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ABSTRACT

The equation of energy balance for the high pressure electrode-
less arc in air is numerically integrated and agreement with
the Thomson Eddy Current theory is found. Scaling laws are
derived for purposes of engineering analysis and design.
Conceptual designs for high pressure electrodeless and DC

arc heaters are compared at the fifty megawatt level in a
flowing plasma system. The electrodeless technique is found

to be somewhat more efficient than the DC technique in this

comparison.
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SECTION I

INTRODUCTION

A. PROGRAM OBJECTIVE AND SUMMARY OF RESULTS

The objective of this program is to determine the feasibility of
utilizing RF (electrodeless) discharges to generate the reservoir
conditions necessary for hyperenvirommental gas-dynamic test facilities,
and to determine if the predicted performance of the electrodeless dis-

charge significantly axceeds that of DC arc heaters.

In this study the equation of energy balance in an electrodeless arc
was derived from the basic hydromagnetic conservation laws. Local
thermodynamic equilibrium was shown to hold for the electrodeless arc
in high pressure air. The effects on the discharge of the axial
electric field of the induction solenoid were analyzed and shown to be
of negligible importance in determining the overall energy balance
within the discharge, and the Coulomb gauge was chosen only after a

rigorous analysis.



Flow effects were treated in an argument based on the thermodynamics of
irreversible processes in ionized gases. It was shown that the main

effect of flow through a quasi-steady-state electrodeless arc was an
enhanced power requirement that was proportional to the rate of weight flow.
A possgible hydromagnetic interaction between the magnetic field of the
induction solenoid and the plasma flow field was theoretically treated,

and shown to be negligibly small for all cases of practical interest.

The energy balance equation was shown to reduce to a form of the Elenbaas-
Heller equation which included radiation transport. This equation was
numerically integrated for the electrodeless arc in air for seventy-three
cases within the following limits in pressure P, magnetic fiéld B, and

the frequency £ of the magnetic field:

1l atm< P < 30 atm
1 gauss < B < 1000 gauss

105 cps < £ < 108 cps

The results of the analysis were found to exhibit excellent quantitative
agreement with a theory of the electrodeless discharge presented by

J. J. Thomsonl’z, and verification3 of this theory has been reported.4

The following conclusions were drawn from the theoretical study and the
numerical analysis:
(1} The radius R of a stationary electrodeless arc is not
determined by the diameter of its confinement vessel, but

rather by the rate of entropy production within the discharge.



The condition for the existence of the electrodeless arc

is thus:

V2 R/g ~ 2.5

where 5 is the electromagnetic "skin-depth™ in the discharge.
(2) Verification of Thomson's theory permits the prediction(s) of
the power requirement for the maintenance of any stationary

electrodeless arc:

PO =3 x 106 Bi R2 f per unit length,

(3) The power required to maintain an electrodeless arc in a
flowing system is proportional to the weight flow rate through

the are, and is given by

P{u) = Po + wH,
where P is given in (2) above, ¢ is the weight flow rate and H

is the enthalpy of convection from the discharge,

The creation, for engineering purposes, of an analytical model of the
electrodeless arc from the results_ of the numerical analysis was not
necessary, once the validity of the Thomson model was established. A
simple design scheme was derived from this model in which the a prieri
specification of the desired discharge pressure, plasma enthalpy, and
weight flow rate is all that is necessary to perform a conceptual design
study for an electrodeless plasma generator. The additional specification
of discharge chamber radius and induction circuit Q (i.e., the ratio of

inductive reactance to series resistance) then uniquely determines the



operating parameters and all pertinent design data for an electrodeless

plasma production system.

Such a design study was performed for an electrodeless system operating
near an optimum operating point of a high performance fifty megawatt DC
arc heater, No attempt was made to optimize conditions for the electrode-
less arc. Available data constrained the comparison to occur at pressures
that were only approximately equal (i.e., DC arc 37 atm, electrodeless
arc 30 atm), so the air flow through the electrodeless system was

ad justed to provide a comparison at conditions that were heavily weighted

in favor of the DC arc.

It was found that the electrodeless system produced a discharge efflux
enthalpy 1.3 times that of the DC device. The overall efficiency of the
electrodeless system {including nozzle loss) was shown to be 1.25 times

that of the DC device at the operating point chosen for comparison.

B. DESCRIPTION OF THE ELECTRODELESS ARC DISCHARGE

The electrodeless discharge treated herein is a true gaseous arc dis-
charge that occurs within the volume of a solenoid carrying high
frequency current. The axially directed alternating magnetic field
inside the solenoid induces an azimuthal electric field in accordance
with Faraday's law, and azimuthal currents, driven by this field,

ohmically heat the gas and maintain discharge ionization.

In the low pressure discharge limit (for example, a few torr), plasma

electrons acquire large energies from both the sclenoid electric



and magnetic fields, and escape from the discharge volume (i.e., runaway).
This is reflected in the relatively high plasma potential and the large
electron "temperature" which characterize6 the non-equilibrium induced

discharge at low pressures.

At pressures above a few millimeters the discharge tends to equilibrate,
and for pressure > 0.1 atmosphere, local thermodynamic equilibrium is
established7. The axial electric field of the induction solenoid takes
a negligible part in the discharge energy transport, and exceptionally
large azimuthal currents flow in the plasma. In this high pressure limit

one therefore speaks of the "thermal' electrodeless discharge.

The distinction should not be made that the low pressure induced discharge

is a "glow" type of electrical discharges, however. Any magnetically

induced discharge is an arc. The physics of the discharge, insofar as the
mechanisms of discharge maintenance are concerned, does not change with
pressure. The low pressure electrodeless discharge obeys the same physical
laws as does thé high pressure electrodeless discharge. The distinction

is therefore one of amount, not of kind: the high pressure electrodeless
discharge is in local thermodynamic equilibriumT, the low pressure electrode-
less discharge is notg. In this study both the high- and low-pressure
magnetically induced electrodeless discharge shall be referred to as the

"electrodeless arc".

C. AN HISTORICAL SURVEY OF THE DEVELOPMENT OF THE ELECTRODELESS ARC
DISCHARGE

The first reported10 observation of an electrodeless discharge was made

in 1884 by W. Hittorf, who produced light in an evacuated tube when he



discharged a Leyden jar through a wire wrapped around the tube. Several
years laterl, J. J. Thomson wrote a two-part research paper "On the Dis-
charge of Electricity through Exhausted Tubes without Electrodes", which
he prefaced as follows:

"The following experiments, of which a short account was read

before the Cambridge Philosophical Society last February, were

originally undertaken to investigate the phencmena attending

the discharge of Electricity through Gases when the conditions

are simplified by confining the discharge throughout the whole

of its course to the gas, instead of, as in ordinary discharge-

tubes, making it pass from metallic or glass electrodes into

the gas, and then out again from the gas into the electrodes."

In this work Thomson developed the theory of induction heating of metals;
thirty-six years later2 he applied this theory to "The Electrodeless
Discharge through Gases'", in what must now be recognized as the fundamental

work in the field of electrodeless plasma production.

At the time, however, Thomson's work inspired considerable controversy
among his colleagues. No less an authority than J. S. Townsend claimed
that the electrodeless discharge was "electric" rather than "magnetic"
in origin, and, on the heels of Thomson's publication, Townsend and
Donaldson presentedl1 their own theory of "Electrodeless Discharges"

in which they managed to obtain almost total disagreement with the

. 1
Thomson theory. MacKinnon later attempted 2 to resolve the controversy,



and was able to demonstrate that two kinds of electrodeless discharge

exist: one of electric origin, and one of electromagnetic origin.

A careful theoretical study by Kunz13 led to an attemptl4 by Tykocinski-
Tykociner to perform an ambitious experiment designed to settle the
problem for once and for all., Thomson's theory predicted that one of
the effects of an electrodeless discharge would be a net decrease in

the inductance of the solencid producing the discharge. By placing the
induction solenoid in the tuned circuit of a vacuum tube oscillator,
Kunz and Tykocinski-Tykociner hoped to show an increase in the frequency
of the oscillations because of the presence of the discharge. Likewise,
by establishing a discharge with the axial electric field of the solenoid,
the frequency of the oscillations would decrease because the effective
capacitance of the tuned circuit is increased15 by the presence of the
discharge. 1t was therefore argued that the frequency of the oscillator

producing the discharge could verify Thomson's theory.

The experimental observations yielded only a decrease in the oscillator
frequency. Since this frequency decrease was significantly less than that
predicted for the "H-" discharge, this was interpreted as proof of the
presence of both the Thomson magnetic discharge and the Townsend electric

discharge in the same apparatus, simultaneously.

The research of the next decade can be summarized by the work of Babat,
in whose reportls is found one of the best phenomenological descriptions
ever published of the general properties of electrodeless discharges. It

is significant to note that during the period encompassed by Babat's



research, Smithl6 was successful in magnetically inducing an electrodeless
discharge in Hg vapor with low frequency current supplied by a wotor genera-

tor.

Carruthers17 observed a skin effect in low density induced discharges but

did not attempt to compare his observations with induction plasma theory.
*

Chuan18 attempted to capacitively excite an electrodeless discharge in a

supersonic flow.

* 1t is important to note that the capacitive method of discharge in-
duction is characterized by large voltages and small currents and,
as shown in Appendix IV of this report, is definitely not suited to
high-power plasma production. Capacitive plasmas more closely re-
semble the glow discharge than the arc. Significant power levels in
any arc discharge necessarily require large currents because of the
large conductivity of plasmas. Chuan's work was later extended by
Carswel,19 but neither researcher reported transferring appreciable
powers to their plasmas. For high power application, such studies
represent a strong argument in favor of the magnetically induced

electrodeless arc discharge.



Thermonuclear technology continuously provided better plasma diagnostic
techniques. With the advent of Scylla20 and similar machines, the
electrodeless discharge became the object of intemse study throughcout

the world, and as a partial result of the new techniques, physical insight,
which heretofore often had been lacking, was gained. Internal magnetic
fields were measured.21 Bolometers for measuring plasma energy losses
were developed,22 and direct measurements of the electrical conductivity

of plasmas were reported.zs’zl”25

Meanwhi le, theory pertinent to the steady
state induced discharge advanced. Eckert26 investigated breakdown cri-
teria and derived conditions for the transition from free to ambipolar
diffusion in the low pressure electrodeless dischargeZT- Romig28 included
the effects of flow in the low pressure electrodeless arc diffusion prob-
lem, and Hollister extended Thomson's theory of the behavior of the

magnetic induction within the induced discharge, and reported a partial

experimental verification thereof.

Tonization phenomena in low density gas flows by induced discharges was
studied by Barger, et 3129, who observed that a flowing discharge required
more power than a stationary, but otherwise similar discharge. Later
they attempted30 to accelerate this plasma by means of a low frequency

induced field.

Atmospheric pressure induction plasmas at the 10 KW level were studied by

*
Reed31, who reported the observation of exceptionally high Cemperatures

*See Ref. 38.



in argon. The transition to high pressure discharge operation motivated
. 32 .
Mironer's development of a water-cooled metal discharge vessel to withstand

the higher gas enthalpies obtained at atmospheric pressure.

During this period a considerable amount of research was being conducted

in Europe and the Soviet Union. 1In connection with fusion studies,

Alfven and his colleagues considered the problem of gaseous confinement,
and proposed a novel method for the thermal insulation33 of a thermonuclear
plasma by an anular cylinder of plasma. Studies34 of the initial ionization
and low pressure breakdown in a pulsed electrodeless discharge were shown
by Bobyrev and Fedyanin to be influenced by a skin effect. Bamberg and
Dresvin's ambitious theoretical and experimental study35 of the ring*
discharge was erroneously interpreted as indicating the lack of a meaning-
ful relationship between the skin effect in the discharge and the shape

of the discharge but this study indicated also the need for a detailed

theoretical treatment.

Construction of an intense (300 KW) electrodeless discharge from the dis-
charge chamber wall was observed 36 by Raizer, et al. in a non-equilibrium
ring discharge at low pressures. Dolgopolov and Stephanov treated ionic
resonance effects theoretically37, and discussed the possibility of
magnetic resonance enhancement of the heating of high density plasmas.

No experiments were reported, however, and it has not been established

that such effects actually exist in the high pressure electrodeless arc

discharge.

* See J, 8. Thomson, Refs. 1-2.

10



More recently, a considerable numberaa-as of spectrographic measurements of

electrodeless arc temperature and density distributions have been reported.
Temperatures in the atmospheric induction plasma generally have appeared
to be about 10,0000 in argon and 7,0000 in air. Of these, three deserve
special attention. Goldfarb and Dresvin38 found a significant error in
Reed'531 observations of the temperature distribution in an atmospheric
discharge in argon (i.e., it was therefore no longer necessary to explain
Reed's 16,0000 central temperature peak). Donskoi, et 3142 improved the
design of a water-cooled metal discharge chamber, and Dymshits and
Koretskii39 performed a comprehensive experimental study of the electrode-
less arc in high pressure argon and reported the following highly

significant observations:

{1) The discharge diameter and temperature are determined by
neither the diameter of the discharge tube, nor the pressure,

flow rate and velocity profile of the gas stream in it.

(2) The diameter of the plasma is inversely proportional to the
root of the frequency, and satisfies the relation d/5 = 3.5,
where d is the discharge diameter and § = [2/(31_1,“)]}E is the

"gkin depth' in the discharge.

(3) The power transferred to an electrodeless discharge is pro-

portional to the gas flow rate.

A year previous, a theoretical prediction of the first and second items
above had been presented5 on the basis of the Thomson theory of the

electrodeless are.

11



Discharges in noble gases were studied over a wide pressure range.

Mitin and Iryadkin46 reported electrodeless arc production at 20
atmospheres with less than a kilowatt of applied power. The effects on
the discharge of varicus discharge chambers, including metal-walled
chambers, have been investigated48 by Donskoi, et al. Several studies

of a general nature have also been l:eportea’t.‘w_52

The efficiency of energy transfer to a low pressure electrodeless arc

was experimentally treated5'3 by Andrew, et al. who found that efficiencies
of eighty percent are obtainable even at low pressures; agreement between
experimental observations and predictions based on a short-circuited
transformer model (e.g., the Thomson theory) was reported. Finally, the
starting mechanism for the low pressure induced discharge was treated by
Chandrakar and von Engel54 who showed that the axial electric field of

the induction solenoid provides the initial ionization from which break-

down and subsequent ring discharpge formation is obtained.

Several attempts to solve the energy balance equation for the electrodeless
arc have been reported. Gruzdev, et al55 neglected flow and radiationm,

and attempted to successively approximate a balance between radial heat
conduction and ohmic heating. This same group had earlier prepared a

56,57

geometrical model of the electrodeless arc. » and experimentally

measured58 the discharge energy balance.

Eckert59 assumed a radiation-free form of the Elenbass-Heller energy
equation, and obtained an analytical solution for the thermal electrodeless

are in argon.

12



The most ambitious analysis thus far reported is that of Soshnikov and

Trekhov 7,60,61

,who numerically integrated the Elenbaas-Heller equation.
Their results do not yield a unique solution, however, and they report

*
the use of a boundary condition7 that is incorrect , hence the value of

this work is not clear at the present time.

