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ABSTRACT

The general applicability of orthotropic stability theory to aerospace shell
structures was examined experimentally, For this purpose a series of careful
experiments were performed on orthotropically stiffened cylinders designed to fail
in the elastic general instability mode under three separate loading conditions: axial
compression, torsion and hydrostatic pressure. Experimental results obtained during
the program verified that for all loading conditions considered linear orthotropic

theory results in accurate predictions of cylinder strength.

As a result of observed discrepancies between experiment and previously
existing theory for longitudinally stiffened cylinders under axial compression,
theoretical studies were initiated which resulted in the discovery of a new asymmetric
fajlure mode for this eylinder configuration. Based on this new failure mode, good
correlation between experiment and theory was obtained except when the longitudinal
stiffened cylinder configurations approached that corresponding to an isotropic
cylinder, Other theoretical investigations performed during the program established
that cylinder boundary conditions have a pronounced effect on the buckling strength of

orthotropic cylinders under hydrostatic pressure loading.

iii



T PT P G @ gem gw g e gem g gow

TABLE OF CONTENTS

PAGE
ILLUSTRATIONS v
TABLES viit
SYMBOLS ix
SECTION 1 INTRODUCTION 1
SECTION 2 CORRELATION OF THEQRY AND EXPERIMENTAL RESULTS 2
Axial Compression - Ring Stiffened Cylinders 2
Axial Compression - Longitudinally Stiffened Cylinders 7
Post Buckling Behavior Under Compression 9
Torsion 15
Hydrostatic Pressure 20
Program Achievements 23
SECTION 3 EXTENSIONAL AND FLEXURAL RIGIDITIES 25
Introduction 25
Membrane Axial Rigidity 25
Membrane Shear Rigidity 28
Bending Rigidity 32
Torsional Rigidity 32
SECTION 4 AXIAL COMPRESSION TESTS 41
Design and Fabrication of Test Specimens 41
Test Arrangement and Procedure 46
Accuracy of Experimental Data 46
Reduction of Test Data on Failure of Cylinders 50
Calculation of Theoretical Structural Parameters 53
SECTION 5 TORSION TESTS 64
Design and Fabrication of Test Specimens 64
Test Arrangement and Procedure 65
Accuracy of Experimental Data 70
Reduction of Test Data on Failure of Cylinders 70
Calculation of Theoretical Structural Parameters T2
SECTION 6 HYDROSTATIC PRESSURE TESTS 78
Design and Manufacture of Test Specimens 78
Test Arrangement and Procedure 80
Accuracy of Experimental Data 80
Reduction of Test Data on Buckling of Cylinders 83
Calculation of Theoretical Structural Parameters 84
APPENDIX A A DISCRETE AXIAL-BUCKLE SOLUTION FOR THE
STABILITY OF ORTHOTROPIC CYLINDERS UNDER
AXIAL, COMPRESSION g0
APPENDIX B ELASTIC STABILITY OF CLAMPED ORTHOTROPIC
CYLINDERS UNDER HYDRCSTATIC PRESSURE 96
REFERENCES 100

iv



FIGURE

ILLUSTRATIONS

Title

Cylinder Design Points for Compressive Instability
Tests

Correlation of Theory and Experiments for Ring
Stiffened Cylinders Under Compression Based on
Average Properties

Correlation of Theory and Experiments for Ring
Stiffened Cylinders Under Compression Based on
Minimum Properties

Stress Ratio for Ring Stiffened Cylinders Under
Compression Based on Average Properties

Stress Ratio for Longitudinally Stiffened Cylinders
Under Compression

Correlation of m = | Asymmetric Theory and
Experiments for Longitudinally Stiffened Cylinders
Under Compression

Correlation of m = 1 Asymmetric Theory and Experi-
ments for Longitudinally Stiffened Cylinders Under
Compression,

Correlation of m = 1 Asymmetric Theory and Experi-
ments for Liongitudinally Stiffened Cylinders Under
Compression

Correlation of Theory and Experiments for Grid and
Liongitudinally Stiffened Cylinders Under Compression

Stress Ratio for Grid and Longitudinally Stiffened
Cylinders Under Compression

Probable Post Buckling Behavior of Cylinders Under
Compression

Correlation of Theory and Experiments for Ring
Stiffened Cylinders Under Torsion

Correlation of Theory and Experiments for Longi-
tudinally Stiffened Cylinders Under Torsion

Correlation of Theory and Experiments for Stiffened
Cylinders Under Torsion

PAGE

10

11

12

13

14

16

17

18

19



E
t
,
E
\
t

FIGURE

3.3

3.4

3.7

4.4

4.6

Illustrations (Continued)

Title

Correlation of Theory and Experiments for Stiffened
Cylinders Under Hydrostatic Pressure

Correlation of Theory and Experiments for Stiffened
Cvylinders Under Hydrostatic Pressure

Orthotropic Cylinder Geometric Parameters

Typical Torque vs Shear Scrain Measurements Used
to Determine Cylinder Effective Shear Stiffness

Test Arrangement for Determination of Effective
Shear Thickness for Longitudinally Stiffened Cylinders

Effective Shear Thickness vs Geometry for Longi-
tudinally Stiffened Cylinders

Division of Stiffened Shell or Plate Into Elements
for Calculation of Torsgional Stiffness Parameter

Torsional Stiffness Coefficient From Stiffened Plate
Twist Experiments

Correlation of Theory and Experiment for Flat
Orthotropic Plates Under Torsion

Test Arrangement for Conducting Torsional Stiifness
Measurements on a Grid Stiffened Flate Plate

Cylinder Wall Ridigity Parameter vs Ratio of Cross
Sectional Dimensions

Typical Design Curves for Axial Compression
Specimens

Axial Compression Test Fixture
Post Failure Axial Compression Test Specimen

Post Failure Compression Specimens Representative
of All Stiffener Configurations

Typical Curve of Theoretical Buckling Coefficient
for m = 1.0 Asymmetric Mode

Typical Design Curves for Torsion Specimens

vi

PAGE

21

30

31

35

36

37

40

43

44

47
48

49

56

66



r~ et et e

FIGURE

5.2

Tllustrations (Continued}

Title

Curvature Parameter vs Radius/Wall Thickness
Ratio for Ring and Longitudinally Stiffened Cylinders
With Equal Skin-Stiffener Proportions

