For initially unpolarized beams the spparent properties become:

_ 1, .

px = et + o)

S o .

T = 'é“(ij‘_‘ +,Oi*l) (67)

For incoherent sources the superposition of inter-reflected rays are
random ("thick" film thecry) and the phase differences between superimposed
reys are averaged. The equations for the reflectivity and transmissivity of
glass with an absorbent film are taken and the mean value of the integral for
the reflectivity and transmissivity are computed which results in:

2 o 2 ot 2 of
T‘1 _ gr! rl! e - + r" & =
< 0% > = L ‘L -
L i r‘gr"ge_ggj
1 1
2 - F? _ oy
ry - EThETHEe >+ rﬂge 26
< p'* > = §
I 1 _ piean2 -2l (68)
T |
and
2 _Et
ti_tl?e 2 tan £ ctn o
<TE> = :
1 1 - 1"'21"”2e—2E
Ll
; r2' 112 'E:" ;
tht)e tan 8 ¢tn o
< TS =
1] 92 ,,Ee—EEi (69)

Loy

The above eguations comprise the apparent properties for the pclarized compce-
nents of the filmed interface with incoherent sources, For initially unpolar-
ized beams these apparent propertles become:

1 .
< %> = —(p¥% 4 o%
o E(Pl .’"”)
Lo o
<T* > = Z(T% +7% 0
2(_L '||) (70)

It is evident from the above that the apparent properties of the filmed
interface is directionally dependent, e.g., the apparent reflectivity for a
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beam traveling Trom the glags to sir will rot in general be the same as the
apparent refleetivity for a beam treveling from air to glass. Furtherrmore,
the film iteelf aveorby cnergy sco thal, unlike the unfilmed interface, the
sum of the apparent reflectivity and transmissivity 1s less than or equal to
wnity. Therefore, in applying the interface properties for a filmed inter-
face a finite emisaivity of the interface is included in the sppropriate
radiant irterchange terms.

Boundary Absorption

The boundaries of the window are represented in finite difference form
as an incremental element of half the thickness of internal elements, There-
fore, at these elements (at X = 0 and X = L) the absorption of energy from
traversing beams is less due to the shorter path length within the elements,
furthermore, at the surfaces, the absorption of the film is attributed to the
element, thus, for surface elements of thickness 5X/2 the absorbed intensity
from external sources is:

&%
M, —F Sec g
Y

5IHKHS = [(1-e )+ e ]l

and the rate cf absorption of spectral flux becomes:

Hs (T1)

_ n2_9
Wppe = EWEKET) ¢ {(8) (72)
. oy
where
b oX
r —”v/‘-"',ér sec o
$(s) = [Jl(L-e © 1+ €] sing cos o 7'
O
— Y )
X sec o o Q‘ZP\.L sec ¢ le_ . = Y. Xsecq
fe 1)) + i pLe A
L Tﬁ - . e—EYXL secq L
1+ — - PR ! N i
o . e+ Py Xgece by

o /

2, N
+# 11l (:O; e‘a"}\'

X sectt Y.X sec o
+ e A )

., =L osec o I

11l - ﬁwpi“e :

1} da
A

(73)

Similarly for re-absorbed radiation of internal sources, the spectral
rate of re-abscrptiorn per unit volume becomes:

, e b A
Qp(8) = Ei(gli) S Gy g, (3) B(8) ay
O

+ 0 (0) %l(s) (L) ’fJQ(S)} (74)
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© NE/e
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(75)

Summary of Energy Absorbed

The energy absorbed from internal radiations, leost by self-emission, and
re-absa bed Irom other layers are summarized in Figure 59 for a layer at posi-
tion X¥. The integrals shown can only be evaluated numerically due to the com-
plex arguments involved. However, a simplification is made in the wavelength
integration. The wavelength dependent guantities, i.e., the spectral absorp-
tion ceefficient. yy . and the blacxbody distributions, W'} are approximated
by step functions over wavelength bands and beyond a cut-Joff wavelength, m,
the material may be considered opague. Tables of integrals for blackbody
distributions are available (i.e., Ref. 18) that can be applied to the wave-
length bands corresponding to the spectral absorption coefficients, Thus,
the energy absorbed terms may be computed by the finite summaiicns:

