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ABSTRACT

The response of typlcal alreraft structures to sonic
loading 1s investigated from a fatigue point of view. A
deficiency in the Rayleigh peak distribution is illustrated
by statlistlical analysis of experimental data. The variabil-
1ty of mean stress is conslidered in this analysis. Results
indicate that the response of a typical structure can be
completely characterized for fatigue analysis by its power
spectrum and root mean square stress,

I. INTRODUCTION

Many papers (1-8) have been written concerning the fa-
tigue of structure caused by the noise of jet engines. All
have used the Rayleigh distribution of peak amplitudes in
their consideration of fatigue damage. In some cases (8), a
reasonable correlatlon between test results and the Raylelgh
distribution is 1llustrated.

At the 56th Conference of the Acoustical Society of
Americe, November 1958, much controversy on the subject of
peak distribution was instlgated by the author's paper
on Structural Acoustic Proof Testing. Although part of tThe
discussion was concerning the nolse itself, the questions
and interest in the subject of stress peak distributions
caused the author to lnvestigate thls subject further.

II. ANALYSIS OF PEAK DISTRIBUTIONS

Following a serdes of sonlc fatigue tests conducted at
the Long Beach Division of Douglas Alrcraft, the strain gage
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response of varlous structural parts was statlistically ana-
lyzed (%). All structures studlied were of the sheet rib type
of construction and stress data were analyzed for the struc-
ture exposed to both a jet engine on an alrcraft and wilthin a
test cell. Contrary to expectation, absolutely no statlistical
difference in peak response distributions could be differenti-
ated between a structure on the alreraft or in the test cell,
even though the noise spectra between the two environments
were considerably different (7). For all stress response data
analyzed, a comparison between the observed values and the
Rayleigh distribution by a Chi-squared goodness of fit test
(10) failed to reject at the 95 percent confidence level.

At this point, the subject of peak distribution may be
closed with the conclusion that the Rayleigh distribution is
sufficient, However, since the need for a knowledge of peak
distribution is to apply to fatigue analysis, a further look
from a fatigue polnt of view must be made.

Under the ideal condlfions that a structure is a lightly
damped single-degree-of-~freedom system, theory and experiment
show that the response to random input could well be described
as sinusoidal with varying amplitude, the amplitude excursions
beling described by the Rayleigh distribution. However, under
real conditions the structure contains many modes of response
and can only be described as a complex wave form. The fact
that theory still predicts a Rayleigh distribution of peaks
is not sufficient to compensate for the fatlgue damage asso-
clated to the higher frequency components.,

Powell (5) shows an expression for an equlvalent frequency,

Equation (1), in terms of the power spectrum S{f) and the root
mean square § of the response,

Tmax 1/2
Jc; £2 3(f) df

£
f max g(r) dr
0

Equation (1)

‘_b
1]

Thls equation will compensate timewlse for the higher
frequency components if we assume that fluctuations that do
not cause a zero crossing are negligible. This is probably a
reasonable assumptlon since any significant fluctuation of
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stress wlll cause a zero unless it is superimposed on another
frequency component of much greater magnitude. The useful-
ness of Equatlon (1) i1s limlted because it depends upon a
knowledge of the stress power spectrum, but it is still an
important tool for estimating the effects of high frequency
components in preliminary fatigue studiles.

Knowing the frequency of occurrence is but the first
step in fatigue analysis; of much more importance is the dis-
tribution of stress fluctuations, A glance at typlcal stress
response records from a structure driven by jet noise, 1llus-
trates a significant point. That ls, the negative stress
peak Immediately following a posltive peak very seldom is
equal in magnitude. If one chooses to use the Rayleigh dis-
tribution for fatigue analysis, it 1s assumed implicitly that
the negative peak 1s of equal magnitude. Since this is not
true, an inherent degree of conservation is immediately proven.}
Even though thls conservation may be a good virtue in design
practice, 1t does not add to an understanding of the problem,

In order to take a more realistic view of peak distri-
butions and their influence on fatigue, consider two param-
eters 1In descrlbing the peaks: the range of stress and the
mean stress, Data are then reduced by not counting positive
anq/or negative peaks but by pairing positive and negative
peaks as lllustrated in Figure 1,

Tables I and II show the results of peak analysis of the
response of various alrcraft structural members. Approximate-
ly 1000 cycles were reduced for each case and data were grouped
into ten or eleven class intervals. Distribution tails were
grouped to contain at least 5 occurrences., Typlcal histograms
are shown 1in Flgures 2a and 2b.

Table I shows the results of Chi-squared goodness of fit
tests compared to a2 normal distribution of mean and alternat-
ing stress. As would be expected, as a result of the Central
IAmit Theorem of Statlstics, the distribution of mean stress
failed to reject at the 95 percent confidence level when com-
pared to a normal distribution.