Torsion Test Arrangement

Post Failure Torsion Specimens

Typical Buckling Coefficient vs Curvature Parameter
for Short-Length Cylinders in Torsion

Typical Design Curves for Hydrostatic Pressure Test
Specimens

Hydrostatic Pressure Test Arrangement
Post-Failure Hydrostatic Pressure Specimens
Typical Buckling Coefficient vs Curvature Para-
meter for Short-Length Cylinders Under Hydrostatic
Pressure

Comparison of Axisymmetric and Asymmetric
Solutions in the y ~ o Plane for General Instability

of Orthotropic Cylinders

Various Solutions Obtained in Zone II for an Ortho-
tropic Cylinder Under Compression

Various Solutions Optained in Zone III for an QOrtho-
tropic Cylinder Under Compression

vii

PAGE

67

68

69

74
79

81
82

86

93

94

95



TABLE

4.3

6.1

6.2

6.3

TABLES

Title

Extensional and Flexural Rigidities for Stiffened
Cylinders

Summary of Equations for the Determination of
Geometrical and Rigidity Parameters From
Cyvlinder Measurements

Accuracy of Experimental Data for Axial Com-
pression Tests Considering all Specimens for
a Given Configuration

Material, Geometrical and Rigidity Parameters
for Axial Compression Ring Stiffened Cylinders

Material, Geometrical and Rigidity Parameters
for Axial Compression Longitudinally Stiffened
Cylinders

Material, Geometrical and Rigidity Parameters
for Axial Compression Grid Stiffened and Isotropic
Cylinders

Axial Compressive Loading - Summary of Structural
Parameters for Ring Stiffened and Isotropic Cylinders

Axial Compressive Loading - Summary of Structural
Parameters for Longitudinally and Grid Stiffened
Cylinders

Accuracy of Experimental Data for Torsion Tests

Material, Geometrical and Rigidity Parameters
for Torsion Test Specimens

Summary of Structural Parameters for Torsion Tests

Accuracy of Experimental Data for Hydrostatic
Pressure Tests

Material, Geometrical and Rigidity Parameters for
Hydrostatic Pressure Test Specimens

Summary of Structural Parameters for Hydrostatic
Pressure Tesgts '

viii

PAGE

27

33

58

59

60

61

62

63

70

76

77

83

88

89



e 2

Uj jos]
W

o o oo
[ I

= =
C)"q""l %'Tl R B S glw

0N

AT
o

A

SYMBOLS

cross sectional area of test specimen enclosed by the cylinder radius,
P2

in

membrane axial rigidity in longitudinal direction, ppi
membrane axial rigidity in circumferential direction, ppi

membrane shear rigidity {(average)}, ppi

4 BZ/B (v = 0)

3

test machine calibration factor, lbs/psi

bending rigidity in longitudinal direction, in. lbs.
pending rigidity in circumferential direction, in. lbs,
twisting rigidity (average), in. Ibs.

D3/D1 {(v = 0)

Young's modulus, psi

torsional rigidity coefficient

Equation (5. 5)
Equation {4. 3)
Equation (6. 2)

Shear modulus, psi

area moment of inertia of skin per unit width, '1n3

area moment of inertia of skin and stiffener per unit width in a plane
perpendicular to the longitudinal direction, in3

area moment of inertia of skin and stiffener per unit width in a plane
perpendicular to circumferential direction, in3

torsional moment of inertia per unit width, in3
torsional moment of inertia per unit width associated with grid stiffened
design, in3

incremental torsional moment of inertia per unit width associated with grid
stiffened design, in3 '

torsional moment of inertia coefficient

cylinder length, in,
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Symbols {Continued)

length of short side of long flat plate, distance between cylinder stiffens ra
in.

axial load per unit width, ppi

circumferential load per unit width, ppi

shear load per unit width, ppi

total axial compressive load, 1bs,

experimental value for total axial compressive load, lbs.

cylinder radius, in
total torsion loading, in. lbs

experimental value for total torsion loading, in. lbs

asymmetric axial compression buckling coefficient
curvature parameter

curvature parameter agsociated with cylinders under tosion ading

curvature parameter associated with cylinders under axial compressive
loading

curvature parameter associated with cylinders under hydrostatic
pressure loading

grid stiffened cylinder

isotropic cylinder

longitudinally stiffened cylinder

ring stiffened cylinder

stiffener height, in.

stiffener spacing, in.

stiffener spacing in longitudinal direction, in,

stiffener spacing in circumferential direction, in,
height of skin plus stiffener, in.

cylinder buckling coefficient under torsion loading

experimental value for cylinder buckling coefficient under torsion loading
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Symbols (Continued)

cylinder buckling coefficient under axial compressive loading

experimental value for cylinder buckling coefficient under axial compressive
loading

axial compressive buckiing coefficient for cylinder buckling in the
asymmetric mode associated with one buckle half wave length along

the longitudinal cylinder axis

axial compressive buckling cecefficient for cylinder buckling in the
asymmetric mode associated with several buckle wave lengths along
the longitudinal cylinder axis

cylinder buckling ccefficient under hydrostatic pressure loading

experimental value for cylinder buckling coefficient under hydrostatic
pressure loading

test machine pressure loading at specimen failure, psi

hydrostatic pressure loading at buckling, psi
experimental value for hydrostatic pressure loading at buckling, psi
unit loading in shear, ppi

effective shear thickness

cylinder wall thickness, in.

area of sheet and stiffener per unit width in a plane perpendicular to
the circumferential direction, in.

area of sheet and stiffener per unit width in a plane perpendicular to
the longitudinal direction, in.

average cylinder wall thickness, in.

minimum cylinder wall thickness, in.

increment in effective wall thickness provided by longerons, in.
increment in effective wall thickness provided by frames, 1n

experimental coefficients for determination of effective thickness of
orthotropic cylinder
stiffener width, in,

stiffener width in longitudinal direction, in.

