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FOREWORD

This report has been prepared by the Martin Marietta Corporation,
Orlando Division, Orlando, Florida, under Air Force Contract No. AF33
{(657)10315. This contract was sponsored by Technical Area 750A, Mech-
anics of Flight. The work was accomplished under Project 1467, Structural
Analysis Methods, Task 146702, Thermoelastic Structural Analysis Methods,
and was administered under the Structures Division, AF Flight Dynamics
Laboratory, Deputy Commander/Technology, Aeronautical Systems Division,
with Mr. T. N, Bernstein acting as Project Engineer.

The studies began in Janvary 1963 and were concluded in August 1963
by the Research Divigion of Martin Orlando. Mathematical analysis and
development was conducted by Mr. J. G. Torian under the supervision of
Dr, J. M. Spurlock, Manager of the Aerosciences Research Laboratory.
The digital programming was performed by Mr. G. K. Bennett under the
supervision of Mr. M. Robinson of the Digital Computer Laboratory. Mr. F.
A. Phillips, also of the Digital Computer Laboratory, prepared the eigen-
value and Bessel function subroutines.

This is the final report on Contract No. AF33(657)10315. The contrac-
tor' & report number is OR 3351. Any questions pertaining to the study or
use of the computer program should be directed to ASRMS-13.
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ABSTRACT

This study was undertaken to develop an exact mathematical formula-
tion of transient heat conduction to reduce the amount of idealization re-
quired by currently employed finite difference techniques. A two-dimen-
sional analysis is developed beginning with the differential equations for
conduction of heat in a segment of a hollow cylinder in polar coordinates.
An exact solution with constant thermal diffusivity and conditions of pre-
scribed surface temperature, convection, and direct heat input is written
in an infinite series of Bessel and trigonometric functions. Provisions are
made for incorporating a coordinate varying, arbitrary, initial temperature
distribution as well as coordinate and time varying arbitrary surface con-
ditions. A solution that incorporates the effect of temperature dependent
thermophysical properties is developed by combining the exact solution with
a finite difference approach., The sclution has been programmed for an IBM
7090 or 7094 digital computer,

The geometry of the problem is indicative of wing leading edges such
as found on the ASSET vehicle. It is anticipated that this geometry will
remain applicable to many future vehicles.
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Symbol
Text FORTRAN

a ALP

B BOO

Y G

e] T

b PHI
N

a G

€ EPS

o) PEO

k.. AKij
1]

£ ALij
1]

R

k EKO

C CEO
P
B
F
L

NOMENCLATURE

Meaning

Thermal diffusivity

Eigenvalue in Bessel function argument (radial
position)

Eigenvalue in i{rigonometric argument (angular
position} transient case

Time (Capitals used for time function)
Angle {(Capitals used for angular function)
Dummy variable in Duhammel relation

Eigenvalue in trigonometric function argument
(angular position) steady-state case

Eigenvalue in hyperbolic function argument (radial
position) steady-state case

Density
Heat transfer coefficient

Boundary condition constants at ¢

Boundary condition constants at r
Radius (Capital used for radius function in text}
Thermal conductivity

Specific heat

Units of heat
Units of temperature

Units of length

ix
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Symbol

Text

FORTRAN

SA

sin

|

aw
ri
r2
bl
T¢2

A

BZ

GO

Meaning

Coefficient in initial temperature distribution ex-
pansion

Coefficient in trigonometric expansion

Coefficient in Bessel series expansion

Coefficient in coordinate varying surface tempera-
ture distribution expansion

Temperature

Convection sink temperature
Temperature component, steady-state effects
Temperature component, initial temperature dis-

tribution effects

Temperature component, partial coordinate vary-
ing temperature effects

Temperature component, coordinate varying and
dummy time variable expression

Temperature component, steady-state with dummy
time variable

Temperature component, partial coordinate vary-
ing effects with dummy time variable

Temperature difference above 500°F used in sample
problem

Adiabatic wall temperature
Temperature at rq face
Temperature at rp face
Temperature at ¢1 face
Temperature at ¢, face

Temperature component, coordinate and time vary-
ing temperature effects
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Symbol
Text FORTRAN Meaning
Iij General notation for boundary condition indicator
L0 RL Arbitrar_'_y coefficient
ME GM Arbitrary coefficient
Ni WNi Arbitrary coefficient
Pcr P Arbitrary coefficient
QE Q@  Arbitrary coefficient
le, Ze SA, SB Arbitrary coefficients
w W Arbitrary coefficient

Note: Capital letters with asterisk (*) are used for arbitrary constants
in the development of particular solutions fo distinguish from the
game letter used in the general solution. In general, there is no
direct relationship between similar letters used in this manner in
the two solutions.

Prime denotes differentiation.
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SECTION I - INTRODUCTION

The differential equation for two-dimensional conduction of heat in a
cylinder with constant thermal diffusivity written in polar coordinates
is :

1 8T 1 oT
- i + .
af 2 PZ 2 r or (1)

This report develops an exact solution to this differential equation as ap-
plicable to a segment of a hollow circular cylinder. Various cases are sol-
ved to provide for arbitrary initial temperature distribution and arbitrary
time and coordinate varying conditions at the boundaries. A solution that
incorporates the effects of temperature dependent thermophysical properties
is developed by combining the exact solution with a finite difference approach.

The sclution has been programmed for an IBM 7090 or 7094 computer.
The program provides for input of the arbitrary functions as coefficients of
polynomials up to Tth degree or as tabular data.

Manuscript released by the authors 23 September 19863, for publication as
an ASD Technical Documentary Report.
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SECTION II -~ MATHEMATICAL FORMULATION (CONSTANT
THERMOPHYSICAL PROPERTIES)

A. SIMPLIFICATION OF GENERAL PROBLEM

The general solution must satisfy the initial condition of a coordinate
varying temperature distribution and the boundary conditions of coordinate
and time varying temperatures or heat flux at the surfaces. The solution
will be developed in such a way that the arbitrary coordinate and time
varying functions of temperature may be input as a surface temperature,
or convection at the surface into a medium at a temperature, defined by
the arbitrary function. 'Temperature at the Surface' refers to either of
these modes,

If T (6, r, ¢) represents the temperature at {r, ¢) at time 4, the initial
and boundary conditions may be expressed as

T {8, r, ¢) = h (r, ¢) 8 =0 (2)
O k. T=k F  (r)e(8) .

K113 TRip T 7 kg ¥y (W08 ¢ "¢y (3)
8T , )

Ky ag T lgp T = Kyg Fyp (0)E(0) 6 =6, (4)
8T _ )

Liygp 4 T4 F ) (9)(0) r=ry (5)
8T

1oy Tlag T = dpg Fpp (4)8(6) reTy (6)

where kij's and fij' s are constants. Selection of various values of these
constants alters the mode of heat transfer from the body to the prescribed
arbitrary function at the boundary. Application of these constants to im-
pose surface temperature, convection, heat flux, or insulation are discussed
in the section on interpretation of boundary conditions (Section III}). The
mathematical model is shown in Figure 1.

i AR et i
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£ = + f T=ﬁ.23g(9) Fr (d)

aT

ko125 TR T =K

aT

ki1 g tRg T = kye(0) Fy ()

-

/

-7 <¢1 <0
Figure 1. Mathematical Model

Conditions (2) through (8) can be satisfied by

o
_ _ 9 .
T=T(6, r, ¢)= T.l (6, r, ¢) + S'O{g().)}%ae [I‘s (r, ¢) - Tsi (0 -\, r, cp):lfdh

=T (6, £, 6) ¥ T, (0, £, 6) (7
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(Refer to Paragraph 1.14 of Reference 1 for discussion of simplification of
general problems of conduction.)

Here Tj (8, r, ¢) is the solution to the problem with an arbitrary initial
temperature distribution and homogeneous boundary conditions. This
solution is referred to as Case I and is treated in detail in subsequent
paragraphs. The second term in the second member of (7) is the applica-
tion of Duhammel's theorem to impose time variant boundary conditions.
The theorem as applied here is that if g(A\) [ Tg (r, ¢) - Tgi (6, r, $)] rep-
resents the temperature at (r, ¢} at time 6 in the body with initial tempera-
ture equal to zero, while its surface temperature is a function of %, r, and
¢, then the solution of the problem in which the initial temperature is zero,
and the surface temperature is a function of 8, r, and ¢, is given by the in-
tegral expression in (7). This integral expression, stated more simply as
TB {8, r, ¢), is referred to as Case IV.

Tg (r, ¢) and Tgi {8, r, ¢} are required to develop Case IV. Tg (r, ¢}
is the steady-state solution to a problem with coordinate varying surface
condition. It is treated as Case Il in this report. Tg; (60, r, ¢) is the tran-
sient solution to a problem with an initial temperature distribution equal to
the solution to Case Il and homogeneous boundary conditions. This is Case
III. Case II minus Case III constitutes the solution to a problem with zero
initial temperature and coordinate varying boundary conditions as required
to develop Case IV. Rather than handle this case as a specific problem the
results of Cases II and III are directly applied to Case IV,

As implied by (7), the sum of the solutions to Case I and Case 1V con-
stitute the solution to the general problem defined by (1) through (6).

