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A simple central difference time integration scheme 
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the transient dynamic response of linear elastic thin 
shells. The numerical stability of the explicit time 
integration scheme is examined and two inequalities 
are provided, the strongest of which defines a criti
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less than the critical time step are meaningful. 
Above the critical time step, the calculations di
verge. The method is called conditionally stable. 
One inequality is based on membrane behavior and the 
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brane and bending moduli. The diagonal mass matrix 
is generated from a consistent mass matrix in a ra
tional manner. Three calculations are included to 
show the results of this work. 
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The Transient Dynamic Analysis 
of 

Thin Shells by the Finite Element Method 

1. INTRODUCTION 

In many respects, the transient dynamic linear analysis 

of thin shells is well in hand,. There is a need, however, 

for continued improvement in computational speed while main

taining the accuracy of the results, particularly with two 

dimensional meshes being introduced and larger and larger 

problems being considered. Two methods are available to 
I 

obtain improved computational times. A diagonal mass matrix 

can be used in place of the consistent or non-diagonal matrix 

prescribed by the finite element method, [1,2], and explicit 
I 

time integration schemes in place of the implicit schemes can 

be used. 

In the finite element literature, there is no clear cut 

preference for any one form of mass matrix nor any one method 

of integration. Although, the unconditionally stable implicit 

time integration schemes have won many adherents . 
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Wilson and Clough[3] adopted an implicit linear accel

eration scheme, one of the Newmark~ methods. It is a con

ditionally stable scheme. Clough and Felippa[4] in examin

ing plate vibration problems conclude that lumped mass matri

ces are as accurate or more accurate than the non-diagonal 

mass matrices prescribed by the finite element method. In 

their lumped mass calculations, only the translational iner

tias are retained with the rotations eliminated by static con

densation. Clough(5] in a survey of their work reiterates 

their use of the linear acceleration integration scheme. The 

paper contains a clear statement of their preference of the 

lumped mass matrix in place of the consistent mass matrix. 

Clough and Wilson[6] refer to a new linear acceleration 

scheme to integrate in time. It is the previous scheme cou

pled with a predictor-corrector scheme for the accelerations. 

The result is an unconditionally stable method . 

Klein and Sylvester[7] adopt the unconditionally stable 

implicit time integration scheme of Chan, Cox and Benfield[8] 

along with the non-diagonal mass matrix of the finite element 

method. 

Stricklin, et al. ,[9] selected the unconditionally stable 

implicit time integration scheme Qf Houbolt[lO], using a non

diagonal mass matrix for transient calculations. For the cal

culation of mode shapes and frequencies, they use a diagonal 

mass matrix, retaining the rotational degrees of freedom in 

the deflections normal to the shell,[11]. Their procedure 
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for generating the diagonal mass matrix is the same as the 

one adopted below but they provide no rationale for the choice 

of the scale factor introduced. 

Fu[l2] advocates tne use of the de Vogelaere[l3] me t hod 

for integrating in time. The method is again an uncondi t ion~l l y 

stable implicit scheme. 

Olson and Lindberg[l4] in examining the vibration behavior 

of curved plates use a consistent mass matrix. Part of their 

results are obtained neglecting inplane inertia. Whethe r these 

degrees of freedom are eliminated by static condensation or 

simply set to zero to give a bending only response is unclear. 

The study is impressive. 

Greene, Jones and Strome[l5] in examining the vibrational 

modes of cylindrical panels consider both consistent and lumped 

mass matrices. In both cases, various freedoms are retai ned 

with the others being eliminated by static condensation. The 

result is a preference for the diagonal mass matrix. In none 

of their lumped mass calculations were rotational degrees of 

freedom retained. 

One of the more informative pieces of work in the f i nite 
I 

element literature on numerical time integration is a paper by 

Nickel[l6], the result of an earlier entanglement with an uncon

ditionally unstable implicit scheme. 