stiffener width in circumferential direction, in.
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E Symbols (Continued)
E o = B D,/B,D,
B wavelength parameter
E B see equation Appendix A
Y = BS-f)IE D].
€ axial strain, in/in,
E v Poisson's ratio
o axial compressive stress, psi
E T buckling stress in axial compression, psi
T experimental value of axial compressive buckling stress, psi
_ exp
E T axial compressive buckling stress in the asymmetric mode associated
m=1 with one buckle half wave length along the longitudinal cylinder axis, psi
T shear stress, psi
Te'{p experimental value for critical buckling stress in torsion, psi
da/dx twist per unit length, in. =

xii
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GENERAL INSTABILITY OF ORTHOTROPICALLY
STIFFENED CYLINDERS

l. INTRODUCTION

The major objective of the program described herein is to conduct a series
of careful experiments on elastic general instability of orthotropically stiffened
cylinders under axial compression, torsion and hydrostatic pressure and correlate
the experimental data with available theory {(Refs. 1, 2, 3). The test data on
orthotropic cylinders available prior to this program were reviewed in Ref. 1
and together with the more recent data of Ref. 4 constituted an inadequate set of
data from which to judge the general applicability of orthotropic stability theory to
aerospace shell structures. The present program was designed to fill this important
gap in our present knowledge for cylinders designed specifically to test the validity
of orthotropic stability theory.

This report contains a description of the test specimens, procedures and
results ohtained under a variety of loading conditions for ring, longitudinal and
grid stiffening systems. In Section 2, the correlation of theory and experimental
results is presented and it was found that excellent correlation between linear
stability theory and experiment exists for all cases. It is to be noted that it was
necessary in this program to extend the theory contained in Refs., 1 - 3 in two
cases because of significant aspects of orthotropic cylinder behavior revealed by
the experimental data. For longitudinally stiffened cylinders under compression,
a previously unsuspected linear buckling mode has been obtained which accurately
preducts the behavior of such cylinders {Appendix A). Stiffened cylinders under
external hydrostatic pressure were found to be extremely sensitive to boundary
conditions necessitating the development of the theory for clamped edges (Appendix

B).

In Section 3, calculations of the extensional and flexural rigidities of the
stiffened cylinders are presented and correlated with experimental results., This
is an important aspect of the problem since application of orthotropic theory requires
an accurate knowledge of these properties., Section 4, 5 and é contain a complete

description of the experimental details for each of the loading conditions.



2. CORRELATION OF THEORY AND EXPERIMENTAL RESULTS

All cylinders tested in this program were designed to fail in the elastic
general instability mode. They were very carefully machined of 6061-T6 aluminum
alloy with closely spaced integral longitudinal, ring, or grid (longitudinal and ring)
stiffening systems to form nominally 8 inch diameter orthotropic cylinders of
various lengths. They were carefully tested with particular attention to boundary
conditions in specially designed testing machines which utilized pneumatic loading

systems in all cases.

Axial Compression

The theory presented in Ref. 3 and extended in Appendix A indicates that
buckling can occur in the axisymmetric or asymmetric mode depending upon the
relation between the two geometric parameters @ and vy as illustrated in Figure 2. 1.
The cylinder design points of this program are shown in Figure 2.1, Although
it was desired to test longitudinally stiffened cylinders with y < o, it was not
possible to design such cylinders of monolithic construction. Consequently v > «

for all longitudinally stiffened cylinders tested in this program,

Ring Stiffened Cylinders

The correlation of general instability theory with test data on failure of ring

stiffened cylinders is shown in Figures 2.2, 2,3 and 2.4. The test data are primarily

for externally ring stiffened cylinders but also include several internally ring
stiffened and grid stiffened cylinders. The latter are considered to be in the ring

stiffened catepory because of their relative o values.

Manufacturing variations can affect the interpretation of the test results
gignificantly for ring stiffened cylinders because the thin sheet is the load carrying
member. Consequently, the correlation is presented in Figure 2. 2 based upon the
average properties of the minimum circumferential section whereas Figure 2.3 is
based upon the minimum properties at this section. (See Section 4 for discussion
of this procedure}. A comparison of the data presented in these two figures
indicates that the correlation for most test points is essentially unaffected thereby

indicating the high quality of the cylinders.

The correlation between linear theory and experiment for moderate length

cylinders is excellent in both figures, In fact, the test points in Figure 2.3 based
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upon the minimum properties tend to be above rather than below the theoretical pre-
dictions. A comparison of the test points for internally ring stiffened cylinders with
corresponding externally ring stiffened cylinders indicates no effect of stiffener
location in these tests. Finally, the test data on grid stiffened cylinders are almost
in perfect agreement with theory, thereby indicating that their characterization in
terms of the o and v parameters is valid. In this case there is no ambiguity in the

area of the load carrying material since the longitudinal stiffeners participate in
addition to the skin.

Figure 2.4 presents these data in a somewhat different form for the purpose
of comparison with 3 machined isotropic cylinder tests conducted as part of this
program. Here the experimental/theoretical stress ratio is plotted as a function of
the governing parameter, «. It can be observed that even at as low a value of v as
1.5, the ring cylinder test data check linear orthotropic theory. The isotropic
cylinder data at « - 1 fall consistently below the theory as may be expected although
the test data on these cylinders are considerably higher than normally obtained.

