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ABSTRACT

Experiments are performed with rigidiy clamped beams loaded
impulsively by an explosive technique. The transient and residual
deflection and strain are measured. Experimental results are compared
with predictions from approximate rigid-plastic theory and a more exact
elastic-viscoplastic numerical solution.

Results obtained indicate that elastic strains are not negligible
for the system studied. For this reason, the approximate rigid-plastic
analysis is less accurate than the more exact numerical solution. The
dynamic stress-strain properties of the beam material were determined
from separate experiments conducted over a wide range of strain rates
up to 1l000/sec. These strain-rate dependent properties, when incorporated
into the numerical solution, allow an accurate prediction of the response
of the beam. The strain-rate dependence of the material is shown to
influence the response amplitude of the beam.

This abstract is subject to special export controls and each transmittal
to foreign governments of foreign nationals may be made only with prior
approval of the Metals and Ceramics Division (MAM), Air Force Materials
Laboratory, Wright-Patterson Air Force Base, Ohio 45433.
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SECTION 1

INTRODUCTION

The work to be described was undertaken in order to investigate
the influence of the strength properties of metals, especially strain-rate
sensitivity, upon the dynamic deformation of impulsively loaded structures.
In previous work(1)*, the strength properties of several metals had been
obtained from uniaxial tension and compression tests over a wide range in
strain rate. In the present work, beam specimens, fabricated from two
of these metals from which accurate strength properties were known, are
loaded impulsively with measurements made of pertinent loading and
response parameters., Comparisons of these measurements with available
analyses are made. Items of concern include the suitability of the analyses
to predict transient inelastic response and the relative importance of
including the effect of rate of strain in describing the strength properties
of the beam material,

A complete survey of dynamic plastic deformation of structures has
been made recently by Symonds.(z) Therefore, only a few of the references
more pertinent fo the present work will be cited. Since the complexity of
the problem is such as to rule cut exact analytical solutions, a great deal
of emphasis has been placed upon developing approximate methods for com-
puting permanent deformations, A starting assumption which allows ana-
lytical treatment of the problem is to idealize the material as rigid-plastic,
One consequence of this idealization is the formation of regions of localized
plastic bending referred to as a plastic hinge, Deformation {(rotation) is
localized at these hinge points, which may be either moving or stationary,
with the hinges separating rigid sections of the structure.

The elementary rigid-plastic theory neglects the material charac-
teristics of elasticity, plastic work-hardening, and possible influence of
rate of strain upon strength properties. Elastic energy is usually neglected
by restricting the solutions to cases where the initial kinetic energy imparted
to the structure is large in comparison with the maximum elastic energy
that can be stored, Analytical corrections have been made to the elementary
theory to include work-hardening, strain-rate effects, and the effects of
finite deformation of the structure.{3:4: 5,6) The geometry of the structure
and its constraint conditions may require additional inclusion of the influence
of axial constraint{®) and shear(?) in combination with bending effects,

Bodner{8) has emphasized that with respect to material properties,
the strain-rate dependence of the yield stress is the most significant

*Superscript numerals in parentheses refer to List of References, Section VI.



correction to the elementary rigid-plastic theory. He points out, however,
that since strain rate varies both spatially and with time in the structure,
an overall correction factor on the rigid-plastic theory is not generally
applicable. Such an overall correction factor may be more applicable

with the mode approximation techniques of Martin and Symonds, (9) Inclusion
of a rate sensitive yield stress also serves to eliminate the concentrated
traveling hinge that results from the rigid-plastic assumption. The effect

of rate-hardening tends to stiffen the hinge and to spread plastic deformation
to adjacent areas,

Experiments which have been performed, primarily with beams,
show that the rigid-plastic analysis is a reasonable first approximation,
Including corrections, such as for strain rate, generally improves the
correlation between theory and experiment, However, in these cases,
it is not always easy to determine the relative importance or magnitude
between the effects included in the analysis and those omitted, These effects
are not always uncoupled, Similarly, the experiments themselves are not
free from uncertainty, The dynamic boundary conditions are hard to main-
tain, and accurate measurement of the time history and distribution of the
loading and of the response is difficult. Usually, the loading is considered
impulsive and the permanent deformation is the primary correlative variable.
Seldom have the mechanical properties for the material from which the
structure is fabricated been measured for the range in deformation, rate,
and temperature, at which the experiment is performed,