Goudreau[l7] has an extensive treatment of the behavior 

of various mass matrices in membrane and bending behavior 

along with an examination of several methods of integration 

in time. A diagonal mass matrix and a conditionally stable 

implicit time integration scheme are preferred. It is remarked 
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that the higher frequencies are inaccurate in the discrete 

equations and should be suppressed in any event. The remark 

is based on frequency error versus wave length plots for exact 

time integration. Key and Krieg[l8] have re-examined this 

question in the light of discrete time integration and show 

that the higher modes may have quite accurate frequencies 

and should not necessarily be suppressed. 

In explicit time integration schemes, the mass matrix M 

times the vector of accelerations q occurs, Mq. In order to 

find the accelerations which are used to advance the velocities 

and the displacements, this set of equations rrrust be solved. 

If Mis a diagonal mass matrix, then the solution is trivial. 

In the finite difference literature, the majority of applica

tions treat only diagonal mass matrices. Implicit integration 

schemes involve the inverse of a weighted sum of the mass and 

stiffness matrices, (b1M + b2K)- 1 , to find the accelerations. 

The coefficients b 1 and b2 depend on the particular implicit 

scheme being used. If only the non-diagonal mass matrix pre

scribed by the finite element method is considered, no particu

lar computational advantage is evidenced by either scheme be

cause M-l in the explicit schemes and (b1M + b2K)-l in the im

plicit schemes represent the same amount of computational effort. 

Thus, the use of a diagonal mass matrix must precede any claim 

of computational efficiency for the explicit time integration 

schemes. In the work that follows, a rational approach to 

generating a diagonal mass matrix from the non-diagonal matrix 

of the finite element method is discussed. 
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The major stumbling block to explicit time integration 
I 

schemes is their conditional stability. Computationally, they 

are very fast but must use a time step below a certain critical 

value. If a value above the critical time step is used, then 

harmonic solutions are represented as exponentially growing 

solutions and the results are erroneous. Below the critical 

time step harmonic motion is represented as harmonic motion. 

The critical time step is invariably related to the shortest 

transit time between any two nodal points that exist in the 

finite element mesh. This corresponds to the highest frequency 

that the system will represent. For impulse problems and sud

denly applied temperature and pressure, these frequencies are 

needed in the solution. Even when implicit schemes are used 

for these problems, they are used with time steps related to 

this same criteria just to keep these frequencies present and 

accurately represent them. They invariably give the same 

answers as explicit schemes for these problems but at a much 

greater computational expense. It should be noted that when 

only the lower modes of response are significant, then uncon

ditionally stable implicit schemes can track them with a large 

time step while a conditionally stable explicit scheme must 

remain with what now looks to be a very small time step in 
I 

relation to the response. However, if a modal solution is 

used, the explicit schemes again become competitive. 

By examining stability, very good estimates of the critical 

time step are possible. Once this has been done, the explicit 
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schemes become very reliable and for the problems involving 

the high frequency response of the shell, they are equally as 

accurate as the implicit schemes and much faster computationally 

per time step. The work below considers a simple centered second 

order difference approximation to the accelerations and provides 

the critical time step expressions needed to make the computations. 

485 



2. STIFFNESS MATRIX 

Th~ finite element used for this analysis is a doubly 

curved arbitrary quadrilateral designed for shells where the 

reference surface is a portion of an axisymmetric surface. 

It is based on a minimum potential energy principle and a dis

crete Kirchhoff hypothesis. There are nine degrees of free-

dom at each mesh point; the circumferential, meridional and 

normal ,displacements alon6 with their first derivatives in the 

surface variables are carried at each mesh point. The element 

is pictured in Figure 1. The details of its derivation are well 

documented in References [19,20,21]. 

z 

Axisymmetric reference surface 
1--------------...,--------r 

Figure 1. Element Geometry 
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3 • MASS MATRIX 

A diagonal or "lumped" mass matrix is used. The approach taken in 

obtaining it is based on results obtained in simple one dimensional 

membrane and bending problems which exist as special cases of the 

more general shell element introduced above. 

By taking a cylindrical shell with a very large radius to thickness 

ratio and zero Poisson's ratio and striking it end on,the same results 

are obtained as if one were examining the one dimensional wave 

equation shown in Equation (2). 

c 2u - u = 0 m xx tt (2) 

Here, u is the axial or meridional displacement of the cylinder, and 

x and t denote differentiation in space and time respectively. The 

sound speed c is given by the square root of the modulus E divided 
m 

.k 
by the density p, cm= (E/p) 2 • The thickness of the shell cancels out. 

