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ABSTRACT

An analytical model of combustion instability in afterburners and
duct burners has been formulated which incorporates in a readily iden-
tifiable way the significant loss and gain processes associated with
oscillatory combustion, The dominant loss mechanisms, as revealed by
a literature survey and subsequent assessment, are those due to convec-
tion and radiation from the nozzle and absorption by acoustic liners.
The gain mechanisms have been incorporated in a general way which per-
mits physical interpretation; those mechanisms considered to be of most
importance in aircraft burners are those associated with fuel vaporiza-
tion and turbulent transport processes. The analytical model is also
capable of treating approximately the significant nonlinear aspects of
combustion instability associated with the dependencies of the major
losses and gains on oscillation amplitude, The total mathematical re-
quirements to obtain numerical resuits are the solution of transcenden-
tal algebraic equations and the evaluation of definite integrals, An
application of the model to a known experimental situation yielded
results which were qualitatively correct and quantitatively of the
correct order of magnitude. Finally, a test plan has been formulated
to enable the adequacy of the analytical model to be further assessed,
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LtST OF ABBREVIATIONS AND SYMBOLS

The practice has been adopted throughout this volume of defining the
relevent symbols as they are used in the text, Accordingly, the following
nomenclature is confined to the symbols in greatest usage,

A Acoustic admittance

a Quter radius of annulus
b Inner radius of annulus
C Velocity of sound

E Mean value of heat of combustion of fuel per unit mass
of mixture at the entrance to the combustion zone

£ Fluctuating value of heat of combustion of fuel per
unit mass of mixture at the entrance to the combustion
zone

e Internal energy

$ Oscillation frequency

k Complex frequency of oscillation

L Length of burner

M Mach number

™ Mode number defining tangential oscillation component

(CoS md:)

n Mode number defining longitudinal oscillation com-
ponent (cosngz )

Pressure

DB

Gas constant, or burner radius

n¢‘2 Components of cylindrical coordinate system

T Temperature

t Time

4  Gas velocity

w, Energy release per unit volume
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Axial location of beginning of combustion zone

Mode number defining radial os;II!ation component EJ;Girﬂ
Dimensionless radial mode number, Tf, ¢ = <R

Ratio of specific heats

Oscillation decrement = 2'!T>\/u)

Damping constant

Dimensionless longitudinal mode number, AL/
Dimensionless perturbation pressure, yf/Fg

Gas density

Characteristic time of combustion process

Fluctuation in characteristic time of combustion process

Angular frequency of oscillation

In addition, primes have been used to denote fluctuating quantities, and

the subscript o

refers to mean flow conditions.
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[INTRODUCTION

PROBLEM DEFINITION

This investigation is directed toward an assessment of the problems
presented by unsteady combustion in duct burners and afterburners, The
specific problems of interest are those related directly to the stability
of integrated propulsion systems., These problems are best appreciated by
a brief discussion of the physical sources and practical consequences of
the problems, the present state-of-the-art in the treatment of these prob-
lems, and the salient engineering difficulties which remain in the treat-
ment of these problems,

PHYSICAL SOURCES AND CONSEQUENCES OF UNSTEADY COMBUSTION
Unsteady combustion phenomena in turbojet and turbofan engines are

of two basic types: combustion instability {screech) and the transient
process associated with burner light-off,

Combustion Instability

This problem is manifested by high frequency pressure oscillations
(2150 cps) in the burner, and is commonly referred to as screech due
to the noise associated with the process., The frequencies of these
oscillations and the spatial distributions of the pressure amplitudes
are determined by the resonant acoustical modes of the burner (e.q.,
longitudinal or ''organ pipe" modes and transverse or ""'sloshing'' modes)
which are in turn governed by the geometry of the burner and the tem-
perature distribution in the burner. There are two other features of
combustion instability which are particularly significant with regard
to propulsion system integration problems, First, the occurrence of
instability is quite sensitive to relatively small changes in gross
operating conditions; hence, its occurrence sometimes appears to be
virtually random. Second, it is known that combustion systems which
are stable to small disturbances sometimes become unstable when sub-
jected to large disturbances; this character of combustion instability
is referred to here as nonlinearity,

The consequences of combustion instability depend upon the ampli-
tude of the pressure oscillations; at large amplitudes (of the order
of 50 per cent of the mean static pressure level, say) destruction of
the burner results due to either increased heat transfer rates and/or
increased pressure loading on the internal structure., At low ampli-
tudes (less than 10 per cent of the mean static level, say} in the case
of turbofans, the oscillations may tend to aggravate substantially fan
stall problems due to the fact that they expose the fan to a variable
back pressure,



Light-0ff

wWhen ignition of a burner occurs, a pressure pulse propagates upstream
much in the manner of a blast wave., In a turbojet afterburner, the inci=
dence of this pressure pulse on the turbine leads to an immediate reduction
of turbine power and a consequent tendency to stall the compressor. |In a
turbofan, the incidence of this pulse on the fan has a direct tendency to
stall the fan. The possibility also exists that the magnitude of the pres-
sure pulse is sufficient to trigger instability in an otherwise stable
burner,

STATE OF THE ART

Combustion Instability

At present, combustion instability in burners is treated primarily
as a component development problem, That is, when combustion insta-
bility has been observed within the normal operating regime of an engine,
the usual procedure has been to destroy as much as possible the resonant
acoustic properties of the burner by the addition of suitable liners or
baffles, This process is largely a trial and error one which is continued
until the instabilities disappear. As a result of this historical treat-
ment in which analytical representations of the process, although useful,
are not essential, very little analytical effort has been devoted to this
problem,

Light-Off

As in the case of combustion instabilities, the light-off transient
has also been treated primarily as a component development probtem, The
procedure here has been to control the fuel flow rate and the exhaust
nozzle setting so as to produce the smallest possible disturbance at 1ight-
off within the constraints of a given design, Once again, very little
analytical effort has been devoted to this problem,

ENGINEERING DIFFICULTIES

Combustion lnstability

The most outstanding practical difficulties associated with combus~
tion instability in burners are directly attributable to problems en-
countered in the integration of an engine and an airframe, As mentioned
previously, two notable characteristics of combustion instability are its
sensitivity to small changes in gross operating conditions and its non-
linearity (i.e., large transient disturbances may produce instability,
even though small disturbances do not). 1|t follows that the demonstrated
stability of a burner under selected engine test rig conditions does not
ensure stability under actual flight conditions; the problem here is not



so much that instability is likely to occur at normal flight conditions,
but rather that severe flight conditions resulting in either flow dis-
tortion or transient disturbances of appreciable magnitude may trigger
instability, It is therefore distinctly possible that some portion of
an aircraft's flight envelope may be limited by combustion instability
in a burner which was in fact stable under test rig conditions; due to
the historically empirical treatment of instability in aircraft burners
and the resultant lack of analytical effort, there exists at present no
way to predict and/or modify the stability properties of a burner short
of an exhaustive program of ground and flight testing and development,
which is neither feasible nor desirable. This is the central problem
considered in this task.

Another engineering difficulty which is becoming apparent is the
increasing amount of development effort which must be devoted to over-
coming instability problems in large, high-volumetric-energy-release
combustors. Although this difficulty is not directly related to engine-
airframe integration problems and the present task is accordingly not
directed specifically at this difficulty, the results of this task will
obviously be relevant to this problem.

Light-0ff

The major difficulties associated with light-off are also related
to the integrated propulsion system, in that here again demonstration
of satisfactory performance under engine test rig conditions does not
ensure satisfactory performance under actual flight conditions, This
is due to the fact that the stall characteristics of the compressor or
fan may be significantly altered in extreme flight conditions and hence
the effect of the transient pressure pulse on compressor or fan perfor-
mance will not be the same as at normal operation, A basic requirement
for an appreciation of the difference is the form of the pressure pulse
produced by light-off; unfortunately, there exists at present no method
to predict the magnitude and form of this pulse,

PROGRAM OBJECTIVES

SPECIFIC OBJECTIVES

Due to the compiexity of any analytical work relevant to unsteady
combustion processes in aircraft burners, it was presumptuous to pre-
sume that a completely satisfactary dynamic model of these processes
could be formulated and tested within the scope of the present task.
Accordingly, this task had more limited, but nevertheless ambitious,
specific objectives., These objectives were:

1. To formulate and analyze a model or models of unsteady com-
bustion processes in aircraft burners suitable for use in
extrapolating the results of rig tests to obtain the per-
missible operating envelope of a burner under actual flight



conditions., Thus, the model should incorporate important
physical mechanisms in a readily identifiable way even though
the analytical descriptions of these mechanisms may require
the introduction of empirical parameters requiring experimen-
tal determination,

7. To formulate a test plan for the verification of the models
developed,

It was recognized at the outset that the major question was in fact
whether or not these objectives were feasible; the attitude adopted in
this task was that the feasibility of these objectives could be best
assessed by endeavoring to accomplish them,

ULTIMATE GOALS

The restricted nature of the specific objectives above tends to mask
the practical significance of this task, Accordingly, a set of ultimate
goals was also established in order to provide over-all guidance for the
effort, in which the present task could be construed as a first step.
These ultimate goals were;

1. To determine the practical conditions, if any, at which burners
which are stable under test rig conditions can become unstable
at actual flight conditions due to the effects of either flow
distortion or large transient disturbances,

2. To formulate general test criteria so that satisfactory burner
test-rig performance will ensure satisfactory performance at
actual flight conditions,.

3, To determine those operating parameters which would be effec-
tive in controlling the onset of combustion instability at
actual flight conditions, and thereby provide a means for ex-
tending the flight envelope by an appropriate control system
without requiring design modificaticens of the burner,

L, To determine those design variables which were most effective
in enlarging the range of stable operation of a burmer and
thereby provide a means for minimizing the amount of control
necessary in an integrated system,

METHOD OF APPROACH

The method of approach employed in this task was based on the follow-
ing rather elementary view of combustion instability., A combustor may be
characterized simply as a roughly cylindrical or annular cavity containing
an active acoustic medium {i.e,, a gas which will both support wave propa-
gation and which may by means of the combustion process also supply energy

L



to or absorb energy from any wave motion) and bounded by surfaces which may
also supply energy to or absorb energy from any wave motion. Two conditions
are necessary for instability to occur and they can be described quite sim-
ply. First, the system must be capable of supporting oscillations; this
capability is in 2 large measure determined by the physical and geometrical
properties of the acoustical media involved and the conditions at the bound-
ing surfaces, Second, at any frequency for which oscillations exist it is
necessary for some range of amplitudes below the steady-state amplitude that
the energy supplied to the oscillation from either the combustion process
and/or from an upstream source such as a fan exceed the energy dissipated by
the oscillatory motion either at the boundaries or within the bulk of the
gas. At the steady-state amplitude the energy supplied to the oscillation
is of course equal to the energy dissipated by it,

Based on the preceding simplified view of instability, the require-
ments for a satisfactory analytical model are that it must portray the
resonance properties of the burner, it must incorporate the significant
loss (dissipative) mechanisms, it must incorporate the significant driv-
ing (energy addition) mechanisms, and it must be capable of predicting
the amplitude of steady-state oscillations., The method of approach em-
ployed in this task was formulated accordingly, and consisted of:

l. A survey of the literature related to instability in both gas-
turbine burners and rocket-engine combustors, The latter area
was anticipated to be quite productive in providing analytical
descriptions of the various phenomena inasmuch as considerable
effort has been devoted to this area in the past decade.

2, Appropriate acoustical analyses to provide an assessment of the
resonant modes which are most likely to be encountered in burners.

3. An assessment of the relative importance of the various losses
which can contribute to the damping of wave motion in burners.

L, An appraisal of the relative importance of the various driving
mechanisms which can supply energy to wave motion in burners,

5. The formulation of analytical models {consisting of a set of
equations and boundary conditions which attempt to define ade-
quately either transient processes and/or steady-state oscilla-
tions) incorporating those loss and driving mechanisms found to
be significant,

6. A parametric analysis of the models aimed at evaluating the ade-
quacy of the models and at identifying those parameters which
most significantly influence the transient response and/or insta-
bility characteristics of a given burner,



7. The formulation of a test plan suitable for evaluating experi-
mentally the adequacy of the models.
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SUMMARY

The major results of this investigation can be summarized as follows:

I. An analytical model of combustion instability has been formulated
which incorporates in a readily identifiable way the significant
loss and gain processes associated with oscillatory combustion,
The dominant loss mechanisms, as revealed by literature survey and
subsequent assessment, are those due to convection and radiation
from the nozzle and absorption by acoustic liners. The gain
mechanisms have been incorporated in a general way which permits
physical interpretation: those mechanisms considered to be of most
importance in aircraft burners are those associated with fuel
vaporization and turbulent transport processes,

2, The analytical model is capable of incorporating significant non-
linear aspects of combustion instability., Specifically, the de-
pendencies of the major losses and gains on oscillation amplitude
are treated by the model.

3. The analytical model is amenable to relatively simple solution
procedures, In all cases, solutions of transcendental algebraic
equations and the evaluation of definite integrals constitute the
total mathematical requirement,

4, An application of the model to a known experimental situation has
produced results which are qualitatively correct and quantitatively
of the correct order of magnitude,

5. A test plan has been formulated which will enable the adequacy of
the analytical models to be assessed, as well as provide informa-
tion previously lacking concerning the nature of instability in
aircraft burners, The test plan will enable the loss and gain
mechanisms to be determined more accurately than in the past, par-
ticularly with regard to their dependence upon oscillation ampli-
tude,

These observations support the conclusion that it is indeed feasible to
represent unsteady combustion processes by analytical models, and to obtain
practically useful results from these models.
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RESULTS AND DISCUSSION

LITERATURE SURVEY

The results of this survey are reported in detail in Appendix A; a
synopsis of these results is presented here,

From & survey of over sixty documents pertaining to combustion in-
stability in both gas-turbine and rocket-engine combustors, it was con-
cluded that although the experimental evidence of acoustical instability
in gas-turbine burners was abundant, virtually no analytical effort has
been devoted to the problem.

Analytical effort devoted to instability in rocket-engine combustors
has been substantial. The analytical description of combustion instability
based on linearized, acoustical treatments of the Navier-Stokes equations
has been reasonably well-developed (Refs 1 and 2, for example); the diffi-
culties in the existing treatments are that they generally incorporate in-
adequate models of the driving mechanisms and that they are incapable of
providing information relevant to the amplitude of an oscillation. Non-
linear treatments aimed at determining oscillation amplitudes (e,g.,, Refs
3 and L) are both quite complicated and very restrictive.

The various loss mechanisms by which an oscillation can dissipate
energy have all been examined analytically in the existing literature.
The most serious deficiencies in analytical representations of these loss
mechanisms are those associated with liner losses and nozzle losses and
in the dependence of the losses upon the amplitude of oscillation.

Although much effort has been devoted to analysis of possible driving
mechanisms in rocket-engine combustors, no satisfactory analytical repre-
sentations were found., The two most popular models are those of Crocco
(Refs 2 and 5) and Priem (Ref 6). The Crocco model relates fluctuations
in the energy release rate to fluctuations in pressure (or other physical
properties) by means of two parameters which cannot be interpreted physically
and which can only be determined experimentally for a given burner at spe-
cific operating conditions. Priem uses somewhat more realistic models but
they too are difficult to interpret physically and also require very compli-
cated nonlinear mathematical treatment,

Possibly the most significant physical result obtained from the rocket
literature which is relevant to gas-turbine burners was the observation
that the energy involved in a combustion oscillation is very small compared
to the energy being released by the steady-state combustion process (typi-
cally less than 1 per cent) and further that the energy supplied to or dis-
sipated by a combustion oscillation per oscillation cycle tended to be
smaller than the acoustical energy involved in the oscillation (see Ref 7).
These observations indicate that the frequencies and mode shapes obtained



from a purely acoustical analysis (that is, an analysis which ig?ores the
energy gains and losses) are in most cases reasonable approximations to
the actual situation,

ACOQUSTICAL ANALYSES

Resonant mode shapes and frequencies were determined for cylinders
and annuli based on the standard linearized acoustical treatment of the
Navier-Stokes equations for various combinations of ''closed-end" and
"open-end'' boundary conditions, Based on these results, it was concluded
that the range of frequencies of instability likely to be encountered in
aircraft burners was approximately from 150 cps {for a first transverse
mode in a large burner) to 7500 cps (for a combined third transverse-first
radial mode in a small burner). In the majority of cases of practical
interest, the frequencies will be less than 2000 cps.

in an effort to assess the more important aspects of the temperature
distribution encountered in burners, solutions were alsa obtained for
cylinders and annuli in which the beginning of the combustion zone was
represented by a temperature discontinuity. |t was found that the tem-
perature discontinuity produced substantial frequency changes in some
cases., For example, Figure | indicates the calculated frequencies of
the first transverse mode both with and without a temperature discon-
tinuity and the experimentally-observed frequencies for a large duct
burner (Ref 8). Another significant effect of the temperature gradient
was to increase generally the amount of longitudinal coupling associated
with any transverse mode,

A detailed presentation of the acoustical analyses is included as
Appendix B,

ASSESSMENT OF LOSS MECHANISMS

Loss mechanisms in burners can be categorized as either bulk losses
or boundary losses depending upon whether they occur within the gas or
at the bounding surfaces of the burner, An appropriate measure of these
losses is the loss decrement which is defined here by the energy loss per
oscillation cycle expressed as a fraction of the total acoustical energy
associated with the oscillation. Roughly speaking, for example, if the
loss decrement is 1072 then an initial oscillation would “"ring' for ap-
proximately 100 cycles before being completely damped,

Estimates were made of the maximum decrements expected from the
bulk losses due to viscous dissipation, heat conduction, relaxation of
the molecular internal energy modes, and the presence of dispersed
phases (liquid droplets or smoke particles), with the fcollowing results:

10



Mechanism Loss Decrement

Viscous Dissipation ~e 10~k
Heat Conduction (_IO“L+
Relaxation <jo-!
Dispersed Phases ~10-3 {droplets)

<i0-2 (smoke)

Similar estimates were made for the maximum loss decrements to be ex-
pected from boundary losses due to viscous dissipation, heat conduction,
acoustical absorption by liners, and nozzie losses due to both radiation
and convection, with the following results:

Mechanism Loss Decrement
Viscous Dissipation ~ 10-2
Heat Conduction <1072
Acoustic Absorption by Liners ~
Nozzle Losses ~1

No satisfactory way was found to estimate the losses due to acoustijcal
radiation from the upstream end of a burner, More detailed discussions
of all of the loss mechanisms are presented in Appendices C, D, and E.

From these results, it was concluded that acoustic absorption by
liners and radiation and convective losses through nozzles were the most
dominant loss mechanisms, and those which must be incorporated into an
analytical model,

ASSESSMENT OF DRIVING MECHANISMS

The assessment of driving mechanisms was troublesome due to the lack
of an acceptable analytical representation. It was accordingly necessary
to develop such a representation, A compiete discussion of the assessment
of such mechanisms is presented in Appendix F; only the major results are
summarized here,

ELEMENTARY CONSIDERATIONS

From consideration of a simple spring-mass system acting on a gas in
which the energy release rate varies with the pressure level, and extrapo-
lating these results to conditions in an actual burner, it was shown that
the energy increment attributable to a fluctuating energy release rate was
given by

11



PAE ?_(B‘ ) KQ) 0

where = mean static pressure

= oscillation frequency

Q, = mean energy release rate in burner

V = total volume of burner

N = constant of proporticnality between fluctuating energy
release rate and fluctuating pressure defined roughly
by Q%g:,w(pyﬁ) where the primes denote fluctuating
quantities,

-+
!

Mere, the energy increment is defined in a manner similar to the loss
decrement; it is the energy added per oscillation cycle expressed as

a fraction of the total acoustical energy in the burner, |t can be
immediately concluded from this relation that low pressure levels, low
frequencies {large sizes) and high volumetric energy release rates all
contribute to greater driving of the oscillation by the combustion
process. A typical value for the energy increment for a large duct
purner (Ref 8) is approximately 5AM. As indicated subsequently, typi-
cal maximum values of N are of order of unity; hence it is quite
apparent from the fact that loss decrements are typically of order
unity that ample energy is available for driving oscillations depend-

ing upon the sensitivity of the energy release rate tc pressure fluc-
tuations.

MODEL OF DRIVING PROCESS

A model of the driving process was constructed based upon the
assumption that the steady combustion process could be characterized
by a single characteristic time ¥, with the usual physical interpre-
tation that it is the residence time of a fluid element required for
the combustion process to proceed within e of completion, and an
energy per unit mass E which corresponds to the heat of combustion of
the fuel in the fluid element at entry to the combustion zone, The
unsteady combustion process was correspondingly characterized by £

&, and the fluctuations of these quantities £', 7', in response to
fluctuations in gas properties due to oscillations, The primary ad-
vantage of this model, and a significant one, is that the characteris-
tic quantities £, 7 , £', and 7'are capable of physical interpreta-
tion and hence can be estimated from basic physical considerations,
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The resuiting analytical expression for the fluctuating energy release
rate was evaluated for typical longitudinal and transverse acoustic modes.
Three significant results were noted, First, substantial driving can be
achieved in modes with longitudinal components even in the absence of any
sensitivity of the characteristic time of the combustion process to pressure
fluctuations (i.e., 7' = 0), indicating the importance of correctly evalu-
ating the longitudinal components associated with transverse waves, Second,
maximum driving can be expected at oscillation frequencies such that w?=x 1
where & is the angular frequency of the oscillation., This provides the nec-
essary criterion for evaluating the potential importance of a driving mecha-
nism (characterized by ¥ ) in a specified frequency range. Third, typical
maximum values of the rates of the fractional change in energy release to
the fractional change in pressure associated with an oscillation are such
that A in Equation 1 is approximately unity., Hence the maximum potential
driving available in a burner can be quickly estimated from a knowledge of
gross quantities,

APPRAISAL OF DRIVING MECHAN|SMS

The physical processes of most potential importance as driving mecha-
nisms are those associated with vaporization of the fuel, chemical reaction
of the fuel and air, and turbulent transport processes involved in providing
a fuel-air mixture and temperature level appropriate for efficient combus-
tion. An assessment of the relative importance of these mechanisms was made
on the basis that a necessary condition for appreciable driving was that

w® = 1, Based on estimates of droplet sizes and vaporization times, it
was concluded that vaporization was an important mechanism in the frequency
range of 100-2000 cps with a relatively larger .contribution in the lower part
of this range. From estimates of chemical reaction times based on available
experimental data, it was concluded that chemical kinetics were unlikely to
be an important driving mechanism in aircraft burners, Although only very
crude estimates of turbulent transport processes could be performed, 1t was
concluded that they are likely to be of equal importance to vaporization as

a driving mechanism in aircraft burners,

Based on the preceding assessment, possible analytical relationships
between the characteristic time fluctuation 7°° and either pressure or
velocity fluctuations associated with oscillatory modes were developed
for vaporization and transport mechanisms, In the case of vaporization,
for low amplitudes of oscillation, 7' was related to P' through a single
constant whose value can be estimated from basic physical considerations.
For larger amplitudes, 7' was related to P' by the introduction of two
additional parameters whose values can best be determined by experiment.
In the case of turbulent transport processes, similar relations were de-
veloped between 7-'and the velocity fluctuation «’ since it appeared that
the transport processes would be quite sensitive to velocity fluctuations
but rather insensitive to pressure fluctuations.
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ANALYTICAL MODEL

The development of the model equations and their solution is presented
completely in Appendix G; the major features of the model and its solution
are discussed below,

FORMULATION

The basic analytical model of combustion instability was formulated
in a manner similar to that developed by Culick (Ref 1). Acoustical prop-
erties of the burner are determined by assuming the burner to be divided
into two uniform regions-- hot and cold-- with the interface represented
by an acoustical impedance Ay (due to the physical structure of the flame-
holder), The governing equations are those of continuity, momentum, and
energy linearized for small perturbations for a mean flow in the axial di-
rection only, The boundary conditions are represented by equivalent acous-
tical impedances, A, , such that

g
D' anNn.

e

L

= A, (2}

where ¥, is the normal to the bounding surface, The resulting formulation
portrays the effects of acoustical energy losses or gains at the bounding
surfaces through the impedances A, (in general, there are four such im-
pedances corresponding to the upstream boundary, the nozzle, and two liner
surfaces) and the effects of driving by the fluctuating energy release

rate which appears as an inhomogeneous term in the usual wave equation,

The general form of solution to these equations is the usual damped wave
solution p'~ e_At(Casrdﬁ + @) where A is the damping constant indica-
tive of whether an oscillation will grow or decay and @ is an arbitrary
phase angle,

The basic physical parameters of this model are in general the five
equivalent acoustical impedances (corresponding to four bounding surfaces
and the interface between the cold upstream region and the combustion zone).
and the four parameters ( ¢, £, #', €' ) which relate the unsteady com-
bustion process to other fluctuating quantities. Although the model is
basically a linearized one, nonlinear effects due to the dependence of these
nine parameters on either oscillation amplitude or distortion of mean flow
conditions can be treated in an approximate way.

APPROXIMATE SOLUTION

Two approximate forms of the general solution to the instability model
have been obtained, The first form, and the more accurate one, is basically
an extended form of that previously presented by Culick {Ref 1)} based on an
iterative solution where the zerc-order solution is in the absence of driving
due to fluctuating energy release, No further effort was devoted to this
form of the solution due to the fact that numerical answers could be obtained
efficiently only through the use of a computer, The second form of the
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solution was obtained by a straightforward perturbation procedure in which
the zero-order solution was the pure acoustic solution in the absence of
any energy losses or gains, The second order solution for the damping
constant A and the frequency w then explicitly portrayed the effects of
fluctuating energy release, convection, wall losses, upstream boundary
losses or gains, and nozzle losses,

NATURE OF SOLUTION

The significant features of the solution can best be illustrated by
considering the effect of the oscillation amplitude on the damping constant
A. The contributions to )\ due to the losses and gains can he separated,
and are denoted here by AL and Aq , respectively, By definition AL> O
and Ag< 0; the solutions of interest are steady-state oscillations, for
which A + A, = 0. The general solution obtained permits the calculation
of these quantities as a function of oscillation amplitude and mean flow
conditions. A typical case of interest is illustrated below:

X b

i
|
| | A
'1 “Aq

B A Amplitude

In this case the burmer would be stable to disturbance amplitudes less
than B but would be unstable to disturbance amplitudes greater than B
with a resulting steady-state amplitude of A, This is an illustration
of nonlinear instability.

A second case of particular interest is the possible effect of flow

distortion on stability characteristics, For example, uniform inlet flow
conditions may yield the following forms of AG and AL:

* T~ A

Rmplitude

which is of course a stable situation, Distorted flow conditions may
produce the following forms:
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which is now an unstable situation resulting in an oscillation of
amplitude A,

The precise forms of the A.-XL curves depend upon the gross
geometry and operating conditions of the burner as well as the nine
parameters of the model (i.e., the five equivalent acoustical impedances
associated with the four bounding surfaces and the interface between the
cold upstream region and the combustion zone, and the four parameters
(7, E, 7", £') which relate the unsteady combustion process to other
fluctuating quantities), Accordingly, the stability problem of a burner
is readily analyzed with this model provided that these nine parameters
can be specified, including their dependencies on oscillation amplitude,
frequency, mode shape, and mean fiow conditions, Conversely, the model
can be used.to obtain the relevant dependencies of some of these parame-
ters from experimental results; this important feature forms the basis
for the test plan discussed subsequently,

| LLUSTRAT!VE CALCULATION

The stability model was applied to an afterburner for which a limited
amount of experimental data was available {Ref 9). The basic nature of

this data was that in the absence of an acocustical liner combustion insta-
bility occurred in the burner, in the first transverse mode of oscillation
with an amplitude of 310 psf. In the presence of an acoustical liner at

the same operating conditions, instability did not occur {the detection
threshold of instability was an amplitude of approximately 50 psf; i.e.,
an oscillation below this amplitude would not be recorded as instability},

For this burner, both with and without the acoustic liner, the values
of the nine parameters required by the instabiiity model were estimated
from available analytical results, and the Ah_and curves were con-
structed from the solution of the model, These curves are shown as the
splid lines in Figure 2 {the ordinates in this figure are j[nm(K&U and

Im (ki) where k*= (w+id)v= kX + Fakr , and hence are
not precisely equivalent to A_and A, ; however it is true that /\L_+A4=o
when  Tm (k;) + Im(k,_‘) = O ). These curves are in agreement

with the experimental results to the extent that unstable operation is
predicted in the absence of the liner, and stable operation is predicted
with the liner present, Detailed results of these calculations are pre-
sented in Appendix H,

A better appreciation of the accuracy of the theoretical results is
obtained by considering, for example, the form of the Aq curve necessary
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to match the experimental results based on the assumption that the theo-
retical losses are equal to the actual losses., The form of this AG curve
is indicated by the dashed line in Figure 2, and is determined by the re-
quirements that, in the absence of the liner, -\, must equal A_ at the
observed osciliation amplitude and that, in the presence of the liner,

_AQ must equal A_ at some amplitude below the detection threshold of 50
psf. The correct form of the A, curve is thus not too considerably dif-
ferent from the theoretically computed one; further, it has been shown
from purely analytical considerations that the nonlinear effects of amphi-
tude on %4 are such to reduce Aq at higher amplitudes. In view of this
fact and the fact that the solid curves in Figure 2 were based on purely
analytical information, the results are considered to be quite satisfactory
and to provide a strong indication that the basic analytical framework is
sound,

FORMULATION OF TEST PLAN

The test plan which was formulated is discussed completely in Appendix
I; the major features of this plan are presented here. The purposes of the
test plan are:

l. To obtain simultaneously stability data and loss data under con-
trofled conditions in order that the nine parameters required by
the model can be determined more precisely.

2. To compare the analytical results of the model and the experi-
mental results at conditions other than those from which the
parameters were evaluated, and thereby assess the adequacy of
the model,

3. To demonstrate the occurrence of nonlinear instability in a
model burner by subjecting a stable configuration to successively
larger disturbances.

L. To obtain, in one instance, an indication of the effects of flow
distortion on the stability properties of a model burner.

The test plan consists of the following tests to be conducted on a
model burner:

. The determination of the acoustical losses associated with the
nozzle and the upstream boundary of the burner under cold flow
conditions, This can be accomplished by observing the decay
rate of resonant oscillations induced by an appropriate oscil-
lator, The amplitude dependence of these losses is of particular
interest,

2. The determination of the acoustical iosses associated with a
liner, under cold flow conditions, This can be accomplished by
adding different lengths of liner to the basic burner configu~
ration and observing the decay rate of oscillations as in | above.
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3, The determination of oscillation amplitudes as a function of
fuel-air ratio and mean static pressure level in the burner,
with combustion. This is a straightforward procedure provided
that instability can be induced in the burner, It is antici-
pated that appropriate modifications of the fuel injection
system will be necessary to induce instability. Data shouid be
obtained for various lengths of liner in the burner,

L4, The determination of oscillation amplitudes as a function of
fuel-air ratio and mean static pressure level in the burner,
with combustion and when subjected to external oscillatory dis-
turbances of appreciable magnitude., Emphasis here will be placecd
upon investigating operating conditions which yield stable per-
formance in the absence of external disturbances,

5. A repeat of step L, but with various inlet flow distortion patter~s
imposed upon the burner rather than external oscillatory distur-

bances,

The results of steps | and 2 will enable the XL curves to be compufen

analytically to an acceptable degree of accuracy for all test conditions.
For each given combination of geometrical configuration and rescnant mode
this will result in basically one experimentally based curve of AL versus

oscillation amplitude.

The results of step 3 for any given combination of geometrical con-
figuration and resonant mode will permit the parameters of the driving
mechanism which determine its amplitude dependence to be determined,
That is, a plot of the following form can be constructed to determine
as a function of amplitude:

) _Aq for fuei-air ratios
or mean pressure
XL A levels corresponding
1"e ;
to the amplitudes
indicated
A

Ampli tude

Here, the AL_ curve is the experimentally based one obtained from the
results of step 2, and the intersection points for -Aﬁ are determined
from the requirement that ‘Ag = A, for any oscillation of steady am-

plitude., Inasmuch as the dependence of A, on fuel-air ratio and mean
pressure level has already been incorporated into the analytical model,
then the results for a single geometrical configuration can be used to
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determine the parameters of the driving mechanism, These parameters
should then be appiicable to all geometrical configurations (i.e., those
with different liner lengths) for the prediction of ,Kq .