In order to avoid many of the uncertainties in the approximate anal-
yses, it is possible to go directly to computer-oriented numerical solutions,
Among the first to do this were Witmer et al.(10) at MIT, They reformu-
lated the governing differential equations in finite difference form suitable
for numerical computation. The continuous structure is effectively broken
up into a network of concentrated mass points connected by extensible but
straight links, The material description includes elastic, strain-hardening,
and strain-rate effects, Large deflections may be handled, but the effects
of rotary inertia and transverse shear deformation are neglected. Com-
puter programs have been formulated for beams, plates, rings and shells
subject to impulsive loading. The response of each mass point is computed
at each time increment, so that complete information on the deformation
history is available.

In the present work we describe experiments performed with
aluminum and with titanium beams, clamped at each end and loaded by
means of explosive over one entire surface, Similar experiments with
clamped beams have been previously reported by Humphreys(ll) and by
Krieg and Duffey.“z) The experiments were instrumented to measure
accurately the total impulse imparted to the beam, the transient maximum
midspan deflection, the transient midspan strain, and the permanent
deflection. The strength properties of both the aluminum and the titanium



had previously been measured{l} in uniaxial tension and compression at
strain rates to 1000 in/in/sec. The experimental results are compared
with predictions based upon the approximate rigid-plastic theory(l3) and
with the MIT DEPROSS computer code, (14

The results show that, for the system studied, the elastic effects
are very important, For this reason, the rigid-plastic analysis is less
accurate while the more exact numerical solution gives very good agree-
ment. The experiments in conjunction with the numerical results show that
the concentrated plastic hinge concept is subject to some interpretation
physically, and is strongly coupled with elastic effects in the early stages
of deformation; strain-rate effects can be important,



SECTION II

EXPERIMENTAL PROCEDURE

The experiments were designed to minimize, asfaras possible,
the number of uncertainties, The beams were machined from 3/4-in, -
diameter bar stock, The mechanical property data reported in Reference 1
was obtained from the same bar material, so that the strength properties
in tension and compression were well known, Two metals were used:
titanium 6AL -4V and aluminum 7075-T6. These were chosen because the
titanium was shown to be moderately rate sensitive at room temperature,
whereas the aluminum alloy was insensitive to strain rate over the range

of interest.

The beam was clamped in a test fixture as shown in Figure 1,. The
round end sections, which were integral with the machined flat section of
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FIGURE 1

SCHEMATIC OF BEAM SHOWING END RESTRAINTS



the beam, were clamped rigidly between two blocks to prevent rotation.
Axial motion of the ends was prevented by both the clamping surface and a
restraining bolt threaded axially into each end section. The reduced beam
section was faired into each end with a small fillet. The dimensions of
each beam are given in Table I along with the material constants.

The beams, with mounting fixture, were suspended as a ballistic
pendulum as shown in Figure 2. The loading was applied by spray deposit-
ing a thin layer of light-sensitive explosive (silver acetylide - silver nitrate}
over one entire surface of the beam and producing simultaneous detonation by
means of an intense flash from a xenon flash tube, The details of this
technique are described in Reference 15, The explosive imparts an impluse
to the surface which is simultaneous to within 1 #sec and has a duration
of less than 10 psec as determined from independent calibrations., The
weight of explosive deposited on each beam is measured and determines
the impulse level produced upon detonation. In all cases, peak surface
pressures produced were less than the yield strength of the beam material,
so that there was no chance of spallation or shock hardening of the beam due
to the explosive loading,

While the weight of explosive deposited was used to predict the
impulse level in advance, for each shot, the total impulse was measured
directly by recording the motion of the ballistic pendulum, The pendulum
motion was tracked by means of a long stroke, linear differential trans-
former. The period of the pendulum was approximately 1/3 sec and was
very lightly damped.

