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ABSTRACT

Experimental and mathematical analyses of three Promising methods of
measuring residual stresses are described. Particular emphasis is placed
upon the heavy indentation technique and it is shown how this test can be used
todetermine the directionand magnitude of uniaxial residual surface stresses.
The light indentation technique is also discussed, including a brief study of
the possibility of using ultrasonic surface waves a8 a means of detecting the
‘initiation of plastic flow in the indentation. A mathematical analysis of the
drilling out technique is presented directed towards a better understanding of
the mechanisms of stress relief using this method.
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I. INTRODUCTION

A, Background

In recent years the general subject of residual stresses has received an
increasing amount of attention from engineers and scientists. It has been
demonstrated that unfavorable residual stresses are in many cases the cause
of premature failures in machine parts whereas favorable stresses generally
prolongthe service life, especially where the ultimate failure is due tofatigue,
If, then, it is possible to increasge the endurance limit of a given part through
the proper use of residual stresses, the result will be either a longer life for
a given load or a greater load-carrying ability for a given life. This may be
4n economic gain in that inexpensive materials will be able to serve where
previously only high-grade materials sufficed. A further gain wouldbe in the
case where a particular requirement exceeded the properties of presently
known materials. If it were possible to upgrade a known material to the de-
sired strength or strength-weight ratio by residual stressing techniques, then
a benefit of inestimable value would result. The attainment of higher strength-
weight ratios is of vital importance to aircraft and missile designers.

The study of this subject may be divided into three logical subdivisions:
(1) determination of the effect on service life of stress magnitude and direc-
tion, (2) methods of producing favorable stresses and (3} methods of measur-
ing the stresses. Each of these categories has received its share of attention
in the laboratories such that the designer may now in some cases specify re-
sidual stressing treatments to obtain a desired service life. There remains,
however, one break in this growing chain of knowledge whichprevents us from
taking full advantage of our understanding of the subject. This link which re-
mains to beforged is anondestructive method for measuring residual stresses
which can be used in the inspection of machine parts.

There area number of methods currently being employedfor the determi-
nation of residual stresses in metals. Most of these metheds are destructive
in nature, while the few that are not are restricted to particular types of ma-
terials and are semiquantitative only. The destructive, or relaxation methods,
rely uponthe removal of the residual stresses in controlled increments by re-
moving some of the stressed material. The stresses in the portion removed
are then determined as a function of the change in shape or strain in the piece
remaining. This method was first suggested for cylindrical parts and has
since beenextended to more general cases. This technique has been enhanced
in recentyears by the development of electro and acid-etch procedures for re-
moving material.

Drilling out is another of the relaxation methods wherein only arelatively
small plug of material is removed rather than entire surface layers. The
principle, however, is quite similar.

The nondestructive techniques currently employed are somewhat more in-
direct in that they measure some condition of the material other than stress
or strain but which may be correlated with residual stress. For example, in
the case of X-ray techniques distortions in the atomic lattice spacing are de-
termined, while in the case of magnetic methods changes in orientation of
magnetic domains are generally the measured parameter. In this latter case
the measurement may be either a bulk determination of permeability or an
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observation of the magnetic domains themselves through the use of a tech-
nique developed by Bitter (1} and recently extended by Dykstra (2) et al.

In both of the instances mentioned above, the restrictions as to the types
of materials whichmay be tested are quite severe. Radiographs become quite
difficult to analyze for materials other than the simple alloys free of plastic
strain, while the magnetic methods mentioned are limited to ferromagnetic
materials. '

It becomes apparent from these few brief considerations that there is a
needfor aresidual stress measuring technique which will satisfy threeprinci-
ple requirements: (1) it must be nondestructive for use inproduction control,
(2) it must be applicable toa wide range of materials, (3) it must have a fa-
cility of use in order that it may be readily employed in the field.

B. Scope of Work

In the first technical report written under this contract, WADC TR 54-3,
Brodrick described the very broad range of potential newmethods which were
studied for possible development. Preliminary experimental consideration of
some of the more promising concepts were also outlined in some detail. The
present report recounts the continued investigation of the two methods which
were considered to be most applicable.

The first of these is the ball indentation method which is divided into two
categories. The heavy indentation technique carries the process well into the
plastic range and requires the measurement of strains on the surface of the
test material surrounding the indentation. The light indentation technique re-
quires the detection of the indentor force which causesthe firstdeparture from
the elastic case.

The drilling out method was the second one to be considered in this work.
On the following pages the particular approach to each of these problems is
discussed in some detail.

II. HEAVY INDENTATIONS

A. Theoretical Considerations

A theoretical analysis of the actions and reactions due toa spherical in-
dentor penetrating a surface was undertaken in order to determine the signi-
ficant parameters related to residual stress. Because of the complex nature
of this problem resulting from the combined elastic-plastic state of the ma-
terial under test, this analysis was limited to qualitative considerations.

Consider firstthe case of indenting a surface which isfree of all residual
stresses. Thé results of this indentationare shown schematically in Figure 1.