The results of step 3 for the geometrical configurations other than
the one used to determine the parameters of the driving mechanism will
permit the adequacy of the model to be assessed, This can be accomplished
by first constructing the AQ - AL curves for a particular configuration:

[ 3

Varying Fuel-Air Ratio (for example)

AN A

e

_Aq
Amplitude

Y

The intersections of the theoretical A curves with the experimentally
based ). curve will then enable the oscillation amplitude to be de-
termined as a function of fuel-air ratio (or mean pressure level):

[

Amplitude

'

Fuel!-Air Ratio

This theoretical curve carm then be compared directly with the experimental
observations,
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Section |V

CONCLUSIONS AND RECOMMENDATIONS

CONCLUS | ONS

The most significant conclusions resulting from this task are as
follows:

'. An analytical mode! of combustion instability has been formulated
which incorporates in a readily identifiable way the significant
loss and gain processes associated with oscillatory combustion,

2, The analytical model is capable of incorporating significant non-
linear aspects of combustion instability,

3. The analytical model is amenable to relatively simple solution
procedures,

4, An application of the model to a known experimental situation
produced results which were qualitatively correct and quanti-
tatively of the correct order of magni tude,

5. A test plan has been formulated which will enable the adequacy
of the analytical models to be assessed, as well as provide in-
formation previously lacking concerning the nature of instability
in aircraft burners,

Based on these conclusions, it is further concluded that it is indeed

feasible to represent unsteady combustion processes by analytical models,
and to obtain practically useful results from these models,

RECOMMENDAT I ONS

It is recommended that the proposed test plan be implemented. In
addition, it is recommended that a complementary analytical program be
conducted in order to improve both the utility and physical appreciation
of the present analytical model, -This . program would consist of:

1, The development of a computer program based on the analytical
model developed in this task to enable the natural frequencies,
mode shapes, and acoustical energy transfers to be rapidly
evaluated, For the purposes of the present program these cal-
culations were performed by hand, and were quite tedious and
time-consuming, Existence of a computer program would render
the evaluation of the results of the test plan considerably more
efficient, and would also make possible rather complete paramet-
ric analyses in order that the features of the model can be better
appreciated,
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2. The analysis of the results of the proposed test plan in the
manner previously described,

3., Parametric analyses of typical situations in order to obtain a
better description of the driving mechanisms, and to isclate
those parameters of most significance in potential methods for
the control and/or elimination of combustion instability in pro-
pulsion systems,

In addition to the results related specifically to a complete assess-
ment of the analytical model, the combined test plan and analytical program
recommended above is expected to yield the following analytical results re-
lated to the ultimate goals of the over-all effort described on page L:

1. For two typical burners which are stable under test rig conditions,
the determination of the practical conditions at which they can
become unstable at actual flight conditions due to the effects of
flow distortion or large transient disturbances,

2. For two typical burners, the formulation of specific rig-test
criteria such that satisfactory rig tests will ensure satisfactory
performance at actual flight conditions.

3. For two typical burners, the determination of the operating parame-
ters which would be effective in controlling the onset of combustion
instability at actual flight conditions,

In addition to providing useful results for the typical burners examined,
these resuits will also serve to illustrate the general technique to be
employed.

Finally, it is recommended that a simple one-dimensional unsteady flow

model of light-off transients on both compressor/fan and burner stability
can be assessed,
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FIGURE 19 - HYDROGEN STABILITY BOUNDARIES {(FROM REF 54)
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FIGURE 37 - EFFECT OF NOZZLE CONVERGENCE ANGLE ON VARIATION OF DECREMENT
WiTH EFFECTIVE LENGTH FOR FIRST LONGITUDINAL MODE (DATA OF REF 6h)
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FIGURE 39 - EXPERIMENTAL INERTANCE AND CAPAC|TANCE

OF AN ACOUSTIC LINER (DATA OF REF 65)
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FIGURE 40 ~ EXPERIMENTAL ACOUSTIC RESISTANCE

OF AN ACOUSTIC LINER (DATA OF REF 65)
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FIGURE 42 = ACOUSTIC REACTANCE AND RESISTANCE DATA

VS SOUND PRESSURE LEVEL (DATA OF REF 65)
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TABLE 1|1

- EFFECTS OF RADIAL ENERGY DISTRIBUTION

Propellants:

(Head End Injection)

Chamber Pressure: 150 psia

Chamber Dimensions:

Premixed Ethylene~Air

7-inch diameter, 6- nch length

Distribution

Mode Amplitude E
M
—
| ——~ First Tangential 7 psi 1.00
——
il Stable 0 0.60
i1l First Tangential 11 1.20
~r
v  e— First Radial 13 0.16
e
L
M
v ' e Stable 0 0.65
Vi e First Tangential Lo 147
>/

(From Ref 53)
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Appendix A

LITERATURE SURVEY

INTRODUCTI ON

Consistent with the objectives of the program, the present literature
review is intended for the general purpose of assessing the state-of-the-
art of analytical descriptions of combustion instability phenomena in duct
burners and/or afterburners (hereafter referred to as merely "burners'') of
gas-turbine engines and in combustors of liquid-, solid-, and gaseous-
propellant rocket engines. The more specific purpose is to assess these
analytical descriptions with respect to their potential utility in describ-
ing combustion instability in gas-turbine burners, with the ultimate hope
of establishing, if possible, appropriate forms of analytical models for
these burners,

it should be pointed out that it was felt at the outset that sufficient
similarities in combustion instability existed between gas-turbine burners
and liquid-rocket combustors to justify a review of the liquid-rocket litera-
ture, which is considerably more abundant than the gas-turbine literature,
During the course of the review, it became apparent that many similarities
in combustion instability processes also existed between gas-turbine burners
and both solid-propellant and gaseous-propellant rockets., Hence, the scope
of the literature review was extended to include some of the literature per-
tinent to the latter engines. In the context of the scope of the review, it
is also emphasized that the present review can in no sense be considered ex-
haustive; this is a slight departure from the original intent, but it is un-
avoidable in view of the overwhelming numerical superiority of the number of
articles available compared to the available human and financial resources,
Notwithstanding this limitation, the present review is considered both rep-
resentative of the available literature and satisfactory for the purpose of
assessing analytical approaches,

As in any other rational attempt to describe analytically the behavior
of physical systems, a knowledge of the observed physical behavior of typi-
cal systems is an invaluable guide for the direction of analytical effort,
This is particularly true for studies of combustion instability-- a phenome-
non which can invelve the interaction of several complex physical processes,
Accordingly the first section of this review, which deals with the available
gas-turbine burner literature, contains descriptions of the observed experi-
mental behavior of combustion instability in burners. |t must also be con-
fessed that little choice is available to the reviewer with regard to this
emphasis on experimental results, since virtually no analytical descriptions
of combustion instability in these burners exists,

The subsequent sections of the review deal with, in order, the litera-
ture on combustion instability in liquid rockets, solid rockets, and gaseous
rockets, |In these sections, the primary emphasis is placed on analytical
developments, and references to experimental results are made only to assess
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the validity of these developments. This relative emphasis is deemed
consistent with the primary objective of the review, which is as assess-
ment of potentially useful analytical descriptions; although experimental
results for rockets are unquestionably of value in assessing the validity
of corresponding analytical approaches, the physical conditions encoun-
tered in rockets are sufficiently different from those encountered in gas-
turbine burners to make a detailed description of experimental results in
the former engines a relatively unrewarding effort,

As a prelude to reviewing the specific literature, the following
subsections are devoted to a general discussion of the high freguency
combustion instability problem which is intended to provide a framework
for the succeeding literature review, The nature of the physical pro-
cesses which can be of significance are described, and their physical
consequences are indicated, The points of similarity and difference
between the processes occurring in the various combustors are emphasized,
in order that the analytical developments can be properly assessed.

GENERAL PROBLEM OF HIGH FREQUENCY COMBUSTION INSTABILITY

Typical schematic arrangements of a gas-turbine burner and various
rocket combustors are shown in Figure 3. As can be seen, all of these
arrangements are quite similar; all but the solid-rocket combustor pro-
vide for the functions of mixing of the fuel and oxidizer (and vaporiza-
tion, if required), burning, and subsequent exhaust of the combustion
products into a thrust-producing nozzle, The nature of solid propellants
is such that only the latter two functions are required. The geometry in
all cases is basically an uncluttered cylindrical cavity (in a ductburner,
the shape is, of course, annular); in solid rockets, a portion of the
cavity is occupied by the solid propellant which changes dimensions as
burning continues,

The physical manifestations of high frequency combustion instability
in any of these configurations is basically the occurrence of low to ex-
tremely high amplitude pressure oscillations within the chamber. In all
types of chambers these osciilations cause an increase in heat transfer
rates to the walls; other more specialized problems include the aggravation
of fan stall problems in duct burners and an increase in mean burning rate
in solid-propellant rockets, Usually, these oscillations result in the
eventual destruction of the chamber, The most significant features of
these oscillations with regard to their origin are the amplitude and wave-
length of the pressure distribution in the chamber at any instant of time
(which generally will be slowly varying in either the axial or circumfer-
ential direction and possess a roughly sinusoidal form in the other direc-
tion) and the frequency of the oscillation at any given point. Of particu-
lar interest is the location of the peak amplitude, since this will generally
correspond to the location of energy addition to the oscillation, and the
spatial decay of the amplitude from the peak value, since this yields an in-
dication of the magnitude of the energy loss from the oscillation., A final
characteristic of these oscillations which is quite important is their so-
called nonlinear behavior; that is, the presence or absence of these
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oscillations in any given system may depend upon the amplitude of an
applied initial disturbance., 1t is often found that a system will be-
have in a stable manner (i.e., no oscillations) when subjected to only
small disturbances, but will become unstable (i.e., sustain oscillations
of appreciable amplitude) when subjected to larger disturbances,

For the purposes of describing combustion instability in analytical
terms, it is convenient to characterize the combustor as consisting of
three rather distinct regions: two regions which are described as being
occupied by passive acoustical media (i.e., media which will support wave
propagation and in which energy addition to oscillations from within the
volume is negligible), and separated by a third region which can be de-
scribed as an energy addition zone, This characterization is indicated
schematically below:

Energy Addition Zone

Acoustic Medium |
Acousti Acoustic ud
. A ti i
Medium | Medium |} coustic Medium i —
Afterburner Schematic Solid-Rocket Schematic
As will be described, this characterization represents an oversimpl!fied

view of the combustor, but it is nevertheless one which, with suitably
liberal interpretations, can be used to describe all of the analytical
developments to date relevant to combustion instability. In terms of

this model, two requirements for instability exist, and they can be de-
scribed quite simply. First, it is necessary that the system as a whole
be capable of supporting oscillations; this capability is in large mea-
sure determined by the physical and geometrical properties of the acous-
tical media involved and the boundary conditions appropriate to the vari-
ous interfaces, Second, it is necessary that at any unstable frequency of
oscillation the energy being supplied to the oscillation (primarily in the
energy addition zone, but possibly also at the boundaries) exceed the
energy being dissipated by the oscillatory motion. The more important
considerations involved in quantitatively evaluating these requirements

in terms of the idealized analytical characterization are described in the
following paragraphs.

Description of Acoustical Media

A rigorous description of the behavior of the acoustical media in our
idealized model would involve the solution of the full time dependent con-
servation equations of mass, chemical species, momentum, and energy subject
to the appropriate boundary conditions, Such an approach (in addition to
being completely intractable) tends to obscure the important facets of the
physical behavior of these media. The latter behavior is best appreciated
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by considering the various effects in a linear fashion, since it can be
assumed that the resultant behavior will in at least some qualitative way
resemble a superposition of the individual effects,

The basic resconant characteristics of a gaseous medium are illustrated
by the well-known acoustical solutions for a uni form, stationary gas, en-
closed in a rigid cylindrical container of radius O~ and length Il and sub-
jected to small sinusoidal perturbations, The time-dependent pressure and
velocity perturbation fields can be expressed as

P, = real part of p'e'mt‘
\u)t (A'])
V, = real part of v'e
with
: z r ot
P = A Dws(%‘j—)\)h({sm,,&)cos(m@e, (A-2a)
for standing waves, or ¢ t)
r VimP D
Pi' = AR €os (,Q_I::_z) Jm( BhﬂZ) e (A-Zb)
for spinning waves, and
| L ! -
Uv's S VP (A-3)
where the integers ﬁ , m, N define the modes, and an is determined from
ad. r -
&(Jm(smn:)) =0 (A-4)

The characteristic oscillation frequencies are obtained from

LA ()T (A-5)

In the above relations the subscript O refers to conditions in the uniform
unperturbed state. Similar solutions can be obtained if the ends of the
cylinder are assumed open.

The relevance of solutions of the preceding type to the behavior in
appropriate parts of a combustor depends upon severat factors., First, the
effects of the volume losses in the medium are not included in the above
solutions. These losses can arise from the effects of viscosity and thermal
conductivity, the presence of solid particles in the medium, gas-phase
chemical reactions, and ''sound absorption'' (the excitation of molecular
vibrational states by the oscillating motion); all of these losses result
in a conversion of the energy of the ordered oscillating mction to random
thermal energy and can be rigorously represented by appropriate terms in
the governing conservation equations, As these effects are analogous to
any other form of vibrational damping, they can appreciably affect the char-
acteristic frequencies and mode shapes if their magnitudes are sufficiently
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targe. |If the magnitudes of these losses are relatively small, the char-
acteristic frequencies and mode shapes will be virtually unaffected; even

in this case, however, the amplitude of the oscillations can be expected

to be strengly influenced by these losses, Since the magnitudes of these
losses depend upon the thermodynamic state of the medium, it can be ex-
pected that their relative importance will not be the same for, for example,
gas-turbine burners and solid-rocket combustors. Nevertheless, the analyti-
cal treatment of these losses can be expected to be quite similar for all
types of combustors,

A second factor affecting the utility of the simple acoustic solutions
is the derivation of the actual boundary conditions for a given media from
those of either a solid wall or a constant pressure surface. In acoustic
parlance, these boundary conditions are represented by normal admittances,
defined as

where ﬁ is the unit normal vector of the surface. |In physical terms,

these boundary conditions determine the amount of energy which is ex-
tracted from or added to the oscillatory motion at the bounding surfaces.

If the energy transfer at these surfaces is large compared with the acous-
tic energy intensity within the volume, then the characteristic mode shapes
and frequencies will deviate substantially from their simple acoustical
forms., Conversely, if the surface energy transfer is relatively small, the
characteristic frequencies and modes will be virtually unaffected; the am-
plitude of any oscillation can, however, be expected to be strongly influ-
enced by this energy transfer in any case. The energy transfer at the
boundaries arises due to several mechanisms: viscous and thermal losses

in the acoustic boundary layer, the imposition of a sinusoidal disturbance
at a boundary by means of an external energy source {such as the disturbance
created by wakes from fan biades in duct burners), the generation of oscil-
lations in an adjacent medium, acoustic radiation from the nozzle, and, of
course, the vital energy transfer which results from the response of the
energy addition zone to a pressure disturbance, Again, it may be antici-
pated that the relative importance of the various energy transfer mechanisms
will be different for each type of combustor, but that the analytical treat-
ment of each mechanism will be similar,

Other factors which affect the relevance of the simple acoustic solu-
tions are the inhomogeneity of the medium (i.e., the variation of unper-
turbed flow field parameters over a wave length), the importance of the un-
perturbed flow field (measured by the Mach number), and the magnitude of
the oscillation amplitude. All of these factors can influence the charac-
teristic modes and frequencies significantly, and a rigorous analysis of
their effects considerably complicates the governing equations (so much so
as to render them intractable),
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The Energy Addition Zone

The energy addition zone of course plays a vital role in the process
of combustion instability, since it represents the source of energy for
the oscillation. The major feature of interest in this zone is its re-
sponse to fluctuations in flow field properties, This is in accord with
the so-called Rayleigh principle, which is merely the statement that the
maximum energy input to the oscillation will occur when the fluctuating
energy release rate (in response to a pressure fluctuation) is in phase
with the pressure fluctuation.

Several factors must be considered when contemplating the physical
behavior and the associated analytical description of this region, First,
the spatial extent of the region greatly influences both the conceptua!
and analytical difficulty involved in describing its behavior., [f, for
example, the extent of this region in at least one dimension is small com-
pared with the relevant acoustic wave length, its acoustic properties may
be conveniently represented by the appropriate admittances it presents to
the adjacent regions, and a substantial simplification in the analysis can
be achieved. 0On the other hand, if the spatial extent of the region is
large compared with the acoustical wave length, the internal acoustical
properties of the region must be considered (in addition to the vital
energy release mechanisms), with the result that any description of the
behavior of this region becomes more complex, At this point, it shoulid
be obvious that the line of demarcation between the energy addition zone
and the more passive acoustic regions in a chamber is anything but sharp,
and varies widely depending upon the type of chamber being considered.

The solid-rocket chamber is perhaps blessed with the most well-defined
burning zone-- a narrow region at the surface of the solid propellant; on
the other hand, the energy addition zone in a ligquid rocket can be expected
to be rather diffuse due to the simultaneous occurrence of mixing, vaporiza-
tion, and combustion,

The spatial orientation of the energy addition zone is also of impor-
tance in determining the case with which instabilities may be generated,
[f, as depicted in the left-hand sketch on page 80, the zone is oriented
generally transverse to the axis of the chamber, it may be expected that
the energy transfer to an axial mode may be substantially greater than to
a transverse mode, O0On the other hand, if the energy addition zone is
oriented generally concentric to the axis of the chamber {as shown in the
right-hand sketch on page 80, it may be expected that the energy transfer
to tangential or radial modes would be favored.

Several physical processes can influence the time-dependent behavior
of the energy addition zone (in addition to its spatial extent) and vary
widely depending upon the type of chamber., |In all chambers, turbulent
heat and mass transfer {(or more generally, '""mixing') processes and gas-
phase chemical kinetics can be important in influencing the energy release
rate., In liquid rockets and possibly in gas-turbine burners, the processes
of liquid vaporization and mixing can also play a role, while in solid
rockets heat conduction within the solid propellant, erosion, and solid-
phase chemical reactions may be important, |In any given chamber, the
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time-dependent energy release rate will be controlled by the particular
process or processes with the longest response times, and the identifica-
tion of these processes is an important part of the description, Once
again, it cannot be expected that the various processes will be of the
same relative importance in all types of chambers, but their analytical
representations may be of more general utility.

Finally, the nature of the interaction between the energy addition
zone and the adjacent regions must be considered. First, a steady oscil-
lation will be maintained only when the energy supplied to the oscillation
(presumably at the interfaces between the energy addition zone and the ad-
jacent media) is exactly balanced by the energy lost throughout the chamber.
The magnitude of the rate of energy supplied to the oscillation is obviously
a quantity of interest, as well as the way in which any analytical descrip-
tion of the energy addition process accomplishes the necessary relationship
to the properties of the system as a whole. The technique by which the
latter is accomplished is an important assessment to be made of any previous
work, Second, the frequency response characteristics (both experimentally
observed and analytically predicted) is an important quantity. This re-
sponse will in general indicate whether instability is inherent in the burn-
ing process (typified by a very high amplitude response in a narrow frequency
range) or whether, as believed more likely, it is basically determined by
acoustical resonance., |In the latter case, a relatively flat frequency re-
sponse would be indicated.

GAS TURBINE DUCT BURNER AND AFTERBURNER LITERATURE

INTRODUCTIGON

This portion of the literature review has been restricted to insta-
bilities in the afterburner and ramjet type of combustion chamber, Rocket
engine instabilities are reviewed separately in subsequent sections of this
report,

Both low frequency longitudinal oscillations and high frequency trans-
verse modes are encountered in practice., However, for the purposes of this
study attention is restricted to the latter modes of oscillation because
the instabilities associated with longitudinal modes are, in general, less
harmful in practice and can be tolerated, Further, even when these lower
frequency oscillations become intolerable their elimination or suppression
is generally achieved by simple design changes, often in the fuel-control
system. However, problems associated with coupled modes (transverse modes
with longitudinal components) are more difficult, and are therefore in-
cluded in the present investigation,

OBSERVED COMBUSTION OSCILLATIONS

Combustion oscillations for which any detailed information is available
have been reported te occur in three types of combustion chambers:
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1. Gas-turbine afterburners
2. Ramjet combustors

3. Experimental burners designed specifically for the investigation
of combustion instabilities. The cross-sectional form of these
burners is either circular or thin rectangular (pseudo two-
dimensional).

The significant differences between these three types of burners lies
only in their ranges of operating conditions, for example, pressure, inlet
temperature, and composition of the inlet gases (the afterburner always
receives vitiated air, the ramjet pure air, and the experimental burner
either). These changes in operating conditions will significantly affect
the physical properties of the fuel-air mixture; e.g., higher temperatures
will speed up the fuel droplet evaporization processes thereby reducing the
liquid droplet density and size in the combustion zone,

In almost all of the reported combustor instabilities, the mode of
oscillation was tangential ranging from the fundamental mode to the fifth
overtone, Other basic modes of oscillation, radial and longitudinal, have
not been experienced in the types of combustors considered here, with one
exception., The exception is the observation of a radial oscillation in a
NACA afterburner (Ref 11), in which the fuel was injected predominantly near
the combustor centerline; under conditions of more uniform fuel injection,
the same burner exhibited a tangential mode of instability, Possible varia-
tions on the three basic modes of oscillation include nonstationary modes in
which the nodal points of the oscillation move, and combinations of the three
basic modes either stationary or nonstationary, However, in conly one in-
stance has a reported oscillation fallen into any of these categories; this
was a spinning transverse mode experienced in a NACA experimental burnrer
(Ref 12).

A summary of some of the observed instabilities that have been reported
in the literature is presented in Table {, The table shows, for each os-
cillation observed, the frequency and mode of the oscillation, the type,
shape, and size of the combustor and the source of the information, |{n
several cases a range of frequencies is shown; this arises for one of two
reasons: (a) Several tests were performed with the same basic combustor
exhikiting the same mode of oscillation, and the range of frequencies re-
sulted from minor differences between tests affecting perhaps the local
flame temperature distribution. (b} Unsteady behavior of the combustion
causing the frequency to wander,

Also shown in the table is a dimensionless frequency 4L/C, evaluated
for each of the observed instabilities, where £ is the measured frequency,
C is the sonic velocity evaluated at a typical average burner temperature
of 3000 deg R and L is a burner dimension which is taken to be half the
circumference for the tangential mode, the radius for the radial mode and
the breadth for the transverse mode of the 2-D combustor. |t can be seen
that the dimensionless frequency is reasonably constant for each mode of
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oscillation having a value of approximately 0.85 for the fundamental oscil-
lation, 1.4 for the second overtone, 2.0 for the third overtone and so
forth. An acoustic analysis of cylindrical ducts (see Ref 12) gives cor-
responding values of 0.92, 1,54, and 2,06, respectively. These discrep-
ancies can be attributed to the uncertainties in the temperature of the
combustion products, |In Reference 9 the temperatures are between 2100

deg R and 3500 deg R, and can be considered to be typical of the variations
from the temperature 3000 deg R which was assumed when evaluating the non-
dimensionalized frequencies in Table |, These uncertainties in temperature
can account for discrepancies of approximately 10 per cent.

The combustion oscillations observed in these three types of burners
are essentially similar and, therefore, no distinction is made between in-
stabilities associated with each burner type.

The magnitudes of the reported pressure oscillations are large frac-
tions of the mean pressure level., Rogers and Marble (Ref 16) show peak to
peak amplitudes of 24 per cent of the inlet total pressure at stoichiometric
conditions, Bragdon and Lewis (Ref I4), and Harp, et al (Ref 9) show fluc-
tuations in excess of 50 per cent of the mean level,

A1l of the waveforms reported in the cited references are predominantly
sinusoidal and do not exhibit steep pressure variations that are associated
with traveling shock waves,

The variation in pressure amplitudes with axial distance downstream of
a flameholder are shown in Figures 4 and 5. The peak amplitudes occur ap-
proximately one duct radius downstream of the flameholder, The variation
in pressure amplitude with axial position is very small ( < 10 per cent)
except in the region of the flame front itself,

The modes of instability have been identified in different ways by
different groups of workers, |In Reference 12, pressure measurements were
made at several points on the duct. periphery, by comparing the phasing of
the pressure oscillations the mode can be readily identified, |In Reference
14, similar pressure measurements were confirmed using photographic and
luminosity measurements. Newton and Truman {Ref 18) used remote microphones
and compared their results with analytically computed frequencies, In all
cases the identification of the transverse modes has been clearly substan-
tiated,

THE OBSERVED EFFECTS OF COMBUSTOR PARAMETERS UPON
STABILITY BOUNDARIES

The effects of burner operating parameters on screech differ widely
for different burner designs, However, the occurrence cf screech has been
shown to be consistently related to fuel-air ratio. |t has been found that
a tower limit for fuel-air ratio exists for given operating conditions, be-
low which combustion is stable., A similar upper limit also exists above
which combustion is stable, |n practice these upper limits cannot always
be attained due to excessive operating pressures and temperatures,
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lt has also been observed that there is some hysteresis associated
with the lower stability limit, an example of which is illustrated in
Figure 6. The stability limit occurs at a hi gher equivalence ratio when
this ratio is increasing, compared with the limiting equivalence ratio
when it is decreasing., This can be explained in terms of the nonlinearity
of combustion instability, that is, a combustion system can be stable to
small oscillations (which corresponds to entering an instability region)
but unstable to larger amplitude disturbances, This situation can be re-
garded as analogous to leaving an unstable region.

In the following sections, some observed effects reported in the

literature of various operating parameters on the stability boundaries
and on the frequency of oscillation are presented.

Effect of Pressure

At pressure levels generally encountered in afterburners (2-3 atmo-
spheres), the effect of increasing the total pressure at the combustor
inlet has been found (Refs 12, 13, and 15) to extend the range of unstable
fuel-air ratios. This effect is shown in Figure 7(a). At higher pressures
the instability disappears (3 atmospheres). This is shown in Figure 7(b).

Reference 12 reports only small changes in frequency with variation
in afterburner pressure level, although no quantitative information is
given. An increase in frequency was observed in Reference 9 (633 to 718
cps) when the combustor pressure increased from 12,6 to 17.5 inches of
mercury, However, this was attributed to lower through-flow velocity and
higher combustion efficiency.

Effect of Inlet Temperature

The effects of inlet temperature upon stability boundaries have been
studied by several workers. The lean screech limiting equivalence ratio
has been found to increase as the inlet temperature decreases, This is
shown in Figure 8 (from Ref 15), and in Figure 10 (from Ref 16). |In the
latter figure the limiting equivalence ratio increases from 0.66 to 0.9 as
the inlet temperature decreases from 500 deg F to 180 deg F. This variation
is similar to that obtained when decreasing the pressure level, Reduction
in pressure level and temperature both increase the reaction times which
therefore suggests that the reaction rates have an important bearing upon
the onset of combustion instability.

In Reference T4, it was reported that the instability frequency varied
as the square root of the combustion temperature, Therefore, when every-
thing is held constant except the inlet air temperature, the frequency will
increase as the inlet temperature increases., This is consistent with an
acoustical mode of oscillation.
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Effect of Inlet Velocity

Evidence of the effects of combustor inlet velocity on a 26-inch
diameter duct is reported in Reference 9, where it is shown that with a
constant mass flow and fuel-air ratio, the frequency increases from 633
cps to 718 cps when the burner inlet velocity decreases from 1000 ft per
sec to 670 ft per sec, However, in Reference 16, where tests are de-
scribed of a pseudo two-dimensional burner, no variation in screech fre-
guency or lean instability boundary occurred when the Mach number at the
lip of the flameholder varied between 0.4 and 0,6, This is shown in
Figure 10.

Effect of Fuel=-Air Ratio on Frequency

[ f the postulate that screech is an acoustic oscillation is correct,
then the frequency of oscillation should be dependent upon the temperature
in the combustor which, in turn, 15 dependent upon the fuel-air ratio,
Measurements of frequencies at different fuel-air ratios for various
burners support this reasoning as shown by the results of Reference 12
for a 36-inch diameter afterburner and a 6-inch experimental burner,
Reference 9 for a 26-inch experimental burner, and Reference 14 for a
6-inch ramjet, In all cases, the frequency increased with fuel-air ratio
up to a certain value (presumably corresponding to stoichiometric con-
ditions) and then decreased. Typical results from Reference 14 are shown
in Figure 11 where the frequency varies from 2750 cps to 2925 cps when the
equivalence ratio varies from approximately 0.6 to 1.0,

Effects of Geometrical Parameters

Geometrical parameters which have been investigated are: burner
length, burner diameter, gutter width, and flameholder blockage. The
effect of increasing the burner length has been found in one investigation
(Ref 14) to have no effect on the range of unstable operation and in another
Investigation {Ref 13) to extend the unstable operating rahge. Increasing
the burner diameter was shown in Reference l4 to extend the range of fuel-
air ratios for which screech occurred, Screech tendency was found to be
less severe for narrow flameholder gutters thar for wide ones (Ref 11) with
the same flameholder blockage; reducing the blockage by removing some of
the gutters did not have the same effect., In Reference 15, however, it was
found that increasing the flameholder blockage extended the unstable range
of fuel-air ratios.

The acoustical theory for screech instability is again borne out by
the dependence of frequency on the diameter of combustor, This effect is
best illustrated by Table | which shows the frequency to be inversely pro-
portional to the burner diameter for a given mode of oscillation, It is
to be expected that the frequency of oscillation for the transverse modes
is independent of the length of the burner, This conjecture is supported
by the observations of References 12, 14, and 16,
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Effect of Burner Enclosure surface

The effects of changing the surface conditions of the inside of the
burner enclosure were investigated by NACA (Refs 9 and 11} in an attempt
to find a means of suppressing screech, A first attempt was made in
Reference 9 by attaching Jongitudinal pins 2 inches high to the inside
wall of a 32-inch diameter afterburner with the object of interfering
with the tangential motion of the oscillating gases, A slight reduction
on the unstable operating range of fuel-air ratios was obtained and the
frequency of the screech increased indicating that the oscillations were
occurring in a 28-inch diameter cylinder of gas, that is, just inside
the pins,

Subsequent attempts by NACA to suppress screech were made using per-
forated and corrugated liners in the 32-inch afterburner and a 26-inch
experimental burner. The corrugated liners also had small circumferen-
tial louvers to provide cocling. With both types of liner, screech was
completely eliminated under all operating conditions tested provided the
liner was of sufficient length, Liners of various length were tested
and it was found that below a critical length of tinmer, screech was en-
countered as shown in Figure 12 (from Ref 12), the severity of which
depended upon various factors including flameholder design, liner length,
and operating conditions,

Effect of Qther Parameters

Other parameters which have been investigated, primarily by NACA
(Refs 9, 11, 12, 13, and 17) include such quantities as infet air ve-
locity profile, amount of swir! in the inlet air, distribution of fuel
at injection, location of fuel injection relative to flameholders and
flameholder design, The results of these investigations however, did
not provide any systematic correlation between the variables and the
stability boundaries.

One further parameter investigated {Ref lk) which did provide a
usefu! result was the inlet turbulence level, It was found that re-
ducing the level of turbulence of the inlet air by adding screens in-
creased the hysteresis effect experienced at the lean fuel-air ratio
boundary., This means that the unstable operating range is reduced for
increasing fuel-air ratios but extended for decreasing fuel-air ratios,
Quantitative estimates are not possible. as the data shown in Figure 8
does not give the relative turbulence ievel without screens. This phe-
nomenon can be attributed in part to nonlinearity. However, it should
be noted that turbulence delays the onset of screech which is contradic-
tory, The reasons for this contradiction are unclear due mainly to the
lack of understanding of the effects of turbulence upon the driving
forces,
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PHYSI CO-CHEMICAL MECHANISMS ASSOCIATED WITH OSCILLATING
COMBUSTION

The Role of Acoustics in Unsteady Combustion

It is generally accepted in most of the published literature, that
high-frequency instabilities in the afterburner ramjet combustor are
acoustical in nature. A United Aircraft publication {(Ref 14), claims
that screech in a ramjet is definitely not an acoustic oscillation; this
claim, however, is based on measurements which indicate that screech is
not a longitudinal, organ-pipe type oscillation. The possibility of a
Lransverse acoustic oscillation did not seem to occur to the authors of
this paper which was, in fact, one of the earliest (1951) published
papers on the subject of screech.

Evidence to support the acoustic theory is abundant, Table I, for
example, shows that the frequency of oscillation is approximately in-
versely proportional to the burner diameter for a gi ven mode, the rela-
tion to be expected from an acoustic-type oscillation. Further evidence
is provided by the dependence of frequency on the temperature of the
gases, through the sonic velocity, as shown by the results of tests made
at various fuel-air ratios, Finally, the fact that screech can be sup-
pressed or eliminated by introducing an acoustic liner into the combustor
is a good indication that the oscillations are acoustic,

I'f indeed screech is an acoustic oscillation then the analytical
approach to the problem should indicate an acoustic analysis of the com-
bustion chamber. A difficulty which arises, however, is the representa-
tion of the various boundary conditions which provide the driving force
and the damping forces for the oscillation., Several driving mechanisms
have been proposed in the literature and are reviewed in the following
section,

Driving Mechanisms

A1)l of the proposed driving mechanisms for high-frequency combustor
instabilities involve a varying heat release rate. According to the
Rayleigh Principle, if energy is released into the system when the oscil-
lating pressure is near its maximum value, then the driving is a maximum.
In References 9 and 12 the varying heat release rate is postulated to be
a result of the dependence of the chemical kinetics on the temperature and
pressure, and in References 17 and 18 wrinkling of the flame front is sug-
gested as being the cause. A more complex mechanism is suggested by Rogers
and Marble (Ref 16}; the following is a description: Vortices shed from
the flameholder mix with the hot gases in the wake of the flame and, after
a time lag, ignite releasing heat away from the centerline of the combustor,
driving the gases into a sloshing motion, The transverse motion of the
gases induces the shedding of a further vortex and so forth,

Another mechanism involving vortex shedding was proposed in the United
Aircraft report (Ref 14). Here the vortex formation increases the burning
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rate through increased turbulence and flame front area, The sudden ex-
pansion of gases due to the increased heat releate rate momentarily stops
further induction of fresh reactants which in turn results in a decrease
in heat release rate, The resulting drop in pressure causes & surge of
fresh charge and further vortex formation,

In the development of an analytical model for the analysis of high
frequency oscillations it may not be necessary to be specific as to the
exact mechanism involved, This approach, however, introduces empirical
constants which have to be determined experimentally.