For the homogeneous problem considered with homogeneous -boundary condi

tions, Hamilton's principle can be written as shown in- Equation (3). 
' 

(3) 

In this special case, the original polynomial assumptions contained 

in the finite element become a cubic in the space variable x. Using 

the Hermite interpolation form of the cubic polynomial and using an 

element extending from x. to x., the displacement assumptions can be 
]. J 

written as 
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u = uih1(n) + ujh2 (n) + uxih3(n)(xi;xi)+ uxj h4 (n)(xi;xi) (4) 

where h1(n) = \( ri3- 3T1 + 2) 

h2 ( Tl) 3 - 2) = -\( Tl - 3Tl 

h3(n) \(ri3- 2 
Tl + 1) = Tl -

h4(T1) = \(T13+ 2 
Tl - Tl - 1) (5) 

The local coordinate Tl runs from -1 to +1. The functions h1 ,h2 ,h3 , 

and h4 are shown in Figure 2. 

Figure 2. Interpolation functions h1 ,h2 ,h3 ,h4 . 

For convenience, the length of the element is written as 

tin what follows. 
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The resulting element stiffness is given by Equation (6). 
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The resulting element mass matrix is given by Equation (7). 

m = 
-

u. 
1 

13.e 
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111,2 
210 

9.e 
70 

-13 .e2 

420 -

u x. 
1 

ll.e2 

2Io 

1,3 
'105 

13 .e2 

420 

- 1,3 
I4IT 

u. 
J 

91, 
70 

13 .e2 

""Zi70 

13.e 
35 

-111,2 

210 

u x. 
J 

-13 .e2 

420 

-1,3 
14() 

-ll.e2 

210 

1,3 
105 

-

-

(6) 

( 7) 

These are well-known results, and are easily obtained by standard 

methods in the finite element literature [22,23,24]. 
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Combining the elements into a complete statement of the problem 

gives Hamilton's principle in the form of Equation (8). 

(8) 

Here, q is a vector of nodal displacements and displacement gradients 

and q is a vector of nodal velocities and velocity gradients. Lagrange's 

equations pro~ide the equations of motion(9) 

(9) 

The same cylinder subjected to a purely radial load will behave as 

if one were examining the lateral motion of a uniform beam as shown 

in Equation (10). 

2 + 0 cb wxxxx wtt = (10) 

Here w is t he radial or normal displacement of the cylindrical shell; 
I 

x and tare again differentiations in space and time, respectively. 

The constant cb is .given by the square root of ·the modulus E t imes 

the thickness h squared, all divided by 12 times the density 

For the homogeneous problem considered with homogeneous boundary 

conditions, Hamilton's principle can be written as shown in Equation 

( 11) . 
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Note that rotatory kinetic energy is omitted; it is given 

by the Expression (12). 

For bending, the original polynomial assumptions contained 

in the finite ~lement become a cubic in the space variable x. 

(11} 

(12} 

Just as before, this is given by Equation (13) for each element. 

w ~ wihl(n) + wjhz(~) + wxih3(n)(xi;xi~ + wxjh4(n)(xi;xi) (13) 

The resulting element stiffness matrix is given by Equation (14). 

W• 
l. 

W • 
J 

' 
-12 6 12 6 

.t3 T---:Z - .e,3 1-~ 
J, .e, 

-t- 6 4 6 2 
7 I - -:-2" I .e, 

J, 

( 14) 

-12 6 12 6 
7 -~ .e, .e,3 - """"T 

.e, 

~6 2 -6 4 
7 .e, ? I 

- -
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This is a well-known result and easily obtained by standard methods 

in the f i nite element literature ~2,23,24]. Without rotatory energy 

terms, the element mass matrix is the same as in the membrane case 

given by Equation (7). 

Combining the elements into a complete statement of the problem gives 

Hamilton's principle in the form of Equation (15) 

(15) 

The resulting equations of motion are given by the Expression (16). 