An excellent thecoretical-experimental study of the mechanisms of energy
transfer in an electrodeless thermal plasma generator was reported by

Freeman and Chaseg, who also freely discuss their laboratory techniques.

A circuit analysis recently reported by Sprouse62 predicts values for

power transfer and scaling that are in qualitative agreement with similar
predictions from the Thomson theory. Thorpe report563 continucus operation
of an electrodeless arc in several gases including air at atmospheric

pressure, with power levels up to one megawatt.

*In the referenced work (Eq. (2), page 166) the imaginary component of

the rf magnetic field at r = 0 is given as zero. It is shown in Section 2
of this report that this parameter is not only non-zero at r = 0, but

must be negative. See also Eqn. (7), page 170 of reference 7 in which the

plasma radiation loss is evaluated.

13



SECTION II

ANALYSIS OF THE ELECTRODELESS ARC

A. TINTRODUCTION TO THE ANALYSIS

In general, the electrodeless technique of plasma generation has largely
been limited to high-frequency operation in what has become known as the
"ring' discharge. This discharge is observed when the high frequency axial
magnetic field of a solenoid carrying high frequency currents induces
azimuthal currents in an ionized gas. The resulting luminosity often
appears (along the axis) as a bright ring, hence the name.

This was the discharge studied by Thomson. The physics of Thomson's low

pressure '

'ring" discharge differs from the physics of the high pressure,
high energy electrodeless arc only to the exteant that the equilibration
processes within the discharge occur at the lesser rate in the low pressure

case (i.e., the n-collisional cross section for a given energy density

depends on the local particle number density). This is recognized to be

14



a property of the discharge plasma, not of the discharge itself, and it
follows that the collisional heating process in the high pressure electrode-
less arc is not basically different from that in the low pressure ring dis-

charge,

Thomson's model must therefore be applicable to the high pressure dis-
charge. 1In this model the induction solenoid is of infinite extent, and
the coaxial plasma is considered to be uniform and homogeneous, and a unit
of length of this system is examined to quantitatively determine the
“external" parameters (i.e., voltages, currents, power levels, etc.). The
electrical analog for this model is given by a transformer that has its
secondary winding shorted through a small resistance, as in Figure 1,

Here L1 represents the inductance of the solencid inducing the discharge,

R, accounts for circuit losses, M is determined by the geometry of the

1

discharge inside the induction solenoid, and L2 and R2 refer respectively,

to the inductance and resistance of the "gaseocus turn” discharge plasma.

The impedance this circuit preszents to its generator is given by

w2 M2 R2 wz M2 L2
= + 3 -
Z [R1+R2+ 2,2 1+ o [Ty 24 2,2 ], (1)
2 W 2 WM

If ionization is absent in the secondary (i.e., when there is no discharge)

the resistance R2 increases to infinity and no secondary current flows.

The impedance of the circuit as seen by the generator is then

ZO = R. + ij (2)

1 1

15



Figure 1. Equivalent Circuit of Electrodeless Plasma System.

16



Thus, ionization in the coupled circuit increases the overall resistance

as seen by the generator, and for comstant current the net losses increase
{i.e., power is transferred to the gas). Additionally, ionization in the
coupled circuit is seen to decrease the net inductive reactance of the
circuit, and the overall effect of the discharge is to change both the real

and the imaginary components of the circuit impedance.
B. THE THOMSON EDDY-CURRENT MODEL OF THE ELECTRODELESS ARC

Thomson's model was employed to relate the properties of the discharge
plasma to the parameters L2 and R2 appearing in Eq. (1). This analysis

is presented in full in Appendix I, where the following values for these

parameters are derived:

2.2
mRNY, M, &/2R/g)
L, = ——"—{( - L oin [0, 6/2R/5) - 0 WZR/E) - n/4]} . )
£ Mo(ﬁRfﬁ_) P
2.2
T[R N u‘o 25 Ml (‘JER/6)
R, = 2y . cos [a,6/2R/s) - a_ G2R/s) - n/4 } @)
2o U /e L ° n

In these expressions R is the discharge radius, N/g is the number of turns
per unit length of the induction solenoid, § = (zﬁjum)% is the electro-
magnetic '"skin depth” of a wave of angular frequency w in a medium of
electric conductivity g, and the MGJER/a) functions are moduli of Bessel

functions of the first kind with complex argument (1313J5h/5).

The power transferred to an electrodeless arc is given by the product of

the mean square of the solenoid current and Eq. (4). This is found to be

17



P = —ﬁ" - Bg f@/ER/5) - volume, (5)
o

where fQJ;R/5) is the function within braces in Eq. (4}, and B0 is the rms

value of the applied magnetic field.

Maximization of Eq. (5) permits a determination of the conditions required
for maximum power transfer to the discharge. These conditions obtain when
the impedance presented by the plasma circuit equals the generator impedance.
1t was found that, to provide an impedance match, the physical size and
electrical conductivity of the discharge must be related to the frequency
of the applied magnetic field by

-SC:R—- = R/ omw = 2.5 (6)
The existence criteria for the electrodeless arc were determined by examining
the rate of entropy production in the discharge. This development is pre-
sented in Appendix II. 1In the case of the Thomson model it was found that
the existence of the discharge is determined by Eq. (6) and that this condi-

tion is independent of flow through the discharge.

Thus, Eqns. (5) and (6} represent analytical scaling laws for the electrode-

less arc discharge.

The importance of Eqn. (6) cannot be overemphasized: The electrodeless arc
either adjusts its physical size and electrical conductivity in accordance
with Eqn. (6) in order to absorb a maximum amount of power from the generator

at the applied frequency, or the discharge ceases to exist. In the

18



Thomson model, this statement holds for all electrodeless arc discharges,
and is seen to be independent of the gas in which the discharge is formed,
the discharge pressure, the rate of flow through the discharge, and the

physical size of the discharge vessel.

C. A DETATLED STUDY OF THE ENERGY BALANCE IN AN ELECTRODELESS ARC

The general equation of energy balance was rigorously derived from the
basic continuum hydromagnetic equations. It was shown that this equation
could be reduced to the Elenbaas-Heller energy equation by neglecting the
effects of flow and viscosity in the analysis. A careful study of the
consequences of this simplification showed that viscosity plays a minor
role in determining the energy balance in an electrodeless arc discharge,
and is indeed negligible; convective losses (i.e., flow effects), on the
other hand, are not to be ignored.

1. DERIVATION OF EQUATION FOR NUMERICAL INTEGRATION

Existence criteria were established for the general electrodeless arc.
Application of the thermodynamics of irreversible processes to this dis-
charge yielded an existence condition for the actual discharge that was
similar to that found for the Thomson model. It is shown in Appendix 11
that the discharge entropy production rate for an actual electrodeless arc
is proportional to the flow rate, and the net power requirement for an

actual electrodeless arc at constant pressure is given by:

P= Po + wH (7N
where P0 is the zero flow power requirement, w is the weight flow rate
through the electrodeless arc, and H is the enthalpy of convection from the

electrodeless arc.
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It was then established that, for all cases of interest in this study,

both the magnetic Reynolds number and the hydromagnetic interaction
parameter were significantly less than unity. Since the magnetic Reynolds
number compares the rate of macroscopic motion of the discharge plasma with the
rate of diffusion of the applied magnetic field through the plasma, while
the hydromagnetic interaction parameter is determined by the ratio of the
magnetic and dynamic pressures, both these characteristic dimensionless
numbers having values less than unity indicates the absence of an appreci-
able hydromagnetic interaction in the flowing electrodeless arc. A
theoretical treatment of the hydromagnetic interaction between the plasma
flow field and the electromagnetic field in a model composed of a cylindri-
cal plasma coaxial with an elementary loop of alternating current was con-
ducted. The Green's function for this interaction is derived, presented
and evaluated in Appendix III. From this study it was concluded that the
induction field in an electrodeless arc is not appreciably disturbed by

the flow.

The results of the theoretical treatment of the electrodeless arc entropy
production, when taken with the results of the companion treatment of the
electromagnetic-flow field interaction, show that the physical processes
occurring within an electrodeless arc discharge are not determined by the gas
flow through the discharge. Thus, in the convective reference frame a zero
flow treatment of the discharge energy balance is valid, and this treatment
will differ from that in the stationary reference frame by an amount deter-

mined by convective loss from the stationary discharge volume. 1In all
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other respects the stationary electrodeless arc is identical to the flowing
electrodeless arc in its energy balance mechanisms. The integration of the
energy balance equation in the stationary reference frame thus differs from
the integration of the energy balance equation in the fluid reference frame
by a constant amount. That constant has been shown to equal the enthalpy

of convection from the stationary discharge volume for the inviscid elec-

trodeless arc discharge.

The energy balance equation was therefore evaluated in the fluid frame

where it had the following form:

4 1

1ld_ : dT . _ ~ 1 2 2 2. _

T aF (KD 5 -4k M T T+ S’ (A, +A7] = 0, (82)
for an optically thin plasma, and

1 4d ~ dT. 1 2 2 2, _

c dr {rK(T) dr) + W U(T)[Ar + Ai] 0. (8b)

for an optically thick plasma.

The complete derivation of these equations and all supporting analysis

appears in Appendix 1V of this report.

2. NUMERICAL INTEGRATION OF ENERGY BALANCE EQUATION

In Eqs. (8), KC(T), KP(T) and 5 (T) are respectively the coefficients of
thermal conductivity including ambipolar diffusion, radiation absorption
(Planck), and electrical conductivity, each coefficient being a known
function of temperature and pressure for a given gas. The functions A
refer to the real and imaginary components of the magnetic vector potential,

and K(T) is a modified coefficient of heat conductivity that is valid in
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the optically thick (i.e., diffusion) regime of radiation transport:

K =k () + 1= 5 mr, (8c)

where KR is the Rosseland mean free absorption path length, also a function
of temperature and pressure for a given gas, and g is the Stephen-Boltzmann

constant.

The coefficients of thermal and electrical conductivity, the Rosseland

mean free path, and other important data for this study were collected and
tabulated as functions of temperature for air at one, three, ten and thirty
atmospheres pressure. This tabulation appears in the print-out of the
numerical analysis study under the heading, "Electrodeless Arc Vital

Statistics".

Eq. (8a) was reduced to first order for numerical integration by taking a
differential form of the heat econduction potential § = rKc(T) g%“ , and

vV x A to obtain:

-
noting that B

dA A
—~L =B - (9a)
dr r °?

i Ai
dr Bl T (%)
dBr
ar T oMo, Ay (%)
dBi
T w® g A 0
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dT

dr, (9e)

S = rKC(T)

j="

S ~ 4 1 2 2 2
and i 4 o Kp(T) T - 7w g(T)(Ar + Ai)]. (9f)

=

These equations were programmed for integration by the Runge—Kutta*method
and a computational sub-routine was provided to incorporate Eq. (8b) for
cases where self-absorption of radiation by the discharge plasma takes

place. Thus, for optically thick plasmas, Eqs. (9a-9d) remain unchanged,

but Egqs. (9e) and (9f) become

16 dT

s = [k (1) + 4 5 73 Ag(D] —1s (9e")
& - -2 nfomal +aD. (9£")

Specific details of this program are given in Appendix V.

Solutions of Eqs. (9) were found for seventy-three individual cases within

the bounds set by the following input limits:

1 atm ¢ pressure < 30 atm
105 cps € frequency < 108 cps
1 gauss ¢ magnetic field « 1000 gauss
For specified values of discharge pressure, applied field intensity and

frequency, radial distributions were found for the following discharge

* Please see Appendix V.
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parameters and their gradients:

Temperature: T(r); Q%fEl

dB_(r)
Real component of magnetic field: Br(r); ar
dB. (r)
Imaginary component of magnetic field: Bi(r); T a—
da_(r)
Real component of magnetic vector potential: Ar(r); e
da; (r)

Imaginary component of magnetic vector potential: Ai(r); ar

Heat conduction function: S(r); QﬁfEL

Additionally, radial distributions were computed for the following para-
meters:

Peak magnitude of magnetic field B{r)

Peak value of electric field E(r)

Peak value of electric current demsity j(r)

Rosseland mean free path 1R(r)

Coefficient of heat conductivity Kc(r)

Coefficient of electrical conductivity g (r)

Separate integrations were performed to obtain the following total values:
Total current/unit length induced in discharge
Total (ohmic) power consumed by discharge
Total power radiated from discharge
Fraction of total power radiated from discharge

Effective discharge radius
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These data were tabulated in full in the print-ocut for the numerical analysis, and

radial temperature profiles for all cases treated in this study appear in

Appendix VI of this report.

3. EVALUATION AND ANALYSIS OF DATA FROM NUMERICAL INTEGRATION
In order to perform the numerical integration, the following conditions on

the field quantitites must be observed for r = (:
dAr dAi i
s ar =0 T2 B(0) —gr =g = 3 B30

2
dBr dBi
Ar(o) = Ai(o) - dr |r=0 = dr |r=0 =0

Additionally, the boundary conditions on the applied field can be shown

Br(D) > 0; Bi(O) <0

N

to require that for a radius r*'> R, where R is the discharge radius:
N . *y_
Br(r ) = Bo, Bi(r ) 0.

In this study it was found that the only values of the real and imaginary
components of the axial magnetic induction capable of satisfying the above
conditions that would also yield a balance of energy were essentially the

same as those values derived from the eddy-current theory.

A fundamental prediction of the eddy current theory was shown to be that the
physical size {(i.e., the radius R} of the discharge depends on the electri-

cal conducitivity of the discharge and the applied frequency according to

'\/E\R/{j = R}guomm 2.5,

where § is the so-called "skin-depth” in the discharge plasma.
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Arguments based on Steenbeck's principle of minimum entropy production
support this equation, which has been experimentally observed to hold for

. 3
the electrodeless arc in argon. 9

In addition, the eddy-current theory predicts a definite relation between
power dissipation, applied field, frequency, and size of the electrodeless
arc discharge:

pover/unit length = k B2 f R® o 3 x 10° B2 £ &2,

where B0 is the peak value of the applied field, and the constant k is
evaluated for /2 Rfg = 2.5. It was found in the present study that this
relation is quantitatively satisfied if the "radius™ of the discharge is
defined in terms of the radial position at which the incident magnetic
field begins to suffer a change in its magnitude due to the presence of
the plasma. This position is sufficiently near the "luminous" radius of
the plasma (i.e., determined by the local plasma temperature), and to the
radial position where the azimuthal currents vanish that either of these
characteristic radii will suffice to define a "radius" within a relatively
small constant value. This "effective" radius of the discharge is there-
fore interpreted as being the connecting link between rthe eddy current
theory and an exact, rigorous solution of the energy balance equation for
identical discharge conditions. The remarkable agreement between the two
theoretical approaches is demonstrated in Figure 2, where the seventy-four
points represent the seventy-three numerical evaluations described above,
plus the only known reported45 nmeasurement of the radial temperature dis-

tribution in an electrodeless arc in air that also included sufficient
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information about induction coil size and shape, current and frequency to

permit a meaningful comparison with theory.