The singificant point here is that cylinders with even a small degree of ring stilfening

behave according to linear orthotropic theory,

Longitudinally Stiffened Cylinders

As indicated in Figure 2.1, the longitudinally stiffened cylinders were all
designed with v > @ and consequently it was believed that these cylinders should
buckle in the axisymrmetric mode according to linear orthotropic theory. The test
data are shown in Figure 2,5 and although they exhibit relatively small scatter,
they consistently fail at roughly 0.7 of the buckling stress predicted by the axi-
symmetric mode of linear orthotropic theory. Note there ig no significant effect

of the stiffener location upon the failure strength,

Alsco shown in Figure 2.5, is the minimum post buckling to classical stress
ratic based on the nonlinear orthotropic theoretical results of Almroth, Ref. 5.
The cylinders tested in this program appeared to be of moderate length since several
longitudinal wavelengths were observed. Furthermore, their @ and y values were
such that the minimum post buckling stress ratio corresponded essentially to that
of an isotropic cylinder. It can be observed that the test data lie far above the
minimum post buckling stress ratio and consequently the latter has little, if any,

value for design purposes.
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As a result of the poor correlation observed in Figure 2.5, the linear
orthotropic stability theory of Ref. 3 was reexamined and it was discovered that
an m = | asymmetric mode gave lower results than that of the axisymmetric mode
primarily thought to govern in the v > @ < 1 regions of Figure 2.1. This theoretical
development is completely described in Appendix A. The calculated results for this
new theoretical mode are shown in Figures 2.6, 2,7 and 2. 8 for the average values
of @, ¥y and & of the grouped test data on longitudinal stiffened cylinders under
compression. It can be observed that the test data and theory are in substantially
good agreemment from these figures as well as Figure 2.9 which presents all of the

test data on longitudinal and grid stiffened (¢ < 1) cylinders in a unified form.

It is of some interest to conjecture upon the physical significance of the
newly discovered m - 1 asymmetric mode, One possible hypothesis is associated
with the concept that the longitudinal stiffeners by themselves tend to buckle as
Euler columns in the mi = 1 mode, The cylinder formed by the continuous curved
skin thus acts to support the unstable longitudinals above the flat stiffened panel
buckling stress. The longitudinals, being unstable contribute only load carrying
ability to the cylinder but essentially no bending stiffness. Consequently, for
reasonably long cylinders, failure occurs approximately at the buckling stress of
the skin cylinder. It is to be noted that calculations based upon this hypothesis for
the physical significance of the m = 1l asymmetric mode give results significantly

close to those obtained in Figure 2,9,

Post Buckling Behavior Under Compression

While the results prescribed in Figure 2.9 represent substantial agreement
with the m = 1 asymmetric mode of linear orthotropic theory, we shall now exarmine
these data somewhat more critically in terms of the presentation of Figure 2.10,
Here we can observe that although thecry and test data are in good agreement at
low values of @, there is a distinct departure from thecory as the isotropic cylinder

data at ¢ = 1 is approached.

In effect, the unusual sensitivity of isotropic cylinders to imperfections

establishes a singularity at &« = 1 when the data of Figures 2.4 and 2. 10 are considered

together. Although the test data of Figure 2.4 are insufficient to indicate how far
beyond @ = 1 a sensitivity to imperfections exists, the data of Figure 2,10 do indi-

cate an important effect in the range as 0.5 < a < 1.



1000 :
- @=14, y=97, 8=10
00} / yd
- Axisymmetric Theory //‘
. 7022 V
D —
o '
k
L
L
L]
.
'
-~
// m=[0 Asymmetric
/ Theory
A Longitudinally Stiffened ~ External
A [ongitudinally Stiffened - Infernal
| ||l||||‘ ] ll[![ll

100
Zy= [82L4/|2RZD|] ¢

1000

Fig. 2.6 Correlation of m = 1 Asymmetric Theory and Experiments for Longitudinally
Stiffened Cylinders Under Compression

5005

10



1000 i

a=40, »=.95 810

I[lII

— Axisymmetric Theory /

.7022—\5/

N, L2

K “TeD
T

m=l0 Asymmelric Theory

ok /
- //

/

/ A Longitudinally Stiffened-External
A Longitudinally Stiffened- Internal

i llll'llll L Iillll!l | 1||||||
{ 10 {00 1000

e [82 L*/12r? D|]£

Fig. 2.7 Correlation of m = 1 Asymmetric Theory and Experiments for Longitudinally
Stiffened Cylinders Under Compression

5006
5024

11



1000 |
- @=.66, y=l0, 8.0
Axisymmelric
Theory 7022 —
100} 7
[ a
Lla L
(o
Zlk |
x)‘
i m= 1[0 Asymmelric Theory
10— %
- A Longitudinally Stiffened —External
- A [ongitudinally Stiffened — Internal
i | || 1 Illllll llllIIL

10 10 100 1000
Z= By L4/ 12512[),]é

g Fig. 2.8 Correlation of m = 1 Asymmetric Theory and Experiments for Longitudinally
Stiffened Cylinders Under Compression

12



Experimental Buckling Coefficient, k"exp

5008

10°
Perfect Agreement
between Theory and
Experimen!
07 |
: »
— A
N s "
| 4 Longitudinally Stiffened-External
'y A Longitudinally Stiffened- Internal
i A B Grid Stiffened
| I3 (- i I 1 J I | 1 1 1 l 1 L1 .5
10 102 103

Theoretical Buckling Coefficient, ky

Fig. 2.9 Correlation of Theory and Experiments for Grid and Longitudinally
Stiffened Cylinders Under Compression

13



ol

uyorssatdwon Iapun

510pUIA]) pauafrug A[[eurpniiduo] pu® plif 10y oNBY ss3xlg 012 914

'g2g
2g'g

LY

pauajiis plio
|pusaju| - pauapiis Ajpuipnjibuol
jouseix3 - pauaylys AjpulpnyibuoT]

21d04}0s)

¢ 4 4 B

|

_
|

\.EbQ JOjUBUNISAXT JO pUdL]

14

./..&\

,\
v

14|

21HjPUNUASY OFf =W
Aoy sidosjoyp 108U17 |

<l

14

600§



In order to gain a better insight into the reasons for the behavior of the
stiffened cylinders incompression, it is profitable to consider their post buckling
behavior. The major value of nonlinear theory is that by examination of the post
buckling behavior, it can provide an explanation of the conditions under which linear
theory may be applicable (Ref. 3). For this purpose we shall examine the post
buckling behavior of ring and longitudinally stiffened cylinders based to some extent

on the results of Refs. 5 and 6.