B. CASE I - TRANSIENT SOLUTION WITH ARBITRARY INITIAL
TEMPERATURE DISTRIBUTION AND HOMOGENEOUS BOUNDARY
CONDITIONS

1. PARTICULAR SOLUTION

The partial differential equation to be solved is

or_ |gfr 1 @' 1T .
96 arz r2 8¢2 r dr .

We assume a product solution of the form

T (6, r, ¢} = 6(0)R(r)&{s). (8)

oy
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Substituting (8) in (1) we obtain

R#6' = o [eem" +“1§eRq;"+—l-e¢R'] .
r r
Rearranging
6 _R", 1 3" 1R
ad R 2 & r R’
I
which leads to
' 1 b1 1 3" 2
_—= = +=R'| + - == -

where 8 is a constant.

From the first and third members of (9)

0! + B0 = 0. (10)

By the methods of ordinary differential equations, (10} is satisfied hy

2
0 =K e f

From the second and third members of (9)

2 1
I " 1 2 2 £ 2
— +—R'| + . A
R [R rR] r B s ¥ {11}

where y is any constant.
From the second and third members of (11)
n 2
8" +vy" 3 =0, (12)
which is satisfied by

&= A" sin v + B* CcOS yoé. {13)
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From the first and third members of (11)

r2R"+ r R+ (12 g -yz)R=O, (14)
which is a Bessel equation of order vy, satisfied by

R=C*J (Br)+ p*I_ Br). (15)

Accordingly, (1) is satisfied by
sk pL b
T (9, r,¢)=K[Aksin vé + B cos yci)]

2
[c* 7,8 +D* T (Br)] e~P P (16)

2. GENERAL SOLUTION

We consider here the general solution to Equation (1) with the initial
condition

Ti (8, r, ¢) = h (r, ¢) H=0 (2)

and the houndary conditions

aT.

N
1

k11 8 T Ri an

n
o
<
1
5
—

T,

k. —+k__ T,

21 86 | 22 i (18)

f
je]
=N
i
.e.
[A]

oT.

1. —+1 T

11 ar " hi2 4 1 (19)

]
o
H

1
b

aT

i
—+ = =
121 or £22 Ti 0 r=r, (20)

Note that (12) may be written

oT
a .
—(—-5-) + yz T, = 0. (21)

e T TN

AT T e S 1
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Here, (17), (18), and (21) constitute a Sturm-Liouville System (Reference
9, pages 254 to 268) with a weight function equal to unity.

Similarly, (14) may be written

8T
o i 2 1 .2, _
ar( ar)”qu T YT 70 (22)

Here {19}, (20), and {22) constitute a Sturm-Liouville System with a weight
function equal to 1y,

Accordingly, the General Solution may be handled as a Sturm-
Liouville System, which is a particular type of eigenvalue problem. The
Sturm-Liouville System satisfies the orthogonality properties and can be
made orthonormal by the application of a normalizing factor in the solu-
tion.

Since the boundary and initial conditions establish a relationship be~

tween the arbitrary constants in (16}, and since the differential Equation (1}
is linear, we may rearrange the constants and write as a series expansion

2
_®w i -3 0
Ti (6, r, &) = %% AYB [BY sin y$ + cos \nb] [CYB JY {8r) + J‘Y (Br)] e

(23)

The boundary conditions {17) and (18) require that

- i + 1 + =
ki 4 [Byycosyq)l ysmyqal] L [B_YSm'yd:l cosyq:l] 0 (24)

H

- i + i +
ko [BY Y cos y¢, - Y sin “’4’1] Ky [BY sin v, + cos y¢1] 0 (25)

The equation for the eigenvalues vy is obtained by eliminating B from
(24) and (25) which results in Y
+ ] - -
[kllycos yq>1 k12 sin yq:l] [klz cos yqal klly sin yqal]

+ i - -
[kzl Yy cos yo, + k,, sin Ytbz] [kzz cos yo, - k,, v sin ycbz] (26)

where y's are the positive non-zero roots of (26). Also from the boundary
conditions (24) and (25)
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- + ]
k12 cos yci:l k“ysm ydpl
B, = k cos yb, + k. __ 8in y¢ @7
Vo R YEORN® T Ry SIS,

- + i
_ 1‘:22 cous \(¢2 k21 v sin y¢2 28
N + . -
k21 ¥ cOs y¢2 k22 sin y¢1

Similarly, from {19) and (20)
Ell [C\(B J'Y (Brl) + I -y (Brl)] + 112 [CyB JY (Bri) + J‘Y (Brl)] =0
(29)*

‘a1 [CYB J'Y Bry) v J! -y (Brz)]+ t22 [CYB Ty (Brg)+ Ty (Brz)] "0

(30)
The equation for the eigenvalues 3 is obtained by elimination of C 3 from
(29) and (30), which results in ¥
1 + 1 + &
[111 J y (Br)+1,, I, (Brl)] [111 J . Br)+ 4, I_y (Br )
=0 {31)

[121 It Bry) +ay, T (Br2)] [121 It Bry) 4y, Toy (Brz)]

where A's are the positive non-zero roots of (31). Note that for every y
there is a corresponding set of 8's.

Also from {29) and (30)

- A J'_Y (Br)) - 4, Ty (Br))

C =
v3 £y le (Brl) L, Jv (Brl)

(32)

iy T Bry) -4y, T Bry)

(33)
JI'Y (Br2) + 122 JY (Brz)

L1

r

0
*Take caution in the notation J' {(8r.}, etc; hereJ' (Br) = — [J (Br)] o,
¥ 1 Y 1 or v r=r,

etc. Some authors use the notation ﬁJ'Y (Brl).

P R A ek i s

R e
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We expand the initial temperature distribution in the form

o0 oo
hir,9) =Z [ = AYB [ VB J (Br) +J_ (Br)]] [BY sin yé + cos y¢:|

Y i3
where
2
5 hir, o) [B sin yo + cos \Jd)] d
o ) dpl N
5 h [CYB (Br)+ 7 (Br)] - -

[B sin yé + cos yd)] 2 4o
o1 LY

which leads to

H2 A2

\

hi{r, B i C J d
AR { rj))[ y gsin yo + cos yq:] [ V8 {(Br) + _Y(Br)] rdr doé

Ava T e T e ;

g‘ r[C J (Bry+J  (Br){" dr (‘ B sinyo + cos yo | dé

. YB Ty -y 3 Y

rl $1

(34)

The terms in the denominator of Equation (34) do not contain the arbitrary
functions and as such may be integrated directly. The integration is carried
out in Appendix A.

The general solution for Case I is

o0 o0 2
= : -afi 4
T, (6,7, ) ?EAYB [BY sin vy + cos w} [CYB T, )+ (Br)J e
(23)

where AYr . B, and Cyg are defined by (34), (27) and (32) respectively.
v's and 3's are defined by {26) and (31).

C. CASE II — STEADY-STATE SOLUTION WITH ARBITRARY COORDI-
NATE VARYING BOUNDARY CONDITIONS

1. PARTICULAR SOLUTION
The differential equation to be solved is

a2 T 9% T 8T

1 8 1 s
+ —2' + =0, (35)
ar r ddb

2 T or
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We agsume a product solution of the form

T, {r, ¢) = R(r) & ($).

Substituting (36) in {35) we obtain

$R" +—1—Rq>” +-1—-1> R' = 0.
2 r
r
Rearranging
2 R" R! 3" 2
—— e T emw =
r R R 5 - ¢

where 6 is any constant.

(36)

(37)

(38)

From the second and third members of (38)

@"+¢52§=0.

(39)

By the methods of ordinary differential equations, (39) is satisfied by

& =K*sin 6% + L* cos 64
and we set

s =lnr.

(40)

(41)

Substituting (41) in the first and third members of (38)

R"-azR =0,
s s

which is gatisfied by
RS = M* sinh s + N cosh &s.

Accordingly, (35) is satisfied by

T, {r, ¢) = [K* sin 66 + L™ cos 5¢] [M*

Returning to (38) we rewrite as

2 R" R! 9! 2
r —+r-—=-—=-¢

R R &

where e is any constant.

10

(42)

(43)

sinh(6 lnr) + N* cosh (& In r)]
(44)

(45)

R S A B N
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From the second and third members of {(45)

' - ¢ ®=0, (46)
which by the methods of ordinary differential equations is satisfied by

& =S sinh ¢ + T cosh cé. (47)

From the first and third members of (45)

rzR”+r‘R'+e2R=0. (48)
Setting s = In r, (48} becomes
R; + 62 Rs = (. {49)

This ig satisfied by

RS =M sin es + N* cos es; (50)
that is,
R = M* sin e(ln r) + N* cos ¢(ln ). {51)

Accordingly, (35) may also be satisfied by

T_(r, $) = [M* sin e(ln r) + N* cos e{In r)] [S* sinh (eo) + T* cosh (e¢)]
(52}

Note that {44) and (52), both of which satisfy (35), differ as a result of
the change of sign of the constant term chosen in (38} and {45) respectively.
The resulting difference is an interchange in r and 4 in the particular solu-
tions. Both of these particular solutions will be used in the general solu-
tiong that follow. General solutions that require expansion of arbitrary
functions in ¢ will utilize (44) in such a way that the expansion will be peri-
odic in ¢. General solutions that require expansion of arbitrary functions
in r will use {52) to obtain an expansion periodic in r.