The mass matrices indicated in Equations (9) and (16) are the ones 

prescribed by the finite element method. They are symmetric and 

banded and have the same non-zero populations as the stiffness 

matrices Km and¾· Explicit time integration schemes developed 

in the finite difference literature depend on their ease of appli

cation on diag?nal or lumped mass matrices, so that M-l is trivial. 

In order to take advantage of these schemes, it is desirab l e to re

p~ace M with an equivalent diagonal mass matrix Md. There is of 

course a considerable amount of literature in the fin i te difference 

method on how to create diagonal mass matrices directly and a small 

amount of work in the finite element literature as well, some of 

which was covered above. 
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Consider first only the nodal displacements and their respective 

mass terms as shown in Equation (17). 

---
m= 13 .t . 9 .t . 

35 70 

' . . . . 

9 .t . 13.t . 
iIT 35 

. . . . 

- -

If the off-diagonal terms are added to the diagonal terms, then 

the result is shown in Equation (18). 

(17) 

(18) 

This is not unexpected if rigid body tranplational kinetic energy 

is going to be correct for either form of mass matrix. Following 

this lead, the gradient terms are added to obtain the diagonal inertias 

shown iri Equation (19). 
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~2 + II1z4 = (16s - i¾o).e.3 

( 19) 

( 
1 1 · 3 .e. 3 

II1z4 + ID44 = 105 - 140).t = 42Q 

As it will tum out, the important aspect of this exercise is that 

these terms should scale as .t3 rather than .t. A diagonal mass matrix 

is con s tructed as shown in Equation (20) 

--
.t 
2 

a.1,3 
420 

I 

.t (20) 
'2" 

a J,3 
420 

~ -

Here, the gradient masses have been multiplied by a parameter a. 

The bending problem has rigid body rotations as well as t he rigid 

body translations. However, if« is used to give the cor rect ro

tational kinetic energy for a single element rotating about its 

center of gravity, then a negative a will result giving negative 

gradient inertias. The membrane problem has no other rigid body 

motions but translation. 

It remains to select a. The maximum frequencies of the membrane 
I 

and bending problems serve as a guide for this selection. 
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A study of the maximum eigenvalue as a function of mesh length and 

gradient inertia parameter is contained in Tables I and II for the 

membrane and bending problems, respectively. A one-hundred element, 

uniform grid is used with free-free boundary conditions to approximate 

the maximum e igenvalue in an infinite mesh. The maximum eigenvalue is 

obtained by the power method. The noridiagonal mass matrix is used as 

a standard in each case. 

A gradient inertia parameter a equal to 0.75 in the diagonal mass 

matrix is seen to provide essentially the same maximum eigenvalues 

as the nondiagonal mass matrix for the membrane problem. * 

A gradient in e rtia parame ter a equal to 0.45 is seen to provide 

essentially the same max imum eigenvalues as the nondiagonal mass 

matrix .* It seems reasonable to expect that further work with 

these ideas will lead to better criteria for choosing specific 

values of the gradient inertia parameter~. Certainly more impor

tant is how the entire frequency spectrum is affected by a, rather 

than just the maximum frequency. 

To obtain a mass matrix suitable for the orig inal shell element, 

these ide a s a re carried over just as the y stand. The equiva l ent 

entries in the consistent mass matrix are computed and added to 

form the diagonal terms of a diagonal mass matrix. The same grad

ient inertia scaling is used; one value for membrane and another 

value for bending. No rotatory inertia is included. The selection 

of the scaling values comes from the fre quency considerations just 

covered. 