Dissipation Mechanisms

In order that the stability boundaries and pressure amplitudes can
be predicted analytically, the total acoustic energy which is absorbed
or dissipated must be included in the analysis., The following list of
possible dissipative mechanisms includes those most commonly encountered

in the literature,
1, Radiation of energy upstream,
2. Radiation of energy downstream (including nozzle losses).
3. Energy losses due to viscous forces and absorption at the walls.
4. Viscous forces in the fluid.

5., Acceleration of the steady incoming gas into the oscillating
mode.,

It is usual in practice to compute separately each of these contribu-
tions to the dissipation of acoustic energy, and the total is then the sum
of each of the contributions., Within the context of gas-turbine engine
burners virtually no analytical work has been published directed towards
determining the losses associated with the above mechanisms. However,
some of these contributions have been studied in rocket combustors, and
will be reviewed in the later sections of this report,

it has been found experimentally (shown in Fig 12) that acoustic
liners can be used to control and even eliminate screech due to transverse
oscillations. In this situation it can be reasonably deduced that the
acoustic energy loss at the walis is the dominant loss term, Therefore,
it should be possible to use experimental results showing oscillating am-
plitudes as a function of acoustic liner length to deduce the magnitude
of the driving energy as a function of amplitude, A prerequisite for this
exercise will be the absorbing characteristics of the liner, Methods of
computing these characteristics have been developed for rocket combustors,
and will be presented later,
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Ranges of Combustor Sizes and Operating Conditions

A knowledge of the range of sizes of burners and the ranges of con-
ditions under which they operate will be essential in the proposed study.
It witl be of particuiar value when evaluating the worth of experimental
results for use in aiding the development of an analytical model,

The following is the result of a very brief survey of the ranges
of parameters which are currently encountered in afterburners and bypass
burners:

Size of Burners 20 inches to 60 inches diameter
Mass Flow per Area of Burner approximately 0,2 1bm per sec sq
inch

Burner Inlet Temperature

(Afterburner) 1400 deg R to 2600 deg R
Burner Inlet Temperature

(Bypass) 500 deg R to 850 deg R
Burner Pressure 5 psia to 45 psia

CONCLUDING REMARKS

1. The high frequency combustor instabilities. commonly termed screech,
have been identified in most cases reported in the literature as
transverse modes of oscillation. ranging from the fundamental to the
fifth overtone.

2, Screech is generally accepted as being an acoustic type of oscillation;
evidence for this is provided by the dependence of the frequency of
oscillation on burner diameter and gas temperature,

3. A time varying heat release rate is thought to be the driving mechanism
behind the oscillations possibly as a result of the dependence of the
chemical kinetics on temperature and pressure,

4, various damping or energy dissipative mechanisms have been observed in
the literature, Indeed acoustic damping of perforated liner surfaces
can be used to completely e'iminate serious transverse combustion in-
stabilities,

5. Many similarities exist between screech and the instabilities encountered
in rocket engines. For this reason, it would appear to be reasonable to
use experience gained from the work done on rockets as a guide to the
approaches to be taken in the analysis of screech in the present context,

6. The analyses and models to be developed in this study must be applicable
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to the ranges of conditions presented in the previous section of this
report.

LiQUID ROCKET LITERATURE

INTRODUCT ION

The

review of the literature on high frequency instabilities in gas-

turbine burners presented in the foregoing sections indicates quite
clearly that analytical approaches to the problem are conspicuously lack=

ing, It

is for this reason that consideration has been given to the re-

sults of the vast analytical effort in the field of liquid rocket insta-
bilities which share many of the characteristics of the instabilities
encountered in gas-turbine burners as will be demonstrated in the follow-
ing sections., It is hoped that by studying the problem areas in liquid
rockets that are common to gas-turbine burners, some useful guidance in
the analytical approach to the problem of screech will be provided, Spe-
cific areas in which it is thought that the liquid-rocket instability

analyses

]-

L,

will contribute useful ideas and information are:

The formulation of a burning zone model relating the periodic
energy release rate to the fluctuating flow-field properties.

The derivation of the equations describing the acoustical aspects
of the problem; these equations include the time dzpendent con-
servation equations of mass, chemical species, momentum, and
energy. The knowledge to be gained from this type of information
is an appraisal of what is considered to be the relative impor-
tance of the various terms in the equations and in particular how
the various acoustical losses associated with the flow field are
treated.

The specification of conditions at the boundaries of the acoustic
chamber. One of the chamber boundaries, namely the nozzle, is of
particular interest since the treatment of this rather complex
(acoustically) component has received considerable attention by
several investigators in the liquid rocket field. The treatment
of acoustic liners, which may in some cases form the circumferen-
tial boundary, has received some attention though the usefulness
of information gleaned from this work is limited due to the ex-
treme sensitivity of the absorbtive effectiveness of the liners
to flow field and acoustic parameters.

Finally, the linking of the burning zone or energy release model
with the acoustic problem and in particular how the acoustic
losses are made to balance the energy released.

So far no reference has been made to the liquid rockel experimental
results reported in the literature. The view that has been adopted in
this literature review is that experimental results will provide useful
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information if they serve to substantiate an assumption, a model, or a
result in the liquid rocket analyses that is of interest in the present
investigation of gas-turbine burners. |In addition, experimental resuits
are of interest which shed light on the nature or form of high frequency
instability in liquid rockets thus providing an indication of the simij-
larities with gas-turbine screech. The review of the literature which
covers experimental work has been conducted accordingly,

Organization of the Review

The review of the literature on instability in liquid rockets is
presented in the following manner. |In the first section, the similarities
of the liquid rocket engine to the gas-turbine burner are discussed, first
in general terms with regard to geometry and operating conditions and then
more specifically in connection with features which affect, or might affect,
the unstable operation of the engine. 1In the next section, a survey is pre-
sented of some of the published results of experimental investigation which
provide information regarding the nature of high-frequency instabilities in
liquid rocket engines, The main section of the review follows; this concerns
the analytical approaches to the problem of liquid rocket instability which
have appeared in the literature., The section is subdivided into a descrip-
tion of the general approaches to the problem, driving mechanisms, loss
mechanisms, boundary conditions, and finally descriptions of the Priem
(Ref 3) and Crocco {Ref 2) analyses. The review is completed by a section
of concluding remarks,

SIMILARITIES AND DISSIMILARITIES OF LIQUID ROCKETS TO
GAS-TURBINE BURNERS

This section has been inciuded in the review because it is important
to be aware, at the outset, of the similarities and, perhaps more impor-
tant, the difference between the liquid rockets and the gas-turbine burner,
It is important because the interpretation and possible subsequent utiliza-
tion of results or methods of approach associated with various aspects of
the liquid-rocket effort is dependent upon these similarities and differ-
ences,

Basically, the liquid rocket engine and the gas-turbine burner perform
a similar task in a similar manner inasmuch as they both react a fuel with
an oxidant in a constant pressure chamber and utilize the energy produced
to provide a thrust by discharging the products of combustion through a
nozzle. Similarity also lies in the geometric form of the combustors which
generally fit the description of a circular cylinder (though annular geome-
tries may be encountered in ducted-fan burners); this geometric similarity
is important from acoustic considerations,

Unlike the gas-turbine burner which exhibits a constant gas mass flow

downstream of the flameholder, the mass flow of gas through the liquid
rocket engine varies from zero at the injector face to a maximum at the
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nozzle entrance. However, the flow Mach numbers at the nozzle entrance
are typically the same as those encountered in afterburners, namely about
0.3; in both cases the nozzles operate with sonic throats, Thus both the
side-wal! and nozzle (downstream) boundary conditions in a liquid rocket
may be similar to those existing in gas-turbine burners; however, the use
of cooling liners or acoustic damping liners in either case will in gen-
eral considerably modify the wall damping characteristics,

The ranges of operating parameters of liquid rocket engines are shown
in the table below. Included in the table for comparison are equivalent
values for the gas-turbine burner,

Parameter Liquid Rocket Gas-Turbine Burner
Chamber Pressure, psi 300-500 5-L5
Chamber Temperature, deg R 1800-8000 LS00

average valtue 5500
Nozzle Entrance Mach Number 0.3 0.4
Diameter of Burner, inches 60 20 to 60

It is evident from this summary of operating conditions that the
liquid rocket operates at pressures more than an order of magnitude
greater and considerably higher temperatures than the gas-turbine burner,
This difference is clearly a very significant factor when considering the
combustion process since all of the stages making up the combustion phe-
nomencn are in some respect pressure and/or temperature dependent, The
acoustic aspects of the problem will also be influenced to some extent
(for example through the acoustic velocity) by the pressure and temperature
levels,

Viewing the combustion chamber, as in the introduction to this report,
as consisting of a combustion zone and passive acoustic zones, the liquid
rocket presents quite a different picture to that of the gas-turbine burner.
In the gas-turbine burner, two acoustic zones may possibly be defined sepa-
rated by a thin combustion or energy addition region (the flame front).

One zone comprises the region between the compressor discharge and the
flameholder which includes a diffuser, and may also include a fuel injec-
tion system and a fuel vaporization and mixing region; the vaporization

can be interpreted as a distributed mass addition process. The second
acoustic zone is the region between the flameholder and the nozzle entrance;
it is anticipated that the acoustic losses associated with this zone will be
much greater than with the upstream zone. The liguid rocket engine on the
other hand has only one acoustic zone which is shared spatially with the
combustion and mass-addition zone,

The solid wall upstream is quite different from the boundary pre-
sented by the upstream acoustic zone in the gas-turbine burner, This
difference of upstream boundary will have greater relevance when longi-
tudinal modes of oscillation are encountered, but even in the tangential
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mode, some influence may be exerted for example by the circumferential
property variations produced by the turbine or fan,

{f the fuel is sprayed into the airstream upstream of the flame
stabilizers in a gas-turbine burner, the fuel vaporizes and mixes with
the air before reaching the combustion zone, Combustion takes place in
a relatively short distance after the gases pass through the flame front
and the rate of combustion is controlled either by the time taken to heat
(by conduction and eddy diffusion) the fresh charge to a temperature
where reaction begins or by the reaction time., 1In the liquid rocket, the
propellants are sprayed directly into the combustion zone and therefore
jet breakup, atomization, vaporization, and turbulent mixing are added to
the stages involved in the combustion process within the combustion zone,
I f any one of these additional stages controls the over-all rate of the
combustion process then an extremely relevant difference arises between
the liquid rocket and the afterburner. Evidence presented later in the
report suggests that the rate-controlling step is indeed di fferent in the
two cases,

Finally, the difference in location of the mass generation process
between the rocket and the gas-turbine burner is important when consider-
ing mass and momentum conservation. The need to consider a spatial burning
rate distribution in the liquid rocket is avoided in the treatment of the
gas-turbine burner problem in which the energy release region may be repre-
sented one dimensionally,

OBSERVED LIQUID-ROCKET INSTABILITY

In this section of the report, details are given of some of the high
frequency instabilities which have been reported in the literature, The
object of this section is to gain an insight into the types of high-
frequency instabilities which are normally experienced in liquid rockets
and how they are affected by various combustor parameters, thus providing
some indications of the similarities or dissimilarities with afterburner/
duct burner instabilities.

General Observations on the Nature of Instabilities

Some of the earlier experimental work on liguid rocket instabilities
was directed towards an understanding of the nature of high freguency
instabilities, with particular regard to determining which quantities were
involved in the oscillations., Using a cylindrical chamber with a slit
window and pressure measuring devices, Berman and Cheney {Ref 19} observed
that nigh-frequency longitudinal instability (the different modes of high
frequency instability are discussed in the next section) is characterized
by the presence of pressure waves traveling back and forth in the combus-
tion chamber. The pressure oscillations may be continuous waves or may be
complicated by the presence of shock waves, in which cases the amplitude
of the oscillations are generally greater, Visual observation of dark
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regions in the oscillating flow were interpreted as regions of low tem-
peratures which moved downstream with the speed of the gas stream, These
oscillations of temperature and entropy occurred only during targe ampli-
tude pressure oscillations., Ellis, et al (Ref 20) using a similar burner
to Berman measured pressure and velocity fluctuations at the same axial
location and found them to be consistent in both phase and frequency,

Such basic investigations of the nature of oscillations in the trans-
verse mode of instability do not appear to have been reported though it is
fairly evident that fluctuations of all flow parameters accompany these
oscillations, Reardon (Ref 21), however, reported no evidence of shock
waves in his experimental investigations of the tangential mode of insta-
bitity.

Modes of Instability

The flow of gases in the liquid rocket motor are capable of oscillating
in the same modes as the gas-turbine burner; these are longitudinal, tangen-
tial, radial, and many combinations of these basic modes, The particular
mode in which an engine oscillates appears to be determined to a great ex-
tent by the geometry of the chamber rather than the operating conditions or
the form of the initial disturbance, Thus, Reardon (Ref 21) claims that the
purely longitudinal mode appears for burner length to diameter ratios (L/p)
much greater than unity, the purely transverse modes appear for Lip << and
mixed longitudinal and transverse modes appear for L/o~1., This claim is
partially substantiated by some of the reported observed iiquid rocket in-
stabilities. Berman and Cheney (Ref 19}, observed longitudinal instability
for L]P ratios greater than 3.3; below this value they found difficulty in
obtaining instability (presumably of any mode), Hammer and Agosta (Ref 22)
experienced a longitudinal mode in a rocket 21 inches lorg and 2 inches in
diameter:; the amplitude of these pressure ascillations was approximately
one third of the mean static pressure in the chamber, The longitudinal
mode of instability has been experienced by Crocco, et al (Ref 23) for L/D
ratios as low as two; here the amplitude of the oscillations was quite
small having an RMS value of about 6 per cent of the mean static pressure,

Tangentia! modes of instability have been observed by Ross and Datner
(ref 24) for L/D ratios less than three and by Bailey (Ref 25) for an &/
ratio of 3,2, In this latter work, the peak to peak amplitude of the first
tangential mode observed was 160 per cent of the nominal burner pressure.
The higher amplitude of the tangential mode over the longitudinal mode is
further indicated by observations of Reardon {Ref 21) showing peak to peak
amplitudes of up to 300 per cent far the first tangential,

The earlier statement that the mode of instability in a liquid rocket
is independent of the characteristics of the initial '"triggering'' distur-
bance is supported by the results of Combs, et al (Ref 26) who in their
stability rating experiments using bombs and a pulse gun found that al-
though the first few cycles of the oscillations followed the forced mode
of the disturbance, the eventual mode of instability was generally a third
tangential accompanied by the first radial, The foregoing observations
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are strongly indicative of acoustic oscillations; further evidence in this
direction is provided when the observed frequencies of the instability are
treated in a later section,

As in the case of gas-turbine burners, the radial mode of instability
is rarely encountered {the above quoted Reference 26 is an exception);
Reardon (Ref 21) observes that the frequency of appearance of the different
transverse modes of instability, in descending order are: first tangential,
second tangential, first radial, and first combined radial and tangential.
The experiments of Reardon also indicate that the spinning tangential mode
appears in preference to the standing mode. Tests performed with specially
designed barriers in the combustion zone to constrain any instability to a
standing oscillation showed that under certain conditions the combustor
could be stable in the standing mode (barrier in place} but unstable in the
spinning mode (barrier absent),

The conclusions to be drawn from these observations of the modes of
instability in liquid rockets are that for /D ratios less than about 3,
which include most afterburner and duct burner combustion chambers, the
predominant mode of instability is tangential., For this mode, the ampli-
tude of oscillation is quite large, certainly too large to be treated with
confidence by a linear analysis; this was found to be often the case for
screech in afterburners,

Observed Frequencies of Instability

The relation which the characteristics of observed instability oscil~-
lations bear to the purely acoustic characteristics of the rocket chamber
can provide valuabkle information regarding the nature and Jocation of losses
in the oscilltating system,

A good indication of the acoustic tendencies of the oscillations is
provided by frequency measurements, Berman and Cheney {Ref 19} reported
‘that observed frequencies of self-maintained longitudinat mode oscillations
in the high-frequency range were closely associated with the fundamental
acoustic mode in the combustion chamber with both ends closed. These ob-
servations were made with combustors of various length; the results are
shown in Figure 13 which indicates the expected inverse linear dependency
of frequency upon length, Similar results were obtained by Ellis, et al
(Ref 20). In the tangential mode of oscillation, Ross and Datner {(Ref 24)
observed that the frequency of oscillation in the '"'sloshing mode'' agrees
with calculations from acoustic theory. In support of this, Reardon (Ref
21) observes that the frequency of fully developed pure transverse modes
fall within a few per cent of the acoustic frequency of the corresponding
mode,

It is perhaps worth considering a specific case of an observed in-
stability in which the frequency, mode, and other relevant parameters
were measured, Bailey (Ref 25) measured a first-tangential mode insta-
bility in a liquid rocket under the following conditions:
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Diameter of Rocket, 2R - 3.7 inches

Nominal Pressure 1000 psi
Frequency of Oscillation, 7200 cps
Estimated Sonic Velocity, ¢ 3500 ft per sec

(Based on a Flame Temperature
of 5000 deg R)

Thus, the dimensionless frequency, o= L*RJC- evaluated for this
particular instability has a value & = 0,606, The value of & calculated
from pure acoustic theory for the first-tangential mode is 0.586, indicat-
ing surprisingly close agreement with the measured value.

It is fairly evident from the foregoing observaticns that the oscilla-
tions associated with high frequency instabilities in liquid rocket engines
closely resemble, in some respects, the pure acoustic modes of oscillation
in a circular cylinder, This was found to be the case also with the gas=-
turbine burner.

ANALYT| CAL TECHNIQUES

In this section the analytical approaches to the various aspects of
high-frequency instabilities are reviewed. Where an assumption or method
of approach is supported by experimental evidence, reference will be made
to that experimental work., The section is presented in the following
manner: First, a general over-all view is taken of the problem of analyzing
the instabilities. Subsequent sections deal with particular aspects of the
problem including driving mechanisms, loss mechanisms, and boundary condi-
tions. Finally, specific analyses of the instability problem performed by
Priem (Ref 3) and by Crocco (Ref 2) are examined. Throughout the review,
emphasis will be placed on the usefulness of the various proposed mechanisms
and techniques to the development of an analysis for gas-turbine burners.

General Approach

The complete solution of the equations governing instabilities in
combustion chambers is beyond feasibility at the present time due to
their extreme complexity., However, several attempts have been made to ob-
tain approximate solutions to the equations for ligquid rockets in special
limiting cases by making simplifying assumptions. The most common and
also most simplifying assumption made is to assume that the amplitudes of
the oscillations associated with the instability are small compared with
steady-state values, This '"'small perturbation' technique reduces the
equations to a linear form and with the addition of various other simpli-
fications, the equations are made more amenable to solution. A serious
drawback with the linearization method is that the results of the analysis
were limited to the determination of stability boundaries. Analyses of
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this type have been carried out for both longitudinal and transverse modes
of instability by Crocco (Refs 2, 27, and 28), Culick (Ref 1) and Dynamic
Science Division {Ref 29); some of these will be considered in more detail
later in the report,

More useful information can be derived from a nonlinear analysis of
the problem for the following reasons: (a) There are likely to be operating
regions where the system is stable to small perturbations but unstable to
large disturbances; the sort of information that would be most desirable in
such a situation would be plots of the stability boundaries for different
magnitudes of initial disturbance. (b) The subsequent variations of pressure
and velocity following a disturbance, whether leading to stability or insta-
bility, can be estimated. The need for a nonlinear analysis is particularly
important in the case of the afterburner/duct burner problem where insta-
bility may be triggered by transient effects resulting from light-off or
aircraft maneuvers. Nonlinear analyses have been carried out by Priem (Ref
3), Beltran (Ref 30), and Zinn (Ref 31) for the tangential mode and by
Sirignano {Ref 4) for the longitudinal mode. However, in order to make the
analysis tractable, drastic simplifications have been made. The major sim-
plifications in the '""Priem'' type of analysis is the limitation of the equa-
tions to oscillatory flow in one dimension, namely in the tangential direc~
tion. With the addition of several other assumptions described later, the
equations of motion are solved using a numerical technique and a high speed
computer. The approach taken by Zinn (Ref 31) and by Sirignano (Ref 4) in
their nonlinear analyses was to use a perturbation technigue in which the
dependent variables are expressed as power series of an amplitude parameter,
in the solution of the rather vast array of resulting equations, it was
found impractical to retain terms higher than the second order in Zinn's
analysis of the first tangential mode and the third order in Sirignanc's
analysis of the longitudinal mode, Apart from any other considerations,
it can be stated that the sheer complexity of the techniques applied to
the analysis of nonlinear instabilities in liquid rockets render them un-~
suitable for our purposes in the study of gas-turbine burner instabilities,
This does not mean, however, that these approaches to the problem should be
rejected, since many of the mechanisms and assumptions employed in the
models may provide useful information,

Regardless of the over-all approach to the problem, each analysis has
as its starting point the time-dependent conservation equations for mass,
momentum, and energy for the oscillatory motion of the gas. The mass and
momentum equations include terms accounting for the mass generation of gas
as the liquid propellants vaporize, The problem of mass addition in the
gas-turbine burner is somewhat different because the vaporization zone can
be upstream of the combustion zone.

In its complete form, the momentum equation should include terms for
pressure gradients, viscous losses within the flow field and friction at
the walls; the latter term is generally neglected in the liquid rocket work,
The energy equation should satisfy one basic requirement namely that the
acoustical energy generated by the combustion process plus the energy
entering the system from, for example, the compressor should be balanced by
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the total acoustical losses from the system. That this requirement is
satisfied is not always clear in some of the analyses presented in the
literature, particularly the analysis of Priem (Ref 10), The losses
which should appear in the energy balance and those that do appear in
the various analyses are discussed in detail in a later section.

Instability Driving Mechanisms

In this section, the various proposed ways in which it is possible
for energy to be added to the oscillating system are considered. Most
of the proposed driving mechanisms rely on the Rayleigh Principle which
states that the maximum addition of energy into an acoustically oscillat-
ing system is obtained when the energy release occurs at or near the maxi-
mum of the pressure disturbance. The possibility of such a situation can
arise if any of the rate controlling stages in the heterogeneous combustion
process is pressure dependent, Generally, in liquid rocket combustion,
vaporization of the fuel or oxidant is considered to be the controlliing
step (Refs 36, 30, 32, and 33). Priem (Ref 3) has related the propellant
vaporization rate to the unsteady component of tangential velocity for the
case in which the relative velocity between liquid droplet and gas is large;
the relation is

U ot
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where «'is a dimensionless instantaneous burning rate
‘is dimensionless gas density
v;' is the dimensionless tangential component of gas velocity
4v'is the dimensionless relative velocity between gas and liquid
droplets,

Bletran (Ref 30) extended Priem's analysis to include all values of the
relative velocity between gas and liquid phase., More extensive work on
the dynamic response characteristics of propellant vaporization has been
carried out by Heidmann and Wieber (Refs 32 and 33).

Other stages in the combustion process which have been considered
as possible sources of energy for supporting instability are: propellant
atomization (Ref 6), effects of the oscillations on the spatial distribu-
tion of the fuel spray (Ref 29), mixing of the vaporized propellant with
the hot flame by diffusion (Ref 34), or recirculation {Ref 35) and finally,
the actual chemical reaction stage (Refs 3, 4, and 6}, The chemical re-
action stage of the combustion process in liquid rocket engines is, however,
considered to be too short to provide any control in the over-all rate (Refs
35 and 36); indeed Sirignano (Ref 36} who performs an analysis for rocket
combustor instabiiity based on chemical kinetic control, suggests that the
analysis is more applicable to gas rockets where chemical reaction rates
are more likely to control the combustion process,

In the gas-turbine burner, as previously indicated, the combustion
zone in some cases may be regarded as being quite distinct from the region
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in which atomization, vaporization, and fuel/air mixing occur; in these
cases, it is therefore very unlikely that fluctuations in the rates of
these latter mentioned processes could influence the energy release rate
into the system, More likely to be the rate-controlling stages in the
gas-turbine hurner are either the actual chemical kinetics or the heating
of the fresh charge of reactants by heat conduction and eddy diffusion
from the products of combustion. |In the treatment of the chemical kinetic
stage of the combustion process the Arrhenius equation is excliusively em-
ployed, The energy release relation developed by Priem (Ref 3) is the

following:
- (£ )(f) e"P[ (/—-—]

where C is the mole fraction of unburned gas
E is the energy of activation
K is the gas constant
T is the gas temperature
n is the order of the reaction; values between 1.5 and 2.5 were em-
ptoyed by Priem. The suffix zero refers to mean conditions,

Crocco's approach to combustion instability (Ref 2) is radically dif-
ferent in that the generating and dissipating mechanisms are not used ex-
plicitly, According to this theory, the time taken between the injection
of a propellant into the combustion chamber and the point of conversion
into products of combustion may be divided into two parts. The first part
of the time lag is supposed to be insensitive to chamber conditions whereas
the second part, the so-called sensitive time lag 7¢, is sensitive to the
gas state and, therefore, to fluctuations in the gas state, During the
sensititive time lag, the propellant conversion rate is proportional to
the instantaneous fractional pressure perturbation (small perturbations
only are considered) where the constant of proportionality is a factor
i, termed the interaction index. The burning rate can be written in terms
of n and 7 in the following manner from Reference 2,

M, - My —n ple) - ple-T)
where t = time
™, = instantaneous burning rate
E = pressure

() = time averaged quantities.

The two factors n and T must be determined from actual tests as they have
no physical interpretation. According to Sirignano (Ref 36), the sensitive
time lag concept is only applicable to liquid propellant rockets. |If this
is indeed the case then it would seem that such a concept is unsuitable for
the analysis of the duct/afterburner combustor.

it is important to note that in liquid rocket analyses, associated with
the fluctuating energy release rate is a fluctuating mass generation rate
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due to the conversion of liquid phase propellant to the gas phase. In
afterburners and duct burners, the mass addition due to fuel vaporization

is quite smaill, Thus in an analysis of the combustion zone of such burners,
the mass and momentum conservation equations should not include terms ac-
counting for mass generation, as is the case in most liquid rocket analyses.

In the next section the various energy losses are considered which arise

from the oscillations in the gas and thus exert a damping influence on the
system,

Loss Mechanisms

The loss mechanisms considered in two of the more notable liquid rocket
instability analyses by Priem and by Crocco are summarized by Priem in Ref-
erence 37. The principal loss in both cases is what Priem terms nozzle
radiation; perhaps convection would be a more accurate description of the
loss which arises because of the acceleration of the gases as they move
downstream., Some of this loss may be recovered at the nozzle where reflec-
tion from the convergent portion of the nozzle occurs. This partial recovery
is accounted for in the Crocco analysis when the downstream boundary condi-
tion (i.e., at the nozzle entrance) is applied; this will be discussed further
in the next section which deals with boundary conditions, Priem, on the other
hand, ignores the nozzle reflection., The only other losses considered in
either analysis are the viscous and thermal losses in the gas stream which
are considered by Priem. However, Priem shows that the viscous dissipation
terms in his analysis have a negligible effect on the results {Ref 3). In
support of this, Culick (Ref 1) developed the following expression for the
ratio of viscous dissipation to dissipation by mean flow convection out of
the combustion zone:

¥y
(Viscous Dissipation)/Convective Losses = ——— ~
3bM,C
where «J is the frequency
L is combustor length
2 is kinematic viscosity
b is a constant (function of mode shape) usually between 2.0 and 4.0
M, is mean flow Mach number
¢ is the speed of sound.

Taking typical values for these variables ( (= 3000 ft per sec, # = 10-4 £¢2
per sec, L = 1 ft, M, = 0.1) this ratio equals about 10-5,

Losses which were not considered by either Crocco or Priem and which
may be very important, particularly in the case of afterburners and duct
burners fitted with acoustic liners, are wall losses, Acoustic absorption
at the walls may be due to wave attenuation due to the porosity of the
surface, or alternatively thermal losses which accompany viscous dissipa-
tion along the surface.

Theoretical acoustical energy absorption coefficients have been com-
puted by Bailey (Ref 25). Typical results for a transverse mode are shown
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in Figure 14, which shows the sensitivity of the absorption coefficient
to temperature and gas velocity, Indeed this sensitivity is such that
when coupled with the added effects of backing cavity size and pressure,
it was not possible to design an experiment to confirm the computed co-
efficients satisfactorily. |t should be noted that in this work the
effects of nonlinearity upon the absorption coefficients were included.
Losses resulting from the inclusion of baffles may be considered in the
same manner as wall losses. |n general, wall losses would enter the
analysis in the form of boundary conditions which is the subject of the
next section of this report,

Boundary Conditions

The boundary conditions which would apply at some of the boundaries
in the analysis of oscillating flow in a duct burner or afterburner are
quite different from those applied in the analyses so far attempted for
liquid rocket instabilities, However, one boundary which they do have in
common is the propulsion nozzle which has received considerable attention
in the liquid rocket investigations particularly by Crocco and his co-
workers, The nozzle boundary condition is represented as an admittance
coefficient which relates the pressure fluctuations in the flow to velocity
or mass flow fluctuations at the nozzle entrance. The original work in
this direction was performed by Tsien {Ref 38) who analyzed the case of
small disturbances (linear case) in the purely longitudinal mode in a cir-
cular-section nozzle. This work was extended by Culick (Ref 39) to include
three dimensional oscillations and by Crocco (reviewed in Ref 40Q) to in-
clude, in addition to three dimensiona! oscillations, rectangular and thin
annular cross-sectional nozzles, nonlinear oscillations in the longitudinal
mode for short nozzles and in the transverse mode for multi-orifice nozzles,

The wall boundary condition when acoustic liners are present, though
not appearing in any of the analyses to date, is treated by Sirignano (Ref
L41) in a similar manner to the nozzle, insofar as the boundary condition is
represented as a complex admittance coefficient. Sirignano's treatment of
the acoustic wall problem is nonlinear, An empirical treatment of the
acoustic liner has been pursued at Pratt and Whitney Aircraft (Ref L42);
here the losses are represented by an energy absorption coefficient, This
latter treatment, however, ignores compressibility effects which, accord-
ing to Sirignano, are of great importance.

Undoubtedly the greatest difference between the boundary conditions
of the liquid rocket and of the afterburner duct burner lies in the upstream
boundary condition which for a liquid rocket engine is a rigid wall perpen-
dicular to the gross flow direction and for a duct burner or afterburner is
a fan or turbine exit separated from the burner by a diffusing passage in
which fuel may be evaporated and mixed with the gas flow, This type of
boundary has not, of course, been treated in the liquid rocket analyses. A
treatment involving the determination of an admittance coefficient as in the
case of the nozzle suggests itself,
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Methods of Solution of Equations

some of the more noteworthy methods of solving the conservation equa-
tions are considered in this section with a view to incorporating some of
the techniques employed into the analysis of afterburner and duct burner
screech. As previously mentioned, the analyses may be divided into linear
analyses and nonlinear analyses and, although the approach to the after~
burner problem should be strictly nonlinear, some integration of linear and
nonlinear aspects of the problem may be possible. For this reason it is
considered worthwhile to examine some of the lirear analyses which have been
carried out. By the same token, analyses of lorgitudinal as well as tan-
gential modes of instability will be examined even though afterburner screech
has been shown to be predominantly a tangential oscillation,

A solution to the simple case of longitudiral, linear cscillations was
obtained by Crocco {(Ref 2) by considering conditions to vary only with time
and axial distance. The square of the Mach number at the nczzle entrance
was assumed to be small compared with unity, With Crocco's time lag con-
cept and a nozzle boundary condition, a Bessel-function solution to the equa-
tions was obtained. This type of analysis, however, can yield only stability
boundaries and in this case the boundaries are expressed in terms of the n
and P factors, These two factors, which for a given propellant injection
system are functions of pressure and mixture ratio, have to be determined
experimentally. |In Reference 27, tests were performed with a combustor of
variable length; stability boundaries were determined by varying the chamber
length for each mixture ratio., It was observed from both experiment and
theory that a lower and upper stability boundary existed for each mixture
ratic. This fact was employed to provide a check on the results of the
theoretical analysis by estimating values of N and T from the lower sta-
bility boundary and using the results to predict the upper stability bound-
ary. The comparison between measured and predicted upper boundaries was
found to be surprisingly good.

Crocco adapted his time lag theory to the transverse mode of insta-
bility {Ref 28) but again to the linear case, To obtain a solution to the
equations in this case, an order of magnitude analysis was performed to
eliminate several of the terms, The nozzle boundary condition in this case
was more complex than in the longitudinal mode as velocity components in
both the axial and tangential directions were involved, Again, the solu-
tion of the equations yielded only stability limits in terms of W and T°.
Tests were performed by Crocco (Ref 28) with a variable sector rocket motor
oscillating in the tangential mode and stability boundaries were constructed
in the sector angle/mixture ratio plane, Using the results of the analysis
for transverse oscillations, the experimentally determined stability bound-
aries were transposed into n/mixture ratio and ¥/mixture ratio planes.