Initially, attempts were made to measure the detailed pressure-
time history of loading. This was done by sandwiching the explosive between
the beam and a clear plexiglass sheet of the same cross sectional area.
The explosive was detonated by flashing light through the plexiglass, The
explosive pressure imparted simultaneously to the beam and the plexiglass
was monitored as a pressure pulse in the plexiglass by means of surface -
mounted, resistance strain gages., While the pressure-time histories
could be recorded by this technique, the containment of the detonation
extended the loading time to such an extent that it could no longer be con-
sidered as impulsive for the present tests, Therefore, the uncontained
detonation was used with the measurement of total impulse only. Awvailable
analyses all require an initial velocity distribution or impulsive loading.

The strain response of the beam was monitored by two strain gages
mounted on the opposite side of the beam from the explosive, One was
located at the center of the beam and the other near the root. FEach strain
gage was one leg of a bridge circuit whose output was recorded on an oscil-
loscope with a camera. The scopes were triggered from the circuit initiating
the flash tubes,



TABLE I

DIMENSIONAL AND MATERIAL CONSTANTS

Titanium 6A1-4V Aluminum 7075-T6
Length, L 5,10 in, 5,10 in,
Width, a 0.75 in, 0,75 in,
Thickness, h 0.075 in, 0.125 in.
Elastic Modulus, E 16,1 X 106 1b/in2 10,2 X 106 1b/in?
Plastic Modulus, Ep | 2.81 X105 Ib/in? 12.4 X 104 1b/in2
Yield Parameter, og | 130,000 Ib/in2 82,500 1b/in2
Rate Constant, D 3.4 X 106/sec --
Exponent, p 7.65 --
Density, p 4,12 X10-4 lb-sec?/in% 2,62 X 10-4 1lb-sec?/in%
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The transient midspan deflection was recorded with a Bently-Nevada
displacement transducer attached to the pendulum and referenced to the
back surface of the beam, The range of this transducer was not great
enough to follow the total motion, thus only the maximum transient deflection
was recorded, The permanent or residual deformation of each beam was
measured after each test while the beam was still in its fixture, High speed
motion pictures (10,000 frames/sec) were taken of several shots; however,
this maximum framing rate available was not sufficientto resolve the initial
beam motion.



SECTION III

ANALYSIS

The experimental results will be compared, where possible, with
both the approximate rigid-plastic analysis and with the more exact numer-
ical techniques of Witmer et al, (10, 14) Symonds and Mentel(13) have treated
the specific case of a rectangular beam, clamped at each end and subject to
a uniformly distributed impulse. This analysis explicitly takes into account
the effects of the axial constraints. The material is idealized as rigid-
plastic and strain-rate effects are not considered in this case. The defor-
mation is assumed to take place in two stages, The first stage consists of
two stationary hinges at the fixed boundaries and two moving hinges orig-
inating at the boundaries and propagating toward the center. When the two
moving hinges meet at the midpoint of the beam, the second stage com-
mences with fixed hinges at the center and each boundary. Deformation
then continues in this mode until the initial kinetic energy is absorbed. For
finite deflections, large inplane tensile forces are developed and the beam
behaves as a ''plastic string’. Symonds and Mentel estimate an upper and
lower bound for the final plastic deformation when this string mode dom-
inates. These bounds are given by (Eq. 60a, Ref, 13):

IL IL  _ h
e - h <wpy < e - 2 (1)
2hwpeg ™7 2o | 2

where wy, is the maximum transverse deflection of the center of the beam,
I is the impulse, and the remaining dimensions and material parameters
are those indicated in Table I,

The first term in the above inequality can be shown to be related
to pure extensional plastic strain., This is seen by equating the initial
kinetic energy inparted to the beam to the plastic energy the beam may
absorb as a uniformly stretched 'string' in the mode depicted in Figure 3.
The Initial kinetic energy is related to the impulse by