"* Tables I and II have been corrected f rom th e original. They do not now suppo rt 
thes e choices of the gradient iner tia scaling par ameters . However, all of the 
conclus ions of the paper r emai n the same . Only the details of th e calculat ions 
will change with new values of these paramet er s . 
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M-1¾ 

Mal¾ 

TABLE I 
Membrane Eigenvalues 

-1 -1 Maximum Eigenvalues of M Km and Md Km as a Function 

of Element Length and Gradient Inertia Scaling 

El ernent L h t engt , 
0.25 0 . 50 0.75 1.00 1.25 1.50 2.00 3.00 4.00 

M-lK 
m 

a = 0.50 

M-lK I 
0.75 d m a = 

a = 1.00 

504 168 56 42 !, 

2177 547 242 137 

1461 365 161 91 

1094 273 123 69 

TABLE II 
Bending Eigenvalues 

27 l8 10 

87 61 34 15 

58 40 23 10 

44 30 17 8 

-1 -1 Maximum Eigenvalues of M ¾ and Md¾ as a Function 

of Element Length and Gradient Inertia Scaling 

El ement L h t engt , 

0.25 0.50 0.75 1.00 1.25 1.50 2.00 3 . 00 

64iclo6 I 

w.0,200 7,950 2510 1030 497 157 31 

.25 6 160,000 31,900 10,090 5130 1990 631 124 a = 2~78x10 

a = .45 1.44x106 89,760 17,700 5610 2300 1110 351 69 

a = 1.0 0.65xl0 6 40,400 7,990 2530 1030 499 158 31 
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3 . 7 2 . 6 

2 . 8 1.9 

5.00 6.00 

4.0 1.9 

16.1 7.8 

9.0 4.3 

4.0 1.9 



The same procedure is used in Reference [11] to form a diagonal 

mass matrix from the non-diagonal mass matrix prescribed by the 

finite element method. However, rotatory inertia is retained in 

Reference [11] in contrast to the approach taken here. The details 

on the choice of the scaling parameters are omitted. 
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4. TIME INTEGRATION 

Due to its computational speed and entirely satisfactory performance 

when operating with a time step below the critical one, a central 

difference time integration is used. Without reference to either 

the membrane or bending behavior, the equations of motion are separated 

into the two first order equations shown in Equation (2 1). 

(21) 
. 
q - p = 0 

Here, pis a velocity vector . Using a time step of 6t and a subscript 

of n to denote a point in time, these equations are differenced to 

obtain t he Equations (22) 

(22) 

Thus, given the velocities pat n-~ and the displacement q at n, the 

new velocities at n + ~ and the new displacements at n+ 1 are computed 

with one pass. In theory, this is entirely equivalent to us in g a 

second central difference expression for the accelerations q in 

either Equations (9) or (16) and using the old displacements at n and 

n-1 to get the new displacements at n+l. In practice, however, (22) 

is more accurate due to the finite word lengths of computers, [25]. 
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It is also much more informative to know a velocity and a displace-
1 

ment at a given point in time rather than two successive displace

ments, albeit only a short calculation to get the velocities. 

This integration scheme is only conditionally stable. To examine 

stability, it is more convenient to use the all-displacement version 

as shown in Equation (23). 

A solution in the form of Equation (24) is sought. 

Sn6t q = ve n 

(23) 

(24) 

Here Sis undetermined and vis an arbitrary displacement shape. 

Substituting Equation (24) into Equation (23) provides the results 

in Equation (25). 

(25) 

This is an eigenvalue problem and for each eigenvalue there is a 

separate S, Denoting any given eigenvalue of M-lK by A, the appro

priate polynomial for Sis given in Equation (26). 

(26) 

Since the motion in Equation (21) is bounded for all time, l~S 6tl 

t b 1 h 1 Th . 1 d h · h A 
2 2 mus e ess tan . is ea s tote requirement tat ut c A 

must be less than or equal to 4. 
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-1 Since the maximum eigenvalue of M K provides the strictest con-

dition, 1the limits on tit become those in Equation (2 7). 

(2 7) 

Previous work in this area[26] shows that for the membrane problem, 

A is proportional to l/t2 , the mesh length in a uniform mesh, and 

for the bending problem A is proportional to l/t4 . Thus, empirical 

constants related to the differencing scheme or displacement assump

tions and independent of element length and the constant c will give 

the expressions in Equation (28). 