The temperature profile observed in the referenced study is compared with
the calculated temperature profile for identical discharge conditions in
Figure 3A. The observed temperature peak is slightly less than five
percent higher than the calculated value; this is believed to reflect a
modification of the plasma temperature distribution function by the dis-
charge tube wall. Since wall effects were suppressed in this analysis to
assure the generality of the computed data, the calculated rise in the
temperature profile is less than that observed. The observed deviation of
theory from experiment.in this respect is less than the reported experi-
mental uncertainty, however. The observation therefore confirms the
validity of the calculation for this particular case within the limits of
this uncertainty (i.e., about seven percent) A machine plot of the computed

temperature profile appears in Figure 3B.

The specific computation is presented below:

{a) Initial Conditions:

From Eckert, et al (J. Appl. Phys. 39, 1848 (1968), Figure 1), if the dis-
charge tube diameter is 100 mm, the length of the induction solenoid is
approximately 170 mm. The solenoid current was given as 40 amperes, and
the solenoid has seven turns. The Incident magnetic field is given by

NI _ 12.54 x 10_ x 7 x 40 4

2 _
B~ By P 0.170 w/m® = 20.7 gauss.

= 20.7 x 10
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The initial conditions for the numerical analysis were as follows:

(b)

(c)

BO = 20.7 gauss (computed above

T(0) = 6300°K (reported in publication)
P = 1 atmosphere (reported)
f=4x 106 cps (reported)

Power dissipation:
Reported - 18 KW @ 60% efficiency = (i) 10.8 KW to discharge

(ii) 7.2 KW circuit loss
Computed - 60.45 KW/meter; for g = 0.17 m this gives 10.3 KW dissi-
pation.

Comments

The solenoid and solenoid-plasma geometry were not adequately described in

the reference article. The initial condition for B0 for the numerical

analysis is therefore a "best guess" approximation.

D.

CONCLUSIONS FROM PHYSICAL STUDY

The immediate results of this study are as follows:

1. The "eddy current' theory of the electrodeless arc as proposed
by Thomson is verified, subject to the definition of the discharge
radius given above. Thus, the Thomson model is a valid analytical

representation of the electrodeless arc discharge.

2. The electrodeless arc adjusts its physical size and internal

temperature distribution in accordance with Steenbeck's principle
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of minimum entropy production, hence:
3. The electrodeless arc discharge is scalable, the basic scaling

laws being given by

and

p/g = 3 x 10° B2 £ R%.

4, The effects of flow appear in a convective loss from the dis-
charge volume. The power required to maintain a flowing discharge
is
| 3 =P0 + wH.

These results are of considerable significance in terms of future engineering
applications for the electrodeless arc because they show that.the eddy
current model of the electrodeless arc is perfectly valid for the purposes
of engineering analysis. The specific energy balance solutions obtained in
the numerical analysis give field and power requirements which show excellent
agreement with equivalent parameter values obtained from the eddy current
model, For purposes of analysis then, the two theories are equivalent, so

long as their limits are not exceeded.

The eddy current theory gives correct values for "outside'" observables

such as total dissipation, discharge impedance, size, etc. Solutions of the
energy balance equation yield correct values for the "inside" observables
such as the distribution functions for temperature, current, magnetic field
and the energy transport fluxes. These solutions also yield the relative

contributions to the energy loss from thermal conductivity and radiatiom,
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and they predict the physical size of the discharge and the net dissipation

within the discharge.

The limits of the eddy current model are exceeded, for example, when the
radiation flux is computed by means of this model. Likewise, the impedance
the discharge presents to its generator cannot be calculated by means of

the numerical analysis alone,

The presence of flow was shown not to be the dominant factor in the
determination of the overall energy balance mechanisms for the electrode-
less arc in high pressure air. 1In both the Thomson model and the numerical
analysis it was found that the power required to maintain an electrodeless
arc at a given set of operating conditions increases linearly with flow.

The zero flow power requirement can be computed from either the eddy

current model or from solutions for the energy balance equation, both of
which are equivalent for power calculations. The addition of the flow
equation to the basic scaling laws thus completes the analytical set re-
quired to perform meaningful engineering calculations for the scaling of the

electrodeless arc discharge,
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SECTION III

ENGINEERING DESIGN OF AN ELECTRODELESS ARC GENERATOR

A. INTRODUCTION

Technological exploitation of the electrodeless arc must be based on
reliable calculations made within the framework of a valid model, if other
than a cut~and-try type of engineering development of this discharge is

desired.

Thomson's eddy-current theory provides such a model, and the validity of this
model has been proven. The prescription of a design scheme for an electrode-
legs arc generator is justified, and the preparation of this scheme represents

only a small extension of the preceding work.

B. BASIC DESIGN REQUIREMENTS
The basic requirement is stated in terms of a discharge pressure, the weight
flow, and the enthalpy of the given working fluid. These values represent

an operating point (i.e., the design point) of an electrodeless arc genera-

tor.
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The following values will therefore be preassigned in any design study.

P (pressure)
w (weight flow rate)

H (enthalpy of flow)

Also, it is necessary that an a priori specification of the size of the
discharge vessel be made, This is of no major consequence to the engineering
analysis because of the size of the discharge has been shown to be inde-
pendent of the size of the vessel in which the discharge is formed. In
addition, electronic considerations will suggest the optimum Q (i.e.,
quality factor) for the particular application. Thus, the following para-~
meters are assumed:

A (discharge vessel radius)

Q@ (circuit quality factor)

The definition of Q gives, for a series LR circuit
L
Q=(Dﬁlzs
where j; is the angular frequency of the current in the circuvit, L is the

coil inductance, and 02 is the series resistance. Values of L and 02) for

the electrodeless arc are cbtained from the eddy curreant theory:

2.2
RN Ko (2 Ml(x) . AZ
Pt {§ WGy el 800 -8 G w/4] + 5- 1)},
2.2
TFR N ¥ M (X)
R- L : w{i’ Mi(x) cos fel(x) - SO(X) - ﬂ/&]}_
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For x =2 R/s = 2.5:

2 M)
L H Gy Sin @G -8 () - m/4 = const = g@/2R/p) » 0.62 ,
O
2 M0
TN Gy 8 @) -8 () -n/k) = const = £4/2R/6) ~ 0.38.
a
Then
2 2 9
L 2R/ A° - R 2,63 A
Q=w-,-=ESQE_.LL.+ — = - 1.
B EGTIRIE) g /3r/er? r?
Thus > {
Qo [2:634
v 1+0Q (10)

gives the radius of the discharge that is required for the assigned circuit
Q.

The preassigned values for the pressure and enthalpy of the discharge plasma
are found in tables of the thermodynamic properties of the discharge gas.

In the present study that gas is air and the thermodynamic properties of

air are given, for example, by Fentersa. The temperature of the discharge
that is obtained from the tables for the given pressure and enthalpy is
equivalent to the reference temperature TR that was introduced in the
entropy production arguments* for the eddy current model. This is the
"effective"” discharge temperature. At the assigned discharge pressure,

the discharge gas has a unique "effective" electrical conductivity that is
determined by this discharge temperature. Thus, the effective electrical

conductivity is determined by the preassigned pressure and enthalpy condi-

tions:

* Please see Appendix IT.
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o opp = £, an

The existence condition for the electrodeless arc states

VIR _ Rfop o ~ 2.5 - (12a)

)

Therefore

_7.93 x 10°

£
7
Teff B

(12b)

gives the frequency required to produce the specified discharge conditions

in an impermeable plasma in which 58 = 4nx10_7 henry/meter.

Solutions of the energy balance equation have been incorporated to map,

for constant pressure, the field and frequency requirements for given
values of discharge enthalpy and discharge radius for the pressures treated
in the present study (i.e., 1-3-10-30 atm). These maps* appear in Figures
(4-7) of this report. The zero-flow field requirement is obtained directly
from the maps. It will be noticed that any stated pressure and enthalpy
requirement yields a family of possible operating points, each point being
determined by either the discharge radius, or the magnitude of the applied
magnetic field, or the applied frequency. Thus, the required magnetic

field is determined:

B=f(, p, £, R,) (13)

* The maps presented here were constructed by connecting the various data
points by straight lines. Additional computations will be necessary to
determine the fine structure of these curves.
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The power per unit length required to produce the zerc-flow discharge iz
given by

p/g =3 x 10° 8% £ B? (14)

The power requirement for the flowing discharge is
P(u) = P+ H (15)

The zero-flow requirement is given by Eq. (1l4) and is mapped in Figs.
(8-11). The product wH is formed and converted to the units of.Po. The
sum of these gives the total power requirement. Since the discharge size
has been fixed by the assumed value of the circuit Q, the magnitude of the
applied field must be readjusted according to Eq. (l4) to accommodate the
increase in required power that accompanies the flow. The discharge size

can also be varied, if this is desired.

C. AN ELEMENTARY DESIGN SCHEME
Assigned:
Pressure = p (atmospheres)
Weight flow rate = w (lbs/sec)
Bulk Enthalpy = H (BTU/1b)
Gas = Air
Requirements:
Circuit quality factor = Q (dimensionless)

Discharge vessel diameter = 2A (meters)
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Design Scheme:

1. The discharge radius is given by Eq. (10):

R = [ 2,637 1172

-1+
2. For the given pressure, the appropriate H vs R map is
consulted. The frequency and applied field requirements

are determined by the point (H,R) on this map.

3. The zero flow power (per unit length) is obtained from

P =3 x 10% 82 2 ¢

4. The product wH is formed from the assigned operating
conditions. This is converted to conventional power
units by

wH BTU/sec - 1.058 wH kilowatts

5. The total power is found from the flow relation:

Ptotal B Po + wH

6. The final field requirement is computed from the scaling law

2

p/g = 3 x 10° 8% £ &

This completes the selection of the basic design parameters.

D. A 50-MEGAWATT ELECTRODELESS ARC HEATER
The conceptual design procedure presented above can be employed to provide
an estimate of comparison between the performance characteristics of the

electrodeless arc and those of the DC arc in application as air heating
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techniques. Such a comparison is somewhat arbitrary because the optimum
operating conditions for a high performance DC heater are not necessarily
the same as those of an electrodeless heater; hence, the ideal operating
point for a DC device may not be ideal for a high frequency heater of
similar power, or vice-versa. An arbitrary comparison nevertheless will
be quite useful in developing a "feel" for the potential of the electrode-
less arc, and can serve as a convenient starting point for future engi-
neering development.

Scaling parameters for a high performance DC heater were developed from
studies by Eschenbach, et a165. From the results of these studies,

Smith and Doyle66 were able to execute the conceptual design of a fifty-
megawatt DC arc air heater and to predict the performance characteristics
of this heater. These predictions are presented in Table I, where N is

a scaling parameter65 determined by the linear dimensions of the DC arc
heater.

Similar data for an equivalent electrodeless arc air heater can be derived
from the electrodeless arc design scheme. Ideally, the same operating

point would be chosen for both cases. Unfortunately, however, adequate
tabulations of the transport properties of air for pressures greater than
thirty atmospheres were not available for inclusion in the numerical analysis
of the electrodeless arc energy balance. The operating point of the sample

electrodeless heater must therefore be chosen at the maximum evaluated
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TABLE 1

AclguzlzData Sgai—et?l Data
Arc voltage 4360 15,220
Arc current - amps 936 3,280
Power to heater - MW 4,08 50.00
Power to air - MW 2.14 26.25
Efficiency - percent 52.2 52.2
Air flow rate - lb/sec 0.511 6.260
Bulk air enthalpy - BTU/lb 2970 3,970
Heater chamber pressure - PSIA 550 550
Nozzle throat diameter - inches 0.525 1.835
AT cathode water - °F 65 65
Cathode water flow rate - gal/min 172 2,105
Cathode-nozzle loss - MW (%) 1.64(40) 20(40)
AT anode water - °r 25 25
Anode water flow rate - gal/min 72 882
Anode loss - MW (%) 0.264(6.5) 3.25(6.5)
AT swirl chamber water - °p 14 14
Swirl chamber water f£low rate - gal/min 18.0 221
Swirl chamber loss - MW (%) 0.037(1.0) 0.50(1.0)
Total heat loss - MW (%) 1.941(47.5) 23.75(47.5)
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pressure of thirty atmospheres (i.e., about twenty percent less than the

pressure in the DC case).

The difference in pressures between the two cases is not considered to

be of appreciable significance67 because the thermodynamic properties of
an air plasma at thirty atmoapheres pressure are not appreciably different
from the thermodynamic properties of the same air plasma at thirty-seven
atmospheres pressure. The physical processes occurring in the one case
must be nearly the same as those occurring in the other case. Clearly,
however, the power requirement for any arc discharge at high pressures
increases with pressure. To prevent an unfair bias in favor of the elec-
trodeless arc for the comparison of the two techniques, the electrodeless
arc operating point will therefore be further changed to accommodate
both a larger mass flow and higher enthalpy than the DC arc comparison
case, Rather than making an arbitrary choice for these parameters, the
enthalpy will be taken at a known point (i.e., one that was calculated in
the numerical analysis), and the air flow will be adjusted to give a
total power requirement of 50 megawatts. A meaningful comparison is then
possible for the power balances for the two cases, although the apparent

advantage now stands completely with the DC arec.

The operating point assigned for this design is as follows:

P

Pressure = 30 atmospheres

H = Bulk air enthalpy = 5330 BTU/1b
w = weight flow rate = 8.7 1lb/sec

Gas : air
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The induction solenoid is assumed to have a diameter 2A of 0.127 meters
and a length of one meter, and the Q of the induction circuit under load

is taken at 7.43.

The effective radius of the discharge is derived from the expression

for circuit Q:
2 % -2
R = [A /0.38 (1 + Q)J = 3.55 x 10 ° meters.

In Figure 7 appeared an electrodeless arc map in which the bulk enthalpy
of air at thirty atmospheres pressure is given as a function of discharge
radius for various values of the applied magnetic field and frequency.
These are the zero-flow values and they refer to the maintenance condi-
tions for an electrodeless arc.

In the case of interest, H/RTo = 5330/35.58 = 1.5 x 102. Referring to

3 w/m2 (= 50 gauss) and a

Figure 7 it is seen that a field of 5 x 10~
frequency of 107 cps are required to produce a discharge of the proper

size with the assigned bulk enthalpy.

The maintenance power P0 for these conditions is found from the second
scaling law (or Fig. 11):

P o=3x 108 Bi R% £ = 9.45 x 10° watts.

The enthalpy of convection is

@ = 4.64 x 10" BTU/sec = 4.9% x 10’ watts.
The total power requirement is obtained from the flow relation

=P +uHn 5 x 10 watts.
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The transport losses for this case were computed in the numerical

integration of the energy balance equation for the stated conditions:

P =7.87355 x 10° watts
rad

P = 1.62221 x 105 watts.
cond

As before, the field required to transfer fifty megawatts to the flowing

system is calculated from the second scaling law:

5 .
B = [P /3 x 10° 2 f] = 3.63 x 102 w/m2.
total

The circuit parameters are next calculated. The circuit Q under load is

wL/@ = 7.43

L=
]

Then
1.18 x 107 & .

=
"

For fifty megawatts, the circulating current in the tuned circuit is

found from

1/2 12 R =5 x 10’,

where I is the peak value of this current. Thus 12L = 11.8.