KE = ———12 (2)

Equating (2) to the strain energy (assuming rigid-plastic behavior)

S
ahL{ ode



2100
FIGURE 3

STRETCHED STRING MODE

where €., is the maximum uniform strain at maximum deflection, wm:
The transverse displacement is related to €m by

1 2 2
Wr2n=z(Lf'L)

,
=LT ({1 +e€m)* - 1]

2
= L? €m (4)

Substituting (4) in (3) and rearranging yields

~ 1L
i Zh'\}p(ro

W

This is the displacement which would occur if all the energy was absorbed

in the pure stretching mode of Figure 3. The additional term in the inequality
(1) represents an added contribution from bending. Since (L - L) is an

upper bound on the amount of extension that can occur, any bending or
curvature of the beam will reduce the midspan deflection,

In the computations made with the MIT DEPROSS program (14), the
beam was brokenupinto 30 segments along the beam semispan {symmetry
assumed) and six segments through the thickness. In our application of the
program, the incremental time step at which the finite difference equations
were solved was approximately 0.2 psec. The computation was carried
out to 200 psec with printout at 10-psec intervals. Typical computer time
for a single run was on the order of 1 minute on a CDC 3600 computer,

10



The program requires a uniform input velocity for the beam (or
some segment of the beam symmetric about the center). This velocity is
given by

where I is the specific impulse, The uniaxial stress-strain curve for the
beam material is assumed piecewise linear. For both the aluminum and
titanium, a bilinear approximation was found adequate. Maximum strains
were always less than 5 percent. The yield point (or, in genecral, each
transition point between linear segments of the stress-strain curve) can be
prescribed rate dependent according to the relation

) €\1/p
U'y = 0'0[1 + (]—3) ] (5)
The constants, 0g: D and p given in Table I were found to give a good fit
to the data presented in Reference 1. For the aluminum, o = Tgs @ con-

stant. For the titanium, the yield stress at 10-2 in/in/sec is 140, 000 1b/

in and at 103 in/in/sec it increases to 175,000 1b/in2, a 25 percent increase.
An additional loading on the beam is the drag force as the beam

moves through the air, This drag force is given by

1 2
D= > Cpp,5V

where Cp is a dimensionless drag coefficient, Pa is the air density, S is
the surface area of the beam (= al), and V is the transverse velocity of the
beam {= w). The drag force would act to reduce the amplitude of the
deflections. However, simple calculations can show that the overall effect
is negligible in the present situation,

11



SECTION IV

RESULTS AND DISCUSSION

The transient peak midspan deflection and permanent midspan deflec-
tion for the aluminum and the titanium beams are presented in Figures 4 and
5, The solid curve in each case is based upon the numerical cornputations(14)
using the parameters listed in Table I. Also shown are the bounds as given
by (1) for the rigid-plastic approximation. The permanent deflection values
are experimental only, since the numerical computations were not carried
out for sufficient time to establish permanent deflections, Because of the
large amount of elastic energy stored, the beams oscillated for a long period
before coming to rest.

For both the aluminum and the titanium beams, the measured peak
deflections are consistently somewhat lower for a prescribed impulse than
predicted by computation., This difference is of the order of 10 percent, which
is certainly not bad for this type of problem. The measured permanent deflec-
tions are much less than the transient deflections, indicating a great deal of
elastic recovery. For this reason, it is not surprising that the rigid-plastic
approximate analysis does not yield good agreement with permanent displace-
ments, It is somewhat surprising, however, that with increasing impulse
the bounds from rigid-plastic theory and the experimental permanent deflec-
tions diverge. With increasing impulse a greater proportion of the input
kinetic energy is absorbed in plastic deformation as versus elastic deforma-
tion, leading to the usual assumption that the elastic energy may be neglected,
The same divergent trend is noted in the uncorrected data of Humphreys(ll).
(The present experiments encompass the same range in impulse parameter
as Humphreys' experiments,) Humphreys observed from transient photo-
graphs only about 5 percent elastic recovery based upon peak displacement.
This is certainly much less than in the present experiments and results, in
part, from the higher yield stress of the present materials {although the
7075-T6 aluminum should be comparable with the hardened steel used by
Humphrevys).