These results were then compared with the experimentally determined values
of wand T as functions of mixture ratio for the longitudinal instabili-
ties described earlier (Ref 27). The agreement was fairly good particu-
larly in view of the fact that the injectors were not identical in the two
cases; the conclusion drawn by Crocco from this result is that the time
lag concept is as well suited to the transverse mode of oscillation as to
the longitudinal mode for which it was originally developed,
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Turning now to the nonlinear treatments of liquid rocket instability,
the method of Priem (Ref 3) is perhaps the most notable. Priem derived
the conservation equations in cylindrical coordinates for a one-dimensional
annular geometry, In deriving these equations, it was assumed that the
radial velocity component and all derivatives in the radial direction are
zero, the axial velocity does not vary with angular position and all second
derivatives in the axial direction are zero. To determine the derivatives
in the axial direction, a condition for conservation of energy, momentum,
and mass for the entire system was applied. Since it is assumed that none
of the terms vary in the axial or radial direction (presumably this state-
ment refers only to the one-dimensional annular ring considered), the equa-
tions have only to be integrated in the tangential direction. Priem further
assumes that mass, momentum, and energy in the complete annulus do not vary
with time and that the axial derivatives do not vary with angular position.
A further implicit assumption that disturbances propagated both upstream and
downstream directions do not reflect back again {even partially) and inter-
act with the streamwise element of the combustion zone being considered.
After all these assumptions, four equations involving four unknown axial
derivatives of pressure, density, temperature, and velocity are obtained.

Included in the conservation equations are a term L which represents
the mass generation rate and another term v representative of the viscous
damping losses, The factor J is supplied as an input to the problem but
the mass generation factor L is formulated from the consideration of various
mass addition models., |In Reference 6, Priem employs three different mass
addition models in his analysis based on liquid atomization, vaporization,
and chemical kinetics., The results of the analysis showed that the chemical
reaction step is only important at low conversion rates which are generally
not encountered in full-scale liquid rockets,

The solution of the conservation equations together with the four simul-
taneous equations for the axial derivatives are solved numerically, An
initial disturbance imposed on either the instantaneous pressure or the ve-
locity component in the tangential direction provides the starting conditions
for zero time. The results of the analysis are in the form of time histories
of the angular distributions of the pressure and the tangential velocity,
Clearly different values for the initial disturbance may be specified thus
enabling complete stability maps to be constructed for all values of the
initial disturbance.

This method of analysis because of its nonlinearity and because it
treats the tangential mode of oscillation, would appear to be well suited
to the problem of afterburner and duct burner screech, However, some of
the assumptions made in the analysis are of an extremely doubtful nature
and will require further investigation to establish a better understanding
of their consequences, Furthermore, the actual numerical solution of the
equations, even with a computer, is an extremely tedious and costly proce-
dure and its application in the present investigation does not seem very
feasible in its present form,
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SOLID-ROCKET LITERATURE

GENERAL

It must be confessed at the outset that this review of solid-rocket
literature is basically concerned with the efforts at analytical repre-
sentation of the combustion instability process by a single group of
workers (Refs 7, and 43-39) with but a single exception (Ref 50)}. The
justification of this procedure rests upon two factors: first, the cited
references form perhaps the most complete and coherent account of the
analytical description of the solid-rocket combustion instability problem
to be found in the literature; and second, the nature of the agreement
between analysis and experiment can be described at best as only qualita-
tive, so that little can be gained by a detailed review of experimental
results,

The analytical developments can be conveniently described in terms of
the characterization depicted by the right-hand sketch on page 80, That
is, the product gases and the solid propellant are treated as dissipative
acoustic media, separated by a thin (compared to wave length) zone at the
solid surface where most of the energy addition occurs.

DESCRIPTION OF ACOUSTICAL MEDIA

The most general representation of the acoustical behavior of the
gaseous combustion products employed to date is that presented by McClure
Hart, and Bird (Ref 43). The governing equations are taken as those gov-
erning small perturbations in a stationary, homogeneous medium which is
slightly dissipative:

(v1+ k‘)‘?‘ = o
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where ? is the mean gas density, «J is the angular frequency, and
St
k= /e = (wfe,) - in

|
where €,z (x‘p_/f,)/". The index &' is the usual acoustical decay co-
efficient and provides an approximate representation of volume losses in
the gas. Even in this case, however, the authors choose to treat the
losses as a perturbation so that, in fact, the representation is the pure
acoustic one, and reduces to the mode shapes and frequencies given pre-
viously for a rigid cylindrical container.

Reference 43 also includes the treatment of the wave propagation
characteristics of the solid medium, but as this is irrelevant to
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gas-turbine burners, the analysis merits no description here, It is of
interest to note that the result of the analysis, for typical conditions
encountered in solid rockets, showed that the characteristic frequencies
and mode shapes were in general closely described by those which would be
encountered in the gas phase or solid phase alone {in the absence of any
interaction between gas and solid), As will be discussed, however, the
participation of the solid has a significant influence on stability.

The most significant feature of the analytical treatment of acoustical
properties presented in Reference 43 (and used subsequently in References 7
and 44-47) is that the modes and frequencies of oscillation are obtained by
neglecting the effects of energy losses and gains.

LOSS MECHANISMS

The various loss mechanisms which may be active in the gaseous combus-
tion products have been treated in increasing degree in References 7 and
L3-47, These losses are summarized most completely in Reference 7, and are
best assessed in terms of the acoustic decay coefficient, o , divided by
the oscillation frequency, ¥ , where by definition

x _ <AE/At>
4 {<e>

where < 2 denotes the time average, and £ is the acoustical energy per
unit volume. Thus, o/f is a quantitative measure of the fraction of
acoustical energy dissipated per cycle of oscillation,

The volume losses which have been treated (to a point where analytical
expressions exist for their evaluation) are listed in the following table,
with their typical magnitudes for solid rockets:

Loss Typical <[§
Viscothermal negligible
Solid Particle < 0.03
Molecular Relaxation 0.001

(Absorption)
Solid Viscosity 0,001

The viscothermal loss is the usual one attributable to melecular vis-
cosity and thermal conductivity; the solid particle damping loss is due
to the damping action (via drag) of small particles interspersed in the
gas; the molecular relaxation loss is that due to increased transfer of
energy to molecular vibration states as a result of the oscillatory
motion; the solid viscosity loss is due to viscous dissipation in the
solid. The losses are evaluated on the basis that the mode shape and
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frequency are themselves unaffected by the losses, and this is obviously a
good assumption here,

The surface losses must be evaluated to include the effects of mean
velocity (Ref 47). The resulting acoustic decay coefficient is then de-
termined from (Ref 7):

\
z Pact

< LAy ged e B2 Lo w)
by
L= -
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where the numerator represents the acoustical energy flux across a bound-
ing surface and the denominater is the acoustical energy within the bounded
volumes ( ¥, is the mean velocity). The surface losses which have been
treated are listed in the following table, with typical values for solid
rockets:

Loss %3
Viscous 0.002
Thermal 0,001
Nozzle < 0.1

The viscous and thermal losses are due to dissipation in the acoustic
boundary layer; the nozzle losses are due to both acoustical energy
transport and radiation from the nozzle, The latter losses have not

been fully treated (Ref 7) and are difficult to estimate for transverse
modes. The value of &/ given above is typical of axial modes, for
which the loss is large enough to affect appreciably the characteristic
frequencies and mode shapes; the losses for transverse modes are expected
to be considerably smaller in the general case,

All of the losses above are treated on the basis of small amplitudes;
little work appears to have been done regarding the potentially nonlinear
behavior of the losses (Ref 7). The most remarkable feature of the losses
is their small magnitude, again indicating that instability results from a
delicate balance between small energy input and small energy loss.

THE ENERGY ADDITION ZONE

The response of the energy addition zone to pressure fluctuations has
been analyzed in References 48 and 49, The model proposed considers the
energy addition zone as composed of four regions, illustrated on the follow-
ing page,
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Solid Heat )(
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Solid Phase Reaction Zone (at Burning Surface)

By computing characteristic response times for chemical reaction, heat
conduction in the unburned gas, heat conduction in the solid, convection
effects in the induction zone, and solid phase reaction, Hart and McClure
(Ref 48) conclude that only the processes of heat transfer and convective
effects in the gas induction zone, and heat conduction in the solid are
sufficiently slow to be considered on a transient basis, Hence, the model
consists of a region in which the transient heat conduction into the soljd
propellant is dominant, a region in which a nongaseous fuel is vaporized
through endothermic reactions (described by steady-state relations), an
induction region where the vapor is heated to some ignition temperature
(in which transient heat transfer and convection processes dominate), and
a flame front characterized by an ignition temperature and a flame speed.
The spatial extent of the entire energy addition zone is much smaller than
an acoustic wave length, permitting the assumption that the pressure is
spatially uniform. The resulting analysis is quite lengthy and is aimed
at determining the acoustic admittance of the burning surface:

Arzh\%&g'ﬂ

where
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Although the model described above obviously has little relationship
to the gas-turbine burner problem, two observations are pertinent, First,
even a model of this simplicity yields seventeen parameters which may be
combined into eleven dimensionless groups which can be varied independently;
this makes the establishment of general trends virtually impossible. Second,
a characteristic which emerged from the calculation of several numerical re-
sults was that the frequency response of the burning surface was rather flat,
as itlustrated below,

Re(§) M- — T T

10,000 100,000

Frequency, cps
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When EE(%/G)3>‘/Y , energy is supplied to the oscillation; the néture ?f.
the preceding sketch indicates that the resonant frequency of an instability
s determined almost entirely by the acoustical properties of the chambgr.
It is pointed out in Reference L8 that this type of frequency response 1s
not characteristic of time-lag behavior (such as that employed by Crocco
(Ref 2) in liquid rocket work),

A more recent analysis (Ref 50) of the burning surface has included a
nonlinear treatment based on the technigue put forward by Priem (Ref 3) in
conjunction with Tiquid rocket work. These results again indicate the non-
linear nature of the problem in that some specific examples indicate that
an initial pressure disturbance of the order of 5 per cent of the mean level
will lead to instability in a system which is stable to smaller disturbances.
The analysis suffers from the same limitations as Priem's original one, par-
ticularly with regard to the fact that the magnitude of the acoustical losses
is not related to conditions outside the energy addition zone,

The work quoted above relating to the energy addition zone has included
also some consideration of the mechanism of erosive burning, wherein the
mean burning rate of the solid is sensitive to the velocity component tangen-
tial to its surface. This is not particularly pertinent to gas-turbine
burners, and hence is not discussed here,

SOME OVER-ALL RESULTS

On the basis of the analytical descriptions described previously,
McClure, Hart, and Bird {Ref 43) qualitatively explained the observed in-
termittent unstable behavior with burning time in solid-propellant rockets
(see, for example, Ref 51}, Specifically, they showed that the combination
of gas-phase damping and viscous damping in the solid was sufficient to pro-
duce stability in regions where the solid was participating in the wave
motion (which, in turn, only occurred during certain intervals during burn-
ing), These results serve to emphasize that any analysis of instability
requires consideration of both the energy gains and energy losses, and that
at least a qualitative assessment of these quantities can be made on the
basis of loss-free solutions for acoustic modes and frequencies,

A second qualitative agreement with experimental observations was ob-
tained by Bird, McClure, and Hart in Reference L4, Here they showed that
the observed stability behavior of a given propellant in terms of the
boundary in the " Kk-DP" plane could be theoretically explained { Knis
ratio of burning surface area to nozzle throat area and Djp is the diameter
of the inner surface of the annular solid-propellant segment), The linear
stability was evaluated on the basis of determining the energy gain by
their previous analysis of the burning surface {(Ref L8), and evaluating the
energy losses on the basis of the rigid cylinder acoustic modes and fre-
quencies, The stability boundaries obtained by considering various loss
mechanisms are shown schematically on the following page.
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Gas Damping

Large Particle Damping
~ Small Particle Damping
Smoke Damping
4 (Arrows show unstable
regions)

Here the smoke damping curve was adjusted (by suitable selection of par-
ticle size and concentration) to correspond to the observed behavior. The
authors also noted in References 44 and 46 that scaling results from a
smal]l chamber to a large chamber would be somewhat less than straightfor-
ward since the various loss mechanisms scale differently,

. In summary, the analytical descriptions of combustion instability in
solid-propellant rockets are capable of providing qualitative agreement

with the observed physical behavior. Unfortunately, quantitative predic-
tions cannot yet be made. The major difficulty as could be expected appears
to lie in an appropriate quantitative model of the response of the energy
addition process to either infinitesimal or, particularly, finite distur-
bances. The descriptions of acoustical behavior and loss mechanisms uti-
lized in solid-propellant work do, however, appear to have application to
gas-turbine burners,

GAS-ROCKET LITERATURE

{NTRODUCTION

Although gas-fueled rockets are not in themselves of major practical
interest for propulsion purposes, they have received considerable atten-
tion by combustion instability workers for the following very good reasons,

1. They exhibit many of the unsteady combustion phenomena found in
rocket combustors that are of great practical interest,

2, Gas rockets eliminate those phenomena peculiar to liquid and
solid propellant combustors, and therefore any transient combus-
tion phenomena can be attributed entirely to the gas phase alcne.

it has already been stated that there are many similarities between the
unsteady combustion phenomena observed in liquid rocket combustors and those
cohbserved in duct burners and afterburners, |t therefore follows from the
first reason given above that these similarities should also exist between
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gas rockets and duct burners and afterburners. Further, in the gas- _
turbine combustion literature review it was concluded that the combustion
processes in duct and afterburners may occur essentially entirely in the
gaseous phase, thereby enhancing the relevance of gas rockets within the
context of the current study,

In this section the results of the literature review that are pre-
sented have been restricted to those that are deemed relevant to the prob-
fem under consideration; namely, high frequency transverse combustion os-
cillations, Further, to provide the information that will be applicable
to the development of afterburner and duct burner combustion models, the
presentation is in the following order:

1, Assessment of the observed characteristic frequencies.
2. Evaluation of instability mechanisms that have been proposed,

3. A description of the formulation and analysis of existing tran-
sient combustion models.

OBSERVED CHARACTERISTIC FREQUENCIES OF GAS-ROCKET
COMBUSTION INSTABILITIES

As in the other types of rocket combustor, the majority of attention
given to gas~-rocket combustion instabilities has been directed towards
the low-frequency longitudinal modes, More recently, however, transverse
modes have been observed and reported in References 52 through 56. Bowman
(Ref 56) was primarily interested in the lower modes but observed that the
first tangential mode (7500 cps) occurred simultaneously with the funda-
mental longitudinal mode (~ 630 cps) for premixed hydrogen-air and
methane-air mixtures, Unfortunately, insufficient information is given
to permit any conclusions to be drawn concerning the nature of this trans-
verse mode, that is, whether it was a true acoustic-type oscillation,

A large body of experimental data has been reported by Zucrow,
Osborn, and their co-workers at Purdue University (Refs 52 through 55),
These reports present the results of a systematic series of experiments
aimed at investigating the influence of each of the following variables
oh combustion pressure oscillations:

1. The geometry of a cylindrical combusticon chamber,

2. The chemical properties of different propellant combinations.

3. The location of the injector and injected mass velecities,
These experiments were repeated for premixed and unmixed propellants.
Unfortunately only the stability boundaries and pressure amplitudes are
reported together with a description of the type of oscillatory mode,

The oscillatory frequencies are not presented which make it difficult to
determine whether the oscillations can be related to the accustical
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properties of the chamber. However, it is possible to draw the following
conclusions from the reported observations:

1. The aspect ratio (length/diameter) of the chamber has a significant
influence upon the amplitudes of the transverse modes of pressure
oscillations (see Fig 15),

2. At an aspect ratio of 1.0, there is a tendency for coupling to
occur between the tangential and longitudinal modes of oscillation.

3. The injection pattern exerts a predominant influence upon the mode
of oscillation (see Table I1).

All of these characteristics are consistent with acoustical resonance
phenomena in cylindrical combustors.

The acoustical nature of the pressure fluctuations associated with
oscillatory combustion has been questioned by Sirignano and Crocco (Ref L)
in view of the waveforms observed in certain situations in longitudinal
modes, These oscillatory pressure waveforms consist of shock-type discon-
tinuities followed by exponential decays, examples of which may be seen in
Figure 16 (from Ref 52). It may be argued that these waveforms are also
typical for transverse modes, thereby introducing uncertainties into any
analytical model which postulates sinusoidal variations in the unsteady
pressures, velocities, etc. However, closer examination of Figure 16
shows that even when such ''shock" type instabilities develop, they are
initially sinusoidal and remain so even when their amplitudes are 50 per
cent or more of the final amplitude. Further, the frequency of oscilla-
tion does not appear to be significantly dependent upon the wave shape,

It seems, therefore, reasonable to conclude that analytical modes can
justifiably postulate sinusoidal fluctuations in the dependent flow
variables in order to establish stability boundaries using frequencies
computed from an acoustic analysis of the combustor.

EVALUATION OF INSTABILITY MECHANISMS

The analytical models and experiments described in the literature
for studying gas-rocket combustion instability have been specifically
designed so that the number of mechanisms that influence stability are
kept to a minimum. The supporting mechanisms have been reduced to:

1. The reaction rates of the combustion process,

2. The mixing rate of the propellant (in unmixed experiments only),

The dissipative mechanisms remain the same as in liquid-rocket com-
bustors, It should be noted that all of these mechanisms will be present

in gas-turbine duct burners and afterburners.

An initial attempt was made to evaluate the significance of each of
the supporting and dissipative mechanisms by reviewing existing such
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evaluations in the published literature. However, analytical evaluations
are dependent upon the validity of the postulates made when defining a
combustion model together with the accuracy of the subsequent analysis.
Deficiencies in both respects suggested that it was better to base the
evaluations of the mechanisms which contribute to combustion instabilities
upon experimental observations,

Zucrow, et al {Ref 5h) present comprehensive experimental data for
premixed fuel-air mixtures oscillating in transverse modes,. The sta-
bility boundaries obtained in these experiments are shown in Figures 17,
18, and 19. In Figure 17, the ethylene-air boundaries are shown in plots
of equivalence ratio against chamber pressures together with contours of
pressure amplitude. 1t may be seen that pressure amplitudes of 70 psi may
be obtained at chamber pressures of 110 psia, The influence of chamber
length upon the stability boundaries are shown in Figure 18 where it can
be seen that the heel of the stability boundaries occur at higher chamber
pressures as the chamber length increases. A similar stability plot for
hydrogen-air is shown in Figure 19,

Zucrow, et al, conclude that increasing the heat release rates of
fuels produce the following effects:

1. A broadening of the range of equivalence ratios sustaining com-
bustion pressure oscillations,

2. An increase in the maximum amplitude of the pressure oscillations.

3. Wwhen the activation energy of a fuel increases, two resonant peaks
become more pronounced, These amplitude peaks occur at conditions
corresponding to fuel-lean and fuel-rich mixtures, An explanation
for this phenomena can be given using the critical combustion tem-
perature model postulated in Reference 57, This will be dealt
with in more detail later in this chapter,

The injector location influences the instability mode shape in the
manner illustrated in Table Il for ethylene. Injection on the combustor
centerline produces radial modes. Injection near the combustor surface

produces tangential modes, while intermediate locations may produce stable
operation,

The amplitudes of oscillation may be greatly reduced by introducing
baffles into the chamber. Zucrow, et al, measured reductions in amplitude
of up to an order of magnitude when the baffle length cccupied half of the
total combustor length, These results are shown in Figure 20,

When the additional complexity of fuel-air mixing was added, Zucrow,
et al, found that the following conclusions could be drawn from their ex-
perimental results. {n combustors employing "impinging jet' injectors
when rapid mixing occurs the combustion osciilations are reaction controlled,
and the intensity of oscillations are directly related to the heat release
rates. Further, when fuel-air mixing occurs only through turbulent mixing
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processes, chemical effects are relatively unimportant.

In all of the preceding experimental data the ratio of nozzle exit
area to combustor cross-sectional area was approximately 1/200, so that
nozzle losses were negligible,

Bowman (Ref 56) reviews the available published information on the
effects of the injector thermal conductivity and combustion gas heat-
transfer coefficients upon stability boundaries. He concludes that there
is no observable effect of heat-transfer coefficient; further experiments
where the injector was covered with a thermal insulator exhibited the
same stability limits as when it was left uninsulated,

ANALYTICAL MODELS DESCRIBING UNSTEADY COMBUSTION

At this time no models of tangential oscillatory combustion phenomena
in gas-fueled rockets have been postulated that are amenable to precise
analysis, and which provide adequate predictions of stability boundaries
and oscillatory amplitudes., In these respects gas rockets, although sim-
pler, are not understood significantly better than solid- and liguid-rocket
combustion instabilities., However, several authors have postulated models
which when analyzed and compared with experimental data have provided some
insight into the nature of gaseous combustion instability. Most of these
efforts have been directed at the longitudinal modes of instability, the
latest of which is by Sirignano and Crocco (Ref 4),

The Sirignano-Crocco analysis attempts to find solutions to the non-
linear equations of motion., The principal assumptions are:

1., The response time of the combustion process is small compared to
the period of oscillation,

2. A plane shock wave propagates with constant period between the
injector face and the nozzle reflecting alternatively from each
of them,

3. The combustion chamber is long, so that the nozzle and combustion
zone have zero length,

In order to determine some explicit information about the combustion
instability, three parameters are defined:

1. A simplified Arrhenius combustion law which is a measure of the
energy release in the air-fuel mixture

= Be_xp(‘gr)
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combustion temperature

universal gas constant

activation energy

pre-exponential factor (independent of T )
energy release parameter.
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2. A pressure amplitude parameter, € , defined as

€=M i(h‘-l)% - (5%:-')}

where ]_‘_
M

ratio of specific heats
mean Mach number.
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it should be noted that at a stability boundary € = 0.

3. A wave shape parameter, )\, defined as
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where ¥=(¥-) /2 . This parameter is a measure of the exponential
decay in pressure behind the shock frent,

it follows from the definition of & that at a stability boundary
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It should be noted that instability can occur when & » 0, therefore
for a given propellant combination, instability can occur when T <« Terne
where Terd is defined by the last equation, From this requirement it can
be seen that there may be two instability limits, one on either side of the
maximum combustion temperature (at stoichiometric conditions). When the
maximum combustion temperature is less than T..e only one combustion in-
stability will ocecur, This explains why ethane and methane fuels only
exhibit one region of instability, whereas the more reactive fuels such as
ethylene and hydrogen exhibit two regions, as shown in Figures 17 and 19,

Bowman, et al (Ref 57) have used this approach to show that when a
diluent inert gas is progressively added to hydrogen-air mixtures, the two
stability limits converge, until finally only an instability region exists,

It should be noted that assumption 1 in the Sirignano-Crocco model is
of doubtful validity in transverse modes, particularly at low combustor
temperatures, in addition, the second assumption is doubtful as the wave
thickness may be a significant fraction of the wave length.,
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Culick (Ref 1) has carried out a theoretical investigation of high
frequency gaseous fuel combustion instability for a general three-dimen-
sional case with distributed combustion, Stability limits are obtained
when the equations can be linearized, These limits are presented such
that the effects of combustion, nozzle, and mean flow can be separated.
Inasmuch as the approach adopted in this report is based on this work,
no discussion is included in this appendix; the development is presented
in Appendix G.

Zucrow, et al (Ref 55) completed a theoretical study aimed at deriving
the important similarity parameters that influence the oscillatory behavior
of the combustion process. The analysis was based on an idealized rocket
motor consisting of four sections:

1. A mixing region.

2. An induction region.

3, A narrow combustion zone.

L, A region containing only combustion products up to the nozzle
entrance,

The perturbation equations, expressing momentum in the axial and tangential
directions, continuity, energy, and state of the mixture, were developed by
making the following assumptions:

1. The mean flow was in the axial direction.

2. There were no components of fluctuating velocity in the axial
direction,

3. Terms of order (Mach number)2 were neglected,

L, The fluctuating quantities were expressed as

;o L{wk-9)
=d.e

where «J = frequency
€ = time
€ = phase angle

S
]

amplitude of disturbance,

The relevant equations that were derived are

v, v, H S,
T
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and

Vi LY, ko d Gy A LR a2 A
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where viscosity

density

velocity

pressure

axial coordinate

radius

temperature

mean value

speed of sound

rate of volumetric energy release
rate of energy loss to walls,

(I | Y 1R

S s ¥ o<0F

The above equations were integrated by assuming that the variables were
constant within each of the four sections of the model combustor., Then
using the following definitions:

HASRLE

T+- ¢
Pe

?DE:%:

P

) =4Df

W Mo 000, (), (), ()
$

where L, , LR. L5 are characteristic lengths of the mixing, reaction,
and residence regions,

adiabatic flame temperature
temperature at nozzle

T
Te
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T

Nee

inlet temperature
Reynolds number,

These functional relationships were then used to correlate experimental
data because the admittance ¥ is a fundamental quantity which has an
important effect upon the oscillatory combustion processes, These cor-
relations were only moderately successful, due possibly to some of the
unnecessarily restrictive assumptions in the analysis,

One additional reason for the limited success of the correlations
of Zucrow, et &l, are that the change in acoustic admittance between the
injector and nozzle, while without doubt greatly influencing the unsteady
combustion processes, does not in itself completely characterize the prob-
lem. The nozzle and acoustic absorption at the walls will also be impor-
tant and should be adequately represented in analytical and experimental
models. Further, the driving mechanism for instability is not related in
the analytical model to the local flow conditions, |In reaction rate con-
trolled instabiliities, this feature is of primary importance,

CONCLUDING REMARKS

Gas-rocket combustion instabilities exhibit most of the characteris-
tics exhibited by liquid-fueled rockets. The dominating driving mechanism
is associated with chemical reaction, except when combustion occurs in
poorly mixed propellants,

The relative influence of the nozzle, baffles, and other dissipating
mechanisms cannot be ascertained directly from the gas-rocket literature
as experiments have not included these effects systematically., From the
analytical point of view, Culick's approach (Ref 1) is quite attractive,
Zucrow, et al, (Ref 55) have developed an approach which may be useful,
if developed further, in deciding what the important variables are that
should be simulated and controlled in experiments on duct burners and
afterburners.

Finally, it should be noted that no analytical work has been done

within the context of gas rockets which will enable the amplitudes of
nonlinear instabilities to be computed.
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Appendix B

ACOUSTIC ANALYSES

INTRODUCTION

Experimental observations of high-frequency instabilities in gas~-
turbine burners have led to the conclusion (see Appendix A) that the
pressure oscillations associated with the instabilities are acoustic
in nature, The term acoustic oscillation is here meant to imply regu-
lar oscillations resulting from successive reflections at the chamber
boundaries of waves (disturbances) traveling at the local sonic velocity,
Acoustic oscillations in combustion chambers, unlike those of an organ
pipe for example, are complex; the complexity can be attributed to the
following:

1, The chamber geometry is often complicated.

2, The temperature and, therefore, the sonic velocity of the gases
in the chamber are not uniform,

3. The chamber boundaries are not simple, that is, they are not
pure reflectors or pure absorbers.

L, Energy is added to the acoustic oscillation, probably in the
heat addition zone of the chamber,

5. Energy is removed from the acoustic oscillation by various loss
mechanisms,

Despite the complexity of the real probiem, some useful information
can be gained from an analysis of a much simplified probiem in which onty
the geometry and an idealized temperature distribution are retained as
complicating factors, The most valuable information to be gained from
this simple acoustic analysis is the prediction of natural acoustic fre-
quencies of combustion chambers, which is surprisingly insensitive to
the gross simplifications employed. The prediction of frequencies of
oscillation is an important first step in the investigation of combustor
instabilities because the relative influence of many of the possible loss
and driving mechanisms in the acoustic system are frequently dependent,
Thus, the assessment of mechanisms which might provide acoustic energy
gains and losses in the system requires a prior knowledge of the fre-
quencies of oscillation, In addition to providing useful frequency in-
formation, the simple acoustic analysis is by way of a simple introduc-
tion into the real problem to be tackled subsequently,

The objectives of this appendix are to establish the natural
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frequencies and modes” of oscillation of enclosures representative of
gas-turbine burners, in the absence of energy gains and losses, The
analysis will be extended to include the effects of a temperature dis-
continuity in the enclosure, an idealization of the presence of a flame

front,

The approach to the problem will be to set up the equations of motion
for a particle of oscillating gas, make use of the small perturbation
assumption, neglecting second order and higher terms, and to solve the
equations with simple boundary conditions, 1n the general case, the
boundaries of an acoustic chamber would be represented by an admittance
coefficient, A defined by

A= L
)p/
where Jﬁ; is the normal component of the velocity perturbance at the
boundary
p' is the perturbed or acoustic pressure at the boundary.

In general, the admittance coefficient is a complex quantity. The simple
boundary conditions employed in the present chapter are those correspond-
ing to a closed, rigid boundary when A = 0 and to an open boundary when
i/A = 0, The more general boundary condition and its associated energy
losses are dealt with in Appendix C.

EQUATIONS OF MOTION

The motion of a particle of gas oscillating in an acoustic field can
be represented by the usual conservation equations of mass and momentum
which, in vector notation are:

Conservation of Mass Vg = ~a_.§ (B-1)
ot

Conservation of Momentum Jp = - %5 (B-2)
| s ot

P is the instantaneous local pressure
¢ is the instantaneous local density
. is the instantaneous local velocity

Assuming that perturbations from the equilibrium values of the above
quantities are small, the notation on the following page is employed:

The term '"mode'' or '‘mode shape'' is used to describe the manner (but not
including amplitude) in which the acoustic pressure (or any other quantity)
varies in space, and is generally represented by components in the coordi-
nate directions,
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where the subscript ¢ denotes equilibrium values; the case of zero mean
velocity is being considered, Consistent with the small perturbation
assumption, the waves are taken to be adiabatic, then:

! ! t‘
() (-3)

where ? is the ratio of specific heats, The sonic velocity in the
fluid is given by:

39
¢ 2 (B-4)
[}

Equations B-] through B-4 can be manipulated (see Refs 58 and 59 for
example) to give the wave equation:

T
1y . L 9P
VPt S

In cylindrical polar coordinates, which is the coordinate system employed
in the following analyses, the wave equation is:

L2y L e L 1O
UL R Jo+ " 55 Grot™ (8-5)

Solutions to the wave equation can be obtained for given boundary condi-
tions yielding the perturbed pressure as a function of time and position.
From these solutions the frequencies of the various modes of oscillation
are derived, where each mode of oscillation corresponds toc a different
eigenvalue of the solution,

FREQUENCIES OF NORMAL MODES OF ANNULAR CYLI!NDERS

The geometrical configuration which is of greatest interest in the
study of gas-turbine burners is the annular cylinder which has as a
limiting case, the circular cylinder. In the follbdwing analysis, the
annular space between two perfectly rigid parallel walls at radii r =6
{outer wall) and ¥ = b will be considered, The end boundary conditions
at =0and 2 =L will be taken as either perfectly rigid walls or open
ends,
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Methods for solving the wave equation are well known (see Ref 60 for
example) and need not be presented here. The most general form of the
solution to Equation B-5 can be written as:

' -un wm -iwt
P (ke ke ke fke )[KSJN(-(HJ-K‘:YN(W)JG (B-6)

where K Kb are constant coefficients which, in general, are complex
N, m andzo are constants
‘%4 is given by ‘= (/¢)-nt (B-7)

J,. is the Bessel function of the first kind
Y,, is the Bessel function of the second kind,.

The two terms in each of the brackets of Equation B-6 represent forward and
backward propagating waves in each of the three coordinate directions. The
time dependence of the perturbed pressure is simple harmonic and the constant
¢, appearing in the exponent of the last term of Equation B-6 is the angular
frequency of the oscillation,

BOUNDARY CONDITIONS AT THE CYLINDER ENDS

When considering the end boundary conditions, Equation B-6 is more
conveniently written:

, ' -t ~twt
P=f(nddKe™aKke ) e " (8-8)
where -;-((‘Jd';) is some function of rand & only,

Two limiting cases of the cylinder-end boundary conditicns are considered:

1. Closed rigid end, when W = 0 at the boundary.
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2. Open end, when P' = 0 at the boundary,

The expression for the perturbed velocity, W can be obtained from the
momentum equation in the & direction and Equation B-8. The momentum
equation in £ direction is

Uy | Ip'
% s (B-9)
From Equations B-8 and B-9,
==L find)(Ke"EKke "R T (B-10)

R

First consiﬁer the case in which the cylinder is closed at both ends,
that is, Wg=0at &=0and # =L, The first condition yields, from
Equation B-10, K,=K,, and Equation B-10 becomes

up ":"‘f £.0rb)K, sin rae T (B-11)

Applying the second condition to Equation B-11:

Sin nL=o

=p T 2w ..
n=oe, =, =,

The various values of N correspond to the various possible modes of the
longitudinal component of oscillation, Thus, N = 0 corresponds to no
tongitudinal component, N=W/L is the fundamental mode, ne2w/L is the
second longitudinal and so forth, For simplicity, a new quantity 2/ is
defined by 2 entL/mr ; then # has values 0, 1, 2, etc,, for the various
longitudinal harmonics, and can be defined as the number of hal f wavelengths
in the longitudinal pressure variation over the length of the chamber. The
expression for the perturbed pressure for a cylinder with closed ends can
now be written as;:

p'= flnd) cos (zmarsL) C—Lut (B-12)

Following a similar procedure to that above, for the case of a cylinder
with both ends open, the resulting expression for the perturbed pressure
becomes:
it

P'= £(nd) sin Gr2/de” (B-13)
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where again, # =0, 1, 2, 3, etc., for the various mg@es of the longitu-
"dinal component of oscillation,

It is a fairly simple extension to show that for the case of one end
open and the other end closed,  takes values of 1/2, 3/2, 5/2, etc.