2. GENERAIL SOLUTION
The boundary conditions to be satisfied are

T o k. T=k

117 12 13 Fp1

(r) =0 (53)

11
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ko1 3 T Kaa T = Kgg Fg (1) ¢

I
-
™
——
o
S
v

r— = =
L - LT fISFrI(cb) r=r {55)

T i i}
Lo13r T lag Tty T g (9 T (56)

The general solution will be developed as the sum of four solutions
in the form

’I‘S {r, ¢) = Tsr2 (r, 0) + Tsr1 (r, ¢} + qu;l (r, ¢) + Tsd>2 (r, ¢). (57)

The four solutions will be referred to as Cases Ila, b, ¢, and d and will bhe

obtained by alternately assigning the boundary conditions (53) through (56)
with the remaining boundaries homogeneous.

. Ila, T
a. Case lla <r2 (r, o)

The boundary conditions to be satisfied are

o

K113 TR Tg =0 ¢ =y (58)
oT,

ko130 TRy T =0 ® =0y (59)
oT_

+ = =

!II or 1712 TS 0 r=r, {60)
oT

Tor7ar Tlap Ty =gz Fpled r=vy (61)

We use the form of the particular solution (44). Rearranging the
arbitrary constants and expanding as a series solution we obtain

(=]
Tsr2 (r, o) = i Lc [ZG sin o¢ + cos crdp] [Nzc gsinh (o In r} +cosh (¢ In r)].
(62)
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The boundary conditions (58) and (59) require

Z, - & si + i
kll [7600050431 qucd)l] k12 [chmc7¢1+cosc¢1:| 0 (63)

|
=]

-osi + 7 g
k21 [chrcosme Usmmbz] k22 [?Gsmcrbz‘l“cosocbz:l (64)

Eliminating Z; from (63) and (64) we obtain the equation of the eigen-
values o in the form

sin 0¢>1] [k12 Cos cr<1>1 - kll o sin crcpl]

[kll g COs crzbl + k12

"
o

+ i - :
[k21 g cos Urbz k.. sin cr¢2] [k22 cos crd>2 k21 ¢ 8in G¢>2]

22
{65)

Also from (63) and {(64)

-k12 cos cran + kll g sin cr<¢>I

7 - (66)

o) k“ g cos mbl + k12 sin crdal

- + i
Kyqy cos oy k21 o sin 09,

k21 g CcOos U¢2 + k22 sin 0¢2

(67)

Condition {60) requires that

1 .
— +
Ell > [NZO_()'COS}'! (o 1n rl) o sinh {o 1n rl)]

) + cosh (o In rl)] = 0, (68)

+ .
Ji 12 [Nzg sinh (¢ 1n ry

which gives

o .
- fllr—smh(cln 1."1)--1212

N, = 1 (69)

o .
. : +
! r cosh (g In rl) ﬂ12 sinh (o 1n rl)

cosh (o 1n rl)

13
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Expanding condition (61)

o0 £
21 .
- —= +4
223 Fr2 (¢} § Lcr T, i[Nggocosh(olnrz) crsmh(clnrz)]

X I:Z0 gin o¢ + cos de]

+ !22 [NZO' sinh (¢ 1In r2) + cosh (o 1In rz)]

X [Z(T sin o4 + cos aq)]% , (70)
This leads to
$2
1235‘ 1 Fr2 () [Z(J sin o¢ + cos c¢] déo
L = i (71)
a o2 9
Y20 514,1 [Za sin op + cos c¢] do
where

f21N26° 1210
v = +2_.N i
20 ry iRy COSh(Ulan) r, f99Nog smh(alnrz). (72)

The integral term in the denominator of (71) may be integrated directly.

This is in the same form as the trigonometric function in (34). See Appendix A.

b. Case ITb, T,.q1 (r,¢)

The boundary conditions to be satisfied are

BTS
K11 86 Tk, T =0 ¢ =% (73)
BTS
kzl—g- +]t<22 TS=O ¢‘¢2 (74)
BTS
T =¢,F (¢} r=r (75)

_ % =
JZ11 ar £12 s 13 " rl

14
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oT

s
— = 4+ = =
221 s f22 TS 0 r r'2 {(76)

We use the form of the particular solution (44). By methods similar
to Case Ila, the general solution may be written as

[+ 0]
T 1 {r, ¢) = § P_ [Zo sin o¢ + cos crcb]
x [Nlo sinh (o In r) + cosh (o In r)]. ; {(77)

Where ¢'s are the real positive roots of (65), Z, is defined by (66) or
(67),

&2
1135 F_, (4 [chin0¢+coso¢]dd>

- ¢l
YIGS [ZU sin o¢ + cos oci)] dé
¢l
2z N, o {..a
11 " 1g 11 . .
= P — + _
ch ( 5 + 212) cosh(crlnrl) ( > +112N10) smh\olnrl),
(79)
and
o .
- 1213 sinh (o 1n r2) - 2,, cosh (o 1n r‘2)
Nla ) g ' (80)
121 1-";- cozsh (o In r2) + f22 sinh {o In rz)

The integral term in the denominator of (78) may be integrated directly.
This is in the same form as the trigonometric function in (34). See Appen-
dix A.

c. Case Ilc, Tgy1 {r, ¢)
The boundary conditions to he satisfied are

oT

8 v x..T =k

K115 12 Tg " K13 ¥y

(r} ¢ =4, (81)

15
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OT

Ko1756 T Ko T =0 =y
BT

T P Tt 0 rEry
BT_

Loy VYl Tg =0 L=Ty

(82)

(83)

(84)

We use the form of the particular solution (52). By methods similar

to previous cases the general solution ig
00
= ‘ +
Ts¢1 (r, ¢) ;E Qe [I’\/IE sin (e In v} + cos {¢ 1In r)]

X [Sle sinh ¢¢ + cosh e¢>]

where e¢'s are the positive roots of

(85)

[4 i £, ¢ T
= cos(elnr-l)+lezsm(elnrl):l L!lecos(elnrl)- sm(elnrl)
L "1 1 J
= 0'
F_! € - f ¢ -
v, cos(eIn r'2) +121 sin (e 1nr2) !22 cos{eln rz) - ; sin{e ln r2)
(86)
Ell c
) sin {e¢ In 1:-1)--;212 cos (e In rl)
M = s (87)
€ 21 €
T cos (¢ In 1"1) + 112 sin (e 1In rz)
r2 dr
. + dr
k13 S Fd)l (r) [Me sin (e In r) + cos (¢ In r)]
Q - rl
€
+ i + +
[(kll € klZSle) sinh e ¢, (kll €S, klz) cosh edal]
X 1 »
r2 2 dr
S‘ [M sin {¢ In ) + cos {e 1n r)] — (88 )%
rl € r

*See Appendix A for integration of the denominator.

16
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and

- k21 sinh e¢2 - k22 cosh e¢2

S, = - . (89)
+
le € k21 cosh e¢2 k22 sinh e¢2

d. Case IId, TS¢2 (r, ¢

The boundary conditions to be satisfied are

oT_

K11 56 T RgTg ™0 ¢ =y (90)
BT

ky13e T Raa ToThagFyu(r) 4= (1)
oT

Ell P +£712TS=0 r=r, (92)
BT_

Loy or Tl Ty =0 S TEr, (93)

We use the form of the particular solution (52). By methods similar
to previous cases the general solution is

o0
Ts¢2 (r, ¢} ='€Z WE [ME sin{e lnr)+cos(e In r)] [82€ sinh eo +cosh ed;]

(94)
where ¢'s are the real positive roots of (86), M is defined by (87),
€
r2
k (l F _(r} [M sin {¢ In r} + cos (e In 1) dr
23 “r1 2 €
W = :
+ +
€ EkZI € tky, Sze) sinh e¢,, (k21 6826 kzz) cosh eci)z:'
N 1

r2 2 dr

S‘ [M sin (e In r) + cos (¢ 1n r)] = (95)*
rl ¢

*See Appendix A for integration of the denominator.

17
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and

- € kll sinh e¢1- cosh eq;l

k12

S, = : . (96)
2¢ € kll cosh e¢:l + k12 sinh e¢1

Returning to (57) we now write
[+
TS {r,¢) = %[L(J Zcr sin o¢ + cos crqa] [NZG sinh (¢ In r) + cosh (¢ ln r)]

oo
+Z P [Z gin od + cos 0¢] [N sinh {6 In r) + cosh (g In r)]
s oL O lo

[+.]
I Q [ME sin {e In r) + cos {¢ In r)] [Sle sinh e¢¢ + cosh e¢)]

€
|+ o}

+Z W [M sin (e In r) + cos (¢ 1n r)] [S sinh e¢ + cosh e¢]
€ € € Ze

(97)
where o's, ¢'s, Lg, Pg, Q¢, W¢, Zg, Nog, N1g, M, 51, and Sg, are delined
by (65), {86), (71), (78), (88), (95), (66), (69), (80}, (87), (89), and (96) respec-
tively.