Calculated energy distribution in the titanium beams as a function of
the impulse or initial kinetic energy imparted is given in Figure 6, The
energy distribution given for each impulse level is that existing at the time
the midpoint of the beam attains its peak displacement. At this time the
kinetic energy goes through a minimum but does not vanish because the
velocity of all points of the beam do not go through zero simultaneously,

For the low impulse or elastic case, there are obviously several normal
modes of oscillation excited simultaneocusly., The large percentage of elastic
energy stored results from both the inplane boundary constraints on the beam
and the high yield strengths of the structual alloys considered. Most previous
comparisons with rigid-plastic theory have been made for beams without axial
constraint when bending is dominant over inplane extension,

12
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In Figure 7, the maximum transient strain measured at the midpoint
of the titanium beams is plotted and compared with the computer results.
The agreement here is very good, The strain measurements are felt to
have a higher degree of confidence than the displacement measurements,
Strain measurements are lacking at the highest impulse levels because the
limits of the strain gages were exceeded, The computations resulted in a
linear correlation between maximum strain and impulse, at least for this one
point on the beam,

Typical transient strain histories for an aluminum and a titanium beam
are given in Figures 8 and 9. These records and calculations are again for
the center of the beam on the side opposite to the explosive, The main features
of the experimental records are reproduced by the DEPROSS program. The
detailed "wiggles'' in the response are influenced strongly by the input param-
eters, so that exact agreement is not to be expected. Large, dominantly
elastic vibrations precede the main inelastic response. The duration of the
loading is less than 10 psec so that the loading is accomplished before signi-
ficant elastic response occurs at the center of the beam, a requirement of
the impulse assumption.

For the aluminum beam, the solid curve is calculated with a constant
yield stress appropriate for a rate-insensitive material., For the titanium beam,
the solid curve includes rate sensitivity in the calculation according to (5).

Two additional calculations were made for the titanium beam to compare the
effect of using an equivalent ""static' and "dynamic' constant yield stress.
These results are given by the curves labeled 05 = 140 ksi and 175 ksi in
Figure 9. The 175 ksi corresponds to the yield stress associated with a uni-
form strain rate of 1000/in/in/sec. This is roughly the maximum strain rate
occurring during the major plastic loading portion of the response (between

80 and 120 psec in Figure 9), For this example, the calculated response
based upon the single '""dynamic'" stress-strain curve and the strain-rate
dependent curve differ only slightly., This would indicate that the major plastic
strain occurred at a rate close to the average dynamic rate chosen. In general,
however, the strain rate varies both in time and with position in the beam, so
that use of an average stress-strain curve or an overall strain-rate correction
may be subject to error, Use of the static stress-strain curve results in a
"softer' beam and the magnitude of the error will be obviously in proportion

to the magnitude of the strain-rate effect.

Computed transient deflection mode shapes are given in Figure 10 for
titanium beams at three different impulse levels. Measured permanent deflec-
tions are also given for one case. It is observed that a region of sharp curva-
ture in the bending mode progresses from the fixed boundary towards the
center of the beam. This region has generally been interpreted as the loca-
tion of the "plastic hinge, (5,11) However, the lowest impulse case in
Figure 10 corresponds to a fully elastic response, and the same progressing
wave s observed. Further, the rate of progression of the wave, as determined

16
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by plotting the local maximum in w versus time, does not change noticeably
with increasing impulse amplitude, ire., with change from elastic to elastic-
plastic response., For the 0,120 Ib-sec/in? impulse, plastic yielding is
initiated in this region after about 30 psec. Thus, it would appear that the
traveling wave or "hinge" is dominantly an elastic phenomena and not a con-
sequence of rigid-plastic behavior, The predicted mode shapes in Figure 10
are in agreement with the high speedphotographs of Hu.rnphreys(l 1} for a fully
clamped beam and also those of Florence and Firth(®) for a beam fixed from
rotation but axially unrestrained.