The post buckling behavior of a ring stiffened cylinder is illustrated in
Figure 2.1la. It can be observed that the axisymmetric buckling mode is the
only one possible. In the post buckling region, both axisymmetric and asymmetric
modes are possible with the location of the asymmetric branch depending upon
the relative values of @ and y. If we suppose that the ring stiffened cylinder
possesses some small imperfection, then it would tend to follow the dashed curve
upon loading, When it intersects the asymmetric branch, this should approximate
failure since with continued end shortening it would follow down the asymmetric
branch, However, since this intersection is removed from the buckling region,
we can expect the failure load to be closely approximated by the theoretical linear

buckling stress.,

For longitudinally stiffened cylinders, the relative roles of the axisymmetric
and possible m = 1 asymmetric modes are illustrated in Figure 2. 11b, The axisym-
metric buckling stress is always greater than or equal to that for asymmetric
buckling in this case. Apgain if we assume that a cylinder with small imperfections
tends to follow the dashed line upon loading, then the intersection with the asym-
metric post buckling branch occurs in the buckling region for the o = 0,7 and o = 1
cases. Thus, failure can occur at a fraction of the asymmetric buckling load for
these cases as observed in Figure 2.10. As a consequence, the sharp decline
of the pdst buckling asymmetric branch appears to be responsible for the lack of
agreement with linear theory observed in Figure 2. 10 for the ¢ > 0.5 data. On
the other hand, the rise of the asymmetric post buckling branch for ¢ = 0.1 would

account for the good correlation with linear theory observed for these data.

Torsion
The correlation of general instability theory with test data on failure of
stiffened cylinders under torsion is shown in Figures 2,12, 2.13 and 2. 14. The
ring stiffened cylinder data were all within the moderate length region and excellent

correlation with theory is indicated in Figure 2.12.
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The longitudinally stiffened cylinders were in the short rather than moderate

length region and consequently the theory presented in Ref. | was utilized to compute

the short cylinder results shown in Figure 2,13, The corresponding test points

are plotted in Figure 2,13 and it can be observed that good correlation is obtained.

The data on all torsion cylinders are summarized in Figure 2. 14 where kt
experimental is plotted against kt theoretical. In this form both short and moderate
length cylinder data are presented in a unified form and the excellent correlation
can be observed over the entire test range. Again it is apparent that the stiffener

location has no effect upon the test results,

Hydrostatic Pressure

Correlation of experiments with theory for hydrostatic pressure loading is
presented in Figure 2.15. It is to be noted that in this case the experimental data

are for buckling since failure occurred at a higher pressure in all cases,

The test data for ring stiffened and longitudinally stiffened cylinders are
shown in Figure 2.15, Two theoretical curves are presented: one for simply
supported boundary conditions from Refs, ) and 2 and a second for clamped
boundary conditions. The derivation of the latter is presented in Appendix B.

In contrast with moderate length stiffened cylinders under axial compression or
torsion where several longitudinal wavelengths occur, only one half wavelength
occurs for the hydrostatic pressure case. As a consequence, boundary conditions

play a significant role in the moderate length region for the latter.

The boundary conditions in the experiments closely approximated clamped
edges,anditis interesting to observe in Figure 2,15 that the test data correlate
excellently with the theoretical curve for clamped edges. It is to be noted that in
the long history of testing clamped cylinders under hydrostatic pressure, this is
apparently the first time that such good correlation of theory and experiment has
been achieved. The data on all cylinders under hydrostatic pressure again indicate

that the stiffener location has no significant effect upon the test results.

Figure 2.16 presents a summary of the pressure test results in a differ-
ent formm. The abscissa of the figure is the theoretical buckling coefficient for

clamped boundary conditions, and the ordinate is the cylinder buckling coefficient

20
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as determined from experiments, As indicated, the experimental data for ring
stiffened and longitudinally stiffened cylinders lie close to the solid line which

represents perfect agreement between experiment and theory.

Program Achievements

To conclude this section on correlation of theoretical and experimental
results, the excellent agreement between linear orthotropic stability theory using
computed section properties and test results under a variety of loading conditions
conclusively demonstrates the validity of the linear theory except possibly for
longitudinally stiffened cylinders under axial compression with values of @ approaching
unity. In the latter case, an examination of the post buckling behavior indicates a
sensitivity to imperfections similar to that characteristically obtained for isotropic

cylinders.

In addition to this major objective, the following represent other achieve-

ments of this phase of the program:

a. The stability behavior of ring stiffened cylinders under axial compression
is accurately predicted by linear stability theory for values of @ as low as 1.5, the
smallest value tested in this program. This is relatively close to an isotropic
cylinder {2 = 1) and indicates that even with a small degree of circumferential

stiffening, linear theory is accurate.

b. The stability behavior of longitudinally stiffened cylinders under axial
compression is accurately predicted by the newly discovered m = 1 asymmetric
mode of linear orthotropic theory. Excellent correlation is obtained at low values

of @ but as ¢ approaches unity a sensitivity to imperfections characteristic of isotropic

cylinders (o = 1) appears,

c. The behavior of grid stiffened (longitudinals plus rings) cylinders in

compression can be characterized in terms of a.

d. An unusually high experimental to theoretical stress ratio was obtained

for the machined isotropic cylinder in compression tested in this program.

e. The stability of ring and longitudinally stiffened cylinders under torsion
and hydrostatic pressure is accurately predicted by linear orthotropic stability

theory for the short and moderate length cylinder ranges.

23



f. It has been demonstrated by the experimental results and confirmed
by the orthotropic theory developed herein that boundary conditions are of consider-~

able importance for moderate length and short cylinders under hydrostatic pressure.

g. The test results for ring and longitudinally stiffened cylinders under all
loading conditions indicate that the stiffener location, whether external or internal,

has no significant effect for the ranges of variables used in this program.
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3. EXTENSIONAL AND FLEXURAL RIGIDITIES

Introduction

Of particular significance in correlating the experimental and theoretical
results of this program are accurate methods of determining the pertinent exten-
sional and flexural shell rigidities of the cylinders tested. As a consequence, this
section is devoted to a general discussion of the assumptions and analytical methods
used, as well as certain experimental procedures that were employed to verify

calculations of shearing and twisting rigidities.