(28) 

The first inequality is for the membrane problem, the second is 

the bending problem. If a combined membrane and bending response 

calculation is being made, then the strictest constraint wi l l limit 

tit. Table I shows that A does vary as l/t2 and a value of a
1 max 

equal to 0.209 results for the membrane problem. In Table II, 

Amax varies as l/t4 and a value of a2 equal to 0.0267 results for 

the bending problem. 
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The choices in the gradient inertia parameters based on a match

ing of the maximum eigenvalues give the nondiagonal and diagonal 

mass matrix the same stability constraints on time step size for 

this integration method. To apply these results to the general 

shell element, several adaptations must be made. For layered 

shells, an area density rather than space density is more appro

priate. Equation (29) defines the area density r. 

h+ 

r(8,s) =j p(8,s,C)d( 

h 

(29) 

The larger of the meridional or circumferential membrane moduli in 

the shell theory is used in place of the modulus E. Equation (30) 

defines this elastic constant. 

C(8 ,s) = max (lli_h.,,...+l_E_a_a __ dC , 
- vs8\18s [~ 

h 

E ss 
\)se \)es d~ 

(30) 

The larger of the meridional or circumferential bending moduli in 

Eh2 
the shell theory is used in place of 7:2. Equation (31) defines 

this elastic constant 

D(8,s) (31) 
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Since meshing in general is irregular,, in each element the minimum 

of the side lengths and diagonals is used in place oft. Equation 

(32) defines this minimum distance o. 

o = min ( i j , j k , k .e , .e i , i k , j .t ) (32) 

Thus, in each element a critical time step is computed, one based 

on membrane response and the other on bending response. The minimum 

obtained for the entire mesh must govern the integration. Equation 

(32) restates the time step 'constraints for the general shell element. 

~ 6 J ) tit ~ min 0. 209 ~ ,, , 0. 02 6 7 1 
C/r ~ D/r · 

(32) 

To account for boundary conditions, nonuniform meshing, nonhomogen

eous materials, membrane and bending coupling and to improve accu

racy, a value of 6t equal to 0.8 of critical is customarily used. 

For example, critical time step estimates have been worked out for 

the axial bending in cylindrical shells by Sobel[27], a case where 

the circumferential curvature makes the axial bending stiffer. It 

is reflected by a slight decrease in the critical time step for bend

ing. 

At a mesh length to thickness ratio of 2.25, both criteria give the 

same critical time step. The critical time step for sma l ler l ength 

to thickness ratios is controlled by the bending and for larger 

ratios by the membrane behavior. 
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5. NUMERICAL EXAMPLES 

Three examples of the results of this work are enclosed. The first 

example is a very simple problem for which an exact solution is 

known. It is very difficult numerically since the solution is a 

propagating discontinuity. The second example is a bending prob

lem where the stresses generated at a clamped boundary are examined. 

The last example is a c-one problem without an exact solution but 

for wlu:u~l;i: nume-:rous other· computations are available with which to 

make a comparison. 

By putting a unit step in pressure on the end of a cylindrical 

shell of very large radius to thickness- ration and zero Poisson's 

ratio a unit step in stress should propagate down the cylinder just 

a.s in a half space. Figure 3 shows the numerical results of this 

calculation a long with the exact solution, the propagating discon

tinuity in stress. 

Figures (3a) and (3b) show the temporal behavior of the stress pulse 

as it pa1;,ses a fixed p.oint ~lo_ng the cylinder. Figures (3c) and 

(39) show the shape of the pulse at a fixed point in time. The 

time step useq w~s 99ntrolle~ by bending and is one qalf ot the 

~rit~c~l .me,mbrane time step of tpe lumped mass system. The lumped 

masi;; _results are much to be pxefe):'red over those from the consistent 

masJ> c?lcul.atious. The oversl::toot,s in stress are less for the lumped 

mass results, Even in this ideal circumstance, the consistent mass 

.calcula·tions required twice the time to 9ompute than the lumped mass 

results required. The early arrival time of a significant amount 
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Figure 3 

The membrane response of a cylindrical shell struck on the end by a Heavi-
side pressure pulse. Modulus E=l, Poisson's ratio \/=0' density p=l, thick-
ness h=l, radius r=lQlO, length .t=lOO, mesh spacing lls= l,time step /lt=l/11. 



of information in the consistent mass calculations cannot be tol

erated in more complicated problems. One of the most valuable checks 

of the correctness of an involved calculation is the arrival times 

of stress pulses at far boundaries and interfaces. It is frequently 

necessary to establish delay times between the point of impact and 

some other location on the structure and calculation where stresses 

arrive early cannot be reliably used. 