D. CASE III — TRANSIENT SOLUTION WITH INITIAL. TEMPERATURE
DISTRIBUTION EQUAL TO THE SOLUTION OF CASE II AND HOMQ-
GENEQOUS BOUNDARY CONDITIONS

This problem is similar to Case I except the initial temperature distri-
bution is equal to Tg {r, ¢) rather than h (r, ¢).

The boundary conditions to be satisfied are

aTsi
+k = =

511756 12 Tei 7O ? =9 (98)
aTsi

K155 F¥aa Tei =0 o= by (99)
8Tsi

b e e, T =0 eerg (100)

18
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BTsi
!?21 o +E22Tsi=0 r‘=r‘2 {(101)
with
Tsi = Ts (r, ¢) initially. (102)
The solution may be written directly by the method of Case I as
o0 00 2
T (8, r,¢)=Z=ZG [B gin y& + cos ycb] [C J {Bry+J (Br)] e-aﬁ 9
st v B vB Y vB Ty -y
(103)
where
b2~ 12
T (r,¢} |B sinvyée +cos C J (Br)+7J r)] rdrd
5;1 j;l J(r.e [ , Sinve vd:] [YB JBO+T_ (B 6
G =
YB 2 2 r2 5
( [B sin y¢ +cos ycb] dé 5' ric ,J (Br)+J (Br) dr
u¢1 Y rl YB Y ’Y

(104)

and y's,B's, Tg (r, 9), By, and C\‘,Bare defined by (26), (31), (97), (27}, and
(32) respectively.

E. CASE IV = TRANSIENT SOLUTION WITH INITIAL TEMPERATURE
DISTRIBUTION EQUAL TO ZERO AND ARBITRARY COORDINATE
AND TIME VARYING CONDITIONS AT THE BOUNDARIES

The boundary conditions to be satisfied are

8Ty

ku-—adT+k12 Ty = kg F¢1 (r} g (6} ¢ =&, (105}
aTg

k218—¢-+ kon Ty = Koq F¢2 {r) g (6) b = dg {1086}
T,

P17 Tl B T Ayg PV e(® ey (107)
T,

2218_r_+ tyo Ty =£23 Frz (&) g (6) r=r, (108)

19
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We introduce the dummy variable X and proceed toward a solution with

zero initial temperature and boundary conditions

BT)\
kll?g;*_km T,\=k13 Fq)l(r)g()k) Ct):d)l

BT}\

+k Th=k23F¢2(1")g(U ® = b,

ko1 Ba T Xa2

T
>\ —_— —
11 Tyl Ty T g Fap (@l e ) rer

aT
K = -—
f21 or +£22 Tx _£23 Frz(é)g(k) r=r

We set

T, = ’I‘S)\ {r, ¢, \) Tsn(ﬁ, r, ¢, \)

where
2 2
9 Tsk+-1—8 Ts?\ +18Ts>\_0
or r2 ¢ 9
with
T,
k11 B T Ria Tan® K3 Fyy (D 8
8T,
Ky 7% +ky, Tsk=k13F¢2 (r) g (\)
T
s SNy T =4 _F (¢) g (N)
11 &r 12 “sx 13 " ril
aT

SA _
fo1ar  Tlaa Ty a3 Frp (@) g (V) |

at the boundaries.
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Also
82 T 82 T aT oT
sin | 1 six 1~ six _ 17 si
31"2 r‘z 8¢2 r ar o 00
with
= f =
Tsi)\(g’ r, b, M) Ts)\(r’ ¢, A) at 0
as the initial condition, and
SiAx
-2 4 = -
K11 T80 K1z Tain 70 ¢ =4y
DTsi)\
K21 T30 T 22 Tain 70 ? =&y
Sik _ _
f 7o P T =0 r=r,
aTsi)\
—rrrrrrr— - = =
fo1 o Tlag Tan =0 T oy

at the boundaries,

(119)

(120)

(121)

(122)

(123)

(124)

Note that (114) through (118) are similar to (35) and (53) through (56)
(Case II) except that the arbitrary functions are multiplied by g (). Return-
ing to (97) we note that the arbitrary coefficients L, Pg, Q. and We are the
only part of the solution containing the arbitrary function. Accordingly, the
system defined by (114) through (118) has a solution similar to (97) except

that each term in the series is multiplied by g(\). We may then write

TS)L {r, o, M) = g (N Ts {r, &).

(125}

By comparison with Case Ill, which is similar, we can express the solution

to the system defined by (119) throuzh (124) as

(6, r, ¢, A) =g (W) T (8, r, o).

!

Tsik
Then from (113), (125}, and {126)

T, =g (M) [TS (r,4) - T, (6. r, ¢}]

21
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where (127) represents the temperature at (r, ¢) at time 0 in the body with
initial temperature equal to zero, while its surface temperature is a function

of r, &, and .. Applying Duhammel's theorem to {127) as discussed in Sec-
tion ITA, we obtain

g
i} 9,
T, (6,r.¢) = So g (\) 26 [Ts (r.o) - T, (8- r,¢)] dn, (128)
which is the integral expression that was presented directly in (7).

By differentiation of (97) and (103) with respect to 6 after substituting
8-\ for 8 we obtain the solution in the form

00 o0
T, (6,1, 4) = YEBE GYB [BY sin y¢ + cos w] [CYBJy(Br)hT_ Y(Br)]
8 2
X [aﬁz] ( g(Me” L™ C0-0] 5 (129)
s

where y's, 's, GYB, By’ and C\’ﬁ are defined by (26), (31), (104), {27) and
(32) respectively.

22
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SECTION III — INTERPRETATION OF BOUNDARY CONDITIONS

The mathematical formulation of the previous section has been developed
with general boundary conditions in which the selection of various indices is
used to apply the solution to various modes of heat transfer in the physical
prohlem. This section deals with the physical significance and dimensional
requirements of the various indices and arbitrary functions. To retain a
general applicability of the results, the system is developed in general units
of heat, length, time, and temperature. Angular units are in radians except
as noted in Section VI, Utilization of Program.

Since the results of this section are a key to program utilization, a sum-
mary is included in Table I, located in Section VI. Table I is developed at
this point, however, to avoid excessive detail in the utilization section and
to provide information required for solution of the variable thermophysical
property portion of the program developed in Section IV.

Returning to the boundary conditions, Equations (3) through (6), we re-
write a typical boundary condition as

Iﬂg—}-f-liz T=Ii3F(y, g) X =X (130}
where T is the temperature, x is the coordinate normal o the boundary, and
y is the tangential coordinate. Here the Ijj's are equivalent to the kjj and
£ij indices of {3) through (6). The general notation of {130) will be used to
explain the application of the indices to incorporate various medes of heat
transfer at the surfaces.

A. PRESCRIBED SURFACE TEMPERATURE

If we setI;; =0 andTjy = [13 = 1.0, (130) becomes
T =F (y, 9) X = Xy {131)

That is, the temperature at surface x; is a function of time and the coordi-
nate tangent to the surface. '

23
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B. INSULATED SURFACH

If we set I;1 = 1.0 and Ijp = I;3 = 0, (130) becomes

8T _ _

ol 0 X = X5 (132)
That is, the rate of change of temperature in the direction normal to x at
x; is equal to zero.

Note that in some cases setting Iyo equal to zero does not yield the cor-
rect result for a problem in which a face is insulated. Physically, the dis-
tinction is: If Iin is positive {see Part D of this section), the final tempera-
ture in a solid with an initial temperature distribution of hir, ) and zero at
the boundaries {Case I) will be zero no matter how small T;2. If all faces
are insulated the final temperature will be an average value of h (r, ).
Mathematically, the eigenvalue equations have a zero root. The series will
converge to the difference between the actual temperature and the average
temperature of the initial temperature distribution. In some cases this
average temperature could be incorporated by addition of a constant term
analogous to the first term in a Fourier cosine series. A term of this type
has been included in the steady-state portion of the program (Case II) to
handle the special case of I{ig equal toc zero on three sides. However, the
transient part of the solution necessarily contains Bessel functions of the
first kind of non-integer order. Since zero is an integer, the mathematics
will not handle a case where the eigenvalue equation, (26), has a zero root.

The boundary condition combinations in which the eigenvalue equations
will have a zero root are:

{1} If both kyp and ka2 are equal to zero;
(2) If both 2192 and £99 are equal to zero.

The latter case results in a zero root in (86). This set of roots, however,
is used only in the steady-state portion to input coordinate varying conditions
at the ¢1 and ¢3 boundaries. Accordingly, if non-coordinate varying func-
tions are input at these boundaries, a valid solution will result. That is,

£12 and £95 may both be set equal to zero provided k13 and kg3 are equal to
ZEero.