BOUNDARY CONDITIONS AT THE CYLINDER WALLS

Equation B-6 is again, for convenience, written in an abbreviated
form:

P'= 4 (2,0) [ Kz Tl 4 K, Y fr)] @7C

(B-14)
At the wall boundaries, since the walls are assumed to be impervious
and rigid, the velocity normal to the walls must be zero. The momentum
equation applied in the radial direction yields:
a_u‘;' = —-'—9_2' (B ]5)
ot foor

Equations B-14, B-15, and the boundary conditions lead to the condition:

5 {Kstcaar)m‘vMur)] =0

r Mza.

and

;%P [k Jlor) + K Ylar)] | =0

therefore,

and

S T (wr)
'is_[ or
Ke SN ) yep
ar

+

'
G

thus,

A ] - 33 () ) SYnlotr)
I_CJ,T,\M) o) Vo ¢ )] - i )3.r) [ S Inle

or or r=e or °r reb (B-16)
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For each value of 1 there will be an infinite number of sclutions to

the preceding equation. Let the values of «r which satisfy Equation
B-16 be w Rw,p¢ (a function of the ratio a/b), where ¥ is an index
signifying the number of the solution, ¥ is taken to run from 0, that
is, it has values 0, 1, 2, 3, etc,, where X‘ = 0 corresponds to no radial
component of oscillation, ¥ = 1 corresponds to the fundamental radial
component, and so forth,

SOLUTION OF THE BOUNDARY CONDITION (EQUATION B-16)

By expansion of the Bessel functions ,Jn\and Y;‘, it can easily be
shown that:

Add, ttr) ol _
o-r =2 IJ o betn) JM'(dr)]

and

AdY () _ of [K.\..(dr)- YM,.G,W)]

Ly 2

The boundary equation, therefore, becomes:

| Jm.l(’(r) - J‘Mw\(d‘r) - Jm-|(°<r) - J“_‘I(“T)

. (8-17)
| s Yo o) Yt LY o b

A graphical method of solution of the above equation to determine @h’y
is indicated and this has been carried out for several values of m and
of a/b ratio. The results will be presented later in the appendix,

For the limiting case of a circular cylinder ( b = 0), the boundary
equation becomes:

J,M(nm‘\ z JMH(XL)

CONDITIONS IN THE TANGENTIAL DIRECTION

Although there are no fixed boundaries in the tangential direction of
motion, an examination of the oscillations in this direction reveals two
special cases which are worthy of note, The expression for perturbed pres-
sure, Equation B-6, can be abbreviated to:
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P -;.f(r,e)(K,e‘""t K\\e'i’“d’)e'twt (B-18)

Two special cases of the above equation may be considered. The first
is when K5 = k&i, which gives:
-iwt
P'= £(2) 2Ky cosmd €

This corresponds to standing waves in the tangential plane, that is, waves
in which the modes (positions of maximum pressure) are at fixed locations

at all times., The value of the constant m determines the mode of the tan-
gential component of oscillation; thus, M = 0 represents no tangential com-
ponent, m- = | represents the first transverse and so forth., The sketches
below illustrate the wave patterns (in terms of lines of constant pressure)
for m = 1 and 2,

/

=1 m= 2

It should be noted that the tangential component of the acoustic velocity,
' is out of phase with the pressure perturbations, This can be seen
from the momentum egquation applied to motion in the tangential direction:

N ,

“Y4e _ l_cg

% ° i

Thus .
e = (02) ZK cn(mg) e

Lu{fr
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The second special case of Equation B-18 arises when K; or K*
vanishes; then:

p'= ﬁ(nﬁ) K; e t(mg-wt)

The real part of the above expression for the perturbed pressure will have
the form:

Cos(mg -wt) }
Sim {(mé-wt)

p'= fn2) A{
where A is real. Thus, it can be seen that there is no value of ¢ for
which the pressure is always a maximum, but that the nodal points rotate
with an angular frequency of 1/m times the frequency of osciltation, This
type of oscillation is termed a rotating or spinning mode. In this mode,
unlike the standing mode, the tangential component of the acoustic velocity
is in phase with the pressure perturbations as may be seen from the momentum
equation which yields:

Ll §-ut)

i

= M
Wy = S $(r,e)l(se

FREQUENCY OF OSCILLATION

It has been shown in the preceding sections that the mode of an oscil-
lation can be represented by the three parameters m ,w , ¥ which corres-
pond respectively to the tangential, longitudinal and radial components of
oscillation, It is desirable to relate the frequency of oscillation to
these parameters and to the geometry of the chamber.

The frequency of oscillation is given by:
fo2
riaie

The angular frequency, ¢, is related to the mode shape by Equation B-7
which, rewritten, is

D= C:Gxu_nt)

Therefore,

-}- = C—o CO(I- n"')'/l

2w

!
Defining a dimensionless frequency,{ by:

/
£a=- Zigg::; %? (°¢‘=rf0 >
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and introducing the quantities Bﬁyr (solutions to Equation B-16) and 2/,
then

. %
f= V:M + (?z‘f’)‘)z] (B-19)

values for the dimensionless frequency have been computed for various modes
of oscillation and for various L/a and a/b ratios, The results are plotted
in Figures 21 through 24 against L/a ratio where each figure represents one
of the following a/b ratios: 1.}, 1,3, 1.5, and o0 (circular cylinder),
Only the lower modes of oscillation have been computed as these are generally
the only ones of interest in gas-turbine burners,

The most striking effect shown by the results is the large increase in
the frequency when a radial component of oscillation is introduced into the
mode for the annular cylinders, This result is to be expected since the
radial distances in an annulus are much smaller than the circumferential and
longitudinal distances, The effect of L/a ratio is most significant for low
values of L/a ( = 1) and for thc lower transverse modes of oscillation; for
the combined modes considered the effect of L/a ratio is practically non-
existent for L/a greater than three,

The evaluation of actual frequencies (in cycles per sec) for practical
combustion chamber configurations and conditions will be left until after
the effect of a temperature discontinuity in the chamber has been included
in the analysis. The inclusion of this effect will be the subject of the
following section,

INCLUSION OF A TEMPERATURE DISCONTINUITY

One of the effects of the combustion process in a combustion chamber
is to divide the chamber roughly into two zones of substantially different
temperatures and, therefore, sonic velocities. 1{t is the purpose of this
section to estimate the effects on the mode and frequency of oscillation
of the presence of & temperature discontinuity. The temperature distribu-
tion in the chamber is idealized to a step change in temperature in the
axial direction with no mean temperature variations in the radial and tan-
gential directions., For the purpose of this analysis, the ends of the
annular cylinder will be taken to be closed and rigid, The sketch below
illustrates the nomenciature employed in the following analysis:

r=o
- LaScownTivuiTy
b
Regiow o Regiod 2
<=0 -Z-:.Eg =L
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Suffix 1 refers to the enclosure between € = O and the discontinuity at
%2 =4 and Suffix 2 applies between & =2, and 2 = £ ,

The solutions to the wave equation for the two regions 1 and 2 can
be written in the following form:

P'""' ‘r,(@,r)(A,C»s ne+ B sm ne)e T (B-20)

R ={,(d,r)(A cosnesBsinnz)e * (B-21)

BOUNDARY CONDITIONS

At the closed ends, the boundary conditions are:

(ag )zzj © (8-22)

At the temperature discontinuity, the following conditions must apply:

(P. zzqc:(ﬁ')'!:‘zl (B-24)

This condition is necessary because there cannot be a pressure discontinuity
with zero through-flow velocity in the chamber.

w, (! (8-25)
(e, 22:1; (), .2,

This merely states that particles of gas in each region immediately adjacent
to the boundary formed by the temperature discontinuity must oscillate with
the same axial component of velocity as that of the boundary, It is assumed
that the variations (oscillations) in the position of the temperature dis-
continuity, given by ‘39. , tan be neglected and 2, is taken to be constant,
Since the boundary Equation B-25 is true for all + , it follows that:

(9_5»') - (a_“"ﬁl) (B-26)

It should be pointed out that the interface conditions expressed by
Equations B~24 and B-25 do not account for the effect of a flameholder in
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stabilizing the position of a flame front, That is, in the presence of a
flameholder, the interface (flame front) is not free to oscillate com-
pletely unconstrained, A more realistic boundary condition can be ex-

pressed as

(Pi‘)e.,.z"’ (R')Q"a; (B~27)

and

u'
( a,.) Y (B-28)
R' ey
where Ay is the acoustic impedance of the flame front, Equivalently,
the following can be used in place of Equation B-25:

(W, )yag, ™ KKy (5-29)

where f./F ¢ K€ |, Although these conditions could. be incorporated into
the final instability model, they are not necessary for the considerations
of this appendix,

The perturbation momentum equation in the & direction for an element
in the chamber is

?o 9."_"3: Tz - itl
ot R

Therefore, Equation B-26 becomes:
_l. 9P|‘) - (L B_Et,)
Po.u o= 'E.’-Z: ru,; o '2'-'22

or, neglecting second order effects,

7%. (8-30)

Substitution of Equation B-22 into Equation B-20 yields B‘ = 0, and at
< ='21

-t (8-31)

Rz A 4(dr) cosnzg e
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and

' {Lff (o, t

E A hih) sinz e

(8-32}

Equation B-23 substituted into Equation B-21 yields

8,_ = AZ. ‘l'a”\_ na..L

. -t
('P,f ?anz A;-ft(dgr) ( tos Ny, + taw n L Sin "z*ﬂ)e (B-33)

and
(BED -_-nA'F(¢r)(:. n + -Z) o N
o l‘;‘: LA TLBY) S Ngy ~Tan nLosr @ )€ v (B-34)

Insertion of Equations B-32 and B-3k into Equation B=30 gives:

nA £ (@& rYsnng, _ To, (5-35)
n:*;‘z( $,r)(sin 02,0 hL s k) To,
and insertion of Equations B-31 and B-33 into Equation B-2k gives:
A &(dr)  Cos nig+ tawnLsin n2e
by e e

Combination of Equations B-35 and B-36, after some manipulation leads to:

Y, +¢wx n,i‘.! - ‘T;,L
Mtew N(g-t) T (B-37)

Defining two parameters j)l and J{ as follows:

3 2 N
™

|

VY, = n}_&k:jiﬁ)
him
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then Equation B-37 becomes:

(- )f_i.i?_t;_‘_?i .o e
2¢ 2, e 2T T (B-38)

In the above equation, the unknown quantities are 22 and :»L ; another
relation between them is required in order to solve the problem, This
relation is provided by the requirement that the frequency of oscillation

in region | is equal to the frequency in region 2, that is, cL% = a:;.
It is a further requirement, that the transverse component mode shapes be
the same in the two regions, that is, m, = m,, )ﬂ = 0{_ and, therefore,
\.)l'l' D\J‘ - &m‘#’z y
Equating the frequency in the two regions yields
Ca i - . (1 o et
ey L n i,
S L
21T 2T

Substituting 5,»} and 2/ into the above relation and neglecting the dif-
ferences in specific heat ratio between the two regions, the relation
becomes

6]'2 . ;oo L )7—
Pt \ 227 e N

‘_J'__
(g::!‘ + (i""—:)]- h“a'

|

(B-39)

For given combustor geometry, temperature ratio, and transverse mode
shape, Equations B-38 and B-39 can be solved simultaneously to determine
the Tongitudinal components of oscillation 2, and 94 in the two temperature
regions. From these results the frequency of oscillation can be computed

from:
¥_C@[(%wf4(5y A,
2 G ?ﬂ
and the dimensionless frequencies from:

Ble [ By s (5( )]
T VL
=4 ()
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Using a graphical method to solve Equations B-38 and B-39, 2, and &/
have been evaluated for the following conditions: -

Liee = 2.0
/L =1/2 and 1/k
'r“‘/ap = ] to 7
Bm,¢ = 0.405 (first transverse mode with a/b = 1,5)
.o = 1.0 (approximately third transverse with a/b =
! 1.1 to 1.5)
Aot = 3.14 (first transverse and first radial with
a’/b = 1.5 or third transverse and first radial

circular cylinder).

Figure 25 shows the results for 5;,.}& .0 and é;_/l- = 1/2. Only
the first few solutions to the equatlons are presented these show that
for a given solution, the longitudinal mode number of region 1 (the cold
side of the flame front) increases and the mode number of region 2 de-
creases, as the temperature ratio is increased. A point is reached, how-
ever, where the wave number of region 2 becomes zero and any further in-
crease in the temperature ratio must lead to a jump to the next higher
mode number. Accompanying the jump in 2‘ the mode number of region 1,

M ., must also jump to the next higher mode. The heavy line in Figure 25
traces the path of the lowest mode of oscillation as the temperature ratio
is varied and shows the mode number of region 2 to vary between 0 and ap-
proximately 0,5 and that of region 1 to increase continuously, The fre-
quencies of oscillation corresponding to the lowest mode are presented in
Figure 26 and are seen to increase steadily with a superimposed series of
jumps., (The arbitrarily chosen conditions for which the frequencies were
evaluated are: sonic velocity of the gases in region 1 = 1000 ft per sec,
diameter of chamber = 2 ft,)

The effect of increasing the transverse mode parameter, an,ﬁ , 158
to compress the temperature scale of the figures as shown by the results
plotted in Figures 27 and 28 for ﬁ“r-'3 14 and also in Figures 29 and
30 for Bay= 0.405 which, of course, shows the reverse effect, Figure 31
shows how the position of the discontinuity in the chamber influences the
longitudinal mode shapes; here the effect is merely to displace the values
of 34 and 2} roughly in proportion to the change in length of the respective
zones,

PREDICTION OF FREQUENCIES OF OSCILLATION IN ACTUAL BURNERS

The purpose of this section is to establish the range of frequencies
of oscillation which are likely to be encountered in actual! gas-turbine
burners, In addition, a comparison is made between frequencies measured
in a full scale duct burner and frequencies estimated for conditions ap-
proximating those of the burner. This will provide an indication of the
acceptability of the simplifications made in the analysis, The data for
the comparison are provided by tests on the duct burner of the Pratt and
Whitney SST engine which are reported in Reference 9, The geometry of the
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Pratt and Whitney duct burner has been simplified for the purpose of the
analysis to that of an annular duct of the dimensions shown in the sketch

below;

Inlet Flame Front Sonlc Nozzle
— - e
r-b
2 L

The values of the dimensions are given by:
Annulus Radius Ratio,cb/b = 1,3
Flame Front Position,i&/L = 0.6
Length of Radius Ratio, Lﬁi = 2.0
Quter Radius, @ = 3 ft

Other simplifying assumptions made are:

1. The temperature rise due to combustion takes place at the flame
front in a single step change,

2. The inlet to the annulus has the admittance of an open end,

3. The sonic nozzle at exit from the annulus has the admittance of
a closed end.

L, The through-flow velocity has no effect upon the accustics of
the chamber,

The range of fuel-air ratios over which instability was experienced
during the testing of the burner is 0,015 to 0,05 which, with a range of
inlet temperature of 650 deg R to 1100 deg R and an average combustion
efficiency of 90 per cent, corresponds to a range of temperature ratiocs
across the flame front of 2 to 5, Up to the third transverse mode of
oscillation was observed in the tests but no experience of radial com-
ponents was reported., |n the present estimates, therefore, cnly the
first and third transverse modes will be analyzed. For these two cases,
the values of the transverse mode number, g, { (obtained from the first
solutions of Equation B-17 for alb = 1,3 and m= 1 and 3) are {5, = 0.37
and €%0 = 1,08, respectively, '

The frequency of oscillation for the natural modes is given by the
equation
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where the longitudinal mode number, 2}, is determined from the analysis
procedure presented in the previous section for various temperature
ratios and for the two values of ﬁ@r'

’

The results of the analyses are shown in the following table which
also includes, for interest, the values of the longi tudinal mode number,
%, , downstream of the flame front. A mean value of the sonic velocity
upstream of the flame Front,C%,, was taken to be 1400 ft per sec,

First Transverse Mode, ﬁn,a = 0,37

T.IT, 2, 2), f {cps)
2 0.36 1.16 155
3 0. 21 © L3 165
L 0.10 1.4 177
5 0.02 1.49 193

Third Transverse Mode, @o = 1,08
/

TIT ¥, 2 f (cps)
2 0.33 2.18 342
3 0.40 3.1 426
4 0.04 3.5 L66
5 0.30 4,2 535

The above results are shown plotted in Figures 32 and 33 as frequency
against temperature ratio together with a representative sample of the
measured frequencies reported in Reference 9, Also included in the
figures are the frequencies that would arise downstream of the f1ame
front for the pure transverse mode oscillation; these are included to
show the importance, or otherwise, of the longitudinal component intro-
duced by the temperature discontinuity.

A comparison between the predicted and the measured frequencies
indicates that the magnitude of the frequency is predicted quite well
but that the trend of increasing frequency with temperature ratio cannot
be discerned from the experimental measurements. The effect of the
longitudinal coupling resulting from the temperature discontinuity is
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seen to be quite significant for the lower transverse mode where the
frequency is increased by as much as 25 per cent. For the third trans-
verse mode, however, the effect of the longitudinal coupling is fairly
insignificant, producing percentage increases in the frequency of the
came order as the scatter in the experimental measurements (about 6 per
cent).

With regard to establishing the range of acoustic frequencies which
are likely to be encountered in gas-turbine burners, the frequencies in
the preceding example represent the lower end of the frequency scale. This
s true for the following reasons: (a) The size of the combustor considered
is probably as large as any currently employed. {b) The lowest possible
frequency for a given chamber generally arises in the first transverse mode,
A tower limit for the frequency range sought is therefore estimated as 150
cycles per sec,

The upper limit of the frequency range is more difficult to assess
because: (a) It is not easy to put a limit on the highest mode of oscil-
Jation to be expected in practice, (b) The smallest size of combustion
chamber of interest is not well defined. However, the following conditions
typical of a small afterburner are considered to be, at least, representa-
tive of those yielding the highest frequencies encountered in practice:

Mode of Oscillation - Third Transverse + First Radial
Chamber Geometry - Circular Duct

Diameter of Chamber - 1.0 ft

Temperature of Gas Stream - 4000 deg R

The frequency of oscillation for the above conditions can be obtained from
the results presented in Figure 24, which yields J’x 7500 cps. The above
estimates indicate that the plausible range of natural acoustic frequencies
of gas-turbine combustors covers almost two orders of magnitude ranging
from 150 ¢cps to 7500 cps.

CONCLUSIONS

Frequencies of natural modes of oscillation have been evaluated for
a duct of annular cross-section and with either closed or open ends, The
results indicate that the frequency of osciilation is the lowest for either
the first transverse mode or the first longitudinal mode depending upon the
annulus radius ratio and the length to diameter ratio of the chamber. The
highest frequencies arise when a radial component of oscillation appears in
the mode; this is particularly the case when the annulus height is small
compared with the diameter,

when a temperature discontinuity in the axial direction is introduced
into the analysis of the chamber, the longitudinal mode shape is modified
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from that of a chamber with uniform temperature. As the temperature ratio
across the discontinuity increases from unity, the lowest longitudinal

mode shape downstream of the temperature step varies between approximately

a quarter wavelength variation and no axial variation ( 2/ between 0.5 and

0). Upstream of the temperature step where the temperature remains constant,
the longitudinal mode factor increases continuously with temperature ratio,
Comparisons of the estimated natural acoustic frequencies of a duct burner
with actual measured frequencies indicate that the simplifications made in
the simple acoustic analyses do not greatly affect the frequency predictions,

Also important in the evaluations of the various loss and gain mecha-
nisms is the range of frequencies of oscillation to be expected in practice,
Use has been made of the analyses presented in this appendix to evaluate
this range of frequencies; the values for limits of the range are estimated
to be 150 and 7500 cycles per sec.
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Appendix C

ASSESSMENT OF LOSS MECHANISMS

INTRODUCT] ON

The term loss mechanisms refers to the manner in which acoustic
energy, that is energy existing as a result of the oscillations in the
gases, is dissipated from the system considered, either as a direct loss
by convection and radiation or by conversion into thermal energy. Loss
mechanisms play an extremely important role in the oscillatory behavior
of a combustion chamber. Clearly, if the acoustic energy dissipated is
less than that supplied to an oscillation by the driving mechanism, then
the oscillation will be unstable. Generally, however, the damping in-
creases as the amplitude of the oscillation increases and a stable (though
often harmful} oscillation develops, Thus, the loss mechanisms not only
determine whether an initial disturbance (augmented by a driving mechanism)
will lead to a divergent or convergent oscillation but alseo at what ampli-
tude a divergent oscillation will stabilize.

The main purpose of the work reported in this chapter is to identify
all of the loss mechanisms which could arise in a combustion chamber and
then to obtain an order of magnitude estimate of each one for conditions
which might be encountered in afterburners. This procedure permits several
of the Toss mechanisms to be rejected as being insignificant in the present
study. A considerable simplification of the subsequent instability model
formulation is thus achieved and further, an appreciation of the important
losses is acquired,

A measure of the contribution to acoustic damping of the various loss
mechanisms is most conveniently provided by the decrement of the oscilla-
tion which can be deduced as follows. For a damped oscillation, the expres-
sion for perturbed pressure may be written in the form:

L(u)bi)\)b

p'= (some function of position and mode shape} x €
wt

The exponential time dependence term comprises an oscillatory part, € ,
where « is the angular frequency (which, for a damped osciliation, is a
weak function of time) and a damping part, €~ "% where A is the recipro-
cal of the modulus of decay, Thus, the fractional decrease in pressure
amplitude over one period of oscillation (period =2r/) is e T TNV
where «) is assumed to be constant over the period of oscillation, The
exponent 2mAAY (= A/$ where § is the frequency of oscillation) is
termed the decrement % of the damped oscillation and is a measure of
the damping per cycle of oscillation, The decrement may also be related
to the energy loss per cycle by noting that the energy in an acoustic
oscillation is proportional to (pjﬁﬁ thus, the fractional loss in energy
during one cycle of oscillation is (- %%, When the rate of energy
dissipation is small compared with the total energy of oscillation (§¢<\),
the fractional energy loss per cycle is approximately 2§, Therefore the
decrement is a direct measure of the energy loss per cycle, provided the
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losses are small, In the present work it is convenient to think of a
separate decrement for each loss mechanism where the total decrement is
the sum of the decrements of the separate losses.

Identification of the various loss mechanisms and estimates of the
decrements associated with them is aided by the literature published on
rocket engines where both experimental measurements and theoretical
analyses of several of the losses appear. In many cases, where losses
by acoustic radiation are involved, the decrement must be estimated for
particular modes of oscillation from admittance functions. The relation
between the decrement and the admittance coefficient of an acoustic
liner, for example, is given by the following relation, which is derived
in Appendix D:

[
S:JZIH(!'EN)
where

23, RelA| y
- % [\ Tf&m* “ﬁﬂ# (’%)J i

Re[A] is the real part of the admittance
¢ is the unperturbed density
C, is the sonic velocity
. is the chamber diameter
L is the chamber length
m, 3, and 8.y define the mode of oscillation and are defined
in Appendix A, )

For a nozzle, the corresponding expression for the decrement is (also
derived in Appendix D):
i
=L 3
= — ih —~
b=3 (g,

where, for the case of a closed-end upstream boundary,

TV Q,Co b cot (vm) Ke [A]
Je L!)w (Ja’a_.)]/?-—

A similar expression applies for the upstream radiation losses,

In the following section the various loss mechanisms are listed and
described. This is followed by sections in which the decrements of the
losses are estimated and then compared for relative importance, Finally,

U8



areas are outlined in which further effort, particularly experimental
effort, could be beneficially applied to the study of loss mechanisms,

IDENTIFICATION OF THE VARIOUS LOSSES

Loss mechanisms in a combustion chamber, may be divided into two groups
according to the location of the acoustic energy loss from the system. Thus,
there are bulk losses which arise as a resuilt of energy conversion within the
main gas stream and there are losses at the boundaries of the chamber., The
nature of the boundary losses depends upon the definition of the system
boundaries; for example, losses to a chamber wall may be considered as radia-
tion losses if the boundary is taken to be just inside the chamber wall but
must be considered as energy conversion losses if the boundary is the wall
itself.

Consider first the loss mechanisms in the bulk gas stream. These losses
are all a result of the conversion of acoustic energy, which is represented
by the amplitude of the oscillation, to internal energy of the gas stream,
Four possible loss mechanisms exist:

l. Viscous Bulk Losses - These losses arise from the action of viscous
stresses associated with relative fluid particle velocities, the
viscous stresses tending to equalize the velocities and thereby re-
duce the acoustic energy,

2, Heat Conduction Losses - Acoustic waves are generally accepted as
being approximately adiabatic waves and, as such, involve gradients
in temperature as well as pressure and density. There is thus a
tendency for heat to flow from regions of high temperature to re-
gions of low temperature resulting in a reduction in the amplitude
of the oscillation and, therefore, in a loss of acoustic energy,

3. Relaxation Bulk Losses - The pressure fluctuations of an acoustic
oscillation are accompanied by fluctuations in temperature (assum-
ing approximately adiabatic compressions and rarefactions) and
therefore in internal energy of the gas stream. However, a finite
length of time (relaxation time) is required for the internal energy
modes {e.g., molecular vibration) of polyatomic gases to adjust
themseives to changes in temperature; the delay arises in imparting
the additional energy, by molecular collision, to the various in-
ternal energy modes of the molecules, This time lag between the
increase or decrease in pressure and the corresponding increase or
decrease in internal energy means that during some portion of the
compression part of the cycle, the internal energy will be decreas-
ing and therefore tending to oppose the pressure increase. Con-
versely, during some portion of the expansion part of the pressure
wave, the internal energy will increase in opposition to the pres-
sure decrease; the net result will be an attenuation of the pressure
wave and a consequent decrease in acoustic energy. Clearly the
damping effect will be a maximum when the pressure and internal
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energy oscillations are 180 degrees out of phase, that is, when
the time lag is equal to one-half of the period of oscillation.

Losses Due to Dispersed Phases in the Fluid - Dispersed phases
in the gas stream can be in the form of spray droplets both up-
stream of the flame front and in the combustion zone or carbon
particles downstream of the flame front. The losses arise from
additional viscous and heat transfer losses due to the relative
motion and temperature difference between the particles and the
gas and also from dispersion of the acoustic waves, In the case
of the fuel spray, additional attenuation of the acoustic waves
is created by the influence of acoustic waves on the fuel evapo-
ration rate resulting in temperature fluctuations which, because
of a time lag, will be out of phase with the temperature oscilla-
tions in the acoustic wave,

in all cases except particle dispersion, the damping of acoustic waves in
the bulk gas stream results from a phase lag between the pressure and
density oscillations. Thus, the degree of damping in these cases is a
strong function of frequency oscillation, being greatest when the relaxa-
tion times are of the same order as the cycle times.

0f the losses at the boundaries of the combustion chamber, considera-
tion is given to six loss mechanisms:

]-

Viscous Wall Losses - Little need be said concerning this mecha-

nism which is similar to the viscous bulk loss mechanism with the
exception that the viscous forces occur in the boundary layer of

the combustion chamber wall,

Heat Conduction Wall Losses - Here again, little description is
needed, Heat is conducted away from the temperature peaks at &
higher rate than from the temperature troughs resulting in a
damping of the acoustic oscillation,

Radiation Losses to Walls and Liners - Acoustic energy incident
upon a solid combustor wall is almost entirely reflected back
into the chamber. However, a small proportion of the energy is
absorbed by the wall due to the flexing of the wall under the
varying local pressure distribution, the energy being lost in
heating the wall due to flexure and as external acoustic radia-
tion. The absorbing properties of a wall are conveniently ex-
pressed in terms of an acoustic admittance which relates the
normal component of velocity fluctuations to the pressure fluc-
tuations and is a function of the frequancy of oscillation, The
wall absorption coefficient frequently encountered in acoustic
work is generally based on ''white' radiation (radiation of many
wavelengths and incident from all directions) in which case it
is not applicable to the oscillations encountered in combustion
chambers which are of a single wavelength and incident from &
single direction, In cases where the absorption coefficient is
measured from a single-frequency, plane-wave oscillation, the
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acoustic admittance is related to the absorption coefficient by
the following relation:

(- n) |7—

Q( I l "']
(L4 A}
where i» is the absorption coefficient of the wall
A is the complex admittance.

Acoustic damping at the circumferential boundary is often in-
creased by the introduction of an acoustic liner located in such
a manner that a small space exists between the liner and the
outer wall. Perforations in the liner, together with the space
behind the liner, form an array of cavities which at certain fre-
quencies have excellent absorbing properties., The mechanisms of
dispersion of acoustic energy in the cavities is the conversion
of the acoustic energy to turbulent kinetic energy as the gases
oscillate back and forth through the orifices (Ref 41), A dis-
advantage in the use of acoustic liners is that the cavities must
be designed to resonant at the frequency of the acoustic oscilla-
tion, and therefore are effective only over a limited frequency
range,

Radiation Losses from the Nozzle - Longitudinal components of
oscillation in the combustion chamber experience a direct radia-
tion loss through the open propulsion nozzle., The radiation
through the nozzle is influenced by the sloping walls of the
convergent portion of the nozzle from which the acoustic radia-
tion is reflected back and forth across the nozzle eventually
either leaving the nozzle exit or returning back into the chamber.
The treatment of nozzle losses is very complex and is approached
in terms of an admittance coefficient which depends upon nozzle
geometry and frequency of oscillation,

Convection Losses from the Nozzle - Convection losses arise be-
cause of the through-flow velocity of gas. The acoustic energy

of the oscillation exists entirely as a state or condition of the
gases in the chamber., Thus, as the gases are ejected from the
chamber through the nozzle, the acoustic energy ''content'' of the
gases must be ejected with the gases, |In general, the only acous-
tic energy carried into the chamber by the incoming gases is all
or part of the energy radiated upstream from the oscillations
generated within the chamber. An exception to this might arise
when the oscillation under consideration is fed by fluctuating
flow conditions resulting from turbomachinery blade rows upstream;
this, however, would be classed as a driving mechanism and is,
therefore, not considered in this appendix.

Radiation Losses Upstream - Acoustic energy is also lost by radia-
tion to the upstream boundary which in general! will comprise a
diffuser (which, traveling in the upstream direction, will appear
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to be a nozzle) terminating in a turbomachinery blade row, Due
to a complete absence of information on the geometric properties
of such a boundary, the treatment of this loss will clearly pre-
sent considerable difficulty. A useful assumption which can be
made, however, is that all of the snergy radiated upstream is
carried back into the chamber by convection,

ESTIMATION DF THE VARIQUS LOSSES

Having established where the possible losses can arise in a combustion
chamber, it is now necessary to estimate order-of-magnitude values for these
losses so that unimportant loss mechanisms may be rejected from further con-
sideration, Most of the losses are dependent upon the mode and frequency of
oscillation and alsc upon the gross geometry of the combustor. It will,
therefore, be necessary to consider all conditions which are likely to be
encountered in duct burners and afterburners, before rejecting any of the
mechanisms, As mentioned earlier in the chapter, the basis upon which the
loss mechanisms will be assessed is the value of the decrement & ., Esti-
mates of the decrement for each loss mechanism will be based upon available
experimental and analytical results appearing in the literature,

BULK LOSSES

Viscous Bulk Losses

Viscous bulk losses may be estimated from theory presented in funda-
mental acoustics textbooks, for example, Reference 59. Some manipulation
of the equations presented in Referance 59 leads to the following expression
for the decrement, %v :

¢ o e o)

v 3t

where } is frequency of oscillation cycles per sec
is viscosity of gas lbm per ft sec
P, i5 density of gas lbm per ft3
cois acoustic velocity ft per sec,

An assumption made in the derivaticn of the above expression is that the
time taken for the velocity to reach &' of its final value following a
step change in pressure (relaxation time) is very much smaller than a
period of oscillation, This assumption is seen to be valid for combustion
chamber conditions from the following expression for the relaxation time

(Ref 59):
~  G4p
L-_ﬁ.
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For typical combustor conditions, Cis of the order of 1079 seconds com-,
pared with 10-3 seconds for a period of oscillation, It will be seen
later tiat the contribution from viscous bulk damping is negligible com-
pared with damping by other mechanisms; only the maximum possible value
of the decrement is, therefore, computed for this mechanism.

Equation C-1 shows the decrement to be proportional to the frequency
§; also since P,c¥ is almost independent of temperature and j increases
with temperature, the maximum value of § will occur at high freguency of
oscillation, high gas temperature and low pressure. Representative of such
requirements in a gas-turbine burner might be:

Frequency = 5000 cps, maximum

Temperature = 4000 deg R, maximum

Pressure = | atmosphere, minimum
S 3T X S000 x 0157 I'0_4
a v 2., 0606k x le"vBéQo

Heat Conduction Bulk Losses

The classical acoustic approach (Ref 59) shows that the heat conduc-
tion buik loss is related to the viscous bulk loss by the relation;

8 20t

& 4'¢ﬂ'

where Sk is the decrement of heat conduction loss
T is the ratio of specific heats
Nh is the Prandtl number.