The smearing of the discontinuity and oscillations are typical of 

virtually all of the common numerical integration schemes. The 

overshoot and oscillations in the numerical solutions just behind 

the discontinuity can be reduced, but only at the expense of further 

smearing of the front with artificial viscosity or implicit damping 

accompanying some integration schemes(9J ,Shock matching or method 

of characteristics computer programs are able to improve on this 

solution. Both these techniques are used in one dimensional wave 

propagation calculations, but are inappropriate for the general 

shell problem of interest here. 

A clamped cylindrical shell with a suddenly applied pressure re

sponds early in time predominately in bending. Figure 4 shows the 

bending stresses at the clamped support and at two places removed 

from the support. A comparison is made with a bending solution de

veloped by Forrestal, Sliter and Sagartz[27]. As can be seen, the 

agreement is quite good. 

The last example is a problem from a series of check problems 

being assembled by the Lockheed Palo Alto Research Laboratories. 
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It is a clamped-clamped conical frustum loaded with a half co-

sine initial radial velocity distribution. Figure 5 is a detailed 

statement of the problem. Figure 6 shows the mesh used and the 

point under the load for which the normal displacement is plotted. 

Figure 7 shows the normal deflection under the peak load as a function 

of time. The results from the present work and the other three com

putations are virtually identical. In view of the differences in 

these programs, both in space and time integrations, these results 

must be considered as correct and as a verification of all four 

efforts. 

SLADE and the STAR program, a finite difference program at Lockheed, 

both use explicit time integration schemes, while DYNAS0R and 

SAB0R3/DRASTICII both use implicit time integration schemes. The 

critical time step for this problem is controlled by meridional 

bending at the small end of the cone. Expression (32) gives a 

critical time step of 1.03 µsec and a time step of 1 µsec was used 

in this analysis. A calculation made with a 1.06 µsec time step 

diverged. 

While there does not presently exist enough information for timing 

comparisons with other schemes, it is clear that explicit methods 

are much faster per step than implicit methods. They are, however, 

constrained to function with very small time steps. It is interest

ing to note that whenever an explicit time integration method is 

used on a problem where high frequencies dominate, they are invariably 
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used with time steps that are equal to or less than the critical 

time step of the explicit central difference time integrator. In 

this case, accuracies are the same. For the present results on a 

CDC6600 computer, 1890 equations of motion are integrated per cen

tral processor second. With nine equations at each mesh point, 

that is equivalent to 210 mesh points per central processor second 

or 756,000 mesh points per central processor hour. The integration 

subroutine is largely the product of the stiffness matrix times the 

displacement vector. This subroutine has also been coded in the CDC 

machine language. When the calculations are carried out with this 

version of the subroutine, 5700 equations of motion are integrated 

per central processor second, or 630 mesh points per central pro

cessor second. 
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6. CONCLUSIONS 

The present work has demonstrated a very viable transient dynamic 

response approach. It is based on the simplest of mass matrices 

and time integration schemes. The frequently heard complaint of 

instability is easily resolved by a study of stability and in prac

tice the time step constraint is contained internally in the com

puter program and used to check the users requested time step and 

reduce it as necessary. It is a one-time operation that remains 

valid throughout the integration. The diagonal mass matrix is 

indistinguishable from its nondiagonal parent in the results and 

is much easier to handle from a computational and storage stand

point. 

While this work was undertaken to provide a mass matrix for the 

shell element in SLADE, the approach is applicable to a wide class 

of shell elements. The bending behavior of virtually all shell 

elements when taken as flat and in one dimension is that of a beam 

element with cubic displacement assumptions and the· membrane be

havior will be that of a bar element with linear, quadratic or 

cubic displacement assumptions. Whenever this is the case, the 

present results apply. 
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