Although the Chi-squared goodness of fit check 1n most
cases rejects the distribution of the alternating stress at
the 95 percent confidence level, when compared to a normal
distribution, a simllar check of the alternating stress with
the .Raylelgh distribution produces even greater errors.
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Table II is a summary of the statlstics calculated from
the experimental data., After normalization by the measured
root mean sguare stress, an uncanny conslstency between these
statistics 1s noted.

In fact, a comparison of the various normallzed histo-
grams that were plotted from the data showed much simllarity.

To derive an empirical distribution at this point would
not be wise untll more data have been conslidered. However,
1n order to continue this investigatlion and show the effects
of these revised distributlons on fatlgue, assume both the
distribution of mean stress and alternating stress 1s normal.
Thes? %istributions may then be expressed as Equations (2)
and (3

Oy, 2
L 7 ('6;)

fl(Um) = -0.—8’-0%-— Equation (2)
Op-0, 2
1 - A-Ye Equation (3
£,(ay) = —= e 1/2 (---——-c,b ) )
b

S

where ¢ is the normalized stress 5o 0a is the normalized
standard deviation of the mean stress, op ls the normalized
standard deviation of the alternating stress, and ¢, is the
normalized mean alternating stress,

IIT. FATIGUE DAMAGE

In order to estimate the effect on fatigue damage caused
by using a normal rather than Rayleigh distribution, and to
estimate the effect of the fluctuation of mean stress, cum~
lative damage calculations can be made 1n a manner simllar to
previous derivations.

Make the followlng assumptions:

l. For comparative purposes, Minor's Cumulative Damage
1s valid,.

2. There 1s no correlation between the distribution of
mean and alternating stress.
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3. Equations (2) and (3) describe the distribution of
mean and alternating stress.

4, The standard SN diagram may be extrapolated by the
Modlfied Goodman Dlagram.

Then the probabllity of occurrence of mean stress oy and
alternating stress op is given by Egquation (4),

P(omson) = £1(om) £o(op) doy doy  Equation (4)

The number of occurrences in N cycles of mean stress
o, and alternating stress op is given by Equation (5),

an = NP (op,0n) Equation (5)

and the incremental damage is given by Equation (6),

- NP(Um, UA)

dD m Equation (6)

where N(o,,05) 1s the number of cycles to fatigue fallure at
alternating stress op and mean stress op.

The total number of cycles to failure N 1s that which
produces a damage of unity and is glven by Equation (7),

- “/” u/“ £1(op)f2(op)doy dog Equagion (7)
gA ™~ Om

ARy

N( Oms O'AT

In order to complete the integration of Equatlon (7),
the function N{op,op) must be defined. A method which may
be used to define this function 1s outlined in a paper by
the author (1l) in which the concepts of the Modified Good-
man Diagram are applied. The function N{op,oy) 1s then ex-
pressed,
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a
N(om,on) = No (--5-;-) Equation (8)
v

where the function N, is the SN curve for completely reversed
stress cycles and oy i8 the normalized ultimate stress.

Equation (7) may now be solved by numerical integration
and a "random" fatigue curve constructed. Inspectlon of the
tabulations involved in this integration shows that peak dam-
age 1is localized around an altermating stress radia of 1l.75
and a mean of zero., This region of peak damage occurs at a
much lower stress ratio than that shown by the Rayleigh dils-
tribution (8).

Since the numerical integration of Equation (7) 1s time
consumlng, & number of calculations were made using Equation
(9) where the fluctuation of mean stress is disregarded.

}.-f M Equation (9)
N op No(oa)

The results of the above calculatlons as well as results
of similar calculations using & Raylelgh distribution of peaks
are shown in Flgure 3.

As would be expected, the Rayleligh distributlon 1s the
most severe and shows the least life for a glven root mean
square stress.

The results of calculations using Equation (9 ) are shown
by squares and are compared to the circles. No significant
difference between the results of Equations (8) and ( 9) is
evident which shows that the additional computations caused
by conslidering the me&an stress is unwarranted. However, the
difference between results of the normal and Raylelgh dis-
tribution l1s considerable,
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iV. CONCLUSIONS

The preceding has shown that the Rayleigh distribution
of peaks does not provide an adequate description of the
stress fluctuatlons caused by Jet nolse if fatligue analysls
is of the prime concern. Although insufficient data have
been presented to prove that a normal distribution of stress
fluctuations is correct, the consistency in the statistics
which describe both the variation of mean stress and alter-
nating stress indicates that a single empirical distribution
could be derlved.

Once this distributlion has been proven, then simple
mechanically programmed fatigue tests could be substituted
for costly sonlc tests and correlated with the sonlc re-
sponse through the root mean square stress and power spec-
trum,

419



1.

2,

3e

5e

Ge

T

Se

9.

10.

11.

BIBLIOGRAPHY

Belcher, P. M., "Use of a High Intensity Siren in Fatigue
Testing of Structure Subject to Acoustic Forclng," pre-
sented at the 52nd meeting of the Acoustical Society of
America, Los Angeles, Callfornia, November 1956,

¢larkson, B. L., "The Effect of Jet Noise on Alreraft
Structures," Aeronautlcal Research Counclil, Report No.
19, 712 LA 67, December 1957.