The potential developed by the circulating current across the induction
solenoid is L di/dt. It is desirable for practical reasons not to permit

this voltage to exceed 200 KV. Then
_ -3
11 = 3.18 x 10 ~ (peak)

Thus, in the tuned circuit the peak current is given by

K = 1L . 11.9 =3,71 x 103 amperes

L 3.18 x 102
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and

3

_3.18 x 107 _ -7
L =39 8.58 x 10/ hy
and
L 8.57 x 10’
R = = = Qe X = = 7.26 ohms.
1.18 x 10 1.18 x 10

This resistance also equals wAL, hence the unloaded inductance is

L =8 - 9.735 x 107 by,
o w

The unloaded solenoid inductance is simply

2 2
u, N g A
L =—2 .
o j 2

Inserting the appropriate values, it is seen that eight turns are required

to give the required inductance.

The high frequency (i.e. "skin") resistance of the solenoid is nR o,

where R.l:l is the resistance per square unit of surface given by

R =1 R
o o8

and n is the number of square units of conductor surface. For a solenoid
of diameter D with N turns the total length is approximately NoD. If

the solenoid is made of hollow tubing of diameter d, the square unit of
surface has the dimensions nd-gd. The number n of such squares on the
solenoid is ND/d. The total resistance of the solenoid is then ND/sgd.
If the solenoid for the 50 MW electrodeless arc heater is wound from

2.54 centimeter diameter copper tubing its resistance is
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ND _ 8 x 12.7 x 1.76 x 100

R = -
solenoid ggd 3.16 % 107> x 2.54

=2.33x 1072,

where ch = (1/1.76 x 10-8)_,1"1 m-l, and § is the skin depth in copper at

the operational frequency of 107 cps (= 3.16 x 10_5 m).

The ohmic dissipation for the solenoid is calculated:

1/2 1% R = 1.535 x 10° watts.
solenoid

Finally, the heat loss to the expansion nozzle is estimated to be the

same for an electrodeless arc as it is for an equivalent DC arc. The

data for the DC arc indicate that 40 percent of the total power trans-
ferred to the gas is retransferred to the cathode-nozzle system66. The
most conservative estimate for cathode losses is obtained by ignoring all
cathode surface effects and simply assuming that the electronic and allied
losses at the cathode are equal to those occurring at the anode (i.e.,
given in Ref. 66 as 6.5%). The nozzle loss is then the difference:

33.5 percent of the total power transferred to the gas is lost to the nozzle.
Anode and cathode losses are, of course, absent in the electrodeless system.

The important parameters for the electrodeless arc system are presented

in Table II. The two systems are compared in Table III.
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TABLE 11I. TABULATION OF ELECTRODELESS ARC PARAMETERS

Pressure

Bulk air enthalpy

Air flow rate

Power to air

Power to nozzle

Power radiated to wall
Power conducted to wall
Total heat loss

Efficiency of heater

Discharge diameter

Solenoid diameter

Magnetic field/frequency

Solenoid: Inductance
Turns
Resistance
Power loss

Capacitance

Circuit Q

Solenoid current
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30 atm

5330 BTU/1b

8.7 1b/sec

33.8 Megawatts
16.3 Megawatts
0.79 Megawatts
0.16 Megawatts
17.25 Megawatts
65.5%

7.11 em

12.7 em

363 gauss/lO7 cps

9.735 x 1077 Hy

8 - 1" dia Cu Tube

2.23 x 1072 obms

0.135 Megawatts

296 Pf

7.43

3.71 x 103 peak amperes



TABLE IIT.

Arc voltage

Arc current

COMPARISON OF DC AND ELECTRODELESS ARC HEATERS

bCc Electrodeless

15,220 volts -

3,280 amperes -

Induction field - 363 gauss
Frequency o= 107

Power to heater 50 Mw 50 MW
Power to air 26.25 MW 33.8 MW
Efficiency 52.2 % 65.5 %

Air flow rate 6.26 lb/sec 8.70 1b/sec
Bulk air enthalpy 3970 BTU/1b 5330 BTU/1b
Heater chamber pressure 37.5 atm 30 atm
Nozzle-cathode loss 20 MW 16.3 MW
Anode loss 3.25 MW 0

Total heat loss 23.75 MW 17.25 Mw
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SECTION IV

COMMENTS ON THIS STUDY

A, PROJECT OBJECTIVE

As stated in Section I, the objective of this program was to determine
the feasibility of utilizing the electrodeless arc discharge to generate
the reservoir conditions necessary for hyperenvirommental gas-dynamic
test facilities, and to determine if the predicted performance of the
electrodeless discharge significantly exceeds that of the DC arc in the

high pressure air heating applications.

These objectives have been met. It has been found that such application
of the electrodeless arc is indeed feasible; moreover, in the specific
example treated, the predicted performance of an air heater utilizing
the electrodeless discharge was shown to be superior to that of an air
heater power by & high voltage direct current arc discharge operated near

the same set of conditions.
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B. COMMENTS ON THE COMPARISON OF THE DC AND ELECTRODELESS ARCS

The performance characteristics of an electrodeless arc heater must bhe
evaluated over the entire spectrum of operating points before a truly
meaningful comparison with the high voltage direct current arc heater

can be made. Such a comprehensive evaluation is not possible with the
information gained during the present study alone. It is possible, how-
ever, to present qualitative evaluations of the trends indicated by this
study, and to interpret these evaluations in terms of the projected over-
all performance characteristics of the electrodeless arc discharge. Such
projected evaluations are necessarily speculative, but speculation based

on thorough analysis is often of considerable value,

All DC arc devices have operating characteristics that can be described
in terms of specific voltage-current relations. Such V-I characteristics
are usually presented as a family of curves, any one of which is deter-
mined by the flow through the discharge or the discharge pressure, or
some equivalent parameter. The slope of a VI curve (i.e., dv/dI) at

an operating point is therefore equivalent to the impedance presented

by the arc device to the current generator for the given flow conditions,
Efficient transfer of power to the gas flowing through the discharge
requires that this impedance equal (or nearly equal) the generator
impedance, however. Thus, only a single point (actuzally a small interval)
on a V-1 characteristic curve represents an efficient condition of opera-
tion for a DC arc device. (Changes in pressure or flow conditions are

reflected in an impedance change that does not necessarily maintain the
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discharge at an efficient operating point. Some latitude in parameter
variation is offered by the use of ballasting techniques, but any such
remedy consists more of matching the power source to the arc, rather

than the reverse, and nevertheless tends to degrade the overall operational

efficiency of the system.

The electrodeless arc was seen to match the impedance of its generator
as a condition of its existence. Thus, this discharge is electrically
efficient under all circumstances, and changes in pressure of flow can
not degrade the electrical efficiency of the electrodeless arc. In an
electrical sense the electrodeless arc is therefore the standard of
comparison for efficiency.

The DC arc has a diameter D that depen.dsss’69

on the discharge pressure
according to

b= (const)PdY
where ¥ depends on the discharge current. An increase in discharge
pressure thus decreases the discharge size. If the current is held constant,
the discharge temperature must increase to provide for the increased
current density, hence a greater fraction of the total power is thermally
radiated from the arc with increasing pressure. At pressures of several
atmospheres this radiation is of no major significance, but at elevated
pressures, say several hundreds of atmospheres, radiation is known to

dominate the energy loss from the arc, and represents the main source

of the confinement problems for high enthalpy, high pressure DC arc plasmas.
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According to Stephens,67 a significant increase in pressure is not
favorable for high gas enthalpy generation in DC arc heaters, but is

favorable toward high radiation energy generation.

In contrast, the electrodeless arc is an exceptionally flexible radiator.
1t has been shown that the electrodeless arc has a well defined radius
that is determined by the arc conductivity and by the induction field
frequency. This can immediately be seen by examining the radial tempera-
ture profiles for the electrodeless arc that are presented in Appendix VI
to this report. Clearly, one can adjust the size of an electrodeless arc
by adjusting the frequency of the induction field, as well as by adjusting
the discharge pressure and/or the magnitude of the induction field. Thus,
the electrodeless arc has an additional degree of freedom in its operation:
the frequency. It is immediately obvious that, since radiation loss is
enhanced by decreasing the size of the DC arc at constant current, the
electrodeless arc can be made to be an excellent radiator (at a constant
power and pressure) by an adjustment of the induction field frequency

to decrease the discharge radius and maximize the discharge temperature.
Likewise, if the enthalpy of the discharge gas is to be maximized {again
at constant power and pressure) one adjusts the frequency of the induction
field to obtain a larger discharge at a much lower temperature. This not
only suppresses temperature radiation, but also permits the direct chmic
heating of the outer fringes of the discharge volume, and establishes a
mechanism for a significant enhancement in the attainable efficiency in

the production of high enthalpy flows at high pressures.
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The fraction of the total power transferred to the stationary electrode-
less arc that appears as a radiation loss is plotted against the discharge
power in Figures (12-15) where a minimum is clearly indicated for each
constant frequency family. This radiation fraction increases with pressure
and power, and at high power levels apparently increases with decreasing

frequency.

In the equivalent DC case similar curves would obtain; since the minimum
point for each f = (const.) curve indicates the power level at which radial
conduction dominates the transport processes. Only one curve would

appear on a constant pressure graph in the DC case however, whereas the
electrodeless arc would have a constant-pressure family of these relations,
the total number consisting of as many members as there are useable fre-

quencies.

A superficial examination of these curves suggests that, at some level

of power the electrodeless arc, just as the DC arc, will radiate away all

of its power, or at least enough of its power will be radiated that no further
increase in discharge enthalpy is possible. This is probably a correct
statement, but is not justified by a simple extrapolation of these

radiation loss curves because at a sufficiently high temperature and

pressure the number density of free electrons within the discharge becomes
sufficiently great that self-absorption of temperature radiation occurs.

The radiation fraction then becomes a surface effect where the surtface

is determined by the opacity of the discharge plasma,
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The discharge pressures treated in the present analysis were insufficient
to allow self absorption to occur, hence this important effect does not

appear in the families of radiation loss curves presented here.

The measure of discharge opacity of interest in this discussion is the
.Rosseland mean absorption coefficient or its reciprocal, the Rosseland
mean free path. At high pressures (even at relatively low temperatures)
this parameter governs radiation transport and will have a significant
effect on both discharge enthalpy and radiation loss. For example, at

a pressure of 1000 atmospheres a 10,0000K plasma has a Rosseland mean free
path of about two centimeters, and all the radiation from layers in the
plasma deeper than two centimeters is effectivgly trapped within the dis-
charge. The effect of this radiation trapping on the overall discharge
efficiency is quite profound, since radiation is the dominant loss mechanism
at the elevated temperatures and pressures of near-future interest.

This important parameter is plotted in Figure 16 for several interesting

pPressures.

Taken together, the preceding comments present a hopeful picture for the
future of high enthalpy plasma production in high pressure air, where the
electrodeless arc produces a discharge that is constrained to absorb a
maximum amount of power from its generator, and the size of the discharge

is adjusted to maximize the trapping of radiation within the discharge.

An additional ramification of the electrodeless arc's additional degree

of freedom is the suggestion that, since both the applied induction field
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and its frequency are adjustable, and since the flow through the discharge
is adjustable, the simulation of large portions of an entire reentry

trajectory may be an additional capability of the electrodeless arc heaters.

The economics of high pressure plasma production have not been considered
in this study. Several basic facts are available, however, that enable
the economic comparison of the high voltage DC arc and the electrodeless

arc, if only in the sense of a first approximation.

Facility costs are obviously the same for the electrodeless application

as they are in the conventional approach. Also, the electrodeless device
would most -likely be designed around the same type of power supply as is
ﬁhe high voltage DC device, hence there ié no difference in this respect.
The only significant economic difference between the two approaches derives
from the necessity for the production of high frequency oscillations to
produce the electrodeless arc discharge. This represents a capital cost
for electrodeless plasma production that must be borne in addition to all
the costs of DC plasma production. Thus, the electrodeless arc requires
apparatus that is more expensive watt-for-watt than that required for the

high voltage DC arc.

It is not possible at this time to compare the cost of the enthalpy-watt
(i.e., the power actually delivered to the flowing gas), because these data
have not been assembled for this report. It is clear that the relative
enthalpy-watt cost for the electrodeless arc would be reduced from the watt-
for-watt cost because of the higher relative efficiency of the electrode-
less arc. It is not clear at this time that any general cost-advantage for

the electrqdeless arc would (or could) result, however.

68



Cn the other hand, some specific results would obtain. Discharges in-
volving small amounts of power (say, a few kilowatts or less) in low-
pressure gases are probably less expensive to produce without electrodes
than with electrodes because the fabrication costs for the DC arc heater

alone are likely to exceed the total cost for the high frequency system.

At powers greater than a few kilowatts the cost of the radiofrequency
generator dominates the capital picture (roughly $0.50/watt) and the DC
arc generator is the obvious choice. Additionally, one must choose the
DC device (i.e., economically) even at moderate power levels (say, up to
several megawatts at this time) because the equipment costs for the

electrodeless device at moderate power levels remain relatively high.

In the upper pressure and/or flow limits of the moderate power levels

the cost advantage for the DC arc begins to suffer because of radiation
loss (i.e., the enthalpy-watt cost increases), and the effects of electrode
wear-and-tear are noticed in this "higher-performance" operational regime.
At the ten-to-twenty megawatt level the enthalpy-watt cost advantage for
the DC arc is expected to diminish for these reasons. Above about fifty
megawatts, especially at high pressures, the enthalpy-watt cost advantage
must belong to the electrodeless arc because of the excessive radiation

loss from the DC arc.
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APPENDIX I

THE THOMSON MODEL OF THE ELECTRODELESS ARC

In the Thomson model the discharge is analyzed by assuming that within
the induction solencid the field quantities vary in time as exp (igpt),
and that in the coaxial discharge the electrical conductivity can be
replaced by a uniform "effective' conductivity g. Elimination of the
time and electric field from Maxwell's equations then yields an equation

for the magnetic flux density:

2 - , 2 =
v'B -dopw Btaeue B=0 (1)

In every case of practical interest the displacement term lw2u050§| in
Equation (1) will be negligibly small compared with the conductive term
Iguomﬁl (e.e. o > wgo). Furthermore, for the long solencid the direction
of the magnetic field is considered to be entirely axial; equation (1)

is then written in cylindrical coordinates:

a’s dB
z 1 z

+
dr T dr

+ 13500 B, = 0. 2)
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This is recognized as a Bessel equation and has a solution

B,(r) = C; J_ (oo 32, + C, ¥ Gown RIS

The constants C1 and C, are evaluated by noting that, at r = 0 BZ(O) is

2

finite, hence C, = 0, and that at the outer extremity R of the discharge

2
BZ(R) = Bo’ the field of a long solencid of N/g turns per unit length

which carries a current I. Thus

-, 3/2
I, Gopw 17 °x

3 6o 1 %R

B (x) = B : 3

where B0 = uNI/ﬂ, gives the radial distribution of the axial magnetic

field in the induced electrodeless discharge.

The radial distribution of the induced current demsity is obtained from

Ampere's circuital law and equation (3):

PR By=a o . A
J(r)-uo (@ x B) auo [ hye Bz(r)].