Yielding is initiated at regions of sharp curvature in the elastic mode.
First yielding occurs at the fixed support. Subsequently, one or more plastic
regions are initiated at local regions of sharp curvature in the bending mode.
The growth of the plastic zones is illustrated in Figure 11 for the case of an
intermediate impulse of a titanium beam, The corresponding deflection mode
shapes are given in the center plot of Figure 10. The shaded regions in
Figure 11 correspond to points on the beam where the surface strain (obtained
from the computations) is greater than the yield strain, The plastic zones
occur on the side of the beam which is in tension in bending. The zones which
form toward the center of the beam occur on the face opposite to the loading,
except for the central region occurring at 80 psec which results from the
reverse curvature indicated on the mode shape, Figure 10. The plastic zones
do not progress in a uniform manner and are influenced by the elastic vibrations,

For the present problem, the elastic effects obviously cannot be neglectec
This results from the relatively high yield strength of the structural alloys used
and the axial constraint imposed which results in a large mean tensile strain
and thereby maximum storage of elastic energy. Therefore, the rigid-plastic
material assumption is inadequate for this case. The general role of elastic
effects should be considered, especially for structural materials which have
a high yield stress. In all cases, the initial deformation is elastic and the
elastic modes influence the development of the plastic zones, This effect was
noted by Florence and Firth{5) who obtained experimental mode shapes similar
to those of Figure 10. Nevertheless, they obtained correlation between the
measured "elastic-plastic hinge' position and rigid-plastic theory. For canti-
lever beams impulsively loaded at the tip, Bodner has indicated, both from
photographic(lé) and strain gage(s) records, the absence of a distinct traveling
plastic hinge, Actually, the elastic, strain-rate, and strain-hardening effects
all tend to eliminate the distinct plastic hinge in dynamic problems.

The importance of including strain-rate dependence of the stress-strain
relation in the dynamic analysis depends on several factors, The first is, of
course, the relative strain-rate dependence of the strength properties. Most
studies of strain-rate corrections to the approximate rigid-plastic theories
have been checked against experiments with mild steel beams, Mild steel
exhibits an unusually high rate sensitivity, especially in the region of the yield
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point,* Other structural alloys are generally less rate sensitive. In these
cases, it may be uncertain as to whether the correction due to strain-rate
effects is indeed significantly greater than other effects which have been
neglected. Thus, the decision upon inclusion of rate effect is dependent on
the overall accuracy of the analysis being performed. For the computer
oriented numerical techniques, quite complex material description may be
programmed in without appreciable additional difficulty. It appears that,

at least in some cases, an overall strain-rate correction factor or an average
dynamic stress-strain curve may be employed with an otherwise rate-
independent analysis, Bodner{8) has applied an overall strain-rate correction
factor successfully with the mode approximation solution for cantilever beams.
Perrone(l7) has suggested approximate solutions for rate-sensitive structures
using a constant flow stress associated with the initial or maximum strain
rate. The present calculations (Figure 9) indicate that an appropriately
chosen constant, dynamic stress-strain relation yields results in close
agreement with the complete strain-rate dependent solution.

Another effect of strain rate that has not been considered here is its
effect upon ductility, While high strain rates may allow the use of increased
yield strengths, ductility may be adversely affected, particularly for high
strength metals with initially low ductility, Structures made of such metals
may be more susceptible to fracture under dynamic loads. On the other hand,
initially ductile metals may exhibit increased ductility at higher strain rates.
Dynamic failure, as well as vield, criteria are needed,

*#In most experiments, the maximum strains are restricted to 3 to 5 percent,
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SECTION V

CONCLUSIONS

The transient elastic-viscoplastic response of impulsively loaded
beams can be predicted accurately with available computer programs based
upon numerical solution of the governing differential equations, For the
clamped and axially restrained beam, the approximate rigid-plastic anaylsis
was found inadequate because of the strong influence of elastic effects.
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