. ‘rlf 2 m o .
Wlxy = 2GE) nwy H(X)
11
- L, 2 m . (76)
a(x) = B2 sy W, (0
1001
. m o n,e Lo e ,\
GE =2 DU Sl () B0 g (0) By« (1) BT
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Frmission from a Non-Iscthermal Glass

In order to formulate the emission of the radistion from a glazing, it is
necessary to develop the emission of a partially transparent slab whose tfem-
perature 1s non-uniform, Consider a transparent medium as shown in Figure 60,
In Figure 60a, a perpendicsularly polarized beam arrives at the intermal sur-
face with an intensiyvy ‘,}._‘_%ijust. prior to its first reflection, Part cof this
beam 18 reflected and thne part is refracted across the interface between medium
(2) and medium {3)., The refracted porticn of this beam which emerges into the

nedium {3) has the intensity:

7,008 ;3
T 11777 P
e
r‘f-.;}_, 1'12.
f—ﬂ- ) coE
3

The refracted portions of =ach inter-reflection of the beam IM may be
£l

described as shown in Figure €0a.  Thus. from Figure 60a the sum of Tefracted
intensities due to the intensity I Jis:
AT

—i
- cos K -2 L ser g
1l 1 ; o ! Tl Yl e
I — rj—+ 4;_71 e r +(~.i-‘ i R 1 ,L-ML';'i'c...%
(.3(.>.L 1, < - ol i-Lf“l R A J
(=} cose
r
-
L C08
_ 11 i 1 N
. I"-?:? . -9,')L sec 7
(—n—“} CcOos 1 - 'l\‘]_! S ’ (77)

Figure 60b illustrates a similar trestmert for the beam § ., . The sum of

refracted beams due to the intensity T ., Jnis;

s
T g - e : -3y, L sec & . -5y
: Fyy Co8 iy o '_.\‘L sec O . “‘2(" ) Syi__l_, sec o N . S“g'&L seczc }
nol Tn, P ! Tt by
5.
(E—‘J COs 7
3 -4, Lo sec
el ) ¥ :
—- l].cos}v l ( ' -], O ] )
T R - -2, L sec i (78)
(=) cos . 1 - ot e
(5o cos ¢ AL Wi

Thus. the combination of ref'racted beams from intensities I}m_]_ and Iy o
— -

becomes
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Likewise, an expressicn for parallel polarized beams may be written as:
‘YAL sec o
o 1 + : 1.
T T e Y- AT T aaall
A n, 2 { -y, L sec o (80)
- 7.__%. o8 ¢ - 3 T ’
(n,) cos o ! ;Elrllie
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The total intensity of refracted boams is:
T = L
2
B 8L D
or A}XL cec O 7
2 g B 7! ol e ' |
I = (E§3 - 1 ;,ll IR R JlaL~
AB L 0, cos o ° -2y>L sec
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-EY}L gec
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It is now necessary to determine the values of L} . and I, In the two polarized

conmponents,
by this elemert to the right lg:

5 -
°Lo =

Consides an element at ¥ of the thickness A%¥. The intensity emiited

j-/\(X) 2X

The volume emissive power is now dlrectilonal since the emergent media are not

necespsarily the sare on each side of the slab.

X at X to the right becomes
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ST = iE) 1o X, (X) 8%

A n,. - N
Ly 3

and will arrive at the interiocr boundary as:

£y 2~f)(X)WB}(X) ‘YA(L'X) sec o
e X e

J7$ - ('_55) -

So that the total integrated value for all positicns X is:

n, 2 Ly (XW_(X) -y (1-X) sec a w_ . (0) . L sec a
= 2 A _B/' A ax + ¢! —EL—-—-cos o e A

Wy T &) [ e

Since all these beams originated within the partially transparent mediunm
they are unpolarized and it follcows that

1
= 7 bl
2ol (83)

Using a similar argument for the intensity emitted by the elemeni AX at X to the
left:

L ;\J.LH
— ——

[0

31. = 5. (X) 23X

- J3
O

and it follows that

QIXG. = (;raJ —_ X
-— 1

or at the exposed boundary
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. 0y 2 (X (X)) -y, X sec o, .
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The total integrated value for all positlons X 1s;

E_ 2 L ?h(x)WE}(X} -~ X sec Ww_. (L) -y, L sec o,
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= + el I
%QL (n ) = e ax el T cos e

© (84)