This is evaluated:

~y ,3/2
oy = 2372 Jom = 1 opa £ )
Mo Jg &Jonw 13/23)

o

(&)

The total current per unit length in the discharge is obtained by integrat-

ing Equation (4} over the area normal to the direction of the current:

B
o]

1
bo - 3, 6 1372 v) )

i‘=Ij(r)dr = (5)
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The azimuthal electric field is next obtained from Ohm's law and Equation

(4):

Th By . 372,
J Gouw 1 R)

The net power transferred into the plasma cylinder is given by the real

/2
i, (® /3w D)
E,(r) = = /2 ke Lo (6)

part of the integral of the Poynting vector over the plasma surface

Power = Rgﬁﬁ x H )n da

Thus
) o TR 2/ 25\ M2RI8)
1 (R = 2 wl cos rel-so-n/4] )
s g "LW2R ) M 6/2R[s) - ’

where(ﬁzis the effective resistance of the plasma as seen by the generator,
1S is the current through the solencid, R is the outer radius of the dis-
charge, and the quantities designed by M are defined:;

3/2

M;(kx) exp iav(kx)J = Jr (i7" "kx)

For clarity the substitution R.JEE;; = JZh/é has been made, where

s = [2ﬁnidnj% is the "skin depth” (i.e,, the e-folding distance) of a
wave of angular frequency y into an impermeable medium of conductivity g.
The resistanceoa in Equation (7) is identical to the reflected series
resistance jn Equation (1) of Section II of this report. Thus

2
RN w( 2% ) Ml(ﬁala
V2R M_6/2R/5)

cos [s 18 - n/a].‘ (8)
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The contribution of the plasma to the total system inductance is obtained

from the imaginary part of the Poynting vector:

RON% LM, @2R/p)
= Q 2(9) ¢ 1 . _
Lp1asma ) } . sin [9 1 eo—n/4] .
Vx| s

The total system inductance includes a contribution from the part of the

solenoid volume which does not contain the discharge. This is determined:

L } 25 Ml(ﬁRfa)
otal £ {\/-Z-R MO(\/"ZR/M

2.2
. mR N Mo A2
sin [gl-go“n/-'-l] + 7 o2 -1y, (9

where A is the radius of the solencid. When multiplied by jy this quantity
equals the reactive term in Equation (1) of Section II of this report.

Equation (7) is of the form

Power/unit volume = —5; [sz f(ﬁR/@] {10)
where ’\/P
M. (J2R/8)
FGfIR/g) = —2b- 1 cos [gl-go - n/a]. (11)
J2R Mo(w/'ZR/a) L

The quantity f(ﬁR/@) is called the loss function for the electrocdeless
discharge and has a maximum value when '\/?R/{S ~ 2.5. This is shown in
Figure Al, where it can be seen that 2.5 is the value of 42R/g for which
a maximum amount of power is transferred from the solenoid to the coaxial
plasma for a specified R and . In other words, the fact that the coaxial
plasma absorbs the most power when ﬁR/@ a 2.5 can be interpreted as the

condition for an impedance match between the primary and secondary of the
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transformer presented earlier in Section II, Figure 1, hence as the condition

for maximum operational efficiency of an induced discharge.

Since § = [ZAJHOQJ this condition can be written

R oum ~ 205 (12)

for maximum efficiency.
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APPENDIX II

ENTROPY PRODUCTION AND POWER IN A FLOWING ELECTRODELESS ARC

In this development is made an appeal to the thermodynamics of irreverszible
processes in which the influence of flow on the rate of entropy production

within the electrodeless arc is considered.

In this analysis a state of local thermodynamic equilibrium is assumed to
exist in the discharge volume. The general conservation equation is written

in terms of the specific entropy S in a fixed coordinate system:

g-t— (pS) +v'js "9 =0 (1)

where p is the mass density, 35 is the total entropy current density, T
denotes the rate of entropy production per unit volume, and all quantities
are either scalar - or vector-point functions. Application of the principle
of mass conservation to Eq. (1), and substitution of the convective deri-

vative operator yields, after some manipulation:
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DS — - ad
pDT+V-[JS'puSJ+Su'Vp=QPS, (2)

—p
where the quantity pus is the convective current demsity of entropy.

Consider first the steady state, infinite, stationary electrodeless arc.

In this case 3/3t and U vanish and Eqn. (2) becomes

T . JS =, (3)

The total entropy production rate &, is found by integrating Equ. (3)
over the discharge volume. Application of Gauss' law then gives a relation

between the flux and production rate of entropy:
j 35 - £ dA (%)

The energy balance in a stationary electrodeless arc is described by

» e - __’.—’=
v [KC (T)vT qrad]+_]E 0

which is recognized as the Elenbaas-Heller energy equation. It will also
be recalled that in the electrodeless arc v - 3 = 0, Finkelnburg and

*
Maecker have shown that, when applied to the thermal (i.e., equilibrated)

arc discharge, the Elenbaas-Heller energy equation and the expression

-
v * j = 0 can be regarded as the Euler equations of the principle of minimum

* Finkelnburg, W., and Maecker, H., "Electric Arcs and Thermal Plasma,"”
Handbuch der Physik XXTI, Springer-Verlag, Berlin, 1956,
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entropy production. Following Peters”, they derive the theorem of Guoy and

ok
Stodola , which is verbally expressed as follows:

(Temperature of surroundings) x (Entropy production) = (Power dissipation).

This is written

_ Total Dissipation _ r3 - E dy
T = T = T ] (5)
R R

3

where TR igs a boundary reference temperature. Thus, Eqn. (4) and Egqn. {5)

can be combined to give

-— - 2
A N _ _[j « Edv _ IR
jjs' n dA == QT TR_ TR ] (6)

where T is the rms current in the induction solencid and{F.is the resistance

of the discharge reflected into the induction circuitry.

Finkelnburg and Maecker also show that the principle of increase of entropy
is not the decisive law which determines the course of a thermodynamic
process, but it is rather the tendency to have a minimum production of
entropy which determines the process. This leads to an expression of
Steenbeck's*** minimum entropy principle which, in the case of any thermal
arc discharge simply states that the discharge is constrained to exist in

a condition of minimum entropy production. Thus, from Steenbeck's principle
is obtained

58, = 0 (7)

* Peters, Th., Physik Verh. 6 (9), 173 (1955).

*% Stodola, A., Steam and Gas Turbines, (in German) Berlin, 1924,
{Ref. from Handbuch der Physik XXII)}.

***Steenbeck, M., Z. Physik 33, 809 (1932).
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as a condition required for the existence of the high pressure electrode-

less arc.

Let uniform flow be added to the system. The entropy production is obtained
from Eqn. (2), where the steady state is again considered:
pu S +v . J -v - pus+Su-vp =g (8)

But - - .
V-puS=pSV'u+pU'VS+Su-Vp,

so Eqn. {8) becomes

V'-j-pSV'H=QPS. (9)

But with uniform flow v * U vanishes, and Eqn. (9) reduces to Eqn. (3),
which was previously evaluated. Thus, for the infinite, steady state

electrodeless are in a uniform flowing gas the entropy production rate is

the same as in the absence of flow.

This does not imply that the power requirement is unchanged, however.
Returning to Eqn. (3):

v - JS =cps.
It will be recalled the net entropy production 8, was found by evaluating
the &ivergence of the entropy current density over the discharge volume.
This integral was transformed to a surface integral by means of Gauss' theorem
and presented as Eqn. (4). Gauss' theorem requires the integration to be
performed over the entire enclosing surface, however. The zero flow case

required
K L . T -
Jg-m=3,-p+3 -9 +7, k

|
el
o

since the axial and azimuthal contributions to the entropy current density
vanish (i.e., J a = 0 by symmetry, and Ez - k = 0 because jé = pﬁS =0
¢

in the absence of flow).
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When flow is introduced'iP' 3 = 0, again by symmetry. However, it is clear
that 32 - k40 for v, 0. The integral of the axial entropy flux over
the discharge area therefore does not vanish as in the zero flow case.
In the uniform flow case the net entropy production per unit length has
the same value as obtained for the zero flow case because in the former
{flow) case the entropy current entering the unit length of the discharge
volume just equals the entropy current leaving the unit length of discharge
volume. This is written

' — A

3 . kaa + J - kda, =0,

A, Z 1 A g 2

1 2
A

since the unit vector h is everywhere directed outward such that its k

A
component at A1 is directed opposite its k compoment at A The two

9
integrals are equal and opposite, hence their sum is zero and the uniform

flow is seen not to affect the net entropy production rate per unit length

in an infinite electrodeless arc.

In the case of a non-infinite discharge with uniform flow the discharge
volume is divided into three sections for analysis., These sections are

the entrance region to the diséharge volume, the exit region from the volume,
and the discharge volume proper, which separates the end sections. This
division forms a model which is composed of a uniform discharge volume
bounded by regions of non-uniformity. The uniform region is identical

to the case previously treated, and the entropy production rate in this

part of the discharge is simply the rate previously computed times the

number of unit lengths in the uniform discharge.
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Near the solenoid end a characterization of the discharge similar to that
preceding is very difficult because of the presence of large gradients in

both the electromagnetic and the thermodynamic parameters.

In the steady state the rate of entropy production was given by Eqn. (9),
which can be expanded to obtain

du,
l.a - N -1 a3 2z .
el A > 3, pS[ e +a:z ] 9, - (10)

The formal integration of Eqn. (10) is beyond the scope of the present
analysis, but an estimate of the net effect of this expression in the

entropy production of the system can be made.

The first and third terms give the contribution to entropy production

from the irreversible loss in heat from the system by radiation and con-
duction (viscosity effects have been neglected in this treatment). In
magnitude such loss depends on the dissipation, including initial ioni-
zation. While not amenable to close estimation, it would appear that

the mass average velocity cannot have an appreciable component in the
radial direction, and the third term is approximately given by

- J‘pSur ?mdrdz, This is just the average contribution by radial convection.
Likewise, the first term gives the total radial entropy flux. The sum

of the first and third terms is apparently just the radial entropy flux
from radiation and conduction sources, which, of course, includes a
contribution from ionization and deionization. The second and fourth
terms give the axial entropy flux in the transition region, also including

the effects of ionization and deionization.
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The effects of ionization and deionization on entropy production can be
estimated by considering the total entropy production for ionization and
deionization QION to be the sum over all particles of an average particu-

late entropy production rate @it

1w "L 9y (11)
Thus, averaging Eqn. (11) over all particles shows that the addition of
flow to this system is accompanied by an increase in entropy production
that is proportional to the particle flux (i.e., proportional to the flow).
That ionization and deicnization processes dominate entropy production in
the transition region is clear because of the large difference between

the breakdown energy requirement and that for the maintenance of an estab-
lished discharge in the same gas. In the first approximation it can be

assumed that the predominate entropy production "end effect'" is due to

ionization and/or deionization and is proportional to the mass flow rate:

bron> ™~ Km

The total entropy production is therefore given by
= + T
fp = *Km (12)
where @0 is the zero flow rate of entropy production per unit length in
the electrodeless arc and n is the number of unit lengths in the uniform

discharge column.

The Thomson model is amenable to this treatment. In the stationary st:ate

the entropy production takes a minimum value, thus g vanishes and
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T

(dissipation) _ (P ) 1
d=—1I=
R

The dissipation per unit length in the Thomson model was given by
P =f— ® B(z) R? £ (\/ER/{,),
o

where

M, 6/2R/5) -
L cos[ 31(\/_2R/5) - eo(ﬁbe) - n/lr—'.

f/2r/9) = &
VR M 42r/8)

A more convenient form for the dissipation expression is obtained by

substituting z = \/;.R/ﬁ = R youw and F(z) = (z/2)£(z) to give:

For a fixed value of the applied magnetic field the variation is

5P=P[’az_+a£__aa_“=a_1:_ dz
z F o | 2z ’

where 5§ = (3/3z) dz. Then

i

dz,

M. (z)
Y 1
3z (Ho(z) COS[ gl(z) = HO(Z) = TT/“I' :]) dz:

Y4

&F
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Performing the indicated operaticns, one obtains

Ml(z) M]_L
.i_ Mo(z) cos (8 17 eo = TT/4) M cos 2 (8 _1-90- E.)
- 2 . {

5P =Pl L - 270 4z,
kA 1 o A
M cos (81"90 " i)
[s)
where

oM,y ¥y

—_— 3 - el - ——

3z M(sing) -0, = 4) z ?

M

38, M

3z o M cos[al'eo'a]’
20, M
aT'E_Si“[Bl'eo'a :l

Thus

P=p 2 Ml(z) cos 2 G l-ﬂo = TT/4)
6% = Tz M (z) cos (8,90 - n/4) dz.

The existence of the electrodeless arc in the Thomson model is then
determined by

P

T
R

8P = 8T.
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The existenge condition is thus written

— T z
Mo(z) cos [8 1'80 - 11/4]

2,
z

The condition for impedance matech in the Thomson model of the electrode-

less arc is given by

2, Ml(z? cos 2 ’_81 ol T'r/ll-—l -
z Mo(z) cos [el "8y T nﬂ;]

Comparing the preceding two expressions one finds that the term - Tl-:_:
is a concomitant of the discharge entropy production. This term is

presented as a function of the argument z = '\/—2 R/s in Figure A-2, where
it is compared with the discharge resistance as a function of z = ’\/E R/,

relative to that at conditions of "impedance match'" (i.e., at =z =\/—2_ R/g = 2.5).

The existence condition is written

1 .
8% = 0=E[6P '§6TJ-
In any open system § > 0, hence P has the same sense (i.e., sign) as T,

or §P vanishes. Thus,

P
oo

Consider a discharge operated with the argumement z = \/Z_R/(s = 2.5 such
that the discharge absorbs the "maximum" power from its induction field.
Let the effective temperature of the discharge plasma be T,. Figure A-2

indicates that the entropy production function has zero value for this
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discharge. A variation §T in the discharge temperature is accompanied by

a change in z such that

dz _ l1dr 1 _dg
dT [RdT 2 g dT]'

I1f dz/dT « O the discharge is seen to absorb less power from the induction
field and the entropy production of the discharge increases. 1If dz/dT > 0O
the discharge again absorbs less power from the induction field, however
the entropy production decreases. Since the entropy production for an
impedance-matched discharge is minimum, a decrease in the production rate
with temperature requires less than minimum discharge maintenance entropy
production at the new temperature, which must be forbidden on thermodynamic
grounds. Also, the decrease in z with temperature yields entropy pro-
duction at the new temperature in excess of the minimum for discharge
maintenance, as less power is absorbed by the discharge itself at this
temperature. Since the power variation §P > 0, it must be that dz/dT
vanishes always. Thus

l1dr _ _ 1 _dy
R dT 2 dT

Also, a discharge apparently cannot exist for z > 2.5 since this requires
a negative entropy production rate, and existence for z < 2.5 violates
58 = 0, hence must also be forbidden. Thus, for the Thomson model the

condition for existence is
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From Eqn. (9) it is immediately obvious that this argument is independent

of the uniform f£low through the discharge.

In the case of interest, the discharge entropy production is affected by
the ionization and deionization at the ends by an amount that is constant
in the first approximation. While not completely negligible, the "end
effects" evidently do not dominate the problem, and are now neglected as

a matter of convenience, with the reservation that hereafter the discharge
columm will be assumed to be of length »» diameter. For the Thomson model,
the entropy production in the fluid reference frame was seen to be pro-
portional to the power required to maintain the discharge, and the zero-

flow scaling law'J? R/s = 2.5 holds in both reference frames.