Thus, for the combustor conditions considered in the estimate of SV
the corresponding value of % is:

-4
SL: 3x03 x]0'4 = 0.25x10

4:(08';

Relaxation Bulk Losses

Attenuation of acoustic waves by molecular relaxation is a function
of the gas species, the gas temperature and the frequency of oscillation.
Figure 34 taken from Reference 59 shows how the decrement, § , varies with
frequency for carbon dioxide gas; the results were obtained experimentaily,
The maximum attenuation occurs when the relaxation time of the molecule
equals the period of oscillation, The results shown in Figure 34 suggest
that at a fregquency of 5000 cps, the decrement for pure carbon dioxide would
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be approximately 0.04, However, the presence of water vapor in the gas
{the case in gas-turbine burners) greatly reduces (in the manner of a
catalyst) the relaxation time of the molecules to such an extent that the
presence of only 1 per cent water vapor increases the frequency of maxi-
mum attenuation to beyond 2 x 106 cps (Ref 59). Under these circumstances,
the attenuation from molecular relaxation of carbon dioxide cannot be sig-
nificant at the frequencies of interest., O0f all the gases present in com-
bustors, only nitrogen has a molecular relaxation time of the same order of
magnitude as a typical period of oscillation, and the condition only arises
in the low temperature region upstream of the flameholder. Thus, at a tem-
perature of 1400 deg R and 2 atmospheres pressure, the relaxation time for
the nitrogen molecule lies somewhere between 0.5 x 10~% and 10-3 seconds
depending upon the water vapor content of the gases (Ref 61), (Some dis-
agreement arises on this point, since Reference 59 claims that water vapor
has no effect on the molecular relaxation time of nitrogen.) Thus, the
range of plausible relaxation times, T overlaps the range of possible
periods of oscillation, \/w (3 x 1075 to 3 x 10-% seconds) and the condition
for maximum attenuation, i.e., W% =1, could conceivably arise in a com-
bustion chamber. An estimate of the order of magnitude of the maximum at-
tenuation from molecular relaxation can be made from a relation presented in
Reference 62 which may be rewritten as:

wRe 0T

U (G R)(\-HDFLE“)

where R is the gas constant
C, is the specific heat of the first excited vibrational state
¢. and ¢, ° are the specific heats at constant volume for zero
acoustic frequency and for infinite acoustic frequency,
respectively,

At 1400 deg R, €. = 1,065 calories per mole deg C
¢y = 6,02
G = 4.96 and for maximum attenuation, «WT = |

-rrx ’qusqx l-ob;

- = ©.08
SMAK {02 (4.96 +1 ?87)#2

Since nitrogen accounts for approximately 75 per cent of the gases, the
actual decrement will be in the order of 0.06,

tosses Due to Dispersed Phases in the Fluid

Here two separate estimates are made, one for damping due to the fuel
spray and the other for carbon particles in the products of combustion,
The estimates in this section are based on the work of Temkin and Dobbins
at Brown University (Ref 63).
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Particle damping is a strong function of frequency of oscillation and
for this mechanism to provide a significant contribution to the acoustic
damping in a combustion chamber, the period of oscillation must be close to
the particle relaxation time. Fiqure 35 illustrates this requi rement for
various concentrations of water dropfets in air; the quantities plotted are
the decrement per unit mass concentration of droplets against the product
of particle relaxation time and angular frequency of oscillation.

A theoretical relation between the decrement and the particle relaxation
time has been developed by Temkin (Ref 63): the relation is

Cmed U4 o\ (0 T
= + (-0 —) —=_ -
S ]+(.01fi (\6‘ )( Cp) / f—(.D"?;L (¢-2)

where (., is the mass concentration of particles
«w is angular frequency of osciliation
Cpis specific heat of particle
Cpis specific heat of gas
tyis dynamic relaxation time of the particle
@tis thermal relaxation time of the particle.

The relaxation times are given by the following relations:

T

?; = EE_L (C...3)
s

and

_RMp
z:t Y (C-L4)

where K is particle radius
P'is particle density
is gas viscosity
k is gas thermal conductivity.

Consider first the damping due to the fuel spray. Typical properties
of fuel are:

= 50 Ibm per ft3

0.6 Btu per lbm deg F
100 microns

(= 0.067 maximum

P’
Ce
K

Properties of air at 1000 deg R are:

§ = 0.037 ibm per ft3
Ce 0.25 Btu per 1bm deg F
Np, = 0.67

"
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¥ o= 1.35
M 0.07 lbm per ft h

Then from Equations C-3 and (-4:

T& = 0,043 sec
z; 0.1 sec,

For the ranges of frequencies of oscillation and dreplet sizes experienced
in gas-turbine burners, values of W ¥y are always greater than unity, It
therefore follows (see Figure 35 for example) that the maximum attenuation
will occur at the lowest frequency of oscillation. The ]owest natural fre-
quency in gas-turbine burner chambers is of the order of 100 cps. Thus,
(W4 )pin = 27, which from Figure 35 is seen to give an attenuation well
below the maximum value. Substitution of the above quantities into Equation

C-2 yields:

f= 34107

The effect of droplet size on the decrement is quite significant and a re-
duction in size from 100 microns radius (value taken above) to 50 microns
results in an increase in the decrement to 0.014. The atove estimates of
the decrement are extremely crude since both the droplet size and the drop-
let mass distribution have been taken to be uniform over the chamber volume.
In addition, the effects of droplet vaporization have been ignored, How-
ever, it is felt that the above calculations serve the intended purpose of
obtaining an indication of the order of magnitude of the loss involved.
Should the loss mechanism prove to be an important one, a more thorough
investigation of the mechanism could be carried out,

The second source of particle attenuation lies in the carbon particles
in the products of combustion. Equations C-2, C-3, and C-4 employed in the
estimate of fuel-spray attenuation apply also in this case., Typical prop-
erties of carbon particles are:

= 100 1b per ft3
- = 0.4
N ! micron maximum

{v,= 0,06 maximum possisle

M~
|

The above value for (. assumes that all of the carbon in the products of
combustion is free carbon; this condition would never, of course, be
experienced in practice (a more realistic value of Cn, would be 0,0008),
Properties of air at 3000 deg R are:

¢ = 0.0! !b per ft3

(= 0.32 Btu per lbm deg F
o= 0.15 lbm per ft

M= 0,8

i 1.2,
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Then from Equations C-3 and C-k:
T, =6 x
&= 9 x

™~

10-6
10-6

<

In this case the product ¢« Ty is less than unity for the range of fre-
quencies of interest and, therefore, maximum attenuation will occur at
the highest frequency experienced. For the gas-turbine burner, a typical
(high) natural frequency of oscillation is of the order of 5000 cps, the
corresponding value of «wT, is 0,18, Substitution of the above quantities
into Equation C-2 yields § = 0.016,

For the conditions encountered here, the decrement is approximately
proportional to frequency of oscillation, particle size and particle con-
centration, |In the above estimate of the decrement, values of the quan-
tities were chosen so as to obtain an upper limit for the decrement, The
particle concentration in particular is unlikely to approach anywhere near
the value chosen; it may be safely assumed, therefore, that the decrement
due to carbon (smoke) particle damping will be much less than the value
0.016 indicated above,

BOUNDARY LOSSES

Boundary losses are somewhat more complicated than bulk losses
because they depend upon the mode shape of the oscillation, that is the
direction in which the net wave is propogating, whereas bulk losses de-
pend upon the mode shape only through the frequency of oscillation, In
order to make estimates of the decrements for boundary losses, it will be
necessary to specify mode shapes. Observations of combustion instabilities
in gas~turbine burners suggest that the mode of oscillation is generally
tangential; it was seen in the Appendix A, however, that due to the flame
front and to the chamber-end boundary conditions, some coupling of the
longitudinal components must also be present, The simple approach that is
taken in the following estimates of boundary losses is to compute a decre-
ment for each component of oscillation, that is, a tangential decrement,

5., a radial decrement, » and a longitudinal decrement 3 . It seems
reasonable to suppose that the decrement of the resultant oscillation is
the sum of the decrements of the components:

AT A by

Viscous Wall Losses

Reference 59, for example, provides a theoretical analysis of the
viscous wall loss for a longitudinal mode oscillation. Slight manipula-
tion of the result presented yields the following relation for the lon-
gitudinal decrements:
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where 0. is the radius of the chamber. This equation shows that the
decrement increases with temperature and decreases with pressure, chamber
diameter, and fregquency (if the above relation is employed to determine

the longitudinal decrement of a coupled longitudinal-transverse mode, the
frequency employed will be that of the resultant oscillation). The follow-
ing conditions should provide an upper limit for the longitudinal viscous
wall damping:

d = 0.5 ft
Temperature = 200 deg R (near the wall)
Pressure = 1 atmcsphere

} = 2000 cps (first longitudinal with
L =1 ft)

From Equation C-5, then, Sl = 3,2 x 10-3.

Reference 7 presents a relation which extends Equation C-5 to include
any mode of oscillation; this relation can be written to give the decrement
as:

(C-6)

T orap ™ LBV (BT
8" o,Ta‘.C,JPJl \: _m_ LH( ﬁ,,.g)] Sla

It will be noted that in addition to the effects of complex mode shapes,
Equation C-6 also takes account of the effects of a temperature difference
between the wall (suffix w ) and the mean bulk ges stream (suffix ¢ ).
Evaluation of $ from Equation C-6 for the first transverss mode produces
a value of 3,7 x 1073 which is almost the same as that for the first lon-
gitudinal mode. Other modes of oscillation will merely produce lower
values of § .

Experimental measurements have been made of acoustic losses in a model
rocket combustion chamber (Ref 64) which are claimed to be predominantly
viscous wall losses, The experimental procedure employed was to establish
a particular mode of oscillation in the chamber by means of an acoustic
driver and then to monitor the pressure decay after switching off the
driver. All three principal modes of oscillation were investigated, The
evidence leading to the conclusion that the losses were viscous wall losses
was as shown on the following page:

158



'. The chamber was closed, Lhus eliminating convection losses,
2, The walls were rigid and solid, thus eliminating radiation losses,

3. Losses in the longitudinal mode are correlated by an effective
chamber length,

L. Losses in the transverse mode are correlated by the internal
surface to volume ratio.

Figure 36 presents the variation of the decrement, i with the
internal surface area to volume ratio for the first standing transverse
mode. The results shown do not appear to follow the trends predicted by
the simple theory which are given by Equation C-6 as ¢ proportional to
(diameter)-~1/2, Extrapolation of the experimental data shows that zero
decrement does not occur at zero surface-to-volume ratio but at some quite
significant finite value. This may be due in part to the effects of the
chamber ends which are not taken into account by the theory. The most sig-
nificant discrepancy, however, between the experimental results and the
theoretical predictions is the value of the decrement, which is underesti-
mated by the theory by more than an order of magnitude., This discrepancy
was noted by the authors in Reference C-6 but no explanation was offered,

Similar results were obtained for the first longitudinal mode where
the decrement was found to be correlated by an effective chamber length
as shown in Figures 37 and 38, This effective acoustic length takes account
of the nozzle convergence angle (the nozzle was plugged at the throat).
Again, the measured decrements are seen to be much larger than those pre-
dicted by the simple theory.

The radial mode of oscillation experienced very little damping no
doubt because only the end walls contribute any viscous damping in this
mode. The table below shows a comparison of the decrement of each of the
three fundamental modes of various chamber lengths,

Total. [ Mode
Lenygth, Longitudinal Transverse Radial
| Coefficient Resonant Coefficient Resonant Coefficient Resonant
of Decay Frequency, of Decay Frequency, of Decay Frequency,

i per {ycle, per Cycle, per Cycle,
in cm cps cps cps
12 (30,48 0.1295 598 0,0304 F364 0.00564 2368
10]25,40 0,0642 728 0,0389 1360 0.00963 2871
8120.32 0.0350 921 0.0419 1362 0,01165 2944
615,24 0,0383 1241 0,0524 1370 0.00822 2794
Lo.16 0.0252 1905 0.0721 1389 0. 00880 2729

159



Heat Conduction Wall Losses

From theoretical considerations (Ref 59}, the heat conduction wall
losses are related to the viscous wall losses by :

! -¥
?’L_ 3 L
o, = 9, ~—
Ne,

where Shﬁis the decrement for heat conduction ltosses
%, is the decrement for viscous wall losses
Y is the ratio of specific heats
M$is the Prandt! number of the gas,

For typical combustion chamber conditions, the heat-conduction decrement
is less than the viscous wall decrement by a factor of approximately 0,3.

Radiation Losses to Acoustic Liners

Estimates of radiation losses to perforated liners can be made from
the rather limited experimental data on acoustic admittance coefficients
for liners appearing in the literature (Refs 65 and 66). In Appendix D,
a relation is derived between the decrement and the real part of the ad-
mittance for the case of a circular cylinder., The relation derived is:

- < in A
-y

where
2¢.¢, KelAl

™ 1 s b 1‘& (C-?)
Cja Il —(Tﬁm)x) ‘-B"*‘,Bﬂ (J:ZEJ) }

and ReLA]is the real part of the admittance A . Acoustic liner data
appearing in the literature are presented in terms of the complex acoustic
reactance § rather than the admittance A ; the two quantities are related
by:

.
gt‘@*bx‘:‘;&-— \‘{‘*L.G"

Thus, the real part of the admittance which is required in Equation C-7 is
given by:

. &
Re(A]=k=Rel¥! - ;::—PF (c-8)

This means that the loss associated with the acoustic liner is dependent

upon both the real and imaginary parts of the acoustic impedance of the
liner,

160



The impedance of a liner is a function of the frequency of oscilla-
tion, the amplitude of oscillation, the velocity of flow past the tiner and
also the velocity through the liner. From the evidence that is available,
it would appear that Rel[A)increases with amplitude of the disturbance and
with velocity both through and past the liner, The effect of frequency,
however, is to provide maximum damping at some frequency which is a char-
acteristic of the liner design,

Figures 39 and 40 show variations with frequency of the real and
imaginary parts of the acoustic impedance of a liner, measured by Pratt
and Whitney (Ref 65). The imaginary part of the impedance, termed the
reactance, is presented as a capacitance and an inductance; the reactance
is obtained by summing its two components. The decrement, calculated from
Equations C-7 anc C-8 for a cylindrical chamber of diameter 10 inches and
with a gas temperature of 2000 deg R, is plotted against frequency in
Figure 41, The result shows how the damping decreases at either side of
the resonant frequency. At the resonant frequency of 2200 cycles per sec,
the decrement reaches the maximum value of 0,38,

The infiuence of the amplitude of the oscillation upon the impedance
is shown by the data of Reference 65 which are plotted in Figure 42, Both
the real and imaginary parts of the impedance remain essentially constant
up to an intensity level of about 140 db when the real part (resistance)
suddenly increases. This increase in resistance at high amplitudes is
attributed to nonlinear effects resulting from flow changes and increased
turbulence in the orifices of the liner, The nonlinear region was in-
vestigated experimental!y by Blackman (Ref 67); the results are shown, in
Figure 43, in terms of a nonlinear correction factor Any which is incor-
porated in Blackman's equation for acoustic resistance as follows:

5 - 4 (Trf"”?o%)l/z Ve ©y Ani)
CT0c, g, ( P

where ¢ is the fraction of open area of the resonator array and the terms
b, tld , and Ang represent the facing, neck, and nonlinear losses,
respectively., The nonlinear correction factor has also been evaluated by
Garrison (Ref 65) and is shown in Figure 44 together with a line represent-
ing Blackman's data. Considerable difference between the two sources of
data is evident and this is explained by Garrison (Ref 42) to result from
differences in the methods of taking results and from an effect due to
facing thickness, Figures 43 and 44 should therefore be taken merely as
examples of how the amplitude can affect the resistance of an acoustic
liner,

The effects of amplitude upon the decrement, 8 , can be seen by taking
the results shown in Figure 42 and reevaluating them in terms of decrement
and pressure amplitude for a particular combustion chamber configuration,
Figure 45 shows the results plotted in this manner for a circular chamber
of 10 inches diameter with a gas temperature of 2000 deg R, and oscillating
in the first transverse mode,
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Effects of a flow velocity past acoustic liners have not been inves-
tigated to the extent where useful information can be extracted. A flow
velocity through acoustic liners has been investigated experimentally by
McAuliffe (Ref 68) and the effects on resistance ratio and reactance ratio
are shown in Figure L6, where the ratios are based upon the values at zero
velocity, The effect of the velocity on the decrement depznds upon the
relative values of resistance, & , and reactance, X , at zero velocity,
Thus, for low amplitude oscillations where é%L<< X} , the decrement in-
creases with through-flow velocity, For high amplitude oscillations, how-
ever, where 6, = G?(Xo) , the decrement decreases with velocity., The
following table illustrates the effect:

Decrement at Velocity
Decrement at Zero Velocity

Sound Pressure Level (db) Vel, = 7 ft/s vel, = 20 ft/s
120 2,9 5.2
150 C.73 0.16

Convection Losses from the Nozzle

A method of assessing this loss is to include a through-flow velocity
in the acoustic analysis of the combustion chamber. Such an analysis has
been carried out, for a one-dimensional longitudinral oscillation in a cir-
cutar duct, by whitehead (Ref 71), The analysis was performed for both
varying duct Mach number and varying exit Mach number; the results for an
exit Mach number of unity, which is the case of interest here, have been
extracted and replotted in Figure 47 as decrement, & , against duct Mach
number. Since the decrement is a measure of the energy lost per cycle,
the lowest mode and therefore lowest frequency of oscillation produces the
highest decrement, 1t is probable, therefore, that for a coupled trans-
verse longitudinal mode, the decrement would be substantially less than
that shown in Figure 47 for the fundamental longitudinal mode,

Radiation Losses from the Nozzle

An estimate of the decrement for nozzle radiation losses associated
with a longitudinal component of oscillation can be obtained by solving
the wave equation with the nozzle boundary condition represented by a com-
plex admittance coefficient, The solution to the wave eguation in this
case differs from the solution presented in the last chapter which was for
the case where energy gains and losses were excluded, The form of the
solution for a damped oscillation was given in the introduction to this
appendix as;

P Elng 2 m e (0T
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The real and imaginary parts of the complex frequency ( «w+ ¢ A ) can
be evaluated from specified boundary conditions and then the decrement is
obtained from:

In Appendix E, the decrement has been evaluated for the case of a closed
upstream boundary, zero through flow velocity and pure longitudinal oscil-
lation. The results are plotted in Figures 48 and 49 for constant real
part, 4 , and constant imaginary part, 0 , of the admittance, respectively,
Also plotted in the figures is the longitudinal mode number, 2/, for the
lowest mode. For the range of - considered (which from Ref 1 appears to
represent the range to be expected) the decrement is quite insensitive to
the imaginary part of the admittance. The real part of the admittance,

has a considerable effect on the decrement which is zero at zero K (solid
wall value) and rises to a fairly sharp maximum and then falls back to zero
as A, becomes very large {open end value). For the value of o chosen, the
decrement reaches a peak value of 2,5.

Experimental measurements have been made (Refs 69 and 70) from which
the decrement can be calculated for longitudinal, damped oscillations in a
cylindrical chamber with a nozzle. However, in both of the references cited,
the tests were carried out with a through-flow velocity, in order to provide
a8 sonic nozzle condition, Thus, the nozzle radiation losses were accompanied
by convection losses through the nozzle. The results of the measurements are
shown in Figures 50 and 51 which show the decrement as a function of nozzle
entry Mach number, Ideally, it should be possible to subtract the losses due
to nozzle convection from the above results and thus obtain the losses due to
nozzle radiation., However, if this is attempted using the estimates of nozzle
convection from the last section it is seen that the estimated convection loss
is greater than the combined convection and radiation loss. It is evident,
therefore, that the nozzle convection is somewhat overestimated by the simple
theory presented in Reference 71.

Radiation Losses Upstream

The treatment of this case is exactly the same as that of the nozzle
radiation and the results shown in Figures 48 and 49 apply equally well to
the upstream boundary., However, at the present time, knowledge of acoustic
behavior of turbomachinery blade rows is nonexistent and, therefore, estimates
of the decrement for this particular loss mechanism are not possible. It is
unlikely, however, that this loss would be as great as the loss through the
propuision nozzle because of the relatively large area blockage presented by
turbomachinery blade rows.

EVALUATION OF THE IMPORTANCE OF THE VARIOUS LOSSES

Having made estimates of the order of magnitude of the various losses,
the next step is to reject from further consideration those losses which are
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unimportant relative to others,

losses is made in the following table.

10,

Loss Mechanism

Viscous =~ Bulk
Heat Conduction - Bulk

Relaxation - Bulk

Fuel Spray Damping

Carbon Particle Damping

Viscous - Wall

Heat Conduction - Wall

Radiation to Liners

Nozzle Conpvection

Nozz'te Radiation

Radiation Upstream

Decrements

1o~

0.25 x 104

- 0,06

0.34 x 1072

0.016

0.37 x 1072
0.08

0.13

0.12 x 10-2

0.4

Probably

o]

1564

A comparison of the estimates of the

Comments

Calculated from funda-
mental acoustic theory,

Could be considerably
less than this value
due to the presence of
water vapor.

Based on & droplet size
of 100 microns, Decre-
ment varies inversely
with square of drop size,

Assumes all carbon in
products is ''free'’’,

Calculated for first
transverse mode,
Measured (Ref 6L) for
first transverse mode,
Measured (Ref 64) for
first longitudinal
mode,

Calculated transverse
mode of oscillation,

Calculated at the
characteristic fre-
quency of the liner,
Strong function of
amplitude, and velocity
through and past liner,

Fundamental longitudinal
mode - increases with
duct Mach number.

A function of the nozzle
characteristics and fre-
quency of oscillation,

No data avaitable and
difficult to assess
theoretically,



The foregoing comparison indicates that nozzle convection and nozzle
radiation are the mechanisms which provide the most significant acoustic
energy loss per cycle, For a predominantly transverse mode of oscilla-
tion when the nozzle losses are a minimum (but stilil significant), the
damping from acoustic liners is a maximum and provides a major contribu-
tion to the over-all damping. Which of these three mechanisms is the pre-
dominant one in a particular case will depend upon many factors including
the mode and frequency of oscillation, geometry of the chamber, design of
the nozzle and of the acoustic liner (if any)} and the temperature, pressure,
and velocity of the gases in the chamber. Thus, with the exceptions of
those losses just discussed and the possible exceptions of the viscous wall
losses (according to the experimental measurements of Ref 64) and the up-
stream radiation losses, the remaining losses can be disregarded in the
subsequent instability model formulation,
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Appendix D

LOSS DECREMENTS

RADIATION LOSSES TO THE WALLS

The wall loss is derived, initially, as the fraction of the total
energy of the oscillation which is lost to the walls per cycle of os-
cillation, This fraction may be written as:

- enerqgy absorbed at walls per second
w total energy of vibration through chamber volume x frequency

it is related to the decremen: of the oscillation, % , by:

E

T
®

W
or

B
‘-EN)

2

1
-

[

>

and for § <« '

) x.‘i-E

wr
ENERGY ABSQRBED AT THE WALLS
Acoustical energy crossing a boundary per unit time and area is

&' - pu
where P, P+ b

Y, is normal velocity component

Because the wall, in general, will not be rigid, a phase difference
exists between the pressure and velocity perturbations, Expressing this
phase effect by writing

p':F}(q¢yaﬁmzaf)ebwt
and
w, = R (nd e YY) e e d)
Then
" < Lp+ Fy cos (ot)][Fucos (0t~ §)] (b-1)
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L

The time-average value of & is given by

A
n D 1

= = € dx
& -2

[

which in view of Equation D-1 is
T -
A B D-2
€' =5FFL st (0-2)

Introducing an admittance coefficient Au,= K+ (0, where

L
A _ Lk; F;fi g
T o= T
P’ Fo
then
FK tk
Kk): - (ol . G- T em— S §
3 ! wr D-
P % (D-3)
Equations D=2 and D-3 give:
I K,ur <
Sl

where K.- is termed the conductance of the wall, Therefore, the total rate

of energy absorbed at the wall is:

3 -2
€3 §sm,r &S

If the walls considered are those of a cylinder and Kois uniform, then
¢ - Kea Sg(\“) Addz (D-1)
ra P 't

TOTAL ENERGY OF VIBRATION IN CHAMBER

The total acoustic energy of a standing wave in an enclosure is given

by (Ref 58):
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The integrand in the preceding relation consists of a kinetic energy term
and a potential energy term. Each of these energy terms is a function of
time (as well as position) but the sum of the terms must be independent of
time (assuming negligible losses in the volume and no energy addition).
The pressure fluctuation has the form

~ -t

P'=he

i
where F;, is the maximum value of #' . When } is a maximum, (P.-LC:/S.‘ %
is zero., Evaluating the energy integral at this period of time, that is
when W' is zero and .P' is a maximum, then

. 3 ™
€, = T jVF'P AV

)l.

WALL-LOSS DECREMENT

The energy loss fraction at the wall, E.  is given by:
€
Ew =
et

—

Substitution of the expressions derived for € and €, gives:

i, - -
e (R ddde
k.= ot

ZEE: , FP v

For the case of a circular cylinder, the pressure amplitude function,

FP , can be written as:

Fo= fe) Ete) T (ar)
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therefore,

2 ¢ K i 0o A5 (otee)
Ew™ ToF - A ancar

SJDCLKU' WJl(&&}
Fa,8 Li- ()] 300w

29,6,

gﬁﬂul"(EZYJ

The frequency of oscillation is given by:

i/,
i
g. - Co (o{z+ n"')
2
Therefore,
_ 4Wf°CnKu
D\J" 2 \’L
a ERLARLIE VL
g Li—Z ] Leere ]
In terms of the dimensionless quantities, KJ = {,jiC,/iaa , = nl/m
and 4B = «a/m | £ _becomes:

LK.,

ST S

The decrement Sur is related to the above quantity by:

£

Sty (== )

l_EuJ'

RADIATION LOSSES THROUGH THE NOZZLE

Following a similar procedure to that in the previous section, the
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fraction of the total energy of the oscillation which is radiated through
. the nozzle per cycle of oscillation is given by:

E = RC K SE("Tl’l).h1_“{‘1""r
tof9. | Rray

The form of the pressure amplitude function, Fp , depends upon, among
other things, the end boundary conditions. For simplicity the case of a
closed upstream boundary will be considered which leads to the following
form for FP :

Fo= L) L) cos nz

The value of M depends upon the nozzle boundary condition. Substitution
of this expression for FP into the relation for £, yields:

£ - PoKNCol‘ cos ni

N

{4, f asnzda

g, = NP Ka cotnL)
ta,

Introducing into the above expression the dimensionless quantities 2), ﬁ .
and I{,: and also the relation for the frequency, it becomes:

T o Ky, cot (2T)

E . ey,
N L_\'ﬁl'-f (1)_::) ]2-

The decrement associated with the nozzle radiation loss is given by:

\
|
DL
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Appendix E

DOWNSTREAM BOUNDARY REPRESENTED
BY A COMPLEX ADMI TTANCE

A pure longitudinal mode of oscillation is considered, The effects
on the perturbed pressure distribution of a through-flow velocity are
neglected (alternatively, the case of zero through-flow velocity is con-
sidered).

Within the above limitations, the perturbed pressure can be repre-
sented by the following expression:

- L(w*«u)\)?/co
pr=lle

where C and P are constants, (L3 + LA ) is the complex frequency, A
represents damping, and w is the angular frequency. For simple-harmonic
oscillations,

Wil (@4 NTE
le

De. (E-1)

bw‘i ‘ . ]
—_ \.}\\u.
vl L..(LCH— -?; (E-2)

where Wy is the longitudinal component of velocity, From momentum con-
siderations in the axial direction:

ol . _ 9. 2p
Eys ?: S (E-3)

From Equations E~1, E-2, and E-3:

FRTIFAL

{2+ NG, W uk\a/c,, IYGPRNCY S
! (D4 ?09 [C * Dl Je

¢ ?taoh '-D*‘-)‘)

For a closed upstream boundary, b(;=0 when g=0 therefore (=D and:

- ‘ WA
u'= - 2—-—Ca° S h ]_{uJ-t-L)«)-E/L,] el(Q+ x
4 oo
also
L(D'h.)\)'b

Pl = AC ¢osh [(u)-t c.?\)-?:/co] e

The admittance coefficient for the downstream boundary is defined by:

TR T o= \_u'é Hits L F o tenh [{Lauk)é"]
3 Lap o
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Thus, the specification of the complex admittance is sufficient to de-
termine Dand A . Separating this equation into real and imaginary parts
yields:

m;q(ﬁc‘-:)[u ten (2]

L+ b () anh ()

and
Yo () [Henb ()]
e b 4)

The above equations have been solved graphically to determine wt/ce

and AL/G for given values of #{ and 0 . From these results, the decre-
ment, § , can be calculated from §=2rMw and the longitudinal wave number,
Y, is given by Y= QL/TT'Co .

DI

The results from calculations of S and Z) are shown in Figures 48 and
L9 for constant K and constant T respectively, A valie of 1073 was
assigned to L/¢ in the calculation of 2) .
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Appendix F

ASSESSMENT OF DRIVING MECHANISMS

ELEMENTARY CONSIDERATIONS

In order to demonstrate simply the manner in which osciilations can
be driven by a combustion process, consideration is given here to the
elementary situation of a reacting gas enclosed in a cylinder by a spring-
mounted piston at one end. This is indicated schematically below,

/—Piston

’/

Reacting
Gas —

It will be assumed that the time period of the piston motion is suffi-
ciently ltess than the transit time of a sound wave through the gas such
that the gas properties may be considered functions of time only. This
situation can be related (crudely) to the actual situation in a burner
by visualizing the gas enclosed by a piston as a small volume (of dimen-
sions substantially less than an acoustical wavelength) of gas in the
actual burner,

The equations governing the motion of the piston and the state of
the gas are:

Mk +Kx = ¢'A (F-1)
L pAx = \’Y\CYT
O Al (F-2)
i}\/ z H"\KT
(F-3)
y =V « Ax
(F-4)

£
g
[4+]
1
®
<
H

mass of piston

K = spring constant

displacement of piston from equilibrium position

" = K , where | is the instantaneous pressure and P. is the
pressure in absence of piston motion

= gas volume

A = piston cross-sectional area
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™M = mass of gas enclosed by piston :
total energy release rate in gas, assumed to vanish in absence of

piston motion,

L
nn

For small departures from the equilibrium pecsition, the preceding equa-
tions may be linearized and damped oscillatcry solutions of the form
P'=P e'KF | etc., may be sought in the usual way, With the assumption
that the fluctuating energy release rate can be expressed in terms of the
pressure as

Q=NPp (F-5)

where Afmay be complex, the following characteristic equation for the
(complex) frequency K can be obtained straightforwardly

K _BRA _h K ]
i koAt L (F-6)
and the piston motion is related to pressure by
v, ¥ ~ Vo o~ Y1 o
- - \/N = = Y LA -
K XPQAH +lk\'0‘ﬁ,A ¢ P X{RAP + LkakPgA Q (F 7)

Assuming that the term on the right side of Equation F-6 is small
(which is consistent with the view adopted throughout this report that
the energy supplied to an osciliation by the combustion process is small
compared to the energy in the oscillation), a first-order perturbation
solution can readily be obtained by defining

g-ﬁc‘ilﬁ
K= Ko+ k,

where ﬁ and K, are assumed to be first-order quantities. The resulting
solution of Equation F-6 is

X K al PJALA
AN e (F-8)
L -
b= -0 Q0] R R,
2V, L+ (SpAYKY,). (F-9)

Since, to first order, the sclution for pressure is

C o (ke K)E ~ cAE ot
Vode (koo k) .ie &r (F-10)

it is obvious from Equation F-9 that if N has o positive real part the
oscillation amplitude will increase without limit. Alternatively, if
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Equation F-5 is rewritten as

5'=1Nle“t$ (F-11)

where 4) is the phase between pressure and energy release fluctuations,
then Equations F~9 and F-10 indicate that for =T/, <« ¢¢ ¢ /2  the oscilla~
tion will be driven by the combustion process, while if T/2< @ < 2r/a
the oscillation will be damped by the combustion process, This merely
demonstrates the Rayleigh principle to the effect that the driving is
maximum when the fluctuating energy release is in phase with the pressure,

The solution for the piston velocity is obtained readily from Equa-
tion F-7 as

s by . K xRl X _
x= k¥ s TP:-AP+- \‘P.,AQ (F-12)

As can be expected, maximum driving occurs when the piston velocity and
the pressure have the maximum in-phase component,

In order to assess the relative importance of the various driving
mechanisms, the concept of the ratio of energy added by the combustion
process per oscillation cycle to the energy contained in the acoustic
oscillation will be used; this is completely analogous to the procedure
used in the previous assessment of loss mechanisms, The simple example
considered here can be used to obtain a sufficiently accurate estimate
of this quantity, as follows., The gas energy associated with the oscil-
lation (again neglecting the contribution of the combustion process) is
merely the difference between the maximum kinetic energy of the piston
(FMITE 2 2 MRS ) and the maximum potential energy of the
spring (ﬂzK[?jﬂ. Denoting this difference by £, , then

Ee s Lkenm- kORI

and from Equations F-6 and F-7 (neglecting the last terms in both)

(:“P) 131 (F-13)

This is of course the analog of the acoustic energy.