C. PRESCRIBED HEAT FLUX AT THE SURFACE*

If we set Ij1 = 1.0, Ij9 = 0 and I;3 = -11?, Equation (130) becomes

oT 1 _
P —kF(y,G) X = x, {133)

*Refer to Part B concerning I;5 = 0.
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That is, the rate of change of temperature in the direction normal to the
surface is proportional to a function of time and the coordinate tangent to
that surface. This is a prescribed heat flux of ¥ (y, 6) at surface xi. The
direction of heat flow is in the direction of decreasing x. Setting Ij1 = -1.0
reverses the direction of flow.* Here, k is the thermal conductivity of the
body and has the units

B
k~L6F (134)

From (133) and {134) F(y, 6) must have the units

B

F(y, 9) ~—7 (135)
6L

if x has the unit of length (L), such as in the r-direction of Equations (5) and

(6).

F (y, 8) must have the units

B
F (y, 6) ~eL - (1386)

if x is dimensionless, such as in the ¢ direction of Equations (3) and (4). In
application (136} is realized by setting

r -I‘1
F(y, 8} =

1n——-g-
S

f(y, 6) (137)

where f (y, 8) has the units

£ (y, 6) ~—§3 (138)
g L

which is similar to (135); and

~ L {139)

*A sign convention is introduced in Table I; a positive F (y, 8) always
means flux into the body.
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incorporates a log mean value of r such that the differentiation in {(133) is
with respect to the variable x in radians. Note that in (137) f (y, #) is the
prescribed heat flux at the surface,

The log mean r may also be incorporated by setting

T - T
.2 1 .1,
Ii3‘ r (k) (140)
2
n—
1

rather than—f{— at the ¢ boundaries.

D. LINEAR HEAT TRANSFER AT THE SURFACE (CONVECTION)

If we setIj; = 1.0 and Ijp = I.g =-E-, (130) becomes

8T _h .
Foiabn [F (y,0) - T] X = x, (141)

which is equivalent to

q =h(TC- T). (142)
Equation {142) defines heat transfer normal to the surface x; by convection
between the surface at temperature T and a medium at T, = F (y, 0). Here,

h is the convective heat transfer coefficient, and k is the thermal conducti-
vity of the body. The properties h and k must have compatible units so that

i)

oL°¥/ 1
B L

(BLF)

and F {y, 6) has the units F.

h
T~ {143)

As discussed in the previous section, {143) holds only when x has the
units of L. As before, at the ¢ boundaries a log mean value of r must be
incorporated. In practice this is realized by setting
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Note that the log mean r cannot be incorporated in the arbitrary function as
suggested in the prescribed heat flux case,

The direction of heat transfer is controlled by the relationship of T to T.
The direction can be reversed by changing the sign of 1{1. As previously
mentioned, a sign convention compatible with the structure of the solution
is introduced in Table I. This sign convention is developed 1o ensure the

correct heat flow direction in the application of convective houndary con-
ditions.

27
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SECTION IV ~ MATHEMATICAL FORMULATION
(VARIABLE THERMOPHYSICAL PROPERTIES)

The incorporation of the effects of temperature-dependent thermophysical
properties requires:

(1} Thermal diffusivity () varies as a function of temperature where

=X (144)
p p

{2) The boundary condition indicators I;9's and [;2's vary as a function
y i2 i3
of temperature as affected by k.

The resulting differential equation is non-linear and as such does not
lend itself to the principle of superposition of solutions as required by this
problem. An exact mathematical solution cannot be developed in which each
component temperature is aware of the temperature of the body as affected
by other components. Case I, for example, is aware only of the effects of
initial temperature distribution and would incorporate the effects of variable
thermophysical properties at temperatures associated with its contribution
to the overall temperature of the body. A reiteration is required to inform
Case I of what Casge IV is doing, and conversely,

The above mentioned effects are incorporated by recycling the solution
for constant thermophysical properties and varying the thermophysical
properties in response to the temperature of the preceding cycle. Basically,
this is achieved by inputing p, C.,, and k as functions of temperature and
defining an initial eg and ky. ag is a "first guess” at the ¢ associated with
the initial temperature distribution; kg is the value of k used in determining
I.,'s and I;3's. The initial temperature distribution is calculated first.

'f‘ae properties p, C,, and k are evaluated at the average temperature and

used to calculate a new o and correct the Ij2's and Ij3' s as affected by a ¢
change in k. The temperature distribution at time 81 is then calculated.

The properties p, C,, and k are re-evaluated from the temperature distri-
bution at time 61. new ¢ and corrected I;5's and I;53' s are evaluated and i
the temperature distribution at time 6, is inserted as the initial temperature
distribution for calculation of the solution at time 69. The program continues i
in this manner for defined increments of time up to 6. B
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SECTION V_~ PROGRAMMING

The application of the mathematical formulation of the previous sections
is practical only when programmed on a high-speed digital computer; there-
fore, a computer program has been developed for use on an IBM 7090 or 7094
computer. The flow diagram for the program is shown in Figure 2. Infor-
mation required for use of the program is included in Section VI. The
FORTRAN program listing is given in Appendix B.

The program provides for input of the arbitrary functions as polynomials
or as tabulated data. All integrations are carried out numerically by
Simpson's rule. Numerical integration is used so that the arbitrary coeffi-
cients may be evaluated from arbitrary functions defined by tabulated data
or coefficients of polynomials. The handling of tabulated data is required to
transfer the solution of Case II into the final solution and to recycle in the
variable thermophysical solution as well as to handle tabulated inputs. Actu-
ally, special cases of input functions can be integrated by exact methods and
programmed algebraically; however, because of the requirement to accept
tabulated data, the numerical integration is used throughout the program. The
increased complexity of incorporating the special cases in a more exact form
is not justified by the moderate increase in accuracy.

The program also provides for an input of the desired accuracy. In theory
this would allow for extreme accuracy by increasing the number of terms in
the series. In actual practice, however, the storage capacity of the machine
limits the number of terms that can be summed. Machine overflow could
also occur in the hyperbolic functions {or large eigenvalues. To provide the
greatest flexibility regarding accuracy, the printout will inform the uger in
the event the series does not converge to the input accuracy requirement.

If this occurs at the maximum number of eigenvalues, the accuracy require-
ment must be reduced. This scheme provides the user with a knowledge of
the maximum accuracy he can obtain for his problem.

A special subroutine DESI is used at the beginning of the program. This
subroutine is used for defining input and output tape designations to provide
flexibility for use on various systems. As shown in Appendix B, the sub-
routine is set up for input on tape 2 and output on tape 10 as used at Martin
Orlando. If other tape designations are used cards 00000004 and 00000005
may be revised and the subroutine recompiied.
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SECTION VI — UTILIZATION OF PROGRAM

A. RESTRICTIONS

1. COMBINATIONS OF BOUNDARY CONDITIONS

See Table I for boundary condition indicators required to obtain various
heat transfer modes at the surface.

a. Do not set both kq9 and kg equal to zero.

b. If both 19 and £995 are equal to zero, then k13 and kog must also
be equal to zero.

2. GEOMETRY
a. Angular Boundaries

(1) -7T<¢1<¢2“\7r
(2) o, # - 6, * 2 degrees

(3) - b # n {90 4 2 degrees) when n is an integer

62
h. Radial Boundaries

{1) r £ 0
(2) rl;é 1+0.01
(3) r, #£1+0.01

B. DESCRIPTION OF OUTFEUT

(1) Eigenvalues v, 3, and ¢ will be printed and noted as such for refer-
ence. o is equal to vy.
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TABLE [
Boundary Condition Tndicea for Varicus Heat Transfer Modes
Hent
‘Transfer Units of
Mode Boundary Equation k¥ kyz ky3 kg k22 kg Pyy* | dya | ty3 ) 221 | a2 | 1pg |F (r), F (¢)
Atd =9,
Surface |T = F“ {r) g {a) 1] 1 1 - - - - - - - - - I
Temp 1
Heat n=F_ (r}g(0) =1 ] r. =T - - - - - - - - - B/L? B
» 271,
Flux 1 T i
T
Con- gch F“ ey gle-T|f -1 LEER S - - - - - - - - - ¥
vection t 5] 6]
v k 3 K
2 2
In — In -
1 1
Insulated [ g = O 1 o aQ - - - - - - - - - -
Surface "~
At b = ép
Surface T = F¢ {r) g () - - - 0 1 1 - - - - - - F
Temp 2
Heat as¥, (r) g (0} - - - 1 0 2T - - - - - - B/LE @
Flux 2 iE)
T
2
In—
1
Cnn-_ q=h F¢ (ry g (o) - T - - - i Ty L n 2" T h - - - - - - F
vection 2 r (_IE) r (EJ
2 2z
In — ln =
1 1
Insylated g =0 - - - H 0 ) - - - - " - -
Serface - B . L
Atr=ry
Surface T = Fr (&) g (8} - - - - - 0 1 1 - - - F
Temp I
Heat q=F_ (s}gle) - - - - - - -1 o [the } - | - | - B/L? 0
Flux 1
Con- a=hfF_ (4] g {6} = T| - - - - - - - h/k | hfk | = - - F
vegetion 1
Insulated Jq = 0 - - - - - - 1 [} 0 - - - -
Surface
Atr =rg
Surface T = F_ {4) g (@) - - - - - - - - - ¢ |10 |Lo F
Temp 2
Heat q=F, (4 gin) - - " - - B - - - 1|0 |1/ B/L2 8
Flux 2
Con- q=h|F_ ($Igle)-T - - - - - - - - - 1 | Wk [k F
vection T2
Insulated | =0 - - - - - - - - - 1 o a -
Surface N

#Negative aign on ki and #q) for convective Input and heat flux input; with signa as noted here positive Fir) or F(4) give heat fow inte surface fur heat

flux input. (Negative F{r} and F{} glve heat flow out.) The convective input sign convention used here is necessary to ensure correct heat flow direc-
tion in the variocus solutions of the general solution.