In the general case, within the fluid frame the energy balance is given by

where Qo is the net loss from the discharge in the absence of flow.
In the stationary system the energy balance reads
wH =J‘3’-Edv-q

where wH denotes the net enthalpy of convection from the discharge volume.
Then

J"j’-ﬁdv=‘;;1-1+q
This heat loss Q was shown to be the same as QO in the zero flow case by
application of Steenbeck's minimum entropy principle (the discharges are

otherwise identical). This leads to
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- '~ _ .
J‘; T dv J‘JO_EOdV—wH

which gives the power requirement for the flowing discharge. This can
be written
P =P+l (13)

where PO is the power required for maintenance of the zero flow electrode-
less arc at a given pressure, and P is the power required for the main-

tenance of the same electrodeless arc with the addition of flow.

%
This problem has also heen treated in the Soviet literature for the
channel model of the arc discharge. This treatment is abridged and pre-

sented below:

Neglecting friction and radiation loss, the energy balance becomes

2 .1 3 aT \ _ 3 *
B+ 3 ) - ) <o, (14)

where GF is the specific gas flow and J* is the enthalpy of the retarded

flow. Averaging Eqn. (14) over unit length, one can write

22 1 d ds
(1<) gE°R" += — (p 7 ) =0, (15)
il o dp P dp

where 7 is a local "energy efficiency’ defined as the fraction of the
total power entering an elementary volume of the arc that goes to increase
the total enthalpy of the gas passing through this volume, R is the radius

of the channel and p= r/R is the relative radius.

* Pustogarov, S. V., High Temperature, 4, 173 (1966).
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For the conditions of the channel model it is shown that the presence of
an axial gas flow characterized by the quantity 7 leads to an increase in
the required power by a factor (1 - ﬂ)-l. Under these conditions the
radial temperature distribution and the heat flow to the wall remain the
same as in the case GF = 0. In a series of experimental measurements cf

arc characteristics with flow, the energy efficiency was found to be

Q

T=a-=) (16)

Since QW is held constant, QW/EI is just P(o)/P(u), where P(o) is the
zero flow power requirement, and P(u) is the power required for a given

flow under otherwise identical conditions. Then

. =[(1 ; 2@} AP

P(w)| “P(u)’

but

jjl . i"l dv = P(u) = Q +€GH=J‘U Ei av
and

IB‘O- E_av = P(o) = Q =J“g B dv
8o

n= P(o)‘:ﬂi wh
and

P(u) = P(o) +wH, (17)
as before,
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APPENDIX III

THE HYDROMAGNETIC INTERACTION

It is desired to determine the extent of the disturbance of the electro-
magnetic field by the plasma flow field in an electrodeless arc discharge.
The Thomson eddy current model consists of an infinite solenoid of N/%
turns per unit length surrounding an infinite uniform plasma at rest. If
the influence of a single turn of the solenoid on the system were known,
the infinite sclenoid model could be derived by superposition. If the
single loop were to carry unit current, the analytical problem would be
general., The solution for the spatial potential distribution of a unit
source is the Green's function for that source. This function will be
derived for the interesting case of a long uniform plasma flowing with
vniform velocity along the axis of a single circular loop which carries
unit current at a constant frequency. While this model has not yet been
shown to describe the electrodeless arc, the presence or absence of a
significant flow-induced disturbance of the induction field will determine

whether or not it is physically valid to analytically extend a solution
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of the first order, zero flow energy balance equation to include flow

effects.

A. TFORMULATION AND SOLUTION OF THE PROBLEM
The magnetic induction B can be derived from a vector potential A. By
definition

B=vxA (1)

Additicnally, the curl of the magnetic induction is given by
= [ aﬁ ]
v x B p,[_‘l'l‘eat , (2)

where |, and ¢ are respectively the permeability and permittivity of the
space at the point of interest, 3 is the current density and B is the
electric field intensity at this point. If ¥y is a local potential, and
if 4 is the velocity with which the plasma moves relative to the source
of the field quantities, the electric field intensity in the frame of the

plasma is given by
ﬁ=-'¢‘y-—§ﬁ—+ﬁx§ (3)

Egqns. (1-3) are now combined with Ohm's law to obtain

- M R 2 . - i 2 . - = -3
VZK =y rv . K =+ (OL!- + lwe )%’]"'(w ule-],c-uw)A = i ((U ue"IGLLLD)[-UXVXAJ -u'—jSOUrCE (4)

where g is the electrical conductivity of the plasma, iy = 3/3t, and j ource
3

is the source current density.
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Substituting -giﬁz = QD%¢Q - igpw) dinto Eqn. (4), and choosing the Lorentz

gauge V'K = - (iﬁu)ngth permits a simplification in the form of Eqn. (4):
2. 2 o i 2 2 1o = - .3
v 2 + ORL i w o " [u x (7 x K)J MIsource. )

It is sufficient for the purpose of this analysis to consider only axial flow.
When u = &k U, the bracketed term on the left in Eqn. (5) is
evaluated:

-t — - . aA

Ux(VxA)|=-%u ' (6)
where axizl and radial components of the vector potential vanish (i.e.,
radial and axial currents are suppressed in the electrodeless arc, hence

A =Kz = Q).

Outside the plasma the electric conductivity vanishes. 1Inside the plasma
the source current vanishes. Thus two regions exist, and Eqn. (5) in

these regions is written:

\ (l)..
p £ R: ¢ [p '%;1 ‘?E)' _E' +’% o’ + _a' Ty a ¢ 0, (7a)
P az
2
>R: A[la _ a——-—1'—+ 2 . (o)_ &
b= ¢ [p 3p (p ap ) p2 "o azz J%P = - ¢ Ho Jgource’ (7b)

where y = oul, » the plasma radius is denoted by R, the superscripts (i)

and (o) refer to "inside" and "outside" the plasma, respectively, and p

is the radial coordinate,

Solution of Eqns. (7) is obtained by finding the Green's function appropriate
to this case. One observes that, for the single turn loop the source term

can be replaced by a delta function at the source (i.e., primed) position.
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The z-dependence in Eqns. (7) can be relegated to the k-plane via a Fourier

transformation to give a set of linear equations in p:

a2 1 d 2 1 i
ps_Rr——2+——d—+(B ,T)JG(l)(p,klp'z') =0 (8a)
“d p p
P P
ikz'
a2 1 _d 2 1 .
o2 R[5, + -Gt @B DGk = - 56, (80)
dp p ZTTp
where 02 = ng - k2,
and Bz = ni n2 - ivk - kz.

Closed form solutions for Egns. (8) have been cbtained for this boundary

value problem. They are

P = R: G(O) (p ,klp',é') = 'zjf Hl(cvp') [Jl(qrp) = Q(k)Hl(ap)Jeikz'v (9a)
(i) '] - i ] ikZ.
0g pg R G677 (psk|p'z") = i Hl(afp )Jl(ﬁp)e ke R (%9b)

where the Hs are Bessel functions of the third kind, the Js are Bessel
functions of the first kind, and § (k) and A (k) are evaluated at the boundary
p = R to give

@ I @R) J;(8R) - 8 J (R} J,(@R)
o H @R} J,(gR) - J_(BR) H,(@R)

It

8§ (k) ) (10a)

o J (@RH; @R} - o J;@R) H_ @R)
"o J,(RH_@R) - B J_GR) H GR)

a (k) {10b)

The Green's function must be returned to real space by the inverse transform

1 e ik
Glo,z|p",2") = En_j G(p,k|o'z")e  Pak, (11)
-Crs
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for which the magnetic vector potential is obtained:
A@ =, (6.2 )i’ (12)

The effects of the plasma and the flow are now included in the evaluation
of A(r). If the field frequency is sufficiently low, displacement

currents can be neglected and g - [k2 + gy (@ +-ug]%.

B. EVALUATION OF SOLUTIONS

Several cases shall now be examined.

Case_l: g = 0

In this case o = g = ik

-ik(.]oJl - JOJI)

(1) — = -
ik{J 1110 JoH

|
o

1
—-ik (Joﬂl - Jlﬂo)
alk) - 3 = =
ik (J1Ho JOHI)

e . . -k 1 _ +
¢, 2 B (ikp ") (Hkp)e™ " = ¢t

6{0 D (o,z]p12) = | 9 CkpIH, ik e KT D, (13)

Noting that
J,Gkp) =4 I;(kp),

and

Hi

1 (k) = - 2k "),

Eqn. (13) is written

¢ P ,zp'2") = 'AE*'Imll(kp)Kl(kp')cos k(z-z")dk, (14)
T o
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- - !
in which the integrand is seen to be an even function in k, hence e ik (z-z")

was replaced by cos k(z~z') and twice the integral was taken over semi-

infinite limits.

The integral is contained in the table of integral transforms prepared by

*
Erdelyi, et al.

Case #2 ¢ - =, u =0,

In this case ¢ - ik, B ~ il:k2 + dgpw %
g(k) - 0
G(i) - 0
-ik(z-2z')

i . '
c©) ;J‘” 3, (Lkp)H, (ikp e dk,

[=~]

as before.

The presence of an infinite conductor thus has no effect on the Green's
function outside the cylinder. Within the conductor the Green's function

vanishes.

Case #3 o,u both finite.

In this case it is observed that Eqn. (9a) gives

G(o)(p:klp:zl) = Géo)(psklp'z') + 6G(C') (p,klpl’z|;0.,u)’

* Erdelyi, Magnus, Oberhettinger and Tricomi, Tables of Integral Transforms,
Vol. I, McGraw Hill Book Co., New York, 1954.
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(o) G

where G, ,klp',z') is the original infinite domain Green's function,

(o)

and € (p,klp',z'gy,u) is a perturbation term given below in Eqn. (15).

The inverse transform is written

(o) Il(kR) 1k(z-z')
&G (p,zlp »Z ,O"u) = 2 Jl K (kp JK (kp) K (kR) g(ﬂ:u)e (15)
3/2 uk,
where Kk Il(kR) i _6 ’_ =7 (1 * k ]
uk, J 2L (1 + 35
€0y Il(kR)\E‘ (1 +$5% [ % ]

Ko(ka)i'3/25 3, F3/2 ’/%(1 + ;—L‘J

. uk_ 3/2 2R uk
K (RRW2(1 + o )JOE = a+y )J +1

k

It will be recognized that for k — 0, Kl(o) and Ko(o) - @, while 11(0),
Io(o) - 0. The principal values for this integral must occur near k = Q.
Thus, in evaluating g, k2 was neglected in comparison with k. Egn. (15)
is suitable for numerical evaluation, and a similar expression could be
derived for G(i)(p,zlp',z'k;,u). Further manipulation of this expression
is not necessary, however, since Eqn. (15) already demonstrates the order
of the flow effect on the field distribution. This effect appears in the
(1 * uk/2y) term. For simplicity k will be assigned unit value, then for
= 103 m/sec and £ = 106 cps such that oy = 6.28 x 106, uk/ 2y ~y 10-4. The

remaining term'JER/@ therefore has a value of 2.5 and the flow cannot

appreciably perturn the field distribution.

Case #4 Small Argument Expansion

In the limit where @R, BR << 1 the various functions can be expanded. This

has been done to order four in kR. The vector potential outside the plasma
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in this case is approximately

~ ipt Iop z
2O, B, ) @) (2| 8B e o + 55— | 116)
32(a"+z°) P _ (a“+2%) (a“+2°)
. . . 2 2.5/2 .
The hydrodynamic interaction is seen to vary as z/(a” + z°) while the

ohmic dissipation varies as 1/(a2 + z2)3/2. The magnitudes compare

according to

OHMIC ) 103 al + 22,
HYDROMAGNETIC = < ¥ z

for a single loop. For a long solenoid the hydromagnetic effects are even
less important, as these effects appear only in the neighborhood of the ends

of the induction solencid where u x B # 0.

Finally, the magnetic Reynolds number and the hydromagnetic interaction

parameter are estimated. The magnetic Reynolds number is

-1
RM = UHOuLN 10 .

The interaction parameter is

2
B"L -3
N = Jl;;———ss 10 :

where the following nominal values have been assumed:
g = 103 mhos /meter.
u = 103 meters/sec

10-1 meters

P
1}

B = 10‘—l webers/meter2 { = 1000 gauss)

1 kilogram/meter3 (~ atm density)

gl
fl
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C. CONCLUSIONS

It is apparently quite safe to assume that the spatial distributions of
the electromagnetic field quantities (i.e., ﬁ, B, 3) are nct appreciably
disturbed by the flowing plasma in the electrodeless arc discharge for
cases of interest in the present analysis. These cases include those
examples of magnetic Reynolds number and interaction parameter with magni-

tude less than unity.
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APPENDIX IV

ENERGY BALANCE IN THE ELECTRODELESS ARC

A.  NOMENCLATURE

In this Appendix the following notations are employed:

ap - "Radiation constant = 7,569 x 10-16(jou1e/meter3/°K4)
A - Magnetic vector potential (Webers/meter)

—

B - Magnetic induction (Webers/meterz)

c - Velocity of light (3 x 108m/sec)

c - Capacitance {(farads)

E - Electric field strength (volts/meter)

£ - Circular frequency (sec-l)

h - Stagnation enthalpy (joules/kg)

- 2

i - Current density (amperes/m )

L - Inductance (henry)

P - Pressure (n/mz)

- ] 2

9pad - Radiation flux ineluding absorption (w/m /sec)
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et

(T

R(T)

o
Temperature { K)
Mass-average convective velocity (m/sec)

Internal energy per unit mass

Electromagnetic skin depth [Zlcpow]%(meters)

8.85 x 10”12 (fd/meter)

Permittivity of free space
Viscosity (kg/m/sec)

Thermal conductivity coefficien&, including the effects
of ambipolar diffusion (joule/m“/sec/°K)

Debye shielding distance (meters)

Rosseland mean free path for abscrption (meters)
Permeability of free space = &7 x 10-7(h/m)

Mass density (kg/ms)

Electrical conductivity (mhos/meter)

Stephen Boltzman Constant = 5.6686 x 10_8 joules/meter2
sec K,

Viscous stress tensor (kg/m)
Electric scalar potential (volts)

Angular frequency = 2nf(secT)

The rationalized Meter-Kilogram-Second (MKS) system of units is used

throughout this analysis.

B.

DERIVATION OF THE ENERGY BALANCE EQUATION

The most important part of any theoretical study is the initial formula-

tion of a problem,

In the following study therefore, an effort is made

to treat the entire problem while setting up the functional energy

balance equation.

A macroscopic (i.e., continuum) treatment of the
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electrodeless arc energy balance is chosen because only the high pressure

case is of interest here, and the additional complexities of a general

microscopic® analysis appear umwarranted at this time.

The basic continuum hydromagnetic** equations are:

Conservation of momentum:

— =

— - et
= Np -VT + j x B;

glg,

Conservation of energy:

2
(=]

ool = 7T - pY.u - a‘:arad +3.(E + 0 x B) - Tiveas

rt

Conservation of mass:

D _ 3.2,
Dt pvu;

and the convective derivative operator is defined:

+ (u)

The scalar product of U and Equation (1), when added to Equation (2}

gives
D[l 2 - - - - - = - vl .
F’B '2-1.1 + U= -u.Yp +v.[mT -q a - Tvu] -pveu + j-E

The convective pressure derivative is

(1)

(2)

(3)

*Jancel, R., and Kahan, T., Electrodynamics of Plasmas, John Wiley and

Sons, Ltd., New York 1966 Chapters 5 and 6.