=

And again since these beams originated within the partially transparent medium,
they are unpclarized and it follows that :

‘ 1 .
Ly 7 Lon = 3 Sar (85)
- < e

Thus by equations (82) to (85), equation (81) may be written as:
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Thus:
n, 2 cos ﬁl

3
)L - (ne) cos o [;ggg > ¥ %ggg o= ] (&7)
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|

which is the expression for total intensity refracted into the medium {3) due to
the temperature distribution of medium (2),

Apparent Transmissivity

Consider a pervendicular polarized beam, IAJJ within a medium of refractive
index n and incident upon the interface to a medium of refractive index n,
as shown in Figure 6l. A portion (Ih pi) is reflected at the interface and a
portion is refracted. The refracted portior is attenuated by passage through
the medium 1 and subsequently arrives at the back surface of medium 1 with the
intensity

=y.L sec o
gt e A
i1
Part of this beam i8 reflected and part is refracted intc the medium of refrac-

tive index v, ,,. Fecllewing the inter-reflections of the primary reflected heam

as shown in‘ﬁigure 61, the sum of refracted beams into the medium i+l is seen to
be:

iyKL sec W
o Tpee M1
_ I\/\.J:TJ.‘ L © (88)
:&TJ_ - -Ey\L sec 0
_ 11 /
1 plpl e

By definition the apparent directicnal transmissivity of perpendicularly polar-
ized radiation is therefore:
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A similar expression may be written for the apparent directional transmiseivity
of parallel polarized radiation as:

-y, L sec g
I 7_[1_” A.
¥ . vl § I Y |
Al I,)L“ ~235\L sec o

T 1"t L
L-fyey e

(90)

Now, since the total incident intensity is the sum of Its components,

ha = bt I
and furthermore for initially unpolarized radiation
1
=I. =?I.9
IKJ_ AN 2 Tl

and since the total transmitied intensity is the sum of its components,
e = eyt b
AT T T

it follows by eguations (89) and (90) that

I = I. % + I
AT ALl AL Tt

By definition, the apparent directional transmissivity of the total intensitiy
becomes:

v

T . 1 IXH
,.[..* = AL = ——— r'K' e rr'*
/ I s . ). I . ™
s Al I}l L A ~4
or
N (91)
MG 2t L M-

Equation (91) is the desired expression for the apparent directional transmis-
sivity-.

Total Radiant Heat Flux

The total radiant heat fluwx into the cabin is made up of the following
components:

{1} emission from the non-iscthermal glazing
(2) transmission of external radiation

(3) emission from the emergent face film

(4) opague emission of the emergent face.
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From the foregoing developments the spectral heat flux intc the cabin becomes:

/2 W
W, = 2a [ T + (¥ “ +oe!
M SR e T T
and the total heat flux becomes:
W= ZW_+e  [1-p(T )] -"Tj+
MO m - 11 R

Numerical Solution

From the foregoing discussion it

evaluation of integro-differential equations.

are used to sclve the equaticn:

aT,
e —= 2
at 3
with appropriste boundary and initial
ture, T, dis a functicn of position, X,
Taylor series for the spatial coordina

(L

) cos B &

e (52)

1 sin

¥y

(93)

is clear that the solution involwves the
Numerical methods (REf, 24 and 25)

a T.
)+ k=p
X
conditions. It Is seen that the tempera-
and time, t. Expanding T(X, t) in a
tes about a position X yields:

g;' (T, (9h)
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™MX + /X, 1) = Tivp = Ty +z\X5— 2 o
ox
2 2
_ ST (5 Yo )
i _ Ay — = - - e
(X - AX, 1) I, T, - Myy ot ~— (95)
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Adding equaticns (95) yields
2 ¥
. + T z 2 + )
Ti+]_ Ti—l Ti (AX) BXE
or
2 -2 +
oT Tin T, (96)
T a2
X (AX)
which neglects terms of Lth order and beyond. Similarly, a Taylor series expan-
sion of T(¥X, t) with time yields:
(X, v +AL) = TV T?-H’.‘;c%—% T
or
i+l n
3T . i T hy
at At (97)

Equaticn (94} may now be expressed as
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Ppc AL ?qi (J) + (A1) (08)
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where the superscript n is used as the time indsex, The guestion of the selec-
tion of a proper time Ilndex for the right hand side now arises. BSince eguation
(95} could have been expanded at time t +At at least two possible finite dif-
ference forms appear, namely:

T - T n T S
pe —r— = 2} (T,) + k —7 (99)
J ¢ (AX)
and
n+l 1 n+1 u+l n+l
Ty - Ty L nL, Tig - Ty + Ty
pe g = 2" (T, ") + &k 5 (100}
J ! (A%)

Equation {99) will be referred to as the ”explicit" form and eguation (100) as
the "implicit" form, It can be seen that in the "explicit" form each temperature

rotl may be solved for "explicitly" know1n% the initial temperature field Tl
In the "implicit" form the sclution of T ©1s linked to temperatures Tn+% and
+
Tn_i thus resulting in the simldtaneous solution of imax equations and the solu-
tion of T ntl is determined "implicitly". In the explicit form the temperature
n+l
T, becones
* n+l .
- Aq e (Tj ) n n
n+l (AX) . i+l n i-1
- + + = 0L
T E N i T3+ (101)
where the Fourier Modulus, M, is introduced and defined as:
2
Moo= LX) (102)
X Ac
‘OC..LK;
In order rnot to viclate the second law of thermodynamics the quantity (1 - —)
must not become negative, Thus a stability criteria
M> 2

must be maintained. (Actually the stability criteria for the exposed surface is
more stringent than that given sbove.) For a given spatial increment the sta-
bility criteria dictates the maximum time increment allcwable Tor each calculation
step made. In contrast, the implicit scheme has no stability criteria that must
be satisfied. Therefore, thcugh more demanding mathematically, the implicit form
of the finite difference eguaticn allows for larger time increments per calcula-
tlon, at least frcm the standpcint of stability considerations.

Both the "implicit" and "explieit" forms are subject to truncation error.
This arises from the approximations made in equations (90) and {(97) in which the
first few terms of the Taylor series are utilized to apprOXLmate the funciion
T(X, t). Furthermore, the energy absorbed lerm, Zﬁi“ (Tn *1Y yequires the new
J
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temperature fleld be known before numerical integration is performed in its evalu-
ation. For this matter, an iteration on Zqi"(Tjn+l) should sclve the dilemma.

J
Hewever, beth truncation error snd the determination of the energy absorbed term
can be handled by the technigue that follows.

0 At the beginning of a computation. a temperature field is presumed known;
Ti' Using this temperature field the energy abscrbed terms are computed for each
caa . ‘ . . Iy . . . . ey

position. With the field. Zqi” OT?); determined the new temperature field, T? *
is computed after a time intrement At. The new temperature field is not accepted
at this point since 1t is not known whether the time increment, At, chosen for N
the computaticn ig excessive in terms cof truncation error and variance of Zg!'' (T.)
. 2ntl J
over the ineremert. Now, using the Eqi“ (Ts) a temperature fleld T.© is com-
i 25+

puted for a time increment _t/2 and a new energy absorbed field, Eqi”(T_ ) is

2%-&- J
computed., Using Egi”(Tj ) the temperature field, T§+l, is computed for an

. - ~ -+l . n+l &
sdditional time increment [Lt/2, Now T, is cocmpared with T, and 1f the com-
parison agress Lo within a prescribed éccuracy; the temperatﬁre Tield; T@+l} is
considered acceptable and the time is advanced by the Increment At and tHe compu-
tation proceeds. If, however, the tempersture fields dec not agree. the time
increment is halved again and the procedure is repeated until agreemsnt is
achieved., The entire process is shown diagramatically in Figure €2,

Boundary Conditions

Though equation (100) is valid for all intericor points, the boundaries must
account for the inputs and losses from and to the envircmament. To apply such
things as aerodynamic heating to a Iinite Zncremented glazing, nodal points are
chosen ag shown in Figure 63,

The glazirg is divided intc 10 parts. Nine full parts are used Tor the
interior and ? one-half parts for the surfeces forming 11 nodal points with a
nodal point on each surface. It is assumed that each element 1s isothermal
within itself and temperatures are a step functicn being disccntinuous at the
dividing lines. Nodal point 1 ig on the surface exposed to outside while nodal
peolnt 11 1s on the surface exposed tco the cabin.

The exposed surface boundary cendition is expressed iIn the following heat
balance.