The geometric parameters of the stiffened cylinders used in this program
are illustrated in ¥Figure 3.1. Because of the nature of the stiffening systems
used, and to effect a considerable simplification in the computations, it was
assumed that v = 0, except for the isotropic cylinders. As a consequence, the
extensional rigidities Bi and flexural rigidities Di reduce to those shown in Table

3.1 for stiffened cylinders.

Membrane Axial Rigidity

Procedures were presented by Dow, Libove and Hubka (Ref. 7) and by
Crawford and Libove { Ref. 8) for determination of the membrane elastic constants
of plates with waffle-like stiffening. These procedures for membrane axial rigidity

involve a combination of theoretical analysis and selected experimental measure-aents,

The nlate membrane rigidity equations of Ref, 7 involve relaticons for
calculating to and tf. Each of these quantities is essentially the sum of the shell
thickness, t, and the effective additions provided by the ribs.

t =t+u At +uAt {3.1)
5 s s f

f

where u_ and uare coefficients to be determined experimentally in & manner
prescribed in Ref., 7 while Ats and Atf are the incremental equivalent thicknesses

provided by the stiffeners.

Experimental measurements of ts were reported in Ref. 7 on waffle plates
with stiffeners at various angles. In order to calculate tg theoretically, it was
first necessary to determine u_ and u, in a semi-empirical manner. The data lie

approximately 15 percent about the theoretical curve determined in that fashion
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Table 3.1

Extensional and Flexural Rigidities for Stiffened Cylinders

1l

Et
s

=Et,

=2Et

=EI
=EI

= EI/2

membrane axial rigidity in longitudinal direction
membrane axial rigidity in circumferential direction

membrane shear rigidity (average)

bending rigidity in longitudinal direction
bending rigidity in circumferential direction

twisting rigidity (average)
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for stiffening systems ranging from 0° to 90° to the longitudinal direction with the

best agreement (5 percent deviation) for longitudinal stiffening.

An examination of these data indicated that for this program in which the
stiffeners were oriented in either the 0% or 900 directions, the formulas for tS and

tf given in Table 3,2 were of sufficiently high precision.

Membrane Shear Rigidity

The membrane shear rigidity is the effective shear thickness of the

stiffened cylinder wall, t. It is defined by the relation between shear loading and

shear deformation,

q/t = 7 = Gy (3. 2)

In this program the value of t was determined by measurements of y using 45°

electrical resistance strain rosettes, and by calculation of q f{rom torsion tests

of cylinders later used for stability testing. As a consequence, the following relations

are available:

T/2A (3. 3)

Na]
1§

Y= (e - o) (3.4)

From Equations {3.2) to (3. 4), the effective shearing thickness

T:(l/ZAG)T/(eI - (3.5)

EZ)

In a given test, the quantity 2AG was a calculated constant for a given
cylinder. The value of T/ € - ez) was determined from the slope of the plot of
the applied torque as a function of the difference of the 45° diagonal strains, (eI - ez)
{See Figure 3.2). The determination of T involved the load applied by the testing
machine and the lever arms of the torsion jig, arranged as shown in Figure 3. 3.
The values of & and €, were obtained as averages over several stiffeners by

cementing long strain gages to the unstiffened face of the shell wall.

The experimental data for t as a function of o obtained in this program are

shown in Figure 3.4. Also shown for comparison with the test data is an effective
t computed from the relation:

/b = (1/213)(1:S +t (3. 6)

i)

28

.

\



SSaUIING IE¥AYG AT I9PUIAD
SUTUIId) ] O] PAS[) SIUIUWSINSEIW UILIIG 123Yg sA anbro] JeostdA] Z2°¢ &g

(u/ui g _O1) 22~ 's ‘uong JDdug

0]0)~ 00¢ 002 00l 0
9G ON uswioeds ¥
DJD(] |DjuBWIIaxT O (010} /4
o
o
c
(]
- o
- . %
=
\u\ 2
Q08 2
002l



ARA TEST MACHINE

STRAIN GAGE
RECORDER
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It can be observed that Equation {3.6) is in relatively good agreement with the
test data over the range of variables used. As a consequence, Eguation (3.6} was

used to compute t in this program.

Bending Rigidity

Through application of the semiempirical procedure described in Ref. 7,
the bending rigidities of wafﬂe grid plates were determined and compared to exper-
imental data, Excellent agreement was found for plates loaded by bending moments
orthogonal with the stiffening system. However, departures were found for stiffening
in other directions with the largest discrepancy occurring for 45° stiffeners. Other
bending investigations conducted by Hoppmann (Ref. 9) and by Hoppman, Huffington
and Magness (Ref, 10) on longitudinally stiffened plates indicated that theory and

experiment correlated within 6 percent.

As a result of these investigations, the straipht forward calculation of
bending rigidities IS and I presented in Table 3.2 were deemed to be of sufficient

accuracy for this program,

Torsional Rigidity

Because of uncertainties in calculating twisting rigidities on the basis of
the available literature, the torsional rigidities of the shell walls of representative
stiffened cylinders were determined directly from torque/twist experiments on
stiffened flat plates. The technique involved a testing machine designed especially
for these measurements as described in Ref, 11. An accuracy of within 2, 5 percent
was established by correlating test results on isotropic plates with theory. The use
of plate data to obtain shell wall rigidities is a satisfactory approximation for the

relatively large R/t values of the cylinders used in this program.