**Drummond, J. E., Plasma Physics McGraw-Hill Book Co., New York 1961

Chapter 6,
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Dt at
Thus

E'€P=%§'%E .
Also

gives
— - D p 3t
N IR
hence, the energy balance is given by

D_
PDe

The stagnation enthalpy of this system is
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The free stream enthalpy is

h=0+2
P
Thus b = %uz + U +p/p, and the energy balance can be written
DA, o e el e
pf)t_ = g% +v-[mT - qrad-T‘U] + j'E. (4)

Some mathematical insight can be gained by inspecting the form of each

term in Equation (4). These terms are therefore expanded in a cylindrical
coordinate system and presented in the following paragraphs. Because of

the symmetry of this discharge about the z = 0 azis, all azimuthal gradients
are seen to vanish, In a subsequent section several simplifications will

be rigorously justified and incorporated into the theory, and the initial

set of working equations for this analysis will be developed.

C. EXPANSION AND EVALUATION OF TERMS IN THE ENERGY BALANCE EQUATION

The bracketed terms in Equation (4) give the rates of energy change per
unit volume through the respective mechanisms of conduction {including
ambipolar diffusion), radiation (emission and absorption) and viscosity.

Noting that d/3p = 0, Equation (4) is written

ah ah
_o° ol _3F+1 Q_E e e ]
P[“rar + “Z-az 1 j.B+ r or r®yT-reu qrad) ”

(5)
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Since the flow is primarily in the axial direction a good initial assump-
tion is Uz > Ur, such that for non-turbulent subsonic flow uf ~ 0. The

term involving the viscous stress tensor becomes

aué qu
z
- - du,_, N
Fou) = -1 0 -2/3== 0 0
z
auz Buz u
ST 0 + 4/332— z]
which reduces to
4 = 2 4k
(T.u) = -ﬂuz [rar + k 33z20% * (6)
In an optically thin discharge
- e 4
veq 4 = 40KP(T)T R (7

where T is the Stephen-Boltzmann constant and KP(T) is the Planck mean

absorption coefficilent,
In the optically thick regime

- 160, .3-
9eaqg = ~3 T VIS (8)

where KR is the Rosseland mean free path.
The enthalpy derivative can be manipulated for simplification.

Since h0 = %UZ + U+ p/p,
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ah du

0 2 "2 QT aT oR
—— — Cvy— —
"z PY; 3z Ply az+p“zRaz+°“zTa_z
oh du
o _ R dM aT] :
Pl sz - PY [zaz + (Cp MdT) 9z]? (9)
where M is the mass-average molecular weight (= Eg— ).
Assuming an ideal gas law:
R
0
P=pRT=p &~ T,
‘the following relation is obtained:
1d4 1dp .1 1ldp
Mdr “pdT TT padr ° (10)

From the data of Gilmore* the magnitudes of the terms in Equation (7) can

M
be estimated. Noting that at low temperatures o 0, a high temperature

dT

is assumed: t ~ 1.5 ev, Letting AT = T2 - T1 = 2ev - lev, and picking p =
const = 10”1p0 for p = const = 50 atm, the following approximate values

are found:

p(T,) - p(T)) = [3.1661 x 10! - 9.062] (atm)

]

ap

ap = p(T,) - p(T)) = [1.5 x 107! -6« 10'1]p0

p(T = 1,5ev) ~ 20 atm p(T = 1.5ev) ~ 2 x 10-19o

Then
1dp _ 1Ap _ 31,661 - 9.062 1 _
S AT D AT 11,600 © g5 974 x 107

*Gilmore, F. R,, Equilibrium Composition and Thermodynamic Properties
of Air to 24,000°K. Rand Report RM 1543, 24 August 1955, Figure 4, p. 65.
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-1 -1.p
1d _1pap . (L5x1071 -6 x 10 Mo 1 _ -4
o AT~ 5 AT - 11,600 . T~ -9 x10
2 x 10 Py
Finally
ﬁ%m 9.76 x 1072 +5.75 x 10 - 19,4 x 10 ~ 4 x 10~

The value for Cp can be obtained from Fenter¥*

1

10 < Cp/R [ for p/po ~ 107" and (104 <T<2x 104)] < 50,

Inserting the smallest value for Cp into (9) and noting the above evalua-
tion of Equation (10) gives an estimate of the maximum effect that the

term % %% can have on the energy balance in the regime of interest:

ER_l@). - -5
(R M aT R~ (10 - 4 x10 ") R= 10R= Cp .

The term %'5%’18 therefore of minor importance to the energy balance for
the regime considered in this analysis, and can therefore be neglected.

The enthalpy derivative is now written
du
T
pu, \:uz a_zz + Cp g—z J . (11)

A comparison is made between the magnitudes of the viscous and conductive
contributions to heat transfer. LetK(T) d3T/ar + ﬂuzauzlar = §,
A linear temperature profile is assumed, to give

3T , I(R) - T(0)

ar R~0

**Fenter, F, W., The Thermodynamic Properties of High Temperature Air
Chance Vought Report No. RE-IR-14 28 June 1961, Figure 11b,
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10%, T ~ 1000° and

where R is the outer plasma radius, For T R

i
center

R~ 10 cm:

éz$¥<w9 X 104
or

From Yos,** K (T) ~ 1 w/K for 1 < P < 30 atm and T ~ 104, hence

kL~ -9 x 10
ot -

4

Let u 400 mfsec at the center and let the radial velocity distribution

be parabolic such that Jdu/f3dr = -uor/Rz.
. =3 =4
From Yos (Figure 192) 1< 3 x 10 ~ poise ~ 3 x 10 "(mks),

letting r = R/2 and again letting R~ 10 cm gives

ou

ﬂuzg;z-ﬁ -2.4 x 102 .

du
Then & = K(T) g% + fu, s;g-w -9 x 104 - 0,024 x 104

and

3 = K(T) %% .

The effect of viscous transfer in the discharge region is seen to be
negligibly small compared with the effects of thermal conductiomn. The
effect of viscosity in the axial direction is less easy to determine

rigorously because of the coupling between the convective enthalpy loss

**Yog, J. M., Transport Properties of Nitrogen, Hydrogen, Oxygen, and
Air to 30,000°K, Avco Report RAD-TM-63-7, 22 March} 1963, Figure 20,
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and the viscous term through 3u/dz. If a thought experiment is constructed

in which the viscous effects are maximized while the thermal transfer is

held constant (or minimized), a crude estimate of the relative importance
of viscosity in the axial direction can be obtained. Let 3u/3z be maxi-

mized by assuming that the gas flow is accelerated from zero to sonic

velocity in the region of space containing the discharge. Then

wid

L4 - 2,2
Mu, %%53-5-3 x 107% % (4 x 107)" =~ 64,

where the acceleration path has been taken to be a meter in length, and

the velocity and viscosity have the same values as in the preceeding example,

The conductive contribution in this case is essentially equal to the tempera-
ture drop across the discharge. If a discharge exists at all, this drop

must numerically exceed 64. Thus, under nearly any circumstances

au
QT 4, Z
K oy > 3T]uz oy

Apparently the effect of viscosity is very small in terms of its contri-
bution to the overall energy balance. In general, the provision of a
mechanism for the establishment of a velocity profile appears to be the
extent of the requirement for a viscous term in such an analysis as this,
Thus, so long as no drastic changes in velocity take place within the
discharge itself, the energy balance in the discharge can be established
without the rigorous inclusion of a viscous transfer mechanism if a

reasonably accurate velocity profile is chosen,
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D. THEORETICAL SIMPLIFICATIONS AND THEIR JUSTIFICATIONS

(1) Local Thermodynamic Equilibrium. In the preceding equations the

plasma temperature T has been introduced. The parameters K(T),AR(T),

N(T) and ¢ (T) are stated functions of temperature in this analysis. The
assumption of local thermodynamic equilibrium (L.T.E.) is clearly implied,
and must be justified. The high pressure induced discharge is characterized
by large plasma currents and high levels of ohmic dissipation, and as such,
has been classified® as an arc type of discharge (i.e., in contrast to the
relatively low energy '"glow" discharge). High pressure arc discharges are
known** to equilibrate in a time on the order of l()-3 sec or less, and the
assumption of LTE is probably justified for the case of a CW induced dis-
charge. Equilibrium can be rigorously demonstrated by showing that the
temperature of the plasma electrons equals the temperature of the plasma
ions and/or neutral particles. This can be accomplished by showing that
the mechanism for energy transfer from the electric field to the plasma

is predominately through elastic collisions between electrons and heavy
particles, and that the rate of energy transfer from the plasma electrons
to the heavy particles equals the rate of energy transfer from the electrie
field to the electrons. Such a scheme has heen reported by Cambel*** who
gives the following expression for the relative temperature difference

between the electron gas (i.e., Te) and the heavy particle gas

%  Babat, G. J., J. Inst. Elect. Engr. (London 94, 27, 1947.)

%% Cobine, J. D., Gaseoug Conductors, Dover Publications, New York, 1958,
p- 335.

*¥* Cambel, Ali Bulent, Plasma Physics and Magnetoflyidmechanics, McGraw-
Hill Book Co., New York, 1963, Chapter 6, pp. l43=-145.
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(i.e., Tg):

T -T IWH
e i eE\ 2
T, = E’;ﬁe (3/21&:9_) g (12)

where A is the electron mean free path in the plasma, and is given by

Sutherland's* formula

LS a+ T'/Tz)
— i — [
Ay 1+T /Tl)

For an electron in air at atmospheric density the following values obtain:
Rl = 54.1 x 10-6cm, T1 = 273°k and T' = 111%k. Thus, for a plasma tempera-

ture T2 o T1:

kz = 7.5 x 10_5cm.

Assuming that Té a2 1040K, my 2.5 x 10'-23 and that E < 20 v/em = 6,7

x 102 stat volts/cm, the left hand side of Equation (12) becomes

2 —Bsa6x107
e
hence
30
Té =~ 9,954 x 10 K= Te . (13)

*Cobine, J. D., Gaseous Conductors, Dover Publications, New York, 1958
p' 22.
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Finally, Compton* shows that the collisions between electrons and heavy

particles are substantially elastic if

E/lp <1

where the electric field strength is given in volts per centimeter (in
contrast with Equation (12)) and the pressure is given in mm Hg., Again
assuming atmospheric pressure ( = 760 mm Hg) and E =~ 20 volts/cm, E/p < 1
for any case of practical interest. Thus, the existence of L, T. E, is

established in the electrodeless arc at atmospheric pressure and above,

It is mentioned in passing that the value E =~ 20 volts/cm was derived from

Thomson's eddy current model of the electrodeless discharge where

|5, ()| = 3 buB(R) (M, (/2R/6) /M, (/2R /6)],

and nominal values were were chosen for a solenoid of 20 cm diameter,

and E(r) is evaluated near the outer plasma boundary.

(2) Ohms Law, Electric Scalar and Magnetic Vector Potentials, and

Charge Neutrality in the Electrodeless Arc Plasma., In a gaseous plasma,

a scalar relation (i.e., the neglecting of Hall currents) can be assumed

-t -
to exist between the current density j and the electric field E if W < i,
where w, = eB/ﬁ% is the electron cyclotron frequency and 7 is the average

momentium transfer collision time for electrons, For the case of the

*Compton, K., T., Phys, Rev,, 22 (1923).
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atmospheric plasma previously considered, T < 10-llsec and B < 1 kilogauss =
10-1w/m2. Then wcT = eB'T/mé < 1,7 x 10-1 < 1, and the scalar form of Ohms
law applies. Clearly, Hall currents become vanishingly small at higher

pressures.

Additionally, for the sample plasma, the electron plasma frequency

2 172 12
mp = [nee /some] ~ 107 >> w, where w is the frequency of the induction
field. The corresponding ion frequency W ~ (rue/mi)}E wp A3 1010 >> w. Thus,

plasma oscillations and all allied effects can be neglected in this analysis.

In the high pressure electrodeless arc, Ohm's law is written

-
J

o(T) [E + 4 x B] (14)

The electric field is derived from the magnetic vector potential A and an

electric scalar potential § according to

- A a

E=-9§ -S4, (15)

where the Lorentz gauge has been chosen for the sake of generality,

relating the potentials through
V*A = -O‘p.o\h - eopoaq:/at. (16)

It will now be shown that a substitution of the Coulomb gauge v°A = 0
for Equation (16) introduces no appreciable error in the analysis of the
energy balance in the high pressure electrodeless arc, and such substitu-

tion will be shown to add considerable strength to the analysis,
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The debye shielding length XD iz a measure of the magnitude of charge
separation in a plasma for which the resulting electrostatic energy density
equals the particle thermal energy density¥ The magnitude of the debye

length is given by

5
- 12 [ kI(ev
Ap = 7.43 x 10 H—%—] cm.

ne(cm“ )

In the sample plasma previously discussed, kT = lev (i.e., T = 104) and

n, 1016cm-3, thus in this plasma hDsa 10'5cm. At the outer boundary

of this plasma the temperature will reduce to = 7000 ~ 0,6ev, n, A 1015cm-3
-5

and AD sheath_m 3 x 10 “cm.

This is the order of distance into the plasma over which a static potential
has a non-zero gradient. In the electrodeless discharge § arises from the
large voltage drop L %% across the induction solenoid. Since this repre-
sents a very large potential gradient (vt)z in the axial direction, and
since the conductivity 0 of the plasma is high, the effects of any inter-
action between 09#)2 and ¢ must be carefully considered, as large axial

surface currents which could violently affect the overall energy balance

appear to be possible.

There are several methods for treating this problem. The method to be

presented, while lacking much mathematical elegance, appeals directly to

*Heald, M. A., and Wharton, C. B,, Plasma Diagnostics with Microwaves,
John Wiley and Sons, Inc., New York, 1965, p. 77-79.
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the intuition and seems to be the

method most directly related to the

ﬁ"_"r"_'

=~

oid of radius R and inductance L
RS

actual problem. Consider a solen- M
carrying a large high frequency
iwt

*

»

b Lo n
current le « The voltage drop '

. . . iwt A f:
across this solenoid is iwkL Ie . |

Let a hot coaxial plasma of radius Figure 19

R be induced by eddy currents, and

let it occupy the central volume of

the solenoid. The equivalent circuit of this situation appears in

Figure A-3, where the inductive branch on the left represents the induced
discharge and the capacitive branch on the right represents the quasi-
electrostatic coupling between the solenoid and the plasma. The values of
the capacitors C are approximatelv given by the values for the capacitance

of coaxial cylinders
¢ = 2me 4[log A/R]
o % 3

where £ is the length of the cylinder. In the usual case, the solenoid is
part of a resonant circuit, and a ground plane®* exists somewhere along its
length. If this nodal plane bisects the solenoid the capacitors C are

equal and the total series capacity in the right hand branch is

*Hollister, D. D., IEEE Trans. PTGAP, AP 13, 134 (1965)
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_ -1
c = neoL[logeA/R] .