Head, A. K., and Hoake, F. N., "Random Nolse Fatigue
Testing," Internaticnal Conference on the Fatligue of’
Metals, Session 3, Paper 9, London, September 1956,

Miles, John W., "On Structural Fatigue Under Random Load-
ing," Journal of Aeronautical Sclences, Vol. 21, No. 11,
pp 735-~762, November 1954,

Powell, A., "On the Fatigue of Structures Due to Vibra-
tions Exclted by Random Pressure Fields," Journal of
Acoustical Society of Amerlca, Vol. 30, No. 12, pp 1130~
1135,

Schjelderup, H. C., and Karnesky, A. L., "A Combined
Analytical and Experimental Approach to AIF," 25th Shock
and Vibration Bulletin, Part 11, December 1957.

Sehjelderup, He C., "Structural Acoustic Proof Testing,"

Douglas Alrcraft Company, Inc., Technical Paper, No. 722,
November 1958,

?elcner, P. M., VanDyke, J. D., Jr, and Eshleman, A. L.,
A Procedure ior Designing and Testing Alrcrait Structure
Loaded by Jet Engine Nolsel" Douglas Alrcrart Company,
Inc. Tecnnical Paper No. ©93, Maren 1959,

McClymonds, J. C., and Soot, H., "Results of Acoustic
FPatigue Proof Tests RB/B66 Control Surfaces," Douglas
%;ggraft Company, Inc., Report Long Beach - 35382, March

Dixon and Massay, "Introduction to Statistical Analysis,"
pp 226 ff., McGraw-H1ll, 1957.

Schjelderup, H. C., "The Modified Goodman Diagrem and
Random Vibration," to be published in The Jourmal of Aero/
Space Readers' Forum.

420



SqTY

uTAg £q pegaoddng urxg 9

9°z1 9°9TT H8* €T Pg

9°g¢ CT*#1 9%

9*TH Zh i

76t GlL*g uoIJuUoT e

g°LE €°8 uoxaduoy SNOYHHNOT %

#°91 66°S ucasBuo €

g
9°9T 22°9 utTyg Z
qaryoddns
9°Z1 8°€T €Z°¢ UuTHg NTNS T
Vg

£831439 Hg *oN
. AuTgeural Ty | ssadag uesy uoT3Tsod o3ep] aanjoniqg Jo adLg a3eh
g6 utedals

LXHL LI4 J0 SSINTOOD qauvadS-IHD ~ I TIEVL

)

421



2e0°0% HT*0F €003 *JUoD %66
5750°0 Gzz°0 GoH0*0 | *A9d pIEpUEBLS
I &6 LZ0°T HOZ°0 | ween
ZEH*0 | TEE"O | G6Z 69L°0 | #89 KTIZ°0| 68T 6Z0°0 [9°GZ 068 L*00T 9
GGh*0 | 0LE°0 | 482 #18°0 | 629 P6T°0| TSI 220°0 91 0.. ﬁgumOan Pg
€Th*0 | €LE°0 | €L €06°0 |06  |H6T°O| H6T 900°0 {Z2°9 Q00T ﬂpummmlv °¢
9Z+*0 | TRE*O | Liy 06°0 |0ZTT PLT*0| 0ZZ |2€00°0 |0°% 0GZT Ammmmv ag
T8%°0 | €GE°0 | T.LS #4870 (Z9E€T BET*0] GZZ [gHOO°O~-[6°L- 0Z9T L*00T Bg
9TH*0 | 9E%°0 | 269 6#0°T |099T R6T°0| ZTE |[1800°0 {L°€T #8ST L*00T f
#8€°0 | #6E°0 | 89l GZO°T [000Z ([[0Z°0| Z6E |9TTI0°0-|(L"2Z- 1661 L*00T £
#0£°0 | T6%°0 | Lof 19°T {G0ZT pzE*o| 6£Z 90° 6%k 3.7 L*00T 4
LyE*0 | 09%°0 | TZZ GZET {8E9 PBOZ°O| OKT |67Z00° [&°T 8% L°00T T
X 8 s s X | g | s g x X
= | ¥ peamis| ¥ wesl "5 poq pas| X | weep| FO5 359038 B S
Isd VS SSMMIS DNIIYNUELTY 1sa W ssmars Nvam SWH % UTBI3S

*VIVQ TVINIWIHAdXH WOHJ JqAELVINIIVO SOILSILVEIS 0 ZMVWKWAS ¥V - II TV

422



UOTIONPSY 3BSJ JO POUYLOW oyf - T oInITd

z
t=1 v ——:"T

T + Fg

899199

423



Number of Occurrences

Normal Distribution
P

O
Mean Stress O

Flgure 2a ~ Typical Histogram of Peak Distributions
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Figure 2b - Typlcal Histogram of Peak Distributlons
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