1 1 Pw 50 24’ 5' 6a '_('o 8. 9- 10 4717
w¥% €Ky K R X e p X pe— AX =K 4&—&X§P&Xmﬁﬂﬁ—%%§f-
X:O X:IJ

Figure 63 NODAL POINTS
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.a.. StLOrage rate

N
7 R Ay +| < . .
= zg.iqi“ (TF l) vese absorbed by radiation in the
3 J transparent portion of the spectrum
+ q{ »e.. COnvective input
+ {1 - W .... absorbed by radiation in the opagque
‘' Hm® Tm o A _
portion of the spectrum
e W {1} cee. emitted by radiation in the cpague
m Bm 1l . .
portion of the spectrum
a7 .
- k Vi veoe conducted into the plate

(103)

Assuming that a diffuse radiallon source exists external to the glazing and

that it has a temperature of T

and a greybody emissivity of € , the radiative

input to the sheet in the opagle portlon of the spectrum whichgis absorbed at the

surface is:

) : PR i
= ] _ i ) LN S
NHm - pm(rh)--&g IH
where pm(TH) = percent. of blackbody energy at temperature

TH below the cut-off waveleangth h

= Stefan-Boltezman constant

Similarly. the opague vortion of emitted energy not handled in the Zq;”

term is determined from

Wo T ) = (’-T”)“TL‘L
Bm o1l T Pt T BT
However, this term may be linearized to the form
Com Yy L £y 0 s T S | 3} Lt
We {1y ) = 1l p, (17 ) h(Tl) 3Ty

Reducing eguaticn (103) to implicit finite difference form yields:

Tn+l Tn
’.f_.X 1 - 1 _ zi\X. S '_"‘.ﬂ‘l‘lv ti - . PR 1 - L‘-
A e M LA
. . 3 i
‘ . e el N+l k n+l n+l
- & ot e Sk T - - T o
T L I 7~ Ty Ty )

This is the expression for the exposed boundary.

(1ok)

~r+1
(TJ. )
(105)

(106)

(107)

The boundary condiilon for the interior surface 18 expressed in the following

nheat balance:

Ly



FCTE Ty ... Storage rate
N vy gl . . .
-3 qul (T ) ve.. absorbed by radiation in the trans-
=0 J parent portion of the spectrum
+

- hc(Till - Tc) .... convection loss to the cabln

- erwﬁm(Tll) .... enitied by radlation in the opague
. portion of the spectrum
aII‘l]_ _ .

+ k 3% «es. conducted from the glazing

{108)

Reducing equation (108) to implicit finite difference form and linearizing in a
similar manner as before, the interior surface boundary condition bhecomes:

Tn+l _ Tn
AX 11 T | pX _dedl )
P2 At - ?qll(T' ) - B, (T -T)
. - : - n n+l k n+1 n+l
e - ) To (T ) T A% (Tlo - Ty

(109)

Convective and Radiative Input

It is clear that egquations (100), (107) and (109) comprise the set of simul-
taneous squations to be solved for the nodal polat temperatures shown in Figure
63. The remzining part of the problem to be defined is the convective and radi-
ative input at the exposed surface. These inputs are & function of the mission
under consideraticn. Three cases considered are:

1. Hypersonic Re-entry
2. Superscnic Flight
3. Circular Earth Orbit

For hyperscnic re-entry, convective input is assumed to be expressed by a
percentage of stagnation polnt heat transfer rate. The stagnation point heat
transfer rate for a six-inch radius nose can be determined by: (Reference 10)

3.25

—_—r ¥ Hwall‘ 2 .
qﬂwp = 3.oagqn~rﬁj(1666) (1 - _ ) [watts/cm ] (110)
J stag
where Iy = free stream density (1b/ft3)
= free stream velocity (fps)
n = ratio of local to stagnation polint
heat transfer rate

H = enthalpy

It 1s assumed that 7n = 0,10. Radiative input is considered to be frem a normal
shock layer cof a thickness equal to the stand-off distance at the stagnation
voint. Graybedy emissivities for shock hested air st densities and temperatures
behind the normal shock are taken from curve fits of the data of Kivel & Bailey.