Long flat stiffened plate models representative of the dimensional ratios
employed on the stiffened cylinders of this test program were machined of 6061-Tb
aluminum alloy. These models were tested in the machine described in Ref, 11
and utilized similar test procedures in which J was determined from the slope of

the torque/twist data using the relation

J = T/G{de/dx) {3.7)
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It was desired to evolve a general analytical procedure for the purposes of
calculating J directly from the geometric properties of the cross section. For this
purpose, the following approximate analysis was devised. The torsional rigidity of

a long twisted flat strip is given by (Ref, 12)
=3
J = Tt7/3 (3. 8)

For the shorter strips which it is assumed comprise the stiffened plate
cross section as indicated in Figure 3.5, a correction must be applied to Equation
{3.8) in the form(Ref. 12)

7= FTE0/3 (3.9}

where: F = 1 - 0,63 {t/L); for L/t >>3. (3.1

For the system of elements shown in Figure 3.5, it was assumed that the
fellowing relation could be used where now the correction factor F is as yet
unspecified,

37 = I,t3 + th3 (3.1}

With I = {d~-w), Equation (3.11) can be written as:
T/ = (1/3)e/b) (1-w/d) + (F/3)t/b +1)° (w/d) (3.12)

The factor F, was determined from Equation (3. 12) using the measured value
vf J and the geometric properties of the specimens tested. The data were then
plotted as a function of b/w as shown in Figure 3.6. By fairing a smooth curve
through these data, and then utilizing that curve to calculate J for the test specimens,
excellent agreement was obtained between this method of calculation and experimental
data as shown in Figure 3.7. For the longitudinal and ring stiffened test cylinders,

Equation (3. 12} in conjunction with Figure 3.6 was used to calculate J.
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For the grid stiffened cylinders, a test was conducted on a flat square plate
representative of an @ = | design. The test arrangement is shown in Figure 3. 8.
As indicated the plate was supported on three corners and load applied via dead
weights at the fourth corner, This load together with its reactions at the plate
supports produce a twisting moment on the plate. The four dial gage indicators
placed at prescribed points on the specimen surface allow the measurement of the

specimen twist per unit length.

The test procedure consisted of hanging weights from the chain and recording
the dial gage readings corresponding to each weight increment. The reduced data
was then plotted on a curve of torque vs twist per unit length, and the specimen

torsional stiffness was found from the slope of the curve using Equation (3. 7).

The reproducibility of the test results was confirmed by data obtained from
several test runs., It was also determined that the torque-twist results were essen-
tially the same for two different grid placements {4 and 6 inch squares) of the dial
gages. Further evaluation of this experimental arrangement and procedure was
obtained by conducting torsion tests on an isotropic plate. It was found that test

results for the isotropic plate agreed with theoretical values within 8 percent.

In order to generalize the plate test results for other grid geometries, an
empirical relationship for cylinder cross section torsional stiffness was postulated

as follows:

I=J +AJ (3.13)
(8] (8]

In this formulation ‘Io is the torsional stiffness based on one set of stiffening elements

only {either longitudinal or ring depending on the cylinder «) and is found from Equation

(3.12). The increment in torsional stiffness, A.TO, realized through the addition of
a gecond stiffening array was considered to follow a relationship of the following

form:
_ 3
é.]'o =K [h /3 - JD]

where (3.14)

h=t+b_ +b
s f

This equation expresses the increment in torsional stiffness as a fraction, K, of
the difference between the maximum possible isotropic unit torsional stiffness and

the torsional stiffness for a unidirectional stiffener array system.
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From torsion tests on the grid stiffened flat plate, a value for K of 0. 25 was
indicated. This value together with Equations (3.12), (3.13) and (3. 14) was then
used to determine the empirical equations for the torsional stiffness of the grid
stiffened cylinders (characterized by either longitudinal or ring stiffened o values)

presented in Table 3, 2,
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4, AXIAL COMPRESSION TESTS

Design and Fabrication of Test Specimens

Three types of cylinder configurations, ring stiffened, longitudinally s-tiffened,
and grid stiffened designs, were employed to obtain experimental data on the general
instability of orthotropic cylinders in axial compression, With regard to design for
general instability, cylinder geometries were such that other possible failure modes
such as buckling of the skin between stiffeners, local buckling of the stiffeners, and
Euler buckling corresponded to stress levels greater than the critical stress for
general instability. Also, a monolithic type of construction technique was employed
so as to eliminate design consideration of failure modes associated with attachments
of the stiffener to the sheet, Uncertainties in cylinder behavior associated with
material property effects were minimized by designing the specimens to fail at a
stress level below the proportional limit of the material. Consideration of the effect
of stiffener location on cylinder behavior was achieved by designing ring stiffened
and longitudinally stiffened specimens with stiffeners on either the outside {(externally

stiffened) or inside (internally stiffened)} cylinder wall,

Geometrical constraints associated with the manufacture and testing of the
specimens also influenced the detailed design. For example, the specimens were
fabricated on a lathe which limited the maximum cylinder diameter to about 13 inches.
Furthermore, the capacity of the ARA testing machine is 12,000 lbs. which places
a maximum limitation on the cylinder cross sectional area for a given design failure

stress.

In order that possible interactions between the loading platens of the testing
machine and the test specimen would not influence cylinder buckling behavior, each
test specimen was integrally reinforced at its ends by a heavy ring. The end rein-
forcing rings also stiifened the cylinder wall and facilitated machining the specimen

to close tolerances.

For ring stiffened cylinders, effort was focused on investigating cylinder
behavior for specimens characterized by @< 10 and particularly for cylinders with
@< 3. 0. Since previous work on the general instability of ring stiffened cylinders
{Ref. 4) included test data in the @ range between 3 and 20, this selection for design
& resulted in a minimum duplication of test effort and also gave test data in an unex-
plored o region. The longitudinally stiffened designs had cross sectional dimensions

similar to that for the ring stiffened cylinders and corresponded to 0,1<ao<].0. This
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arrangement allowed a meaningful comparison of test results on the basis of stiffener
orientation {longitudinal vs ring stiffened). Finally, the & range for the grid stiffened
design{0.5<a < 2.0} was chosen so as to bracket that for the ring stiffened and longi-

tudinally stiffened cylinders in the vicinity of & = 1. 0.

Further considerations leading to the detailed design of the test specimens are
presented helow for the ring stiffened cylinder configuration. The design technique,

however, was applied to both the longitudinally stiffened and grid stiffened configurations,

A typical repeating element of the cylinder wall of a ring stiffened cylinder is
shown in Section B-B of Fig. 3.1. For this configuration it can be shown that o is a
function of the stiffener width/skin width ratio (w/d) and the skin thickness/stiffener
height ratio (t/b). A typical curve of this relationship generated for w/d = 0,5 is pre-
sented as Fig, 4,1, {One observes from the ordinate of the figure that the design
curve also applies for longitudinally stiffened cylinders. ) Once the design a is speci-
fied, therefore, the thickness ratio t/b follows directly from curves such as shown

by Fig. 4,1 for a given w/d ratio.