(2) The input indicators, kij and fija will be printed and noted as such.

(3) A lattice network of 21 by 6 temperature points representing the
steady- state solution is printed for reference to check convergence
of that portion of the solution. Corresponding values of r and ¢ are

noted.
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(4)

(5)

(6)

(7)

If the first series defined as

= a]
? La [Zg sin o4 + cos csq)] [NZU sinh (o In r} + cosh (¢ In r')]

oC
*Z P [Z sin od + cos 0¢] [N gsinh (¢ In r) + cosh {¢ In r)]
g O a lo
does not converge within a given tolerance, ''0'" will be printed at

its corresponding lattice point and the following message will appear
in the output:

NO CONVERGENCE FOR FIRST SUMMATION PHI = X, R = Y.
ZERO WILL BE PRINTED AT THIS LATTICE POINT.

If the second series defined as

[+ 8}
:43 Qe [ME sin {¢ In r) + cos (e In r‘)] [Sle sinh ¢¢ + cosh e¢.]

[* ¢}
h 2 - : +
+>£ WE [Me gsin{e Inr) + cos (¢ In 1)] [S26 sinh ¢¢ + cosh €¢]

does not converge within a given tolerance, "0'" will be printed at
its corresponding lattice point and the following message will appear
in the output:

NO CONVERGENCE FOR SECOND SUMMATION PHI= X, R =Y.
ZERQ WILL BE PRINTED AT THIS LATTICE POINT.

Il 249 +f99 t kyg + kgo =0, the following message will be printed:

INFINITE STEADY STATE SOLUTION

A lattice network of temperatures at the time roquested will be
printed. The latlice is defined by gelection et 1 - MM - 20, where

by = 9y is civided into MM evenly spaced points, and 1 < NN -7 5, where
ro - iy is divided into NN cvenly spaced points. Note that the number
of points printed is (MM + 1} {NN + 1}, The corresponding values of
roand o are noted for columns and rows. The corvesponding fime is
prinied directly preceding the temperature lattice,
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(8) If the series defined by

00 oo

: -af
i? AYB [BY sin y¢ + cos yd:] [CYB JY (Br) + J'Y ( Br)] e

2
g

00 o7

Yy B

does not converge within a given tolerance, "0" will be printed at
its corresponding lattice point and the following message will appear
in the output:

NO CONVERGENCE WITHIN TOLERANCE PHI=X, R=Y.

C. INPUT DATA FORMAT

1. DATA ENTRY

a. All inputs, except those underlined, are read into the computer as
floating point numbers; they occupy a 10-column field. These numbers and

 their associated decimal points may be entered anywhere in the 10-column

field. Decimal points must be present.

b. All underlined inputs are read into the computer as integers. These
numbers, without the decimal point, are entered to the far right of each 10-
column field.

2. INPUT DATA REQUIREMENTS

The input data necessary for one run consists of the following infor-
mation. The complete sequence of cards can he repeated for stacked runs.

d 1

(This is a 72-column comment card for identification of the problem.)

”

Card

k k k.. k, k k 1)

11 12 13 21 22 23 J —— Card 1
1011 30I21 30131 “ap[a1 0151 aolgr 70l
where
Ky po k12, C e k23 = input constants {see Table I).
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IDD = indicator

(1) IfIDD =1, program will choose variable thermal diffusivity.

(2} I IDD =0, program will choose constant thermal diffusivity.
i 1 ( P E Y1a [ Ly [ 22 ] ' J TU['II Card 2
1111~ 20827 soidr T d40isy T Temisr  Tenler . ra)
where
111, ¢ 197 s 1323 = input constants {see Table I).

TUL1 = tolerance chosen for the series defined by (23) and (129).

The following method is used to determine convergence:

[lTa1\+ lTaz|- - ,Taﬁ!] + UTlBl + ITZBI Co lT (am1) (B-l)(] < TUL 1

where T B‘ g denote terms in series corresponding to successive eigenvalues.
@

S N T el N B B Rty

where

¢:1 = boundary angle, input in degrees

¢2 = boundary angle, input in degrees

ry = inside radius
ry © outside radius
MM = number of equal intervals of ¢2 - 431 printed out. 20> MM > 1
NN = number of equal intervals of Ty =Ty printed out. & > NN > 1
IPT =0 or blank. No intermediate print (yes = 1).
Sl M U e A A T I =
10011 20121 30131 41441 50161 60161 70)
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where

IND = indicator

(1)

Set IND = 1, initial temperature distribution to be read in as coef-
ficient of polynomial up to 7th degree-

(2) Set IND = 0, initial temperature distribution to be read in as data
points .
MI = degree of polynomial defining h,. (r} if IND = 1. Set equal to zero
if IND =0.
MI1 = degree of polynomial defining (h ¢'(d:') if IND = 1. Set equal to zero
if IND = 0.
NNU = estimated number of eigenvalues needed for convergence of f (r, ¢).
The input number is algebraically added te 25. In most cases,
NNU = -10 ig sufficient to handle convergence. If this is not suf-
ficient, input NNU = 0 in column 10 and 25 eigenvalues will be
generated. Do not enter NNU as a positive number.
MC = indicator
If
MC =1, hi¢,r) = h (r) + h¢(¢)
MC =2, h(¢,r) = hr(r} X h¢(¢)
MC =3, hi¢,r) = h (r) / h¢(¢)
MC =4, hi¢,r) = h¢(¢) / h (r)
MMC NNC Card 5
10/ 11 20121 oin 40]41 50151 60{G1 TH
where
rl r2
MMC = number of ¢'s. 1< MMC < 21. $q
to be read in as data points for h (r, 4}
NNC = number of r's. 1 <NNC < 6.
to be read in as data points for h {r, 4} 2
here:
MMC = 4
NNC =4

Note; Card 5 is required only if IND = 0; omit if IND = 1,
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If IND =1
80 a] 82 83 a‘l Bﬁ 216 card 6
N C Card 6a
7 if re-
10111 20121 30131 014177 7 TE0151 60161 70| quired
where
MI MI-1 MI-({MI-1}
= + + +
hr{r) a.r ajr a(MI- l)r + AT
Coefficients of h¢( &)
O . R —
bD bl b2 hli }14 b5 bﬁ Card 7
N I Card 7a
g if re-
1011 201 21 30031 anl41 50|51 60161 70l quired

where the coefficients of h¢(¢) will be listed in the following manner:

MI MI1-1 MIl-(MI1-1) +b

hfb(d)) =bge  tbyo + ... +b(MI1_1)¢ MI1

Note that ¢ is in radians.

If IND = 0, read in temperature for hir, ¢) corresponding to the lattice
points chosen.

hle . @) - - - . nlry. @) Card 6

T T T T Total of
MMC
o Cards

P@-W B ![ o ] ey dy) -

|l= Total of NNC 10-Column Fields ——=
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Omit Card 7 if IND = 0.

v MA Card 8
oI 11 20121 0031 ag(ad 50051 ROIG1 70

where
IN = indicator

(1) If IN =1, read in coefficients for g (A). The degree of the polynomial
may be as large as 7.

(2) If IN =2, read in 6, g{\} pairs. 8 must be ascending in order but
not necessarily equally spaced — maximum of 50 pairs.

MA = degree of polynomial defining g{») if IN =1

= number of 8, g(\) pairs if IN = 2.

If
! IN =1
o ‘1 2 3 4 ‘s s Card 9
. Card 9a
7 if re-
10011 20121 30(31 40141 50151 60161 70l quired

The coefficients are listed in the same manner as hr(r) with MA
corresponding to MI and ¢ corresponding to a.

If

IN =2

g, 3“1’ Ay g(\z) 6, g{lal Card 9
‘ ‘ Card 9a
‘ TN LY
as re-
10111 20121 30131 4nld1 50151 50161 Tl quired
THETA PEL EDEL Card 10
10/ 11 20l 21 30131 40141 50151 60161 70
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where

642

(1) HIDD =0

THETA = initial time

DEIL

= increments of time

EDEL = final time

(2) IfIDD

1

Place 0 in column 10.

BB CC

ALP

TT

101 11

where

2021

ani il

40141

50151

60161

70

Card 11

BB = constant placed in front of (23). If BB = 0, then corresponding
series is zero.

CC = constant placed in front of (129),
series is zero.