Thus, Ty and Eg used in equaticn (104) are defined.
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SKIP-GLIDE (REFERENCE 8)
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Figure 64 HYPERSONIC HEATING RATE

12k



For supersonic flight, the convective input of & flat plats at zero angle
of attack is used. Accordingly. the correlations based upon fres stream condi-
tions used are: (Reference 28)

. =015
= 0.016 W -
o, & N (111)
and o -0, 3k
h -0.24 &
= = _ —= 2
oy 0.961 Ny (T ) (112)
1 a
where h,
NSt = Stanten Number = Y
ap
N VL
NRe = Reynolds Number = -
NMa = Mach number
TS & T‘a = surface and ambient temperatures, respectively
hé&h, = are the local ard ircompressible heat
: transfer coefficients, respsctiively
P, = free stream densitvy
C = specific heat st constant free stream pressure
b
= free stream velocity
L = aistance from the leading edge

i = kinematlic viscosity at free stream conditions

Once the local heat transfgr coefficient is determined the convective heat trans-

fer rate is computed by: (Reference 281

o = ni{T - T 11

- (T s) (113)

where _ p
T = Ta[1 + 0.178

P A

I\’h £

(the adiabatic wall temperature
for a turbulent boundary layer)

No radiative input Is considered for the superscnic flight case.

For circular earth orbit the convective input is based upon stagnation
point heaf transfer in free molecular flow and mey be expressed as: ( Reference
10):

1 _ 2 ) ; - '5 3 i 4 2 f ‘)_{_\
Ghp = 2.2TL x 107 |V {watt/cm {114)
where the densiuvy, .. 1s taken as free gtream density (lb/fta) and the velocity,
V, is taken as free stream velocity {10° fps). For a 200-mile circular orbit
the convective iaput 1s a constant:

qgrb = 7.409 x 10'LF {watt/cmg) (115)
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Radiative input i¢ considered as emanating from the sun whese form factor is
taken as: (Reference 29)

Fo= solar Eonsnant = 1.882 x 10_5 (116)

sun

where the sun's temperature is assumed to be 6000°K.

Computer Program

A computer program wes wriltten to scolve the single glaze problem on the
IBM 70%0. It can be divided into five sections:

1. Data input and program control

2. Integration and storage of 3} and b (See figure 59)
3. Integration of Zq "(P?+l)

J
L, Simultaneous solution of temperature matrix
5. Supporting functions and subroutines

In the data input section all the necessary data such as physical dimenslons,
thermal and opblcal properties, blackbedy radiation tables, trajectory tables,
and time Increment instructions and program control are read into the machine.

Once fhe data are read intc the machine, the program procesds to compute
the ¢ and P integrals numerically. These functicns are integrated over inter-
vals cof the angle g and depend on the absorption coefficient,” , nodal point,
and wavelength band. Thus, providing the absorption coefficient doces nct change
{(which only occurs when temperatures affect such a change) the integrated values
are computed once and stored for future use, However, when the temperature field
changes sufficiently to affect the absorption coefficient, the integrals for the
nodal points affected are recomputed and stored.

The energy-absorbed integration is a temperature-field dependert quantity
which requires repeated computations to check convergence of the iteration and
truncation effects. This section of the program essentially handles the radiant
interchange within the material. Before passing through this section of the pro-

gram the zq'” (T ) field 1s computed for each nodal point. These are succes-

gively coﬂputed at each nodal point calling out of storage the ¢ and P Tunctions
previocusly computed and in turn storing each of its values for use in the tem-
perature field computations,

The section of the program dealing with the simultanecus sclution cf the
temperature matrix is divided into two parts:

a. the computation of matrix coefficients, and

b. the solutions of the matrix unknhowns.

In compubting the matrix coefficients, trajectory information read in as date are

used for the boundary equaticns., The energy-absorbed fleld is called for and all
information on material propertles, time increments, ete., are utilized. Once the
coefficient matrix 1s computed the program proceeds to the solution of the matrix
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for the new temperature field. With the temperature field computed, the conver-
gence subroutine is called for which decided either to accept the temperature
tield or to instruct the machine tc recompute the temperature field until =
desired accuracy is achieved. Once this is accomplished the temperature and
energy absorbed fields are written out, and the time ig stepped to the accepted
value, and the next computation is begun.

The final section of the program deck is the supporting functicne and sub-
routines used throughout the program. The functicns essentislly are interpola-
tions within properties, blackbody radiation, and trajectory tables read In as
deta. The convergence subroutine controls the computaticns and acceptance of
temperatures computed,
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