¥ Numbers in the parenthesis refer to the Bibliography.
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Figure 1. Schematic Representation of the Indentation
Process - Stress-Free Surface
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In Part (a) of this figure a section of the surface is removed and replaced by
an unstressed spring of length L. In (b} a spherical indentor is brought into
contact with the surface under the action of a load W. The point of contact of
the indentor is located such that the plasticized region in the surface will not
extend out to the spring. The surface stresses due to this indentationprocess
are compressive and thus the spring is shortened to some length Ll. In (c)

the indentor has been removed, the entire surface returns to the elastic con-
dition and the compressive stresses due to the indentation are relieved to the
extent permitted by the new state of the surface. The spring now attains a
length L, which is between L and I_.1 in magnitude. These results are shown

graphically in(d) where the change in spring length, AL, fromits initial length
L, is plotted against the indentor load, W. The line O-=A represents the in-
dentor loading process while the line A-+AL' represents the unloading pro-
cess. The valueAL' is a measure of the residual compressive stress due to
the indentation,

Consider next the case of a surface which contains uniaxial tensile re-
sidual stress as shown in Figure 2.

WADC TR 54-615 3
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Figure 2. Schematic Representation of the
Indentation Process - Tensile Surface
Stresses

In(a), as in the previous example, a section of the surface is removed and re-
placed by a spring which in this case is stressed in tension to some length L.
Once again the initial result of applying the indentor to the surface with the
load, W, is a compressive stress in the spring as shown by the line O-=A in
(d). The indentation, however, acts as a stress reliever with respect to the
initial stress in the surface resulting in further changes in the spring length.
As these initial stresses were tensile their relief results in a shortening of
the spring or a compressive value of AL, whereAL is the change in length
from the value L,.

kY

This stress relief is the result of two different aspects of the indentation
process. In the first instance the indentation is a discontipuity with respect
to the surface, partially removing the restraint which was Recessary to de-
velop the tensile stresses initially present. Secondly, the plagticized region
which exists in the neighborhood of the indentation while the indentor is in
place serves to further reduce the initial restraint. In Figure 2, Part (d),
the results of this two-part strain relief are shown as the lines A-B, and B-«=C.
Upon removing the indentor, there is again a partial relief of the elastic com-
pressive stresses due tothe indentation along the line C+AL", Itisseen that

WADC TR 54-615
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the difference between the change 1n spring length in the stress-free caseAL’
and the tensile case AL" ig equal to the residual stress Parameter A-w=C,

AL’ -AL" = AeC
The last case to be considered is that of a residual uniaxial compressive

stress inthe surface. Once again, as in the previous two examples, the spring
analogy is used, Figure 3.

Figure 3. Schematic Representation of the
Indentation Process - Compressive
Surface Stresses

As before, the initial result of the indentation process is given by the line
O-=A in(d). Upon reaching the indentor load W the initial compressive stress
is partially relieved as in the tensile case but only to the extent Permitted by
the plasticized region. As this is a relief of compressive stress, the spring
elongates giving rise to positive values of AL when L is taken as the initial
length. This result is indicated by the line A-eB,

If residual compressive stresses in a surface are relieved by a discon-
tinuity in the surface, the resultant displacements will be towardthe center of
the discontinuity, It is readily seen, however, that while the indentor is in
contact with the surface and subject to the load W these displacements are ef-
fectively blocked and this phase of stress relief cannot take place. Upon un-
loading, the stresses due to the indentation are partially relieved, as before,
along B-«C. With the indentor removed, the relief of the initial stress, due
to the discontinuity in the surface, now takes place along Ce=AL"t. Ag in the
case of the tensile residual stress, the final value of " L'! is related to the
initial residual stress as follows:

AL' -AL"! = AgB + Cm AL"!
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It is realizedthat this discussion is anoversimplification of the phenome-
non, but it at least serves to point out the trend whichmight be expected in the
results of tests conducted to bear out these conclusions. Furthermore, as
only the qualitative nature of these reactions has been considered, experi-
mental work is required in order to obtain quantitative results.

B. Test Procedure
1, Iﬁtroduction

On the basis of results obtained in the theoretical analysis, a series
of tests were planned with the purpose of obtaining qualitative data in order to
determine the usefulness of the technique. The experimental program was
designed to duplicate as nearly as possible the procedure outlined in the theo-
retical analysis.

2 Test Specimens

Particular attentionwas given to the design of the test specimens, es-
pecially with regardto the manner of introducing residual stresses. Mechani-
cal loading techniques were employed, being the simplest, most direct, and
most accurate means of producing controlled stresses of known magnitudes
and directions. The stress patterns induced in this manner can be accurately
determined through the use of SR-4 wire resistance strain gages bonded to
the surface of the testpiece. Two different loading techniques were employed.
In the first, simple-uniaxial tensile and compressive stresses were induced
in the test piece, shown in Figure 4{a), by mounting the specimen in clamping
fixtures and loading it between the platens of an horizontal hydraulic testing
machine. The uniformity of the longitudinal stress was determined by means
of Gages 1, 4, and 5 while the actual stress pattern in the test surface was
calculated through the use of data obtained from Gages 1, 2, and 3.