Otherwise set BB and CC equal to 1.

ALP = thermal diffusivity

TT = datum temperature.

Program will call {(r,4) + TT.

If CC =0, then corresponding

Cards 12 through 20 will be present in the input data, if, and only if

CC # 0.

TOL TOL1

miil

where

"T20181

30131

40141

50151

6061

70

Card 12

TOL = tolerance for first summation defined in Section VI B (4).

TOL1 = tolerance for first summation defined in Section VI B (5).

ENES

10111

20121

301131

414

1

50151

39

60

70

Card 13
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NI = indicator

(1) If NI = 1, read in coefficients of polynomial defining F¢1(r). The
polynomial may be as large as seventh degree.

(2) If NI = 2, read in data points for Fy1{r) — maximum of 50 points.
NU = number of intervals chosen for integration. If NU = 0 or if the
field is left blank, the program will choose 150 intervals. (100 intervals

are more than sufficient in most cases.)

MU

degree of polynomial defining Fg(r) if NI = 1

= number of r, Fg1{r}) pairs if NI = 2.

If NI =1
I
%0 ! B2 L 83 %4 Pg s ‘I Card 14
a Card 14a
o7 if re-
013 20121 KER ETYPY] 5nl51 G0l61 7 quired
where
F (r)=arMU+arMU-1+ a r +a
bl 0 1 Tt TMU-1 MU
If NI =2
o Fa Card 14
: ) Card 14a
"2 Yoy if re=-
- 1ol 11 “aolzr 7 anlsl ani41 B0\ 51 60161 70 quired

where number of point pairs input equals MU. r's must be in ascending

order but not necessarily equally spaced. " sxiran of 107 points)

Card 15

Same as 13 except that indicators refer to F(bg(r‘).

Card 16
Same as 14 except that input defines F¢2(r).
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Card 17

Same as 13 except that indicators refer to Fpo(d).

Card 18

Same as 14 except that input defines Frp2(é}. Note that ¢ is in radians.

Card 19

Same as 13 except that indicators refer to F.1(o).

Card 20

Same as 14 except that input defines F,.q(¢). Note that ¢ is in radians.

Cards 21 through 25 will be present in the input data, if, and only if
IDD = 1.

MUD MUD1 MUD2 EEK Card 21

10| 11 zo0i21 30131 40[41! 50151 60161 70

where
MUD = number of pairs of points to be read in for curve p versus T.

MUDI

number of pairs of points to be read in for curve C_ versus T.

I}

MUD2 = number of pairs of points to be read in for curve k versus T.

FEK = k initial, k;.

1 ‘1 T2 "z s s Card 22
T Card 22a
MUD PMUD .
if re-
LU T 20121 o131 a4l 50151 BOI61 70 quired
where

(T, p) are values for the curve p. T must be ascending in order but not
necessarily equally spaced — maximum of 50 pairs.

T c T C T C
! 1 P! 2 p2 3 p3 Card 23
= G Card 23a
MUD1 pMUD1 if re-
10/11 30121 30131 40f41 B0I51 60161 70 quired
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where

(T, C_) are values for the curve C,. T must be ascending in order but
not necessarily equally spaced — maximum of 50 pairs.

T, K, T, K, T, K, Card 24
. " Card 24a
MUD2 MUD2 if re-
10111 20121 30031 a01a1 50151 60l61 70 quired
where

(T, k) are values for the curve k. T must be ascending in order but
not necessarily equally spaced.

THETA DEL EDEL Card 25

10H1 20121 30 a0 141 50151 6061 70
where

THETA = initial time for theta
DEL = increments of theta

EDEL = final time for theta

D. MACHINE REQUIREMENTS

Standard FORTRAN Monitor.

42
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SECTION VII - PROGRAM EVALUATION AND SAMPLE PROBLEM

A, EVALUATION METHODS

A computer program of this type can be evaluated by two methods. The
first method checks the problem against itself by altering inputs that should
not change the resulting temperature distribution and observing the results.
The second method compares the results with an existing program. Both of
these methods were used to check out and evaluate the program. In the lat-
ter case the problem used for comparison with an existing computer program
is also used as a sample problem to aid in understanding the use of the com-
puter program.

The first phase of the evaluation was conducted extensively on the steady-
state portion of the solution; time span of the contract and the large number
of combinations of boundary condition and arbitrary functions did not permit
as extensive a cross check on the complete transient solution. The similari-
ty of the mathematical approach to the complete solution and the steady-state
portion as well as the common usage of various subroutines does, however,
reduce the requirements for a more extensive cross check on the complete
solution. It is felt that the comparison problem and the cross checking pro-
vide a sufficient confidence level.

In particular the cross checking was conducted by:

(1) Inputting several problems in which ¢2-4¢; and boundary conditions
were held constant and ¢ was varied. This effectively rotates a
given physical problem from one end of the 270 degree range of
the solution to the other and provides an excellent check on the
phase shift characteristics of the eigenvalues.

(2) Inputting several problems in which 1“2/1"1 and boundary conditions
were held constant and r{ was varied. This effectively moves a given
nhysical problem in the radial direction and demonstrates the non-
dimensionality of the solution, and also checks the phasge shift char-
acteristics of the eigenvalues.

43



ASD-TDR-63-642

(3) Inputting the same arbitrary functions as tabulated data in one
problem and as a polynomial in another. This is basically a
mechanical check on the programming.

(4) Inputting direct heat into a face and then inputting the resulting sur-
face temperature as the boundary condition for a second problem.
This provides a check on the mathematics associated with the modes

of input at the boundaries.

(5) Inputting a constant and equal temperature into all four faces of the
steady-state solution. This provides an accuracy check in that
the solution is known physically to be equal to the input constant
temperature. This problem, although physically simple, is actually
a difficult problem for the mathematics to handle. The solution
requires that the various harmonics in the series build a square
wave al each face tapering to zero at the opposite face and a sum-
ming of the four solutions to obtain the constant input temperature.

A review of the intermediate and final printout of these types of prob-
lems revealed that the solution is insensitive to orientation of the problem
and mode of input for the same physical problem. In cases regarding ori-
entation the intermediate printout reveals that the solution uses the same
series term by term with the eigenvalues serving to shift the solution to the

input physical boundaries.

B, SAMPLE PROBLEM- CONSTANT THERMOPHYSICAL PROPERTIES

The sample problem, under conditions of constant thermophysical prop-
erties, is defined as follows:

Geometry:
ry = 0.5 ft
ry = 0.9 ft
¢1 = ~20 degrees
¢2 - 4)1 = 155 degrees
qaz = 135 degrees
Material:
Beryllium

2
0.000303 ft”/sec } Evaluated at 1500°F
0.0133 Btu/sec~ft-°F
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Boundary conditions:

T¢1 = H00°F at d}l

T¢>2 = H00°F at <¢>2

Uy = hA (Taw - TI_2) at r,

qu = 0 at ry

where
h = 0.01 Btu/sec-ft2-°F
2

Taw = 500 +(-27.5¢ + 55.2¢ + 522.6) g(6)}
where g(d) igs defined by tabular data as

g(Q) = 0.5

g(100) = 2.0

g(200) = 3.0

g(250) = 3.0

g(300) = 2.5

g(400) = 2,0

g(600) = 1.5

Initial conditions:

"I‘i = —56.95¢2 + 1143¢ - 125r + 639.3

The sample problem is illustrated on Figure 3. Note that in this par-
ticular problem we set

T = T + 500°F

and solve for T with zero temperature at ¢1 and 422 Then

il

(-27.56% + 55.26 + 522.6) g(0)
Fr2(¢) g{9)

aw

It

We can rearrange Ti in the form

- 2
T, {-56.95¢" + 114.3¢ + 46.8) + (~125r + 112.5) + 500,

1

Then 5
(-56.95¢" + 114.3¢ + 46.8) + (-125r + 112.5)

h¢(¢) + hr(r) = h(r ¢).

T,
i

"
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q = hA (Taw ) Trz)

=F_ ($)g(0)
I‘2 g

ao0°

+o

-$

Figure 3. Sample Problem Geometry

By reference to Table I and Section VI the inputs to obtain T may be coded
as shown in Table II. Printout is requested for 0, 200, 400, and 600 seconds
with temperature data at 36 points representing five equally spaced divisions
of ¢g - $; and five equally spaced divisions of rg - ri. Tolerance requested
is 100 on (23) and (129) and 25 for (97).