B, -

o i=

The energy added by the combustion process per oscillation cycle is

-—

ool shxat

where T =27/ 1/{. In terms of the complex amplitudes, taking 7 as
real, this becomes

L R Re(@)
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or, using Equation F=I1

Nt

Accordingly, the decrement S associated with the combustion process is

25 - E. . 2 (1)

. (F-15)
Eo 4V NI eos ¢

Although Equation F-15 is quite adequate for the simple situation con-
sidered here, the actual burner process is better represented by refer-
encing the fluctuating energy release to the steady-state value; thus, in
place of Equation F-11

q ¢ P

G

and hence Equation F-15 becomes

- (v-ﬂ .o s -17)
$ = W(%)ku\@ b (F-17

This relation will be used to assess the relative importance of the various
driving mechanisms,

It is worth noting even at this point that Tow pressures, low fre-

quencies (large sizes) and high volumetric energy reiease rates all con-
tribute to relatively greater driving,

MODEL OF DRIVING PROCESSES

THE ENERGY RELEASE RATE

In order to make an assessment of any driving mechanism it is neces-
sary to define the quantities N and ¢ appearing in Equation F-16 more
precisely; that is, a relationship is required between fluctuations in
energy release rate and pressure in terms of readily identifiable physical
conditions in the burner, Since it is quite obvious from the previous dis-
cussion of the literature that the incorporation of a precise analysis of
all possibly important driving mechanisms into a combustion instability
analysis is well beyond the state of the art, rather drastic simplifications
are required, Accordingly, the purpose of this section is to present the
development of a simple model of the combustion process which will hopefully
both contain the essential features of the actual combustion process and be
capable of physical interpretation.
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The central basis for the following development is that the energy
release rate per unit mass for a given fluid element can be expressed
phenomenologically as (e.qg., for the case of chemical processes see Ref

72)

Py _.K-,
('§’3 = Wy ~

where X is some measure of the departure of the mixture composition from
its final equilibrium state, and 7~ is a measure of the rate of the pro-
cess (and is a function of the state of the mixture). It seems at least
plausible to assume that X is proportional the amount of fuel remaining
to be burned; hence,

t

X = L—L 4t

where E is the heat of combustion per unit mass of the initially unreacted
mixture and £20= 0 is the time at which the particle enters the reaction
zone, Equations F-18 and F-19 can be solved explicitly for L”P to obtain

e NE
- _E » T F-20)
Wy - = e (

q‘atlon F-20 satisfies the desirable energy conservation requirement that
uf\if x & , and it represents the basic model of the combustion
P
process employed in this report,

it is further assumed that the steady combustion process can be char-
acterized by a single inverse rate {i.e., a characteristic time) &' which is
however sensitive to fluctuations in thermodynamic properties induced by
oscillations, Thus ? can be written as

S

where it is assumed that Zﬂ/é:-<< / . Denoting unperturbed quantities by
an overbar and fluctuating quantities by a prime, Equation F-20 can be
written as

Ak
. el E . ¢ Th~s
Wp + W T "1-},': . e ¢ f) (F-21)
T‘(\«;%)
L
while the unperturbed rate is
—_ ¢ T
:_,_"i} et 'é:'_ e (F-22)



Neglecting terms higher than the first order in Zﬂ/fr, Equations F=-21 and
F-22 can be combined to yield

-t/ ¢t
c -£+j-‘t;'
-

&
1
3 jm

} (F-23)

1
.t = 7 T At
S --:+J-‘_—::\ (F-28)
P P F er'z“—
) ! AY A
It is pointed out that for a time variation of T ~& , the approxima-

tion involved in obtaining the integral term in Equations F-23 and F-24 is
accurate to first order in 7'/w&*,

The form of the unperturbed rate given by Equation F-22 could be im-
proved by eliminating the feature that the maximum rate occurs at the be-
ginning of the reaction period; this could be accomp!ished by either in-
corporating an 'ignition delay'" time during which the rate vanishes or by
assuming a universal time dependence for the unperturbed characteristic
time T in which the initial value of & is somewhat greater than the finai
value. With regard to the latter possibility, it is worth noting that Equa-
tion F=24 is also valid if 7 is a function of time, provided that <op is
interpreted as £

S
e T

&1
|

For the purposes of the present report, however, the incorporation of either
an 'ignition delay' time or a variable characteristic time seems premature
and will not be considered further,

Equation F-23 is the appropriate expression for the perturbed energy
release rate (per unit mass) for a fluid element of fixed mass. For the
purposes of subsequent analysis, the corresponding Eulerian form applicable
to a point fixed in space is required., To accomplish this transformation,
it is assumed here that all particles have an unperturbed (and constant)
velocity & only in an axial (2 ) direction; the relationship between the
axial distance 2 measured from the beginning of the reaction zone and the
particle time is then

de= (+w)dt

or, to first order in '/
<

L2 -]

e

T K (F-25)
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It is important to note that the implicit assumption of W/ ¢¢| is con-
siderably more restrictive than T/ ¢¢ ), since the latter can be expected
to be of the same order as the acoustic requirement of W/¢,<¢l where ¢, is
the speed of sound. Combining Equations F-23 and F-25 yields, for a fixed
spatial location,

g a) s EERE LT opa )+ (areae L) 4
wr(ng,et) = 3 € [_ ¥ (Ng,2,¢) +‘f§‘ it E) 57
1]
e'
+j Wi ge-2 E)_f]

b W A ioal it
where the change in the time variable within the integrals is dictated by
the fact that the integrations are made following the motion of a fluid
particle,

As will be seen subsequently, it will be convenient to determine the
perturbed energy release rate per unit volume, or per unit average mass.
Denoting the energy release rate per unit volume by W, , then

:Sadr
so that, to first order
- i e o — !
MJE.,.LJ" :Poufffnw -6—UJ'S?
or
! v ! - !
W, = Po + W
which from Equation F-26 yields
-i— %n * 4 -t
P N
f--?bf r ot ot o - v Sa

and the energy release rate per unit average mass is Uf /fL . Finally, it
can be expected that in general fluctuations in & will exist due to varia-
tions in fuel/air ratio at the beginning of the reaction zone; incorporation
of these fluctuations into Equation F-27 yields the most general form of the
perturbed energy release rate considered here:

.3

A A N Y aﬁf Af £ ol fe
ot (S G (g8l

TN

)] (F-28)

It would be presumptuous to suppose that Equation F-28 is an accurate
representation of the energy release process; it is plausible, however,
that the essential qualitative features of the process are at least crudely
represented, The primary virtue of this form of the energy release rate as
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opposed to other forms previously advanced
Refs 1 and 2) is that the quantities E and
physical interpretation.

n the literature (e.g., see
are readily capable of

Lard

As a final remark it is worth noting that a somewhat different model
for the driving process can be formed by interpreting the fluctuation in
characteristic time for a fluid element as a quantity which is fixed solely
by the conditions encountered when the fluid element enters the reaction
zone, Thus, the subsequent behavior of the combustion process (following
the particle) is insensitive to property fluctuations. {n this case, the
appropriate form of Equation F-28 becomes

(F-28a)

It would seem that the assumption that the fluctuation in characteristic
time is insensitive to local conditions in the reaction zone is less de-
sirable than the assumption underlying Equation F-28; the interpretation

of the characteristic time fluctuation is somewhat easier in the former
~ case, however.

SOME TYPICAL FORMS OF THE ENERGY RELEASE RATE

The expression to be employed here for the perturbed energy release
rate (Equation F-28) depends not only on the dependence of the character-
istic time upon thermodynamic variables (e.g., &'(p.)); but on the type of
acoustic mode in the burner as well. Since Equation F-28 is rather diffi-
cult to interpret in the form presented previously, it is instructive to
consider its form for some simple acoustic modes.

Consider first the case of a simple longitudinal mode for which, in
the acoustic approximation, the velocity and density fluctuations are re-
lated to the pressure fluctuations by

y LA
Beohl

2(f/w)
Cam Ll X

S (F-29)

ettt

L
¢

H
o=

(F-30)

where A is the acoustical wavelength of the longitudinal mode. |t is of
interest to examine the extremely simple case where T'=g'= 0; that is,
both the characteristic time and the fuel/air ratio are insensitive to
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fluctuations in thermodynamic properties. Taking /' = “wLe , substi-
tution of Equations F-29 and F-30 into Equation F-28 yields
2 (T sodiial ~
- = -IF LA A(?h’-) VTR 4 L P
o=p Eg j _l_('l-.‘l'l) ]6 = *w
%% ] M o at TR (F-31)

If it is further assumed that the wavelength >\ is much larger than the
length of the reaction zone (XT ), it is permissible to remove the term
in brackets from the integral, to obtain

~ £ & UANSGR J___“‘a%‘i L P
uJ:,_‘-f.%e f{?‘mi(zw)z %:?“B € ]+ g\% (F-32)

The total amount of driving provided to a longitudinal mode is of course
the integral over the total reaction zone of that portion «};' which is in
phase with the pressure; subject again to the assumption that A»>I#F |
then

- - (1 M\, : >
| o - pEe B 25 {,\—(J":L:o} -

so that in this case the total fractional driving can be written as

-

TReldMdz (e hy 1 o(FlR) I N N
JL“"_' [(i}) piR T{L M 1+ (T *’H(?.Lo (F-34)

pET

The term in braces in Equation F-34 is equivalent to the term |N\Coscb
appearing in Equation F~17 times the ratio ]?]/(P)ho .
Several features of Equation F-34 deserve mention. The maximum driving

occurs at w# = | but does not exhibit a very sharp frequency response which
is in accord with experimental findings. It is also noted that driving can
be obtained even in the absence of any sensitivity of the characteristic
time of the energy release process to pressure fluctuations, and is attribut-
able solely to purely fluid dynamic effects, For the typical spatial varia-
tion of a longitudinal mode of Pfp, ~ s (zma/i +8) , maximum driving
occurs when the reaction zone is located midway between a pressure node and
a velocity node. A typical maximum magnitude for IN\cos @ (for M = 0.3,

= 1,4, 0% =1, and 3 =T/4 ) is approximately 1,1, Referring to Equa-
tion F-17 for typical burner conditions of P = 2000 1bf per ftz, 4+ = 500
cps, and G, = 106 ft-ibf per ft3, then § = 0.44 which, from comparison with
the previous corresponding values for losses (see Appendix C), represents
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quite a substantial amount of drnvung. Finally, it is -to be noted that
the assumption employed that A>>&¥® is equivalent to w& <c2m/Mm ,
and hence the present results can be expected to be valid for w g2 .

It is of some interest to attempt to fit this result (Equation F-34)
to the n-7., model proposed by Crocco, In the latter, the term in braces
in Equation F-34 for the case just cited is represented by

IN[¢cosd = n(\- cos o) (F-35)
|f the results of the two_gxpre55|ons are matched such that the maximum
values are equal when « 7 =1 and ;012;7T, the following comparison is
obtained:

w F INlcos & (Eq F-34) [Nlcos & (Eq F-35)
0 0 0

0.3 0,833 0.227

0.6 1,030 0.719

0.8 1.085 0.994

1.0 1.100 1,100

1.2 1.090 0.994

1.4 1,068 0.719

2 0.981 0

It is quite obvious that the n-f; representation would yield only a crude
approximation in this case. More Importantly, perhaps, the N-Tz repre-
sentation would of necessity yield values of v) and T which depend upon
the physical parameters of the problem (e.g., M , ¥ ) in an unknown way
and these values would further depend upcn the position of the reaction
zone relative to the pressure and velocity modes. Hence, it is virtually
iTpossible to attach any physical significance to the parameters y; and

Le -
Turning attention to the case of a simple tangential mode, where
W =0 and P # -(2), consider the case where the characteristic time

fluctuation is given by ?'/13 ?(r@) *(for a purely pressure-sensitive
time of the form T P T, -f}?/& . Equation F-28 becomes, assuming

E'=0
- £ %@ ~ oy . -} WIAY
gt e { 2T p-e ¥la)] (F-36)

integration of Qk(ﬁ:)over T yields the total driving per unit cross-
sectional area:
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== ;%) (F=37)

i
where it has been assumed that T is real,

In this case, maximum driving occurs as aJ?-'-a-oo, although &% 22
closely approximates the maximum for practical purposes. This result
indicates that to attain appreciable driving, it is necessary only that
the characteristic time of the energy release process be sufficiently
greater than the oscillation period of the acoustic mode., This obser-
vation must be tempered by the fact that as & -»oe . l?\—ao . As was
the case with the longitudinal mode, the frequency response of the driv-
ing is quite flat, It is also apparent that an 1L~TE representation of
this driving would not be very satisfactory,

As an aside, the expression for D which results from the use of
the model of a constant characteristic time fluctuation for any particle
(Equation F-28a) is

-\ ~
D'-‘-’Zc Z(L-Jt:) 1*-‘_ -E_
DieE)}s 2 B

This yields_a somewhat different response in that maximum driving is ob-
tained atwd™ = 1. As mentioned previously, however, it is felt that this
mode! is somewhat inferior to that corresponding to Equation F-28,

CRITERIA FOR ASSESSMENT GF DRIVING MECHANISMS

The preceding development enables some approximate quantitative
criteria for the assessment of driving mechanisms to be specified, From
Equations F-28, F-34, and F-39 these criteria obviously inveclve the rela-
tionship between the oscillation frequency and the unperturbed character-
istic time of the energy release process (i.e.,7 ), the sensitivity of
the energy release process to fluctuations in thermodynamic variables
(/F), and any oscillation induced variations in fuel/air ratio entering
the reaction zone. The previous considerations indicate that to achieve
substantial driving, it is required that Or~1t (say 0.3 ¢ wE€ < 3), |In
the presence of a substantial longitudinal component in the acoustic mode,
this requirement is sufficient to produce substantial driving, as indicated
earltier., |n the absence of a longitudinal component, it is also necessary
that the sensitivity of the characteristic time to the fluctuations in
thermodynamic properties be sufficiently high., |f, for example, it is
assumed that 't"/{'" ='nPVP¢- , then Equation F-34 indicates that Nn~/{ to
obtain a substantial driving contribution. _Fluctuations in €', from Equa-
tion £-28, should also be such that £YY6 ~FP/F, to obtain substantial driving,
These criteria will be employed in the following section to aid in the
evaluation of driving mechanisms,
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PHYSI CAL MECHANISMS

The basic physical mechanisms which control the energy release rate
in burners are:

}. Fuel vaporization,
2. Chemical kinetics.
3. Transport processes between fuel vapor and air.

In the following sections, estimates of typical characteristic times for
these processes are made in order that their relative importance as driv-
ing mechanisms can be evaluated, In this evaluation, both the character-
istic time of the steady-state combustion process and the response of
this time to property fluctuations are of interest.

FUEL VAPOR!|ZATION

The characteristic time of the fuel vaporization process can be
estimated from the consideration of the vaporization of a single droplet,
The over-all process is of course controlled largely by heat transfer to
the droplet and mass transfer from the droplet which are in turn influenced
by the dynamics of the droplet relative to the gas.

The characteristic time of the vaporization process can be estimated
from consideration of a single droplet; the lifetime of a fuel droplet in
a gas stream in which combustion is occurring can be approximated by (Refs

73 and 74):
2
dy

o™ T (F-38)

where GL = initial droplet diameter 38 628
N =(4%/p:Cp) In(1+8) [2+ 0.6Fey ﬁ; ]
kg = thermal conductivity of combustion products
$¢ = density of liquid fuel
Re,= droplet Reynolds number =(f°uw¢\¢[f&)
H}= fuel Prandtl number

(AH[254) + Cp (T -T5)

8 &
AH = heat of combustion of fuel

Zy = stoichiometric fuel-air ratio

Ty = local temperature of combustion products

T¢ = surface temperature of dropiet

Q = heat required to vaporize fuel-- sensible heat and latent heat,

Taking heptane as representative of an aircraft fuel (see Ref 75 for the
properties of heptane), Equation F-38 yields the following droplet life-
times for a 50 micron drop:
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T >\ tho ; at “:'-t-"‘!

deg R (pr[see) (sec) (cps)
2000 2.62 x 106 .95 x 103 249
3000 3.82 x 106 .66 x 1073 361
4000 4,22 x 106 .59 x 1073 405

where it has been assumed that the term involving Reynolds number in Equa-
tion F-38 is approximately equal to_2. The last column in the above table
indicates the frequency at which & = 1, and hence the frequency at which
driving is _the most effective, where F’z(ll?}tﬁain accord with the defi-
nition of . The most important variabie affecting vaporization is the
droplet diameter; the frequencies at which OF = 1 are lower than those
shown above by a factor of four for a 100-micron drop and higher by a fac-
tor of 4 for a 25 micron drop. It can therefore be concluded that droplet
vaporization can be an important driving mechanism in a frequency range of
(roughly) 100 cps to 2000 cps.

The fluctuations of the characteristic time in response teo oscillations
in thermodynamic properties appear to be controlled largely by the last term
in Equation F-38, The magnitude of this term is in turn controlled largely
by the relative velocity between the droplet and the gas. A characteristic
time for the dynamic response of the droplet is the time required for a drop-
let initially at rest in a gas stream to attain 2/3 of the velocity of the
stream. Elementary particle dynamics yield

E] piot

qf’CD U"@l,‘
where P-L = liquid density
droplet diameter
gas density
Co = drag coefficient of particle
Wag= relative velocity of droplet at time. L

T:

o
]

For Rr.h+ = 150 ft per sec, o = 45 1bm per cu ft, and :D = 2, the follow-
ing times (in milliseconds) result:

d=25m d= 50p = 1004

$q = 5 x 1073 Ibm per ft3 1.1 2,2 L.k

q = 9 x 1072 1bm per fe3 .062 a2 . 25
The two density levels represent the extreme limits to be expected in air-
craft burners. It is quite apparent that at the lower density levels the

droplet dynamic response is relatively slow and hence that variations in
the last term in Equation F-38 due to fluctuations will become appreciatble,
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At high density levels, the droplet dynamic response will be rapid and the
contribution of the last term in Equation F-38 will be relatively less.
The latter situation would correspond generally to conditions encountered
in liquid rockets, while the former is more representative of aircraft
burners,

From the preceding considerations, it seems reasonable to represent
the characteristic time of the vaporization process as

- "

T o= ltap (F-39)
where N£ 1/2 (if the droplet dynamic response is slow, then 1 = 1/2, but
as P increases the dynamic response becomes more rapid; Refs 32, 33, and
75 indicate that /2 = 1/3 for conditions typical of liquid rockets), The

parameter @ will in general depend upon the oscillation amplitude. The
effects of velocity fluctuations have been omitted from Equation F~39,
since the effect on driving is relatively small; i.e,, increases in vapori-
zation rate due to a velocity fluctuation occur twice per oscillation cycle
and hence tend to cancel (see Ref 32), From Equation F-39, the fluctuation
in T can be obtained:

v _nap (E) - «&
7 l+ag" R’ 1+a.p”

where & is the fluctuation in @. If a’ﬁ’h »>{ and a'/ﬂ““l then

(F-40)

! !

=-n(E) (F-41)
P

where n X 1/2. For a pure tangential mode, Equations F-L1, F-37, and F-17

yvield for wt= |

i

3 = 0.386
for the rgpresentative case of R = 2000 1bf per sq ft, + = 500 cps, and
Q/V, = 10° ft-ibf/ft3, This is quite a substantial amourt of driving,
Equation F-4! will of course be unsatisfactory when 2F>> 1,

To conclude this discussion of the vaporization process, some remarks
on nonlinearity are in order, As indicated earlier, the chief nonlinearity
is expected in the parameter &, through its dependence cn the relative
velocity between droplet and gas. The level of the relative velocity can
be expected to increase with the disturbance amplitude; i.e., a/a, ~ \p'(pi™
where m$1/2, In this case, Equation F-L4]1 becomes

A b

izf-h(wxl%lm)(?: : (F-L2)

e Pe’

—_

Accordingly, the maximum variation of driving is an increase as the square
root of the disturbance amplitude. This nonlinear mechanism can be ex-
pected to be most pronounced for spinning transverse modes in which the
pressure fluctuations and tangential velocity fluctuations are in phase.
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CHEMICAL KINETICS

The characteristic time of the chemical process of combustion of fuel
and air can be estimated from empirical data obtained from shock tube ex-
periments with premixed hydrocarbon-air mixtures. The data which seems
most applicable is that of Reference 76, obtained for mixtures of propane,
oxygen, and argon., This data, when applied to heptane-air mixtures by
assuming that the reaction time of a heptane-air mixture is equal to that
of a propane-air mixture provided that the mass fraction of hydrocarbon is
equal in both cases, yields the following correlation for reaction time:

LT PRy O (ag)

v — exp 21 (F-43)
P -3 V™ 2..T+
for T{:» 2250 deg R and
-t t '2'
p . QeEsS0RY ¢° “(s+4) exp 12 (F-Lb)
- fy 6.2 i
P Xe /5 RT
for‘ﬁ < 2250 deg R,
where @ = equivalence ratio
T temperature before combustion, deg K

pressure in atmospheres
mole fraction of reactants
82,06 atm—cm3/mole-deg K
1.986 cal/mole-deg K,

o
s

3t

x 72

This reaction time is the time required (at T; ) to attain essentially
complete combustion; as is the case with most hydrocarbons this time is
composed of an 'ignition delay'" time and a heat release time-- these will
not be separately identified here. Equations F-43 and F-L4 yield the
following characteristic times (in milliseconds):

T P=25 psia = 30 psia P =5 psia P =30 psia
(deg R} g =zo0.2 dro02 b =t0 b= 1o
1250 276

1750 1.4

2250 1.9 0.98 3.0 1.55

2750 0.23 0.12 0.37 0.19

3350 0.058 0,029 0.092 0,047
3750 0.02] 0.011 C.033 0.017

Considering the nature of the gas dynamic process in aircraft burners,
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wherein the incoming air is at relatively low temperatures and must there-
fore be heated appreciably by transport processes (e,g., turbulent mixing)
involving the combustion products before a reaction can take place, it is
extremely unlikely that chemical kinetics has a significant role in driving
combustion instability., This is due to the fact that the heating rate of

the fuel=-air mixture will be sufficiently rapid such that the reaction will
not take place until a relatively high temperature has been reached. Accord-
ingly, expressions for fluctuations in characteristic time and the resultant
noniinear aspects will not be discussed here, although they may be developed
straightforwardly from Equations F-43 and F-4k4,

TRANSPORT PROCESSES

The transport processes which occur in aircraft burners are governed
by properties of the highly turbulent flow in the burner, and hence quan-
titative estimates of the characteristic times involved in the processes
are exceedingly difficult to make. The treatment here is accordingly very
crude,

The view adopted here is that the basic transport process involving
turbulent flow can be represented by the entrainment of macroscopic volumes
of cold fuel-air mixture into the flow of combustion products and the sub-
sequent heating of the gas in these volumes by essentially 'aminar means to
a temperature at which combustion takes place virtually instantaneously.
From consideration of the laminar heating of a spherical volume, the char-
acteristic time for the process is

- #C L
7 L t (F-45)
K
where ¢, is the radius of the sphere, Equation F-45 yields the following

Y
characteristic times (in milliseconds):

‘o = 1004 fi= 1000}~
{ =5x 1073 Tbm per ft3 6.4 x 1073 0,64
¢ =9 x 102 1bm per ft3 0.12 12
It is apparent that the critical parameter in this model is the effective

radius, 7, , of the macroscopic volumes. Unfortunately, time limitations
have prevented the development of appropriate estimates of these effective
radii in terms of the other physical parameters of the combustion region.
It is well known, however, that the energy release in turbulent flames in
premixed fuel/air mixtures is controlled by the turbulent mixing process
(e.g., see Refs 77 and 78), and that characteristic times for the process
are in the vicinity of 1 millisecond at least at some conditions of prac-
tical interest, It can therefore be concluded that the turbulent mixing
process is a possible mechanism in driving combustion instabilities, par-
ticularly in the lower frequency range.
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The problem of estimating the response of the turbulent mixing process
to property fluctuations in any quantitative way is beyond the scope of the
present study, Qualitatively, it appears that the process should be par-
ticulariy sensitive to velocity fluctuations and rather insensitive to pres-
sure fluctuations, from consideration of the effects of these fluctuations
on the '"typical volume'' size. Thus, a dependence of T~ /+ a(w) 'can be ex-
pected, where the value of the exponent can probably be accurately deduced
only from experiment, S$uch a dependence would indicate a greater suscepti-
bility for spinning transverse modes.
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Appendix G

DEVELOPMENT OF THE INSTABILITY MODEL

GOVERNING EQUATIONS

The following development parallels that presented by Culick in
References | and 39.

The equations governing the flow in a burner are the usual conserva-
tion laws of mass, momentum, and energy supplemented by caloric and thermal
equations of state, These can be written as:

2 +V-(pu) = ¢

ot (e-1)

d

0 5, FFUVIU 4P =0

(G-2)

oe
Pk relune + pvg) =uy; (6-3)

R

“T ¥ s o
P:?ET (G-S)

It Is assumed throughout that the variations in Y‘ and R_are negligible in
the burner,

Following the usual acoustical procedure, the flow is assumed to be
composed of a steady mean flow and an oscillatory flow; hence P=P. +—$' .
WsUWg+ L , etc,, where Po, 4o , etc, are the mean flow properties and
ﬁf Q;'arg associated with the oscillatory flow. Introducing these defini-
tions into Equations G-l to G-5 and assuming that second order terms (e.q.,
BY) are negligible, the following equations governing the oscillatory flow
are obtained:

%% + Vp%,) + V- (RE) =0 (6-6)
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W M@V AT+ S LB 2 (6-7)
98 L v)E {Av)e 4+ S(u P o F Pooay-
3 daIE {&v)e, ?.(%-V)GJE,(V'E.H -;(Y- K)= % (6-8)
.87
P T (6-9)
§.T
é_o -1 (G-10)

Since only harmonic solutions are of interest, solutions of the form
oﬁ':)zﬁe" , g..‘g_'-‘e,"' » etc,, are sought, Here, K= ts5+ LA
wherew is the oscillation frequency and A is the damping constant; the
oscillation amplitudesYZ ) a_c.', etc,, are in general complex. For the
moment , ;'5 is taken as a constant reference pressure. Introducing these
relations into Equations G-6 through G-10, eliminsting 7, & , and
and making use of the fact that ¥ (-)O,uﬁ).-.-o yields:

(3
vkuw + -;—\-vrg = - (' V), - (4, V)

y

(G-11)
LR+ R () 200 - b, (i) - Wi - wiv (6-12)

where C:‘-; )‘75/ e - It is now further assumed that the Mach number is
sufficiently small so that terms of second order can be neglected; this
permits the last term in each of the two preceding equations to be neg-
lected, and also permits the approximation that Pe is a constant. Sett-

ing P =P , rewriting Equation G-11, and combining Equations G-11 and
G-12 yields:
Qo (6-13)
¢ t -
- LDy, - (wen)
!" x‘ Q bk[— )..g (&0 )—_]
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Ve Cion+kn = - "-Ilg- G)u;'+ Lkt (v.u,)

+ ik(‘:io‘vm - Yv'[@f'v)_ﬁ!‘,* (Q,'V)_@'J (G-14)

Consistent with the assumption of small Mach number, it is permissible to
replace &' as it appears on the right side of the above equations by the
acoustic approximation «'= ~eton ik}

W= -i-:-’(—“%- E:P [(vQ. VU + (U,V) q}w] (6-15)

V- ek = - E O Lk (g ) o sty

(G-16)
4 j( {q - [c:‘(wz-v)g, 4—(%'7)(;1‘7"&]}

The first two terms in each of these equations represent the usual acoustics
problem in the absence of mean flow and combustion, The view adopted here
is that the effects of mean flow and combustion on the oscillatory behavior
are small in the sense that the other terms in these equations are small
compared to the purely acoustic terms, '

Finally, it is assumed that W, , Pe , and Cg are functions of 2 only
(a cylindrical coordinate system v, &, 2 is employed throughout) and hence
that the direction of We is axial; then for a burner in which the effect
of combustion on the mean flow can be represented by discontinuities in ¢,
and C, (but that Wy and N are continuous), at a location 2, , Equations G-15
and G-16 can be rearranged and written formally as: : :

o G o
4= 22V - S o, v, RG]

‘ a (G-17)
- )TKLA(QLéE.;“o) S(%).)
o ik ik (- & A%\ N
Ve Gk = &(K‘-l)“’zﬂk(?“e ,—(;.zlff);:__ (6-18)

+ LBV AM) §(2,) + a4 %I%EH 33)
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where S(q)is the Dirac delta function and A(“J is the magnitude of
the discontinuity in W, across the flame front {i.e., A(w) = tho, =o_
where Wy, is the value of W, immediately downstream of the discontinuity
and W,_ is the value of U, immediately upstream of the discontinuity).
Equation G-18 is the main governing equation of the instability model de-
veloped here; for convenience, it is abbreviated by defining the function
b such that

V-Gl +kn < (6-19)

BOUNDARY CONDITIiONS

At all exterior boundaries of the burner, the appropriate boundary
conditions are written in terms of the complex acoustical admittance de-
fined by

W,

Pl
where u; is the velocity normal to the bounding surface defined positive
in the outward direction., Substitution of Equation G-17 into this defini-
tion yields the appropriate form of the boundary cenditions as follows.
For the downstream end (the inlet to the nozzle)

Lol | » 4 N -
n, 2z k[5A K, 92~ (6-20)

For the upstream end

t - —— T

n 92 Fol K, der (G-21)
For the outer radius

Lo,

N oe tks,Ag (6-22)
For the inner radius (if one is present)

Ll -

9z Lkg,A; (6-23)
In Equations G-20 through G-23 it has been assumed that d“-e/dé= o at

the axial boundaries and that the convective term which should appear in
Equation G-23 (of the form ¢4 Jw)l/dz ) is negligible. |In addition to
the conditions at the boundaries, the conditions at the discontinuity
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representing the flame front are:

.= (G-244)

ZLAPAS) ) :
(Co )‘E)— ((o ;f-r (5-25)

where the subscripts 4+ and - refer to the upstream and downstream sides
of the discontinuity, respectively,

The Tast two conditions deserve comment in two respects. First,
strictly speaking these conditions apply only to the case without mean
flow (i.e., U,=0). Consistent with the view adopted previously that the
convective effect may be treated as a perturbation of the usual acoustical
problem, the convective terms may be neglected. This assumption will be
further supported by the subsequent solutions obtained in which the only
solution for ¥ which is of practical importance is shown to be that in
the absence of internal convective effects, Second, in an actual burmer
the physical structure of the flame stabilization devices {which serve to
anchor the flame front, or "'discontinuity' as idealized here) will supply
some additional impedance, The easiest way in which such an impedance
could be incorporated into the formal development presented here would be
to treat the regions upstream and downstream of the flame front separately,
where conditions at the flame front would be represented by an appropriate
admittance Ay in Equation G-21 or G-20, The admittance would then be a
function of the structure of the flameholder, the geometry and mean flow
conditions of both sides of the burner, and the acoustic mode being treated.
While such a procedure can be implemented in a straightforward way, it is
felt to be premature at this time due to both the uncertainty in determining
the appropriate admittance and the likelihood that in a typical low-pressure
loss burner, Equations G-24 and G-25 are satisfactory approximations,

Finally, for convenience, equivalent acoustical admittances, A ,
are defined in Equations G-20 through G~23 such that these equations can be
rewritten as, respectively:

on 3 ' |
(-‘T-L a—%)%‘: A (G-26)
(G2 -7
URTE R (6-27)
Loy
YL‘)%)r:R R (6-28)
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(ITI-%\%Q: X'I (G-29)

The complete mathematical formuiastion of the instabiiity model is
therefore given by Equation G-19, with boundary conditions given by Equa-
tions G-26 through G-29, and where the conaitions’ given by Equations G-2&
and G-25 must be satisfied at the flame front.

SOLUTIONS OF THE MODEL EQUATIONS

Two approximate solutions of the model equations are presented hare,
The first, and more accurate one, paralleis the Green's function scluticn
deveioped by Culick {(Ref 1); the only additional feature is the treatment
of the flame~front discontinuity. This solution is termed the "iterativa"
solution. The second solution is a perturbation solution developed by
standard metheds and has the advantages of portraying the contributions of
the various gain and loss mechanisms explicitly and of being somewhat more
amenable to hand calculations. This solution is termed the ''perturbation
solution't,

| TERATIVE SOLUTION

1 a way completely analogous to that fully developed by Culick in
References 1 and 39, a first approximation to the solution of the model
equations for the complex frequency K is given by

Lo, R

o= ke | S W) N rdrddde (6-30)
()

% 2

where kn is the frequency of the mode (n) being considered, and Kn o
fne are solutions for the nth mode of the homogencous problem represented
by Equation G-19 with R = 0 and Equations G-2& through G~29, The modes
defined by kmo and Y, are the so-cailed natural modes; i.e.,, the reso-
nant acoustical modes of the chamber in the absence of effects due to mean
flow and fluctuating energy release, These modes are normalized such that

(Mno AV = 1 & The practical solutions sought are the stability
characteristics of individual modes; hence only one mode is treated at a
time, Accordingly, the values of Kn,and Y],, for any mode of interest
can be obtained by the methods presented. in Appendix B,

A particular feature worthy of special mention of the development of
the preceding solution is the treatment of boundary conditions of the form
of Equations G-26 and G-27, where A is defined in accordance with Equations
G-20 and G«21. n principle, such boundary conditions, which involve the
term 3N /da* » render invalid the usual orthogonality properties
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utilized in constructing Gifen's function solutions, This difficulty is
overcome by treating the 's as constants for the particular mode con-
sidered; this is accomplished by means of the approximation

l a-zn' -~ \—— }..1:&"/°

used appropriately in the expressions for A.

PERTURBATION SOLUTION

‘This solution is obtained by making use of the general theorem that
the problem defined by Equation G-19 and the inhomogeneous boundary con-
ditions {Equations G-26 through G-29) can be converted to an equivalent
problem with homogeneous boundary conditions, Accordingly, it can be
shown that the problem expressed by Equations G-19 and G-26 through G-29

is formally equivalent to either (for example) of the following problems
(see Ref 79).