Inthe second loading technique, test specimens, as seenin Figure 5a),
were loaded in plane bending. The bending moment diagram for this case
showing a constant surface stress over the central portion of the test plate is
given in Figure 5(b). With this type of loading the stresses vary linearly
through the thickness from a maximum on one surface to a maximum of oppo-
site sign on the other surface.

Figures 6(a), (b} and (c) show the three types of loading fixtures used
to obtain the stress patterns described above.

In order to get data for materials with different properties, several
groups of test specimens were used according to the following tabulation:

GROUP A

Loading - Simple Tension and Compression
Material - 1018 Steel = 1/4 in. Thick
Heat-Treatment - Stress-Relief Anneal
Yield Strength - 35,000 psi

Hardness - Ra35

Surface Finish - Ground

WADC TR 54-615 6
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Figure 6(a) Test Fixture - Plane Bending, Tension

Figure 6(b) Test Fixture - Plane Bending, Compression

Figure 6(c} Test Fixture - Simple Tension and Compression
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GROUP B

Loading - Plane Bending

Material - 1018 Steel - 1/4 in. Thick
Heat-Treatment - Stress-Relief Anneal
Yield Strength - 35, 000 psi

Hardness - Ra35

Surface Finish - Ground
GROUP C

Lioading - Plane Bending

Material - . 90C Alloy Steel - 1/4 in. Thick
Heat-Treatment - Stress-Relief Anneal
Yield Strength - 97, 500 psi

Hardness - RCIB

Surface Finish - Ground
3. Indentor

In all of the tests reported here the indentor used was a carbide ball,
10 mm in diameter. The indentor load was applied by an hydraulic piston and
measured by a calibrated Bourdon tube-type pressure gage.

4, Surface Strain Measurements

All strain measurements on the surface of the test bars were made
through the use of SR-4 wire resistance strain gages. The Type A-7-1 gage
was chosen because of its minimum dimensions for the active element area.
This was deemed important due tothe highly directional properties of the test
resulting fromthe uniaxiality of the applied stresses and further because pre-
liminary tests had indicated that steep strain gradients might be expected in
the region of the indentation,

A rectangular rosette pattern was chosen with one gage parallel to the
direction of the applied stress as seen in Figures 4 and 5(a). It was neces-
sary to locate the strain gages radially such that they would be outside the
region of plasticization surrounding the indentor for all combinations of in-
dentor size, indentor load, and material hardness. A nominal dimension of
.+ 125 in. from the center of the indentation to the leading edge of the gage ele-
ment was determined as an optimurn value.

5. Test Method

Approximately seventy individual tests were conducted covering the
four specimen groups using the following method.

Each specimen was loaded to a predetermined stress level within the
range from approximately 90% of the yield strength in tensionto approximately
90% of the yield strength in compression. The indentor was then applied at
the center of the strain gage rosette with increasing load increments of 100 1b
from 0 to 1400 1b. The indentor was removed after each load increment and
the signal from each of the three strain gages was determined both with the
indentor loaded and the indentor removed.

Figure 7 shows a test in progress on a specimen stressed in simple
compression while Figure 8 is a test in plane bending.

WADC TR 54-615 9
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C. Results,

The data obtained in the experimental phase of this work substantiated
conclusively the behavior pPredicted in the theoretical analysis and supplied
the necessary quantitative information to make the test applicable to the de-
termination of residual stresses in machine parts. A great deal of data was
obtained during the course of the tedt program and a step by step analysis is
required in order to point out the many ramifications of this technique.

The first tests were carried out on annealed mild steel specimens with no
externally applied stresses. The results of these initial tests are Presented

covery of the indentation upon removing the indentor. The compressive strains
which remain after removing the indentor are a result of the residual com-
pressive stresses introduced by the indentation process. These strains are
equivalent to AL' in Figure 1.

A number of tests were next conducted on annealed mild steel specimensg
stressed in simple tension to a nominal value of 30, 000 Psi. A consideration
of the Mohr's circle diagram for this simple loading condition reveals the
stresses in each of the three gage directions 1, 2, and 3 are +30,000 psi,
0 pei, and +15, 000 psi, respectively. Figure 10 is a representative plot of
the strains due to indentation for this test condition. The mumbers shown
in this and subsequent figures refer to the strain gage locations given in
Figures 4 and 5. This data shows quite clearly that the indicated strain due
to the indentation is a function of the residual stress pattern inthe teat Piece.
In the case of Gages ! and 3 where the applied stresses are tensile, the in-
dentation strains are more compressive than those obtained for zero streas.

In the direction at right angles to the applied stress, represented by
Gage 2, the residual stress is zero, as previously stated, if the load applica-
tion is strictly uniaxial. However, there are residual compressive straing
in thig direction related to the strains in the longitudinal directien through
Poisson's ratio. The indicated straing at Gage 2 as a result of the indenta-
tion are therefore a measure of these compressive strains, being less com-
Pressive than those obtained for zero stress. It will be further noted that in
the case of Gage 2 the indicated strains with the indentor removed are more
compressive than those with the indentor loaded, contrary to the anticipated
result. This effect might very well be due to a difference in the distribution
of the applied stresses around the indentation with the indentor loaded and the
indentor removed. '

Of further interest is the fact that the indicated strains for Gages 1 and 3
become only slightly less compressive upon removing the indentor. This bears
cutthe contention that stress reliefis completed during the indentation Process
when the residual stresses are tensgile; the slight change in strains when the
indentor is removed being a result of elagtic recovery of the indentation.