¥or a given o and either w/d or t/b the theoretical buckling stress is a function
of material properties and the cylinder radius/skin thickness ratio {R/ft). This relation-
ship is illustrated by the curve in Fig 4.2A for an aluminum material (E = 107), ¢ =1.5,
w/d = 0.5, and assuming moderate~length cylinder behavior. One observes
from the curve that the buckling stress decreases as the R/t ratic increases. Manu-
facturing considerations favor the selection of low values for the design R/t since for
a given radius this results in the largest wall thickness and attendant ease for dimen-
sional control. However, it is desirable to keep the buckling stress below the ma-
terial proportional limit as noted earlier, and this criterion together with curves such

as Fig, 4,24 establish the lower limit for R/t

Specimen design for moderate-length cylinder behavior is achieved by control
of the curvature parameter, Z,. For a given o« and R/t, Z, is a function of the length/
radius ratio {L/R). TFig 42B shows a typical plot of this relationship for o = 1. 5 and
R/t = 380. Information given in Reference 1 show that moderate-length cylinder be-
havior is associated with Z,>10, and this condition together with curves such as shown
in Fig 4,2B establish a lower limit for the L/R ratio. For this investigation specimen
designs for a given o and R/t were chosen to include a range of Z, by selecting several
values for L/R.

In summary, the detailed design of test specimens was achieved as follows:
for a given design o« and w/d, the required t/b ratio was determined from curves such
as shown in Figure 4.1. Once the material of construction and the design buckling

stress was established, the required R/t ratio was determined for a given a with the
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aid of curves similar to Fig. 4. 2A, Finally, the moderate-length cylinder criterion
for ring stiffened cylinders was satisfied by choosing values for the L/R ratio from
curves such as Fig. 4., 2B such that Zx> 10, The design procedure based on mbderate-—
length cylinder theory was also used for the longitudinally stiffened cylinders as noted
previously. Subsequent examination of the specimen geometries, however, revealed
that these cylinders were subject to buckling in a short-cylinder asymmetric mode as
discussed below.

Although much experimental data is available in the literature for isotrepic
cylinders under axial compressive loading, it appeared that a more meaningful evalu-
ation of the orthotropic cylinder data of this report would result if some isotropic
cylinder results were obtained for test conditions similar to that for the orthotropic
cylinders. Accordingly, a few tests were performed on isotropic cylinders. The
test specimens were designed to fail at a stress of 20, 000 psi and had a nominal Z
of 400 which is in the moderate-length cylinder region. The c¢ylinder ends were rein-
forced by integral rings to facilitate specimen fabrication and minimize interactions

between the loading platens of the testing machine and the cylinder wall.

All of the test specimens were machined on a lathe from a 6061-T6 aluminum
tube. In order to ensure an even distribution of circumferential axial load during |
the test, extreme care was exercised in the fabrication of each specimen such that
the cylinder walls would be concentric with the axis of the cylinder, and that the cylin-
der ends would be flat, square, and parallel. The circular rings which provided the
stiffening elemments for the ring stiffened cylinders were formed into the cylinder wall
by a threading operation. The longerons for the longitudinally stiffened specimens
were formed in the cylinder wall by cutting closely spaced slots along the cylinder
axis. For the externally stiffened cylinders, these slots were cut by a slitting saw
held in a Domore grinder which was adapted to the lathe carriage so as to transverse
parallel to the cylinder axis on an automatic feed. Accurate control over the circum-
ferential slot spacing was obtained by adapting a Brown and Sharpe index head to the
lathe spindle. Since space requirements precluded the use of the grinder for fabri-
cation of the internally stiffened cylinders, the slots for these specimens were cut
using a broaching operation with the tool attached to a long boring bar. In this case,
hand feeding the carriage with many small cuts per slot resulted in the best dimen-
sional control for the specimen. As before, the slot spacing was achieved using the
index head. Fabrication of the grid stiffened cylinders was achieved through a combi-
nation of the manufacturing techniques described. For these specimens, the longi-
tudinal stiffeners were formed on the outside cylinder wall with the Domore grinder,

and the ring stiffeners were threaded on the inside cylinder wall.
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Test Arrangement and Procedure

Extreme care was used in the axial compression test arrangement to ensure
that a uniform distribution of axial load was applied to the test specimen. A picture
of the test arrangement without the test specimen is presented as Fig 4,3, The
loading platens shown, which transfer the load from the machine to the specimen,
are steel cylindrical disks which were ground flat to within 0, 3 x lO-Sin. With a
small load induced in the testing machine to take up slippage between parts, the
platens were aligned in parallel to within 0. 2 x 10“3in. by means of the jacks shown
between the carriage and upper loading plate. An aluminum disc was mounted on the
lower loading platen which allowed the test specimen to be aligned concentric with

the centroid of the applied load within approximately 10. 0 x 10_3in.

During the test, load was applied slowly to the specimen until buckling occurred,
Stops were provided between the loading platens to limit the post buckling axial short-
ening of the specimen. A post failure picture of a longitudinally stiffened cylinder in
the test machine is shown in Fig. 4.4. Post-failure photographs of test specimens

representative of each cylinder configuration are shown in Fig, 4.5,

As indicated, the axial compression tests were performed with the cylinder
ends bearing flat-ended directly against the loading platens. It is possible that some
radial cylinder end restraint was provided by the centering disk on the lower load
platen. Both cylinder ends had integral reinforcing rings, and the effective cylinder
length was chosen as the distance between rings. The exact nature of the cylinder
boundary conditions at the end reinforcing ring-cylinder interface are not known;
however, for moderate lenpth cylinders characterized by several buckle wavelengths

along the cylinder axis, the boundary conditions should be relatively unimportant.

Accuracy of Experimental Data

The maximum load sustained by a specimen during a compression test was
recorded by an indicator on the dial of the pressure gage of the ARA testing rnachine,
This maximum test load corresponded to failure of the test specimen. The testing
machine pressure gapge was