21 S(r-R) (e S0
v Con+ T = h - (@ )RT +(e)n

3'( f=1, v

+CFE) 5 @), s(-1) (6-31)

with the boundary conditions

)t).“_ @f[) ( ) iE) Q—_;o (6-32)

r=R

Or, alternatively

v Qo ek < h- (@) RPEE 0, ) AN
] ) (G-33)
4-(63'1@&__?(&) -(C,‘;Q)&LS (2-L)

with the boundary conditions

), = (), =0 (634)
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@‘-:' L K‘-(% >*""-‘Q=o (6-35)

/
in the preceding equations, & and § are respectively the Dirag_delta
function and its derivative., In both Equations G-31 and G-33 ¥ may be
interpreted as a function with the property:

‘);Z-.}?I ; o<2el, n<r<k e<gerrr

The differences in Equations G-31 and G-33 result from the different types
of boundary conditions which Y[, is constructed to satisfy as indicated by
Equations G-32,. G-3%4, and G-35. Obviously, other forms of the basic differ-
ential equation are possible for other combinations of the boundary condi-
tions 7= o and a /on = o .

A first approximation to the solution for the complex frequency K can
be obtained by the use of conventional perturbation theory (see Ref 80).
The basis for the approximation rests with the assumption that the right-
hand side of Equation G-31 (or Equation G-33) is small compared with the
terms on the left-hand side. Thus, the first-order perturbation solution
for Equation G-31 would be expected to be a reasonable approximation if the
actual boundary conditions (Equations G-26 through G-29) did not depart
substantially from ""closed~end" conditions (note Equation G-32), Similarly,
- the first-order perturbation solution for Equation G-33 would be expected to
be a reasonable approximation if the actual boundary conditions did not de-
part substantially from ''closed-end'' conditions at the radial boundaries and
‘'open-end'' conditions at the axial boundaries.,

To illustrate the perturbation solution, the first-order gpproximation
for k for Equation G-31 is written here; forms suitable for other boundary
conditions can be obtained in a straightforward manner.

v a e R N
Ky = kn,; + ii Jﬁh(ﬂm) Qm rdrdd de
L LA _
- L S,, R n""rf)r:RAk"wd't (G-36)
* 5 ﬁ (), R dbde
s Szrj:‘cc- ), R, vardd
w R _
i Su -(rL ((‘ ﬁ"f')azLAerr J"¢
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Here K. is the complex frequency of the mode (1) being considered, and
km,, ﬁ*N are solutions for the nt mode of the homogeneous problem rep-
resented by Equation G-31 with the right-hand side taken to be zero and the
boundary conditions given by Equation G-32, The modes defined by K, and
ﬂm” are the resonant acoustical modes of a chamber in which no acoustical
losses occur at the boundaries. These modes are normalized such that
5, (0La)*d¥ =1 . Evaluation of these modes can be made by the methods
presented in Appendix B,

NATURE OF SOLUT!ION

Equations G-30 and G-36 represent alternative solutions to the model
formulated here., Since K,= Op+iAnp , either equation in actuality
yields two equations corresponding to real and imaginary parts; in physical
terms, the real part is a solution for the angular frequency of oscillation
and the imaginary part is a solution for the damping constant . The
latter quantity is crucial to the stability problem; steady oscillations
are the solutions of most interest, and these are defined by A=o (or

Iwikr)=0 ).

The contributions of the various loss and gain mechanisms to the
stability problem are readily identified in the perturbation solution
(Equation G-36). The first integral contains the contributions of fluc-
tuating energy release and gross convective effects; the second and third
integrals are associated with the losses at the radial boundaries (usually
acoustical liners of some sort}; and the fourth and fifth integrals are
associated with the losses (or gains) due to acoustical radiation at either
end of the chamber, The contribution of these various mechanisms are not
identified so explicitly in the iterative solution- (Equation G-30), since
the contributions at the bounding surfaces (except for gross convection)
are contaiqu implicitly in the solutions for the natural modes defined by

kh,a and }Ln,o-

Although both Equations G-30 and G-36 are first-order approximations
to a linearized equation it is still possible to include the nonlinear
effects associated with the amplitude, frequency, and mode shape depen-
dencies of the quantities 4 , A, , A, , Ap and - . For example, it can
be anticipated that these quantities vary with oscillation amplitude in a
known way. Then, for a number given amplitudes Xn can be evaluated from
either equation, and the results plotted as a function of amplitude:

An 0 / -
" Ampli tude
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The amplitude at which An"o and for which Ah(o at lesser amplitudes and
n> O at greater amplitudes then represents the steady-state oscillation
amplitude,

It is somewhat more instructive to separate A. into loss and gain com-
ponents, denoted by Ah and Aq , respectively (where, by definition, AL>O
and k‘to ). In the usual case, contributions to Ag will come from only the
combustion term in Equation 6-30 or G-36 while the remainder of the terms
contribute to AL' These contributions can then be computed separately as a
function of amplitude, mode shape, etc., and the burner stabitity properties
evaluated, For example, a particular case of interest would be of the follow-
ing form:

A

I_} q f
l l A
| L A

B A Amplitude

Such a situation would be nonlinearly unstable in that for disturbances
with an amplitude less than B no oscillation would occur, while for dis-
turbances greater than an amplitude B a steady-state oscillation of ampli-
tude A would result, Obviously, many other possible forms of solution
exist,

Finally, by way of summary, it should be noted that eight parameters
are required for the model. These are the four equivalent impedances A, ,
KL, KR . AI , and the four parameters defined in Appendix F which char-
acterize the combustion process ( ¢, £, 7' £’); the latter parameters
are contained in the unsteady combustion term in the function A defined
by Equations G-18 and G-19. The dependencies of these parameters on am-
plitude, frequency, and mode shape are required. In the most general
case, a ninth parameter, A;, (the equivalent admittance presented by the
interface between the coldfupstream region and the combustion zone) would
also be required.

FORM OF PERTURBATION SOLUTION FOR {LLUSTRATIVE EXAMPLE

In Appendix H, an illustrative example of the application of the model
developed here is presented utilizing the perturbation solution. The par-
ticular burner considered is cylindrical in shape, and the axial boundary
conditions are such that the upstream end is every nearly a '‘closed-end'
condition and the downstream end is very nearly an "open-end'' condition,

The appropriate form of the perturbation solution can be developed straight-
forwardly, and is written here for reference purposes:
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The boundary conditions satisfied by YLn‘iare accordingly
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Appendix H

ILLUSTRATIVE APPLICATION OF THE INSTABILITY MODEL

INTRODUCTION

In Appendix G, an analytical model was presented for the unstable
operation of a combustion chamber. It is the purpose of the present
appendix to demonstrate the application of this model to a particular
case of an unstable NACA 26-inch experimental afterburner (Ref 9)

The basis for the selection of this burner to demonstrate the model
consisted of the following factors:

1. The geometry of the burner is a simple constant area duct of
circular cross section,

2, Experimental data are available (Ref 9) from tests carried out
under conditions of unstable (screech) combustion,

3. The suppression of the instability was achieved by means of an
acoustic liner, a complete description of which is included in
Reference 9,

This last factor is an important one because it provides the analysis
with an energy loss term which, depending upon its inclusion or exclusion,
should render the combustor stable or unstable.

For the purpose.of the analysis, the geometry of the NASA duct burner
has been idealized to the configuration shown in the following sketch:

q

I Closed - Flame Front © Open

26" |End 4 | End
4 Liner

The idealized boundary conditions adopted are a closed-end upstream boundary
located approximately at the fuel spray bars, an approximate "open-end'' down-
stream boundary and rigid chamber walls with a short section of acoustic liner
located immediately downstream of the flame stabilizers, The perturbation
solution to the model will be used here, and for this situation the appro-
priate form of the solution is given by Equation G-37 in Appendix G. Acoustical
admittances have been calculated for the open end condition and for the acoustic
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liner ( AL_and Ag, respectively); for the closed end and rigid walls, the
admittance coefficients ( Agand A_, respectively) are zero, For the
acoustic analysis and energy loss calculations, the temperature distribu-
tion along the combustor has been approximated by a step change occurring
at the flame stabilizers; for the energy gain associated with the driving
mechanism, an expeonential rise in temperature is assumed.

The NASA duct burner was tested under many varied conditions; one
particular set of conditions has been arbitrarily chosen for the present
analysis, as follows:

Inlet Total Temperature, T, = 1710 deg R
Inlet Mach Number, M, = 0,22

Inlet Total Pressure, P, = 8.86 psi abs
Airflow Rate = 20.5 lbm per sec

Fuel /Air Ratio = 0,0577

From the above values, the following conditions downstream of the fiame
front may be deduced (assuming a combustion efficiency of 90 per cent):

4270 deg R

Total Temperature, T;L

Mach Number, Nk_= 0.39

Mean Air Velocity, U, 1190 ft per sec

Sonic Velocity, (o3 = 3060 ft per sec

The observed freguency of oscillation of the burner when tested under the
above conditions was approximately 700 cycles per second, corresponding

to the first transverse mode, Measurements of the pressure amplitude
during screech were found, typically, to have a maximum value of 0,34
times the mean static pressure which in this case is approximately 2,7 psi.

fn the following section, the pure acoustic frequency and mode shape
will be estimated using procedures described in Appendix B. This will be
followed by sections in which the energy loss and gain terms in Equation
G-37 are evaluated and then examined in the light of the experimental
evidence,

ACOUSTIC MODE SHAPE

The purpose of this section is to estimate the longitudinal variation
of acoustic pressure corresponding to the unperturbed mode 78%: in Equa-
tion G-37; this mode satisfies the boundary conditions given by Equations
G-38 and G-39. The pressure variation or mode shape in the transverse plane
is assumed to be that of the first transverse mode of oscillation and neglects

206



any effects on the mode shape from the acoustic liner. Following the pro-
cedure presented in Appendix B, the variation of acoustic pressure,
throughout the chamber volume may be expressed in the following manner:

ko G
Bz 701 Py ot & J(r) cos M2 e T

for the region upstream of the flame front and

! - k, &
?n,, = PA Cos ¢ fT,Cer) I-Cusvﬁ —cot ?_if.,é 5/)71_{_1.@] e,L s
f."%g. L“e,( L"%t

for the region downstream of the flame front where the longitudinal mode

numbers have been estimated for the conditions to be 34 = 1.71 and 7, =

1.80, #a is the pressure amplitude, and X has the value 0,586m/R for
the first transverse mode of a circular ¢ylinder; the subscript v indi-

cates that the pressure distribution is that of the normal mode.

The frequency of the natural mode is purely real and is given by

k”)‘ = Q”af =G q (%)‘.*(%)1

\(..,l = (MS:::)(W)-J(a._gl'c_;_,_nz)l-f (2 ) = 5860

Thus,

The corresponding frequency of the normal mode, &n \ -.g_Dm/zﬂ'is:
[

{, =920 cps

This value is somewhat higher than the observed frequency of oscillation
of 700 cps; some difference, however, is to be expected because of the
idealized boundary conditions, A more accurate prediction would be given
if the duct geometry were given in Reference 9 in sufficient detail to
permit more accurate assessment of the upstream and downstream boundary
conditions. Some error is also attributable to the representation of the
heat release region as a discontinuity,

NORMALIZATION OF THE ACOUSTIC PRESSURE

~ -
The dimensionless acoustic pressure, ﬂ« , employed in Equation G-37
is normalized such that Al

§ R, dv =1
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Introducing a normalizing factor, N , where M, = AJQ =N ﬁi , then for
the conditions cons;dered- v

( %N)lj S cos* @ J, (ou*) nﬁrdé{ S '72&)&;&

o =0

S[C,os('gm ~0.325 st |ml]d7- =

Thereforeﬁ‘%)= 0,684 and the normalized pressures become

(nn,,)é‘?; - 0.691 cos & J(lr) (o5 (I-’HET;%)

and

-—

i gy

();Z ) = + 068 cos "T(“‘r))'Cﬂs(' 8’1713-)__ 0,325 Sin Eﬂé)}

EVALUATION OF LOSS TERMS

The acoustic energy iosses which are represented by terms in Equa-
tion G-37 include:

1. Net convection loss,

2. Radiation loss upstream,

3. Radiation loss downstream.
L, Radiation loss to the walls,

The net convection loss is the difference between the acoustic energy
which is convected out of the downstream end of the combustor and the
acoustic energy carried into the upstream end of the combustor by con-
vection, |f it is assumed that all of the acoustic energy is generated
within the combustion chamber (that is, the upstream conditions provide
no acoustic energy source), then the energy which is convected into the
upstream end of the chamber must be supplied by radiation out of the cham-
ber in the upstream direction, To simplify the problem, it is further
assumed that all of the energy radiated in the upstream direction is
eventually convected back into the chamber., This simplification elimi-
nates the need to evaluate the upstream radiation term and that part of
the net convective loss term which accounts for convection into the
chamber; it is also necessary in the present case, since the upstream
boundary condition cannot be defined precisely from the information
presented in Reference 9,
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CONVECTION LOSS TERM

Loss or gain of acoustic energy from the combustor arises as a result
of the acoustic energy level of the gases as they leave or enter the cham-
ber, This convection of energy is represented by part of the first integral
term of Equation G-37, as described in Appendix G. However, in the particu-
lar case considered here, it is unnecessary to evaluate the integral be-
cause:

1. The convection into the upstream end of the combustor has been
assumed equal to the radiation out of the chamber in the upstream
direction; neither of these terms are therefore evaluated,

2, The convection out of the downstream end of the combustor, which
is essentially the product of the square of the acoustic pressure
and the mean flow velocity, is zero as a result of the ideal ized
downstream boundary in the acoustic analysis (that is,(ﬂmﬂ)é,L_ = 0).
It should be noted that this portion of the convective contribution
would not vanish if the iterative solution (Equation G-30) were em-
ployed since the natural modes do not satisfy the condition ﬁho =0,

RADIATION LOSS DOWNSTREAM

The term in Equation G-37 which represents the energy loss by radiation
from an open-end downstream boundary is:

_ m’a B (a:)_tn,)‘ L%—L rdddr

where the quantity AL is given by the downstream boundary condition, Equa-
tion G~20, which is

Ll . o
AL—’ ( n 9% >e=|_= -l‘)(n,' (?cAL+ tn{(:-_a;)

ALis the complex admittance coefficient of the downstream boundary and has
been estimated for an open-ended tube, from theoretical results given in
Reference 58, as:

QC‘OAL = l‘[-‘- o =074-06 L

The integral can then be evaluated, with the result being (-0.069 + 0.076¢ )Q;_
which represents the contributions to the real and imaginary parts of the
square of the complex frequency due to the radiation at the downstream
boundary,.
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RADIATION LOSS TO THE WALLS

In the idealized model of the combustion chamber, the chamber walls
were assumed to be rigid., Radiation losses to the walls, therefore, occur
only in the presence of the acoustic liner, The term in Equation G-37
which accounts for the wall losses is:

2m L
.- 2 -
-J JR[co M| R ddda
s o rR
where -AR can be written as

Ao~ - (ks i)

Kkrand 0.~ are the real and imaginary parts of the liner admittance co-
efficient. The integral can be evaluated explicitly to yield (-1.44 x

(%'Ww)&f‘)-

The complex admittance coefficient of the liner for the observed fre-
quency of oscillation can be estimated as follows, Details of the liner
employed in the burner are:

Location - Immediately Downstream of Flameholder
Length = 19 inches
Thickness, T - 0.0625 inches
Backing Distance, £ - 0.75 inches
Hole Diameter, d. - 0.1875 inches
Hole Spacing - 0.5 inches
Assumed Temperature at the Liner - 1700 deg R
From the above data, the following relevant quantities may be deduced:

Liner Open Area Ratio, oL = 0,11

Effective Acoustic Length, £99§= t+ 0.8501 x
(1 - 0.7 ) = 0.184 inches

Sonic Velocity of Gas at 1700 deg R = 2000 ft per sec
Gas Viscosity = 0,097 b per ft hr

Gas Density = 0.0136 Ibm per cu ft
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‘ The resonant frequency of the acoustic liner is given by the following .
relation:

L= J2 2 3400 cps
BN P VS,

This estimate of the resonant frequency of the liner indicates that it was
not well tuned for the mode of interest in this example, since, for maxi-
mum damping of an oscillation, the resconant frequency of the liner should
be close to the frequency of oscillation. For the present combustor, the
most predominant frequencies observed were around 700 cps and 1500 cps.
Nevertheless, the liner did prove to be effective in suppressing the oscil=-
lations,

Formulae were presented in Appendix B for the complex impedance co-
efficient of an acoustic liner $=84X , The real and imaginary parts
of the admittance coefficient are related to the above quantities by

. K
"f+°0-'5 o+ iX

or, alternatively: 6
L= Grt+ ¥*

. 4
7= BreX*

The reactance ratio, X, is given by the equation:

X".ZW{;'%E? (%;'E%) = -(.18

The resistance ratio, & , is given by:
9-_4"-"74; <f+$—+-A—'3"
xpc d o
where

Amﬁi is the nonlinear term and is approximately equal to 1,62 P
#ﬁ is the RMS pressure amplitude of the oscillation in 1b per ftz,

Insertion of the known quantities into the above expression for & gives:

&= 00610825+ p)

The table on the following page presents values of the real and
imaginary parts of the wall loss integral (-1.4k4 (-0 {u.)céi ) for a
range of values of the pressure amplitude,*% .
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p. (b /44) B K o Im(K)eh  Relkdel

0 0.0503 0.0011 0.1475 0.0016 0.212
] 0.110 0.0024 0. 1475 0.0035 0.212
L 0. 2940 0.0064 0,1470 0.0092 0.212
10 0.6600 0.0142 0.1460 0,0204 0.210
40 2. 4300 0.0476 0.1300 0. 0685 0.187
100 6.1400 0.0733 0.0810 0.1055 0.117
Loo 244 0.0380 0.0106 0. 0547 0.0153
1000 61.0 0.0162 0.0018 0.0233 0.0026

SUMMARY OF LOSS TERMS

The contributions from the acoustic losses to the imaginary part of
the complex frequency (Equation G-37) are provided by two sources, namely,
radiation from the downstream boundary and radiation to the acoustic liner,
The downstream radiation term has a constant value of 0.076 Cjz whereas the
liner term is a function of the amplitude of the oscillation. Figure 2
shows the contributions from these two terms plotted against the pressure
amplitude {where A Ihn(Ku)due to losses}, It should be noted that the
losses initially increase with amplitude but then pass through a maximum
and decrease eventually to the value given by the downstream radiation,

EVALUATION OF ACOUSTIC DRIVING

In Appendix G it was shown that the gain or attentuation of an acous-
tic oscillation can be expressed in terms of the imaginary part of complex
frequency for the oscillation. In this section, the contribution of the
driving mechanisms to the imaginary part of the frequency are calculated
for the NACA 26-inch burner (Ref 9),

The term requiring evaluation is, from Equations G-37, G-19, and G-18
of Appendix G

K = - S “k” L Q- l)j ', AV (H-1)

which serves to define f<q and where uf is given by Equation F-28 in
Appendix F, There is insufficient |nformat|on provided in Reference 9
to enable the role of each driving mechanism to bée evaluated,. Therefore,
in Equation F-28, it was assumed that
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and Equation H-! was evaluated for three values of Y (-0.5, -1.0, -2.0)
and three values of &®T (0.1, 1.0, 3.0 ft) for the oscillatory mode and
mean operating conditions described in the previous section, The result-
ing values of Tm(kg) are shown in Figure 52, from which it can be seen
that the In.(k‘:) is significantly dependent upon N and T . The values
of IJn(HZ)\Mhen N1 = 0 are the contribution to the gain due to the last two
terms in Equation F-27. It may be concluded that as the energy release
zone becomes small (i.e., WT +0), a major contribution to the driving is
due to the axial velocity fluctuations which are associated with the_axial
mode component of the acoustic oscillation., For larger values of &Lt
(0(1)), the pressure sensitive gains become dominant. For the example
burner, it is expected that &% ~3 feet, but unfortunately » is not
known, except that it shoulid be of order -0.5 (see Appendix F). It may,
therefore, be concluded that the .I}“(kzj due to driving mechanisms is
- P R

Comparing the above value of'Iw( f)due to driving with the contribu-
tion from the loss mechanisms it may be concluded that {see Fig 2, where

A= Im(K):
l. The driving and loss terms are of the same order of magnitude,

2. At lTow amplitudes of pressure oscillation, driving exceeds
losses,

3. At pressure amplitudes of one hundredth of the mean pressure
level the losses exceed the gains with the acoustic liner pres-
ent,

The uncertainties in both the driving and loss terms do not permit ac-
curate prediction of the stability boundaries, and amplitudes of steady
oscillation, at this time, However, it can be concluded that the example
burner will be unstable at low amplitudes, with or without the acoustic
liner, and close to stable operation at amplitudes of approximately one
hundredth of the mean pressure level with the liner present, This is
qualitatively in accord with the experimental observations,

The driving analysis, which is a linearized analysis, indicates a

trend towards unstable operation at amplitudes greater than one tenth of
the mean pressure level. However, in practice it is observed that at
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large amplitudes burners operate in a stable manner, due to nonlinear
effects in both the driving and dissipative mechanisms. One such effect
in the driving terms may be evaluated by retaining a higher order term
in Equation H-2, where it may be shown that

L@l ] =0 i

f
At constant values of N, N decreases with increasing amplitudes as
shown in the following table:

p/R = 0.1 Pl=0.25  pfp= 0.b

N = -0,1 0.945 0.875 0.8
n = -0,5 0,925 0.813 0.7
n=-1,0 0.90 0,750 0.6
n=-20 0.85 0.625 0.4

Referring to Figure 52, it can be observed thatthﬂ})decreases as the
exponent in the ?f—P’ relationship decreases., Therefore, nonlinear
effects reduce the gain from the driving mechanisms at large amplitudes
of oscillation,
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Appendix |

DISCUSSION OF TEST PLAN

INTRODUCTI ON

It is emphasized at the outset that the test plan formulated here is
intended primarily for the purpose of verifying the analytical model; this
allows some freedom in the selection of experimental apparatus and test
techniques which would not otherwise be available if the test plan were to
be directed solely toward operationa! hardware,

The plan consists basically of the following tests to be conducted on
a model burner:

l. The determination of the acoustical losses associated with the
nozzle and the upstream boundary of the burner under cold flow
conditions. This can be accomplished by observing the decay
rate of resonant oscillations induced by an appropriate oscil-
lator. The amplitude dependence of these losses is of particu-
lar interest,

2, The determination of the acoustical losses associated with a
liner, under cold flow conditions. This can be accomplished by
adding different lengths of liner to the basic burner configura-
tion and observing the decay rate of oscillations as in | above,

3. The determination of oscillation amplitudes as & functicn of
fuel-air ratio and mean static pressure level in the burner,
with combustion. This is a straightforward procedure provided
that instability can be induced in the burner, It is anticipated
that appropriate modifications of the fuel injection system will
be necessary to induce instability, Data should be obtained for
various lengths of liner in the burner.

L, The determination of oscillation amplitudes as a function of
fuel-air ratio and mean static pressure level in the burner,
with combustion and when subjected to external oscillatory dis-
turbances of appreciable magnitude. Emphasis here should be
placed upon investigating operating conditions which yield stable
performance in the absence of external disturbances.

5. A repeat of step 4, but with various inlet flow distortion patterns
imposed upon the burner rather than external oscillatory distur-
bances,

The following sections are devoted to a discussion of the test rig require-

ments, the nature of the tests, and the required data reduction techniques
necessary for the successful execution of such a test plan,
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For the purpose of illustrating the use of the data in assessing the
analytical model, the perturbation form of the solution (Equation G-36)
will be used here Specifically, the form of Equation G-36 applicable to
a cylindrical burner will be employed; hence the complex frequency is given

by
L2 R

2kt ) || (T, ) rdradde

o "

H R (TS ) Pe ddde

S S( ,W A rdrdd (1-1)

o P

J (), A rardd

In terms of this equation, then, the purpose of the test plan is to determine
the equivalent acoustical admlttances A , Ao , and KL (associated with the
liner, upstream boundary, and nozzle, respect|vely) as a function of oscilla-
tion amplltude and frequency; to determine, for a single geometrlcai confiqu-
ration, the parameters of the driving mechanisms (7% , 7', & , €') incorpo-
rated into the function ) as a function of OSC|IIat|on amp]|tude and fre-
quency; and to apply the model with the parameters so determined to other
geometrical configurations,

The choice of the use of the perturbation solution rather than the
iterative solution (e.g., Equation G-30) is primarily a matter of convenience
in that the contributions of the boundary losses are displayed explicitly in
Equation I-1; in principle, either solution can be used.

TEST RIG REQUIREMENTS

ENERGY CONSIDERATIONS

A primary consideration is the amount of acoustical power required to
maintain oscillations of an appreciable amplitude during the cold-flow
tests, The amount of power required can be estimated from the fact that
the maximum fractional acoustical energy loss per cycle of oscillation can
be expected to be approximately unity (see Appendix C), The acoustical
energy in a cylindrical volume is given approximately by
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If an L/D ratio of three is assumed, then

3T (P pP
Ezlé? ?n)PaD

The oscillation frequency of the first transverse mode is

§=o0.580 /D (1-2
so that the acoustical power required to maintain an oscillation
= 4 » 3T /P
Pz Ef = ﬁ,(o.su)gpoD ("ﬁ:) (1-3)
For Dy = 15 psia, T = 2600 deg R, and (PV@%) = 0,2 Equations 1-2 and |-3

yield the following results for oscillation frequency and acoustic power
required as a function of burner diameter:

_D_ 4 P
(ft) (cps) (hp)
0.5 2930 23,7
1.0 1465 95
2.0 732 380

These numbers indicate the obvious desirability of confining tests to
rather small burners,

BURNER CONFIGURATION AND AUXILIARY EQUIPMENT REQUIREMENTS

The requirements for the burner configuration are basically quite
simple. A cylindrical burner is required, and provisions should be made
for enabling either end to be acoustically closed during cold flow tests,
For the cold flow tests, it would in fact be desirable to use a smaller
scale version of the burner than that used for tests with combustion; this
would have the advantages of requiring less acoustical power for driving
and providing resonant frequencies for cold flow in the same range as those
for hot flow in the larger burner {(since $~JT ), while not sacrificing the
accuracy of the measurements (since the cold flow losses can be easily
scaled),

In addition to the burner, two acoustic liners varying only in length

should be provided. The hole size, spacing, and backing cavity should be
selected to yield a resonant liner frequency in the same range as the
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expected oscillation frequency, although this is not absolutely necessary.

A conventional converging nozzle should also be provided, as well as
the means for acoustically closing either end of the burner while maintain-
ing a through flow velocity during cold-flow tests, This can probably best
be accomplished by means of perforated diaphragms,

The major item of auxiliary equipment required is the acoustic oscilla-
tor, The requirements for such an oscillator are that it be capable of
supplying the power required by the burner size, that it be capable of a
variable frequency output, and that it can be used to excite various trans-
verse modes efficiently, At lower power levels, conventional oscillators
or bi-stable jets would appear to be satisfactory. At higher power levels,
it seems inevitable that the energy of the flow entering the burner will
have to be employed as the source of acoustical power; a rotating disk con-
figuration upstream of the burner offers some promise in this regard.

INSTRUMENTATION

The instrumentation required for the measurement of mean flow quan-
tities (pressures, temperatures, velocities, flow, etc) is quite standard.
In addition, static pressure transducers, with a response appropriate to
the frequency range being considered, will be required &t various axial and
circumferential locations; their purpose is of course to identify the mode
shape, as well as to measure oscillation frequency. Hence, it will be neces~-
sary to sense the relative phase differences between the various transducers,
Finally, some method of detecting unsteady velocity distributions within the
burner is desirable. The basic¢ purpose of such measurements would be to ob-
tain semi-quantitative information on the mode shape in the radial direction;
hence, the measurements need not be quantitatively precise,

TEST PROCEDURES AND DATA REDUCTION

COLD FLOW TESTS WITHOUT LINERS

Test Procedure

For any selected instability mode, the test procedure will consist of
exciting the mode with an oscillator, tuning the oscillator to obtain maxi-
mum oscillation amplitude, observing the frequency and mode shape, turning
off the oscillator, and observing the rate of decay of the oscillation as a
function of time.

This procedure should be conducted for the following configurations:
1. Burner with downstream end (acoustically) closed, for several

(i.e., at least three) oscillation amplitudes and mean flow
velocities,
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2. Burner and nozzle with upstream end (acoustically) closed, for
several oscillation amplitudes and mean flow velocities,

3. Burner and nozzle with upstream end open, for severail oscilla-
tion amplitudes and mean flow velocities,

Data Reduction

The results of the preceding tests can be used to obtain the
acoustical admittances of the nozzle and upstream end of the burner
( A_and A o which appear in A_ and A, in Equation [-1) as a func-
tion of oscillation amplitude and mean flow velocity as follows,

In the first series of tests, AL*—O, and hence Equation |-1 yields
two equations of the following functional form:

=L [A P, u), u] (1-4)
A= 4 ALK ), w ] (1-5)

where f%' is the oscillation amplitude and it is to be noted that Ao is

in general complex. For any given mean flow velocity {Ws) and oscillation
amplitude, &) is known from the observed frequency and >\ can be deduced from
the rate of decay of the oscillation; hence Equations |-4 and -5 can be
solved simultaneously for the two components of AL (P!, W)

In the second series of tests, Aoz.o , and Equation I-1 yields
o= £ [AP, W), «e] (1-6)

X‘—; 'Fa.[Au( 10;') Us) ) M-o-‘\ (1-7)

Hence, Equation |I-6 and |-7 can be solved simul taneously for the two
components of AL(‘P-'; w,) -
[

The third series of tests is in actuality redundant, but serve the
useful purpose of confirming the results of the previous tests, That is,
Equation |-1 yields

W= ‘(. CA, (P 4e), AL( -._',u.,)) uul
A= 1AL w), A (e, u

which can be used to check the consistency of the results, since AL-and Ao
are now presumably known,
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COLD FLOW TESTS WITH LINERS

Test Procedure

The test procedure in this series of tests will be identical to
that of the previous tests; the only difference will be the presence of
the liner,

Tests will be conducted for at least two different liner lengths,
for several oscillation amplitudes and mean flow velocities., The tests
need be conducted only for the burner and nozzle, with the upstream end
open,

Data Reduction

The results of these tests can be used to obtain the acoustical ad-
mittance ( Ag, which appears in w in Equation I-1) as a function of
oscillation amplitude and mean flow velocity as follows,

In the configuration of these tests, Equation I-] yields two equa-
tions of the following functional form:

W= {[A"(P"' u.)) A'-(P"' u,)} AK(PJJ € ), bh] (1-8)

A ¥L[A°CPJ,u.), A wy, A e lpwe), @ ] (1-9)

Since Ao (Pd,u,) and AL(.PQ,u,) are known from the results of the
tests without the liners, Equations |-8 and 1-9 may be solved simultaneously
for the two components of An (P, 4y ) . This can be accomplished for both
tengths of liner, where the results of one may be used to check the consis-
tency of the other,

COMBUSTION TESTS WITH UNIFORM FLOW

Test Procedure

The test procedure here consists of establishing the frequency, mode
shape, and oscillation amplitude of any instability found in the three
burner configurations (i.e., without liner, and with two different lengths
of liner) as a function of static pressure level, fuel-air ratio, mean
flow velocity, and, possibly, inlet temperature.

Data Reduction

The results of these tests for a single geometrical configuration can
be used to deduce two parameters of the driving mechanisms as follows, |f
it is assumed that the driving mechanisms can be characterized by the two

220



parameters ¥ and & (see Appendix F) then Equation |-1 will yield the
following two functional relations:

W= § [neplu,et) @lp), wete), Aohihe, 4] (1-10)
ot'(t[\n}a)AD;ALjAf)“ﬂ] (1-11)

where the second equation is a result of the fact that for steady oscilla-
tions, A =0. Since A, , Ah., and '4g are known from the results of pre-
vious tests, then Equations [-10 and I~11 can be solved for 7 and % for any
given set of experimental conditions.

The results of the tests for the other burner configurations (i.e.,
excluding the configuration for which 7 and @ were determined) can then
be used to assess the adequacy of the model. That is, Equations I-10 and
I-11 can be used to predict fﬁ' as a function of mean flow conditions {e.qg.,
fuei-air ratio) since nip') , a_.(/%‘), AL , and Afﬂ will be known,

o 3

COMBUSTION TESTS WITH TRANSIENT DIiSTURBANCES

Test Procedure

The test procedure for these tests is quite obvious. The only point
worthy of special mention is that care must be exercised in identifying
the magnitude of initial disturbance; this can be accomplished from the
amplitude and frequency indicated by the static pressure transducers.

Data Reduction

The data obtained from these tests can be used for further assessment
of the model, as follows. Equation I-11 can be written symbolically as

AL-"Aq:O (|-]2)

where ;XL denotes the contribution of all of the acoustic loss terms, and *4
denotes the contribution of the acoustic gain terms. Since the previous
tests have yielded all of the parameters which determine A_ and Aqﬁ as a
function of oscillation amplitude and mean flow conditions, then for any

set of mean flow conditions, curves of A_and Ag versus oscillation am-
plitude can be constructed. |In particular, for any transient-disturbance
test which indicates unstable behavior of a burner which is stable to

small amplitude disturbances, such curves can be constructed, I{f they are
to correctly reflect the experimental results, then they must be of the
following form:
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A

) &

B A Amplitude

Thus, the model should be capable of predicting this type of behavior.
COMBUSTION TESTS WITH NONUNIFORM INLET FLOW

These tests are self-explanatory, and require no further discussion
here.
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