Figure 11 is a representative plot of data obtained from a similar group
of tests on specimens externally stressed in simple compression to a value
of 30,000 psi As in the previous example, the indicated strains at the maxi=-
mum value of indentor load are related tothe regidual strains inthe material;
i. e., the more compressive the residual strain the less compressive are the
indicated strains due to indentation. The data from all three gages in this
particular test shows that the stress relief is not complete until the indentor
is removed. This is true even for Gage 2 where the residual strains are

WADC TR 54-615 11
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tensile because these strains are due to the compressive stress in the longi-
tudinal direction and are, therefore, relieved onlyto the extent thatthe longi-
tudinal stresses are relieved.

This same pattern of results holds true for the other values of externally
applied stress at whichtests were conducted. Theseresultsare shown graphi-
cally in Figure 12 where the indicated strain values for Gage 1 have been
plotted against the applied stress in the test specimen. The linear relation-
ship between applied stress andthe indicated surface strains after the indenta-
tion is quite apparent. The data for the indentor loaded has also been pre-
sented in this figure where the applied stresses are compresgsive, in order to
pointup again the two phases of stress relief, one dueto the plasticized region
and the other due to the discontinuity in the surface.

Several tests were conducted atan applied stress of 30,000 psiin tension
with slight variations in the radial location of Gage 1 in order to obtain some
information with regard tothe radial strain gradient surrounding the indenta-
tion. The results of these tests are presented in Figure 13. The scatter in
these results is attributed to variations in the residual stresses in the test
pieces prior to testing. Stress measurements using relaxation techniques
were made on several of the test specimens indicating that residual stresses
of varying magnitude were present in a very shallow surface layer in spite of
the stress-relief anneal which these specimens were given.

1000 \
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Figure 13. Indentation Strain as a
Function of Radial Location
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A series of tests similar tothose described above were conducted on mild
steel test specimens which were loaded in plane bending as described under
Test Procedure. The primary purpose of these tests was to determine the
feasibility of this much simpler loading technique when compared to simple
tension and compression. The results of these tests are shown in Figure 14,
a plot similar to Figure 12, and it may be readily seen that the agreement is

quite good. For these reasons this method of loading was usedfor subsequent
tests.

The next set of tests was conducted on annealed 0.90 carbon alloy steel
plates externally stressed in plane bending. As the yield strength of this
material is much higher than that of mild steel, tests at much higher stress
levels could be carried ocut. The maximum stress used was 90,000 psi or
3 times that possible with the mild steel plates. The results of these tests
were quite similar qualitatively to the work described above and they are pre-
sented here in detail to point out the quantitative variances.

Figure 15 is a plot of the indentation strains without applied stress. In
comparing these curves with Figure 9, the data for the mild steel specimen,
it is seen that the change in strain upon removing the indentor is considerably
more pronounced for the alloy steel, indicating a much greater elastic re-
covery of the indentation strains.

Figures 16 through 21 are plots of the indentation strains at various values
of applied stress for the alloy steel test specimens. The statements which were
previously made describing the data for the tests on mild steel hold true for
this case and need not be reiterated in detail here.

The indicated strain upon removing the indentor is a linear function of the
applied stress in the case of Gage 1, as shown in Figure 22. The data for
mild steel is also shown on this plot for purposes of comparison. The differ-
ences in slope and position along the strain axis for these two data plots may
be attributed directly to the differences in hardness and yvield strength of the
two materials, These indicated strain values are a function of the stress
relief at any particular stress level and will therefore be affected by the
amount of stress relief which takes place. The strength and hardness of the
material being tested will have a bearing on both phases of the stress relief
which have been described above. The basic strength will determine the ex-
tent of yielding around the indentation and therefore the degree of relief due
to plasticization. The hardness will determine the size of the indentation for
any given indentor load and therefore the degree of relief due to surface dis-
continuity. The alloy steel, being both stronger and harder than the mild
steel, will show less stress relief for a given indentor size and load than the
mild steel. The indentation diameters, after applying a 10 mm ball with a
1400 1b load, were .100 in. and . 085 in, respectively for the mild steel and
alloy steel. Furthermore, the residual compressive siresses due to the in-
dentation process itself willbe less for the alloy steel as demonstrated by the
strain data with no applied stress. This is another effect of the higher yield
strength of this material. The net result of these factors, as seen in Figure
22, is a shift in the data for alloy steel toward less compressive strains on
the zero stress line and a steeper negative slope as a result of the reduced
stress relief for both tensile and compressive applied stresses.
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These experimentsshave shown clearly that strains in the surface of & ma-
terial being indentedinthis manner are indicative of the residual stress magni-
tude and directioninthat surface. Unknown uniaxial residual surface stresses
may therefore be determinedinamanner similar to that described below using
the data for the .90C alloy steel as an example.