The resistance R2 of the right hand branch is the resistance of an annular

cylinder of diameter 2R, wall thickness k length 4, and electrical

D’

conductivity 0 (i.e., R2 is the plasma resistance as seen by the static

potential of the solenoid). Thus,

£
2nRhD

1
R, ™35

The voltage across the circuit is V, so the current through the right hand

, _ _ 1 7 & 2 log A/
branch 1is V/ZZ, where Z2 = R2 + Xc = 5 \‘thD + jwedﬁ .

Nominal wvalues for the circuit parameters are as follows:

3 x 102 mhos/meter

Isheath

£ 0.5 meter

R 0.10 meter
KD 3 x 10_7meter
€, 10-11fd/meter
A 0.20 meter

Then

R, ~ 8.85 x 10° ohms,

C, = 2x 10'11fd.;
for a frequency of 1 MC/sec, w = 6,28 x 10° and X, =1/6.28 x 10® x 2 x 10”
~ 0.8 x 10 ohms. Therefore Z, ~ 2 x 10* and I, ~ V/2 x 10% % 5 x 107y,

The power lost in the right hand circuit is therefore

2 - -
12 RZ‘H 2.5 x 10 9V2 : IOﬁ or roughly 2.5 x 10 5V2 watts,
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The left hand circuit has the same voltage drop as the right hand circuit:

V =L dI/dt = jwIL. This circuit when under load is characterized by a
Q which is within a factor of two of 5. Thus, Q = mL/R1 ~ 5, where R1
is the effective series resistance of the plasma in the inductive branch.

Thus I, = V/oL = V/SRl. The reflected resistance R1 also is usually

1
within a factor or two of 5, hence 11 ~ 4 x 10-2V, and the power delivered

to this circuit is Ii R1 2 1.6 x 10-3V2 * 5= 8 x 10-3V2.

The net contribution of the capacitive circuit to the energy (i.e. power)
of the system, hence to the energy balance, is seen to be on the order of

a third of one percent, and is therefore neglected,

It is stated without Ffurther proof that this conclusion is wvalid in
general for electrodeless discharges at high powers. In the low power,
low density regime the opposite is true, as evidenced by the growth
curves presented in Figures 9 and 10 of the preceding reference, Addi-
tionally, the capacitive mechanisms are definitely not to be neglected

in breakdown studies, as v{ is the initial breakdown field.

Since the capacitive effects are negligibly small in the case being

treated, it is possible to modify Equation (15) to read

-t
E =

(17)

44

In addition, Vv{ must vanish within a few debye lengths of the plasma sur-
face. Hence, within the plasma | must have a constant value. Electric
neutrality requires that no free charge exist in the plasma, and the

plasma is known not¥*to contact the discharge tube wall, thus preventing an

*Dymshits, B, M. and Koretskii, Ya. P., Sov. Phys.-Tech, Phys. 9, 1294 (1966).
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appreciable charge build up at the wall.

Since no other source for ¥ exists, this potential must vanish in the

plasma. Therefore Equation (16) can be written

v._A. =0 (18)

as in the Coulomb gauge.

Radial components of the induction field of the solenoid exist only near

its end and are very small in the plasma region of this fringing field.

The main contribution to Lorentz currents will be the field component

given by uzBr' It is evident from the geometry that this component must

add to the total current density at one end of the sclenoid and subtract
from the total current density at the other end of the solenoid. Any net
induced current differential can arise only from a difference in the
electrical conductivity at the ends of the discharge. While this difference
exists, the Lorentz field is at most several volts/meter, and is not con-
sidered important*to the overall energy balance. Equation (14) is then

written

7 = o (DE. (19)

From Equations (17) and (18) is obtained

vE = - —g—-t—-v-K = 0. (20)

*
This question is treated in full in Appendix III of this report.
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The divergence of Equatiom {19) is substituted in Equation (20) to give
= = e do(T
g7 = (Evm) O, (21)

which is the desired relation between the electric field and the tempera-
ture gradient., Since the net plasma charge is zero, the divergence of

the plasma current density vanishes and

- ek

E9T = 0; (22)

thus demonstrating that, in the high pressure electrodeless arc, as in the
DC arc at high pressures, the isothermal and equipotential surfaces are

orthogonal, and the current flows on the isothermal surfaces.¥®

E, THE GENERAL WORKING EQUATIONS
—

Referring back to the energy balance equation, the driving term is j«E,

Taking a scalar conductivity gives
-
J

-r
= o (T)E,

where o{(T) denotes the dependence of the electrical conductivity on

_3A/3t = -i&i, hence,

—
temperature. In the Coulomb gauge E

- - -

J*E = (-iwA)o(T)+(~iwA).

— — N el ek
Noting that A = A + i A  is a complex quantity, the dissipation is (j+E¥),

hence

- 2. .2 2
3B = 2 o(D’[AL + AT, (23)

*Thiene, P, G.,, Phys. Fluids 6, 1319 (1963).
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where the factor % on the right occurs because peak values of the field

quantities have been employed.

Finally, the argument used to discard the viscous term is employed to
show that uzauz/az << CpaT/Bz. Then pDhD/Dt - CppuzaT/az is essentially
the convective loss from the electrodeless arc., ZEnergy balance for the

optically thin electrodeless arc is now written:

1 2rp2 4 a7y 4 L2 oLy , 2. aL | o1 =
3 O LA, + A7) + 2 50 GRODGD) + 57 KIDSE - pClu == - & (TIOT = 0 (p4)

where the axial dependence of A has been neglected, This is:

Rate of energy Rate of energy Rate of energy Rate of energy
input to volume + input to volume - loss to volume - loss to volume = 0
by ohmic heat- by conduction via forced via radiation

ing convection

In the limit of an optically thick plasma, the radiant flux vector ?f
— rad

is glven by

- _ 6~ 3=
Qpad © 73 GKRT VT,

where KR is the Rosseland mean free path, The energy balance equation is

then written

1 2.2 2 13 (-‘JBT 3 ~ 3T T _ "
Ec(T)w [Ar + Ai] + 2 T TK == + 32 K332 -pCpuz—; = 0, (25)
where

o 16 ~ 3

K = (K(T)+—3 cr?\.R'I‘)
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is a radiation enhanced coefficient of heat conductivity valid for the

optically thick limit.
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APPENDIX V

PROGRAM DOCUMENTATION

IDENTIFICATION

Name: LITTLE CHARYBDIS

FM39F - Electrodeless Arc

Philco 2000, FORTRAN IV

Aeronutronic Division, Philco-Ford Corporation

Newport Beach, California 92663

PURPOSE

The purpose of the program is to investigate the energy balance of an
electrodeless arc discharging in air. This is done by integrating six
first order differential equations which describe the properties of the
discharge. All initial values for the equations are known except tempera-
ture, which must be guessed. An incorrect guess yilelds a solution in which
there is no energy balance, in which case the program must be rerun with

a better guess. The independent variable of the equations is the radius of
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discharge. Integration begins at the center of the discharge and continues

outward.

RESTRICTIONS

None.

METHOD
The equations are integrated using RKS3, the Runge-Kutta library integration

routine.

TORMULATION
The following are constants in the integration:
w = ZMf, where £ is input frequency.
-7
= 4T
o 41 x 10

5 = 0.5668 x 10/

The tables used for interpolation purposes are 5 (T,P) and AKC (T,P).
The input variables are:

P = pressure in atmospheres.

DELRC = step size of first step (adjusted automatically) (meters).

lower limit on step size to be printed (meters).

DELRP
T - temperature in degrees Kelvin.
f = frequency in cycles per second.
FLD = magnetic field (gauss).

The initial conditions of the system are:
r =0

Ar 0
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4

Br = FLD*,17517x10°
AI = 0,
= o -4
BI = FLD* - .63817x10
S = 0.
T = input temperature.

The equations are integrated from r = 0 to r= ¢¥*, where r* is the point
where T < 1000°K, or T > 30,000°K, or Deriv count > 4000. If none of

these happen, the integration is stopped when r = .35 meters,

The differential equations are:

. A ]_
A =B_-—— ifr=0 A =-8
'y T T r 2 r
B = - mU(T)uOAi

where 5 (T) = 0 if T « 2000, or o (T) is interpolated quadratically from

a table. o (T) and AKC(T) depend on T and P, however, at this point we know

the value of P from input, and we need only T to proceed with interpolation.

If the guadratic interpeolation returns a negative value, linear interpolation

is used; likewise linear interpolation is used around the peak of the curve.

A, =B, -A; ifr=0 A =<8,
i i - i 2 i

.
|

= ms(T)MOAf

A

5 .1.31g (5.18 x 107%T - 7.13 x 107°T%)

AKR = 4.52 x 10 ° P

\g = l‘AKRJ-l

then AKC is a quadratic table lookup, except for T < 500°K.
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AKC(T) = .04 (gga— .75

AKPP = 8.3 AKR

There are two versions of subroutine DERIV. One contains the Planck
formulas for S and T, the other version contains the Rosseland formulas.

The Planck formulas are the following

5= 1/2 r o2 o(T) (Ai +Ai) + 4r axpp 5 T

M-
If

s [r AKc(T)]'l

The Rosseland formulas are:

A
[}

- 172 t o (T)(Af_ + A?)

1

=N
Ir

S [r ARC(T) + 1 6/3 § T3))\R]-

Auxiliar computations at each integration step.

RAD = 2rmeyT”

coND = 2nrf AKC(T)
SIGER - u}Aio' (T)
SIGEI = Afj(T)

1 2.2 2
®k) = =
SIGE**2 = 7 o (T (A] + Ai)

Two power integrations are made in the CNTRL routine, using a modified Euler

scheme.

I‘="‘.t":'c

2mo’o (T e (a2+a%) dr
r=0 r 1

Power out = j
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~ pL = TF L
Power in = - 2wS_, + &> j AKPP* TW ¢ dr
T 0

]

The following are also computed.
- 2 2.%
E(r) w (A + A7)

1/4 = 5 (T,P) jFr* E(r)dr
r =0

il

%
B Magnitude (Bi + Bi)

Power Ratio = Power OQut/Power In

2] =p&
R=8ncrrAKPP*T4*rdr

r=0
J(r) = g(T,P)E(r)

R
Power Out)

F=
The energy balance is achieved when the Power Ratio is close to 1.

As mentioned earlier, this is dependent on the initial temperature value,
which is input. The user may input a table of trial temperature values,
and the program will compute one integration per temperature. If the
power balance is bracketed by two of the temperatures, the user must then
refine the trial temperature then rerun the program. The program is
designed so that the user may also input a table of frequencies for which

he desires a solution.
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Input Data

Card Column Format Name, Definition

1,2 1-72 12A6 Title

If the auxiliary output tape is desired for possible plotting, write PLOT
in column 61 of card 2. 1If it is the last such case write END in columm 67
of card 2. 1If both of these are entered in card 2, the case must be

stacked last. See description of tape in output section.

3 1-12 El12.8 P, pressure in atmospheres.

" 13-24 " Not used

" 25-36 " "

" 37-48 " AMUO, 4nx10”’

n 49-60 " SICMA (), .5668x107

" 61-72 " DELRC, delta r for first step

(computed thereafter)

4 1-12 El12.8 DELRP, lower limit on step size to
be printed. (If DELRP = (0, every
integration step is printed.)

5 1-2 12 N1 (1), number of frequencies (1)

n 3-4 " N1 (2), number of field values (1)

" 5-6 " Nl (3) =1

" 7-8 " Nl (4) =1

" 9-10 " N1l (5) =1

" 11-12 " Nl (6) =1

" 13-14 " N1 (7), number of temperatures (>1)
6 1-72 6E12.8 Frequency table, 6 fields of 12.%*

7 1-72 6E12.8 Field value table, 6 fields of 12.%*
* up to 24 values, or 2 cards.
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8 1-72 6E12.8 Temperature table, 6 fields of 12.%
This concludes the input. Cases may be stacked. The following data is
ocutput at each printed r value:

First line of ocutput: r, B magnitude, B%, Bi, RAD, C@ND, SIGER, SIGEI,

SIGE**2, Total Deriv Count (number of times Deriv routine has been en-

tered).

Second line: Ar, Br, AI, BI, 8, T.

Third line: Ar, ﬁr, AI’ BI’ é, T.

Fourth line: )\r, Power out, Power in, Power ratio. (The last 3 items

appear on the fourth line only if T < 42000K).

Fifth line: E(r), J(r), 5(T,P), AKC(T)

"

After r = r" is reached the integration is concluded, then quantities

I/L, F and R are printed,.

In addition to the printed output, there is also binary tape output which
is used as input to a plot program, FM39FA. For each integration, two

records are put on the auxiliary tape (logical 10).

First record:
NPL@#I Plot number

TIPFLAG Number of points in the plot

P Pressure in atmospheres
f Frequency in cycles per second
B Field value
W Initial temperature, deg. K.
* up to 24 values, or 2 cards.
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The second record is a two-dimensional array of nine columns and IPFLAG
rows. The dimension statement limits its size to 150x9. There is one
row for each data point taken from the integration. Each row consists of

the variables r, Ar, Br, A S, T, plus two extra dummy variables

1’ Br
which are used to f1i11 up the nine columns. This allows addition of two
new variables at a later date without disrupting the dimensions and the

record length. The end of data is signaled by NPL@T = -7.

SUBPROGRAMS

The subprograms used in the program are the standard ones used with RKS3,
namely a CNTRL subroutine and a DERIV subroutine, There are three inter-
polation routines referenced in the program. INT7 (NM58F) interpolates
using a first or second degree Lagrange polynominal. L1INT (NM36F) is
first order Lagrangian interpolation from a singly-dimensioned array.
L2INT (NM37F) is first order Lagrangian interpolation from a doubly-
dimensioned array. There is also a block data subprogram which contains

all tables used for interpolation.

APPENDIX TO FM39F PROGRAM DOCUMENTATION
The following additions to the program were made after the program was
documented. The user may input a table of field values for which integratior

is desired. The table may be input in ftwo different ways.

1. Input the number of values in table on card 5, column 3-4. Input
the field values in gauss on card 7. The program will convert each

value to real and imaginary parts in webers per square meter.
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2. Input the number of values in the table on card 5, column 3-4. Input
the real and imaginary parts of the field in webers per square meter
on successive fields of the card; e.g., columms 1-12 will contain the
real part of the first value, columns 13-24 will contain the imaginary
part of the first wvalue, etc. If this method is used, input -1 in

columns 5-6 of card 5. This is the variable N1(3) in the program.

PROGRAM

A complete listing of this program is included in the compilation presented

the numerical dara read-out.
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APPERDIX VI

THEORETICAL TEMPERATURE PROFILES FOR THE ELECTRODELESS ARC
IN HIGH PRESSURE AIR
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APPENDIX VIII

BIBLIOGRAPHY ON RF DISCHARGES *

The references contained herein have been organized according to the
following categories:

1. General Information (RF Discharges)
IT. Capacitive RF Discharges
I1I. Inductive RF Discharges
A. Low Pressure
B. High Pressure
C. Pulsed

IV. Microwave Discharges

*This bibliography was assembled in part from information generously pro-
vided by Hans U. Eckert, Aerospace Corporation, El Segundo, California.
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