Printout of the steady-state portion of the solution is shown on Table
ITI. Printouts of the temperature digtributions at 0, 200, 400, and 600 sec-
onds are given on Tables IV through VII. Figures 4 through 7 are illus-
trations of the temperature distributions. The total run time on a 7094
Computer was 0.056 hours.
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TABLE II

Sample Problem ~ Constant Thermophysical Properties = FORTRAN Coding Form

s BE T FORTRAN CODING FORM
TITLE SAMPLE PROBLEM - CONSTANT THERMOPHYSICAL PROPERTIES . . _ — awaiwst__
108 NO. e _ baTi - SHLET I oF I
Ermadm tlalajals|mfr|nis fro nllz 13114 we]!a 1z(im mizo 2 |2z 123 |24 |2b |26 iz |8 (19 (300 3233 |34]35(36 37 [A "‘L“ ar 421-144 M5 146 |47 148 | @950 B |32 157 [54 |55 (56 |57 sA|s9le0 kT 62163 64 169 |66 k7 (68 (69 )70 (71 {72 [r1i7a |75 P 17 78179 |80
CARD 0 |slalmlel|e| [Piriolm| |¢lo|nlslr! [Tiulelrim]| |p[rlo|e |
1 0 ! 0 )] il 0 o
2 i 0 0 i 0|.8|2|8 0.828 160
3 ~210] | 135 0|. 5] 4]..9| INEREA 5| ] L
4 ! / 2 -0 / |
8 ~1[25] 12, .85
7 -156]. |95 1 14.]3 4(4]. |8
8 2 7
9 1) . 5] 1100 Zl. |0 2|0 3.0
9a z/510 3.0 z|0]0 2. |5 40(0 2.[0
9b AL 1. 5] 1
10 0 200 600
11 / ! .100:0303 0
12 FALY rary
13 ! 1é L | @
14 o | [ )
15 ! 1o 0 il
16 0
17 ] olo 2
18 ~|217].|5] 515.2 g|22. |6 1
19 / i fel | L [/} 1 } B
20 (/] N NN 1.
! 1
—t e — - e gy N
d 1L
IR R RE NI L A AR AL IR INR R IR H‘Il II}IIFI!III RN EIRE] HH;"‘ITLII HLAEL) lll"ll!llll LI R "lllllll Qapnafadapjar|apdn|0 118293 14| 59 IO:‘; LR L AR LI IEES ll."lli "Ill mnpyTI Tt il“
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C. SAMPLE PROBLEM-VARIABLE THERMOPHYSICAL PROPERTIES

The sample problem, under conditions of variable thermophysical prop-
erties, is of the same physical configuration as the previous constant thermo-
physical property problem, but in this case Cp, ¢, and k vary with tem-
perature as shown in Figure 8, The coding of this problem is shown in
Table VIII. Note that p, Cp, and k have been input at values shifted 500°F
to obtain a solution in T. Before

T = T-500

Printout of the solution is shown in Tables IX through XVI. Note that a
steady-state solution appears between the temperature distribution for each
time requested. Figures 9 through 11 are illustrations of the temperature
distributions., The temperature distribution at time equal zero is the same
as for the constant thermophysical property case (Figure 4). The total run
time on a 7094 Computer was 0,180 hours.
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Printout — Sample Problem —
at Time Equals 400 Seconds

TABLE XIV

172.01
165,69

Temperature Distribution
Variable Thermophysical Properties,
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D. DISCUSSION OF RESULTS

The results obtained by the exact solution for the variable thermo-
physical property sample problem have been compared with a finite differ-
ence transient heat transfer program used at Martin Orlando. Thisg program
computes three dimensional transient heat transfer in a rectangular paral-
lelepiped. The body is divided into nodes by cuts parallel to the three planes
in a rectilinear coordinate system. The distances between slices may be
unequal. For each node the initial temperature, density, thermal conduc-
tivity, specific heat, and heat flow due to a heat source or sink are given.
For each exposed face of a node, the heat transfer coefficient, the adiabatic
wall temperature, the radiation heat sink temperature, the shape factor, the
emissivity, the heat flow due to solar radiation, and the heat flow due to com-
partment heating are input. These are all read in as tables and the table
entries are specified for each node.

The orientation of the finite difference nodes used in the comparison
model are shown on Figure 12. Since the sample problem is symmetrical
there is no flow of heat across the centerline. Accordingly, in the com-
parison model, the centerline was treated as an insulated surface and only
half of the problem is considered in the analysis. The finite difference cal-
culations were performed at 10 second intervals. The total run time on a
7094 computer was 0,055 hours.

A plot of the circumferential temperature distributions at a radius of
0.74 feet ig shown on Figure 13. The data is presented for both computer
methods for 0, 200, 400, and 600 seconds. As indicated by Figure 13, the
two programs result in average temperatures at the times represented that
are approximately equal. (The average temperatures are implied by the
respective areas under the curves.) The two programs, however, show a
marked difference in gradients through the body. The differences in gradi-
ents are attributed to:

(1} Inherent inaccuracy of each of the programs,

{2} Inability to approach a high degree of similarity between the two
models.

No attempt is made in this report to further evaluate or isolate the
cause of these differences.

For the sample problem the finite difference solution required 0.0565
hours of machine time. The exact selution required 0.056 hours for the
constant thermophysical property case and 0.180 hours for the variable
thermophysical property case. The {inite difference method was calcula~
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ted in 10 second intervals; the constant thermophysical property exact
method computes only at the time printout is required. This implies that
the exact method (constant thermophysical properties) offers a reduced run
time advantage over the finite difference method for cases in which data is
required after extended exposure.

For example, if the requested printout times had been zero, 400, 800,
and 1200 seconds, the finite difference method would have required approx-
imately twice as long to run; the exact method run time would have re-
mained the same. If printout had been requested at 600 seconds only, the
exact method run time would have been reduced, but the finite difference
method run time would have remained the same.

The above comments do not apply when comparing run times of the

variable thermophysical property solution with the finite difference method.

Here the exact solution also requires a time stepping. The exact method
would result in lower run time than the finite difference method only in
long run time cases in which the thermophysical property variation allows
long time steps.

Note that the preceding exact solutions, in their preseat state-of-the-
art, are being compared with a refined (third revision) finite difference
program. Experience gained in this initial programming of the exact solu-
tions can be used to significantly reduce run times in any subsequent pro-
grammings.
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SECTION VIII - CONCLUSIONS AND RECOMMENDATIONS

In addition to increased accuracy through lack of idealization of the
mathematical model, the exact solution approach to the problem offers the
following advantages:

(1)
(2)

Ease of loading;

Ability of the exact solution to obtain solutions at a given time
without incrementing from zero time.

Both of these advantiages are of value in parametric studies and in the de=-
termination of quasi~steady-state solutions 1o long flight time vehicles sub-
ject to periodic driving functions (such as skipglide vehicles).

Concerning the programming of similar problems, the following sug-
gestions are made based on experience with this problem.

(1)

(2)

(3)

Considerable effort was expended in developing and programming
convergence criteria to avoid calculation of needless terms as
well as to afford the user with a knowledge of the accuracy of his
particular problem. Since storage.must be provided for the max-
imum number of terms in the series, the calculation of a set num-
ber of terms and printout of each term, if required for accuracy
knowledge, may prove to be the most practical approach, This
scheme should be investigated.

Due to the large storage requirements of this program, it is recom-
mended that development of a three-dimensional solution to the
gsame basic problem congider separation of the variousg cases in-
volved in the superposition into separate programs.

The present program applies the same time function to all four
facea. Considerable practical application advantages could be ob-
tained by modifying the program to accept a different time function
at each face.
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APPENDIX A

EVALUATION OF INTEGRALS NOT CONTAINING
THE ARBITRARY FUNCTION

Set
&2
D = 5 [BYB sin y¢ + cos ycb] 2 d¢
¢l
$2 62
BYB S‘ sin’ v¢ d¢ + 2B 8 j' sin y¢ cos y¢ d¢
$ . Y ol
$2

+S‘ cos2 vé do
¢1

2
_ B2 ¢ _ sin2v¢ ¢ + |¢ , sin 2yd
vBL 2 4y 51 2 & dgy

1

2

$2
1 , 2
+ ZBYB [T‘T sin ytb]
¢l
&2

B
- i 2 1 2 _ . x@ .2
D [2 (B\'B +1) - ™ (B‘{B 1) sin 2y¢ + Y o wb] o
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Set
2 2
E = j‘ r [CY.B JY(BI‘} + J_Y(Br)] dr
ri
r2 ra
o2 2
= C\fﬁ §r1 PJY(BI‘) dr + 2(3\“G Slil rJy(Br) J_y(Br) dr
ra
n g rJ:(Br)dr
rl
SR
E —— Jy(Br) - Jy_l(Br) JYH(BI‘)
C IB1r'2
+ ——Y———z [2 JY(BP) J'Y(Br) + JY' 1(131“) J_y_l(Bﬂ
3 BT 60)]
2 r2
T 2
T [J_Y(Br) - J_YH(BI‘)J_Y_I(BT)] ‘
rl
Set

r2 9
H - S %[M'E sinf{elnr) + cos(eln r)] dr
ril

2 r2

r
9 1
= 5‘ 2 [Me sin2 {e In r)] dr + ‘Y —r‘“[cos2 {e In r)] dr

r

rl ri
r2

+ S' %[2 ME cos {e In r) sin (e 1n r)] dr
rl
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2 M
€

2 4

r2
[—;— sin2 (¢ In 1) ]

rl

Inr sin 2 (¢ In I‘)] + l[‘
€
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r2

rl

Inr

sin 2 (e In 1)
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APPENDIX B

FORTRAN LANGUAGE OF PROGRAM
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