The calibration data, which mustbe obtained in each case for the particu-
lar material being studied, is drawn as 2 set of curves similar to those shown
in Figure 23. The data for these curves is taken from Figures 15 - 21, using
the indicated strains after removal of the 1400 1b indentor load.

An indentation test is now made on the specimen under consideration,
following the procedures outlined above. Thethree indicated strain values ob-
tained, separated by known angular spacings, are then fitted to the curve in
Figure 23 which best suits them; for example, the three points 1, 2, and 3
which are seen along the +90, 000 psi curve. This fitting immediately deter-
mines the magnitude of the principal stress. The direction of this stress with
respect to either of the three strain gages is measured along the abscissa
from the data point to the zero degree ordinate. In the case demonstrated
here the direction of this principal stress of +90, 000 psi in tension is 34°
counterclockwise from Gage 1.

D. Conclusions

These tests have indicated howthe heavy indentation method may be used
to determine the magnitude and direction of uniaxial residual surface stresses,
The technique requires that the surface under examination be indented in a
manner similar to the Brinell hardness test. Surface strains in three direc-
tions surrounding indentation are recorded during and after the indentation.
These strains are related to the residual stresses in a manner which may be
determined by properly designed calibration tests on similar material,

It is not suggested that this technique will replace the relaxation methods
presently used in the laboratories for the precise determination of stresses
in depth. However, where it is required to have some measure of the surface
stresses in machine parts without destroying their further usefulness, the in-
dentation test might well suffice. In the case of cyclic loading, where re-
sidual stresses are most significant in their effect on service life, it is the
surface stress which plays the major role according to present knowledge.

Time did not permit the investigation of the applicability of this method

to the determination of biaxial stresses. However, it seems quite in order to
assume that similar results can be obtained for the solution of this case.
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IIl. 1.IGHT INDENTATION

As has been previously stated, the light indentation method depends upon
the detection of the indentor load at which the deformation of the surface being
indented changes from elastictoplastic. Itis proposed that this indentor load
will be a function of the residual stresses in the material under test.

One of the early discussions of this concept is by Hoenig (3}, his work be-
ing reviewed inthe first technical report under this contract, WADC TR 54- 3,
Amore recent consideration of this subject based ona somewhat different con-
cept is that by Dervishyan (4) et al. They make use of the Hertz solution for
the stress distribution inthe case of a sphere ona flat plate whereinthe maxi-
mum shear stress T is as follows:

max
3

Pax

T = .0837 ;
max RZ(KI + Kz.)z (1)

where P = Indentor load
R = Indentor radius

Z2
|
K, = 1
1T TRE,
l-vz
K. o
2 ‘!rE2

Vys» ¥, = Poissen's ratio of indentor
and specimen, respectively

El' E2 = Young's modulus of indentor
and specimen, respectively

If thereis presentinthe specimen prior to indentation a uniaxial residual
stress, the maximum shear stress due to this residual stress will be:

- L3
Tmax =2 (2)

If superposition holds, the maximum shear stress, when both systems act
simultaneously, will be:

max

P a7
T = .0837 r (3)
max RE(K, + K?_f z

the signpreceding the - term being positive for tensile residual stresses and

negative for compressive values.
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If it is next assumed that the maximum shear stress theory of yielding
holds, then plastic deformation will occur whenthe shear stress ’r’max equals
or exceeds a—;i where a';r is the yield strength of the material. Setting (3) equal
toa—} and rearranging terms leads to the following result:

_ 2 2 T 3
Py, = 213.17R" (K, + K,)" (0 F o) (4)

This very simple equation shows the relationship between the indentor load
required for yielding, Py’ andthe resgidual stress, o3 Forincreasing values

of tensile residual stress the load PY becomes proportionately smaller, while

for increasing values of compressive residual stress the load P_ becomes
proportionately larger. Y '

Further reflection on this problem reveals that for any given surface
under test, yielding will occur when the indentor load P reaches the minimum
valie of P required according to Equation 4 when considering the residual
stresses in all directions @ about the center of the indentation. The appli-
cability of this technique is therefore dependent upon the stress pattern inthe
surface tobe tested inthe following manner. If the residual stress is uniaxial
tension then PY may be expected to indicate without error the magnitude of

this stress. However, ifthe residual stressis uniaxial compression then PY

will be indicative of the fact that there is no stress at right angles to the ap-
plied stress and will have a single value regardless of the magnitude of the
compressive stress. If the stress pattern is biaxial then P}r will be deter-

mined by the maximum tensile stress present or the minimum compressive
stress if there are no tensile values. Furthermore, the value Py gives no

information concerning the principal stress directions. On the basis of this
discussion PY may be expected to vary, inthe case of uniaxial stresa, accord-

ing to the solid line in Figure 24.

— e
kY
—— —— EXPERIMENTAL @
—~—— THEORETICAL
GOMPRESSIVE TENSILE ——~

APPLIED UNIAXIAL STRESS

Figure 24. PY vs. Applied Stress
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Tests performed by Dervishyan, op. cit., Sines, Carlson (5}, Hausseguy
and Martinod {6) show that the variation in PY is according tothe theory where

the stresses tobe measuredare tensile. Where the stresses are compressive
these investigators have shown that there is actually a slight increase in Py’

as shown by the broken line in Figure 24. In the light of the investigations
intothe heavy indentation process discussed in Section II of this report, it ap-
pears quite likely that this increase in PY might well be due to the partial re-

lief of the compressive stresses. It might be argued here that this cannot be
true because this technique is carried out in the elastic range and therefore
the stress relief found in the heavy indentation test will not occur. However,
a closer examination of the methods employed by these investigators to de-
termine the first permanent indentation reveals that their tests were carried
into the plastic region and the data extrapolated backwards in order to obtain

P_.
y

The actual procedure used is to load the indentor in stepwise increments
to @ major load returning between each increment to a predetermined minor
load. The depth of penetration of the indentor at the minor load is recorded
each time and a plot similar to Figure 25 is drawn where PY is taken as the

intersection of the data plot (solid line) with the vertical axis. The relief of
compressive residual stresses as a result of this indentation may affect the
value of Py in either or both of two ways. With the major load on the in-

dentor, the elastic displacements due to stress relief are in the direction of
the indentor and a portion of the load P is required to counterbalance them.
The actual load causing the indentor to penetrate the surface is therefore less
than that recorded by an amount AP, where AP is proportional to the com-
pressive stress magnitude. If this effect is taken into account, the data plot
will be shifted downwards as shown by the broken line in Figure 25 and a
smaller value of P_ will result. Secondly, when the indentor load is reduced

tothe minor value the effect of these displacements is a shallower indentation
than might otherwise be expected. If this effect is also taken into account, the
data plot will be shifted tothe right by an amountAa again resulting ina lower
value of Py'

o
‘n

P~ MAJOR LOAD

¢-DEPTH OF PENETRATION
Figure 25. Method for Determining PY

WADC TR 54-615 31



Although this problem hasbeen stated quite simply and uniquelyin mathe-
matical form, the actual performance of the test requires considerable care
and thought as tothe technique for detectingthe indentor load which defines the
boundary between the elastic and plastic indentation. Some of the techniques
which have been described inthe literature areas follows: (1) optical exami-
nation of the test surface, Blain (7); (2) change in contact resistance between
indentor and surface, Pomey (8) and Brodrick, op. cit.; (3) direct measure-
ment of the indentation depth by noting movement of the indentor along the load
axis, Dervishyan, op. cit., and Hausseguy, OP. cit.

All of these investigations have indicated considerable difficulty in the
actual performance of the test. Hausseguy and Martinod have shown quite
clearly that the variation in results for a given test condition decreaseswith a
decrease in surface roughness.

An analysis of the previous work done in this field and outlined briefly
above, led tothe decision thatan exploration of new means for the determina-
tion of PY would yield the most beneficial contribution to the technique. Many

possibilities were considered including unique electrical and electronic cir-
cuits and optical methods, including the use of the phenomena associated with
the interference of light waves. After a careful consideration of the many new
techniques which appeared feasible, it was decided to devote the limited time
available toa method involving the use of ultrasonic wave propagationin solids.

As the light indentation process is a surface effect, it is reasonable to
expect that the transmissibility of ultrasonic surface, or Rayleigh waves, will
be altered by itin either or both of two ways. First, the indentation itself will
behave as a barrier or reflector much the same as a crack or other defect.
Secondly, the transmissibility of the material may be expected to change
markedly due to the indentor stresses when the yield point of the material is
exceeded. This second phenomenon has been demonstrated in a recent paper
by Hikata (9)-

Inthe several experiments which were conducted, a Sperry Reflectoscope
Type UR was used employing botha 1.0and 2. 25 mc surface wave transducer.
In all instances the single crystal or pulse-echo technique was used wherein
a single crystal is used to send out the search pulse and to receive the pulse
reflections. Amore detailed discussion of the principles of ultrasonic surface
waves is given in a paper by Cook and Van Valkenburg (10}.

Inthe first experiment employing this technique, a test bar was subjected
to the action of a spherical indentor while being simultaneously scanned by
the ultrasonic search unit. A general view of the test setup may be seen in
Figure 26. The indentor, al in. steel ball, was rmounted in a simple lever
system which could be loaded by means of weights at the end of the lever arm.
The test specimen was a 1-7/8 in. square 1018 hot-rolled steel bar whichhad
been ground and hand-polished using 600 grit paper.

This test proved negative in that indentations could not be detected until
theyhad reached a size suifficient to make them easily seen using simple opti-
cal means. Furthermore, the reflected signal due to the loaded indentor did
not vary in going fromthe smallest possible indentor loadtoaload many times
that required to cause yielding in the test material.

Another test was then designedto indicate the size of indentation or plasti-
cized region which might be necessary for detectioninthis particular test bar
using the surface wave frequencies which were available. Four holes of vary-
ing size were drilled in the surface of the bar as shown in Figure 27, and the
transducer was mounted to scan the surface. The best results were obtained

WADC TR 54-615 32



3/4 Lo | - | |
SEARGCH | :

UNIT C\\\\\_
.025° 047°
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Figure 26. Ultrasonic Test Setup

with the 2.5 mc generator which resulted in a wave velocity of 3.00 x 105
cm/sec and a wave length of . 134 cm.

Figure 28 is the reflectogram for this test. The initial signal pulse ap-
pears at the extreme left at A, the reflected signals from each of the four
drilled holes are B, . 025 dia; C, . 047 dia; D, .095 dia; and E, . 145 dia. The
back reflection due to the rear edge of the specimen is at F. The signals at
C, D, and E are quite predominant and easily distinguished while that at B is
indistinct when compared to the pulses due to the unmarked and polished
surface. As the drilled hole at B is of sufficient size to be easily detected by
visual examination, it is apparent that the technique, as employed here, is
not adequate for this purpose. This investigation was not extended further be-
cause of the limitations of time and equipment. Although the results obtained
here proved negative, itis quite possible that variations inthe technique might
well bring it into focus.

Figure 27. Ultrasonic Test Block
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Figure 28. Reflectogram from Ultrasonic Tests
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IV. DRILLING OUT

This technique is by no means new in its basic concept having been in-
vestigated as early as 1934 by Mather (11}. As previously mentioned itmakes
use of the principles of relaxation through the removal of a cylindrical plug of
material from the test piece by drilling or trepanning. The strains on the
surface due to this stress relief are related to the residual stress present in
the piece. However, the problem of determining the magnitude of stresses
below the surface bythis method has not been successfully solved to this time
and it was this particular aspect of the problem that was studied here. The
approach which was chosen was the mathematical analysis of the boundary
value problemn concerning the dependence of surface strains in the neighbor-
hood of a cylindrical hole upon its depth.

In order to characterize the problem, certain assumptions regarding the
stress distribution in the specimen are always necessary since the mere fact
thatthe surface is unloadedis insufficient to determine the residual stresses.
The two distributions considered here were those of a uniform uniaxial stress
and a biaxially uniform stress both perpendicular to the cylinder axis.

The physically simple configuration of a cylindrical hole of finite depth
in a half-space solid leads to an unusual combination of conditions on the
stresses. Using a cylindrical coordinate system,.the general expressions for
the stresses may be written:

1l

c—

" o5 (r,©, 2z}

oz = oz (5. ©. =)

On the unloaded boundary, the stresses take the following special values:

when r > a, f’z(r, &, 0) =0, where a =radius of hole

n

when r< a, a—z(r, &, h) =0, where h = depth of hole

when 0< z< h, a-'r(a,e, z) =0

Thus it is seen that'o-z on the unloaded boundary is zero at all values of

r and© except when r = a.

These boundary conditions must be satisfied regardless of the particular
method of attack. The approaches studied here may be roughly divided into
the following groups which are by no means mutually exclusive.

A. Applicdation of the Theory of Notch Stresses

The underlying mathematical principles of Neuber's {12} methods are the
selection of a curvilinear coordinate syatem which fits the shape of the notch,
and the computation in this system of the stiresses near the apex of the notch
by means of his form of the three harmonic function method. In practice the
methodhas generally been confined toproblems which may be defined interms
of two coordinate variables.

Since a thorough familiarity with the two-dimensional analog of the cy-
lindrical hole problem should provide a valuable insight intothe dependence of
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surface strains upon hole depth, Neuber's explicit expressions for stress con-
centration as a function of notch depth were examined critically. In the cases
considered, the graphical relations were quite simple and the analytical ex-
pressions elementary, if somewhat clumsy. Unfortunately, his results did
not seemn capable of affording more than a heuristic basis for extension to the
case in question since his asymptotic approximations were generally subject
to the assumption that the region immediately exterior to the notch was re-
mote. This assumption was perfectly admisgsible for his purposes, but since
this remote region is the location of choice for strain gages, the hypothesis
becomes inconsistent with the objective of this investigation.

B. The Biharmonic Schloemilch (13) Series

It is well known (14} that expressions for stresses satisfying the equili-
brium conditions may be constructed from the derivatives of a single bihar-
monic function if the distribution is axially symmetric. The solution of the
problem then depends upon the selection of a biharmonic function for which
the derived stresses satisfy the boundary conditions.

A Bernoulli separation argument shows immediately thatV4B =0is satis-
fied by any linear combination of functions of the form:

[a(k)rzl(kr) + blk)zZ (kr) + c(k)Zo(kr):I e tkz (1)

where k may be real or imaginary and Zn(kr) represents a solution of Bessel's

equation. Of the many series and integral forms obtained by discrete and con-
tinuous superposition, the Schloemilch series appeared to best fit the geome-
try of the problem. It maybe recalled that Schloemilch series are of the form:

N
ko= 1 :

and that they are capable of representing a null-function without all 'a.k vanish-

ing. For example:
o0

Po >0 ek gk o)

k =1

for 0< r< a. Another example is:
]

goedm >0 Hh (k) g

k =1

From which a function may be constructed which is biharmonic and vanish-
ing inside r< a for a particular value of z = Z The result is:
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o ) kr(z - zo)

2 k a

N
k =1

the convergence of which has been improved for z> zZ, Thus, the general

procedure for using Schloemilch series as the biharmeoenic stress function is
as follows:

oo _ kwrz oo ~ kwz
_ E kyr 2 E kyr a
B=r akzl(—-é-)e + (bk + zck) ZO(T)G (6}
k=1 k=1

ig chosenas the biharmonic stress function from whichthe stresses are com-

puted (14). Finally the a,, bk and ¢, are determined from the conditions on

the stresses at the surface and at infinity.

While this is in principle quite straightforward, it is in practice rather
difficult to determine the correct values of the coefficients without a fortui-
tous selection.

C. Generalization of the Kirsch (15} Formulae

In the Neuber form of the three harmonic function method, the stress
field is derived from a stress function:

F = A + R'G (7)

whereVzA = 0, VZG = 0 and V4F = 0. It has been shown (12} that only
three of the four harmonic functions are essential to the solution. If the
problem is expressed in cylindrical coordinates:

F = A+ 1'(B1 cos® + B2 8in@}) +zC (8)
and it is assumed that B, = {(cos®)B
—BZ = (sin®)B

and A, B, C are independent of © then:
F = A+ rB cos 20 + zC
whereVzA = Vz C = 0and VZB = P‘Z (9}
r

It will be recalled that the cubical dilatation is proportional toVZF so that it
ig of the form:

ﬂl%'?)(?) cos 26 + %—S—

which yields a cubical dilatation like that of the Kirsch (15} formulae for the
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plate with hole under uniform uniaxial tension in the case:

2
_ a
B -—-;+ blz + b2 (11)
C = z + cl Inr + cz (12)

Since no further conditions have been imposed on F, it appears that a great
many cylindrical problems may be solved by a stress function of the form
Equation 9. The choice of such a form clarifies the role of © dependence but
does not reveal the type of r, =z dependence in the solution which would most
readily satisfy the boundary conditions.

Returning to Equation9 it is observed that integral solutions may be con-
atructed as follows:

F =f{[f1(k) + fz(k)z Zo[kr) + f3.(k_)r cos 260 Zl(kr)} e ~kz dk (13}

which gives the harmonic cubical dilatation in the form:
-kz
g =j{[g1(k) t gylklz) Z (kr)€ dk

gglk)

ﬁgs(klzo(kr) + g4(k)rZ1(kr) + Zl(kr}] {cos ze)e'kz dk (14)

Jince the displacements are given by integrals similar to that for the stress
function, integral expressions for the stresses may be obtained by Hooke's
law. A direct determination of the unknown portions of the integrands would
be excessively time-consuming so that the only way of eagily determining
them is by a judicious identification with known discontinuous integrals. An
examination of the available known Laplace and Hankel transforms didnot re-
veal any discontinuous integrals capable of satisfying all of the boundary con-
ditions.

D. Complex Variable Method

All of the previously discussed methods aim at the consgtruction of functions
which satisfy the given boundary conditions on the form of boundary given.
Another approach is to transform the given boundary into a simpler one.
Generally, this type of transformation can only be carried out by conformal
mapping of two-dimensional problems. Thus, the Problem of the cylindrical
hole has here as its analog that of the semi-rectangular groove.

The simplest image of the semi-rectangularly grooved half-plane is an
ungrooved half-plane. The mapping which takes the half-plane, (w}, into the
given configuration, (z), is given by the Schwarz - Christoffel formula.

dz z I kzwz
dw B 2 t3)
l -w

or
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w 1
2

- l- kzuz
Z = '—'1——‘:7 du = E(W,k) {16)
(]
so that z is transformed into w by the inverse of this elliptic integral. This
mapping is indicated in Figure 29.

T AT A,

w - Plane z - Plane

Figure 29. Conformal Mapping of Semi-
Rectangular Groove into Half-Plane

Muskhelishvili(16) has given formulae for the stresses in a half-plane in
terms of the boundary stresses. These degenerate for the case of an un-
loaded boundary. However, it appears that a suitable modification of his
method could be carried out to obtain the solution for the case of the unloaded
groove under uniform tension at infinity.

E. Summary

Although a great many special choices of stress functions possessing vari-
ous advantages were substituted into the above methods, none of them proved
capable of satisfying all of the requirements of the problem. Had more time
been available, it is probable that some of the methods would have yielded
explicit quantitative information.

For purposes of comparison, it may be of value to consider the line of at-
tack which a purely mathematical investigation of the problem would take.
The general question is: What is the relation between the Green's function
(dyadic) of a non-convex region and the Green's function (dyadic) of its least
convex hull? ¥or the two-dimensional case the starting point is Carleman's
Principle of Domain Extension (17}). For the three-dimensional problems,
very little is known. The case of stress analysis is complicated by the fact
that a single Green's function may only be used in special cases and in these
it generally satisfies unusual boundary conditions (unlike those of traditional
electrostatic problems). The crux of the general problem is the determina-
tion of the role of convexity in the characterization of the Green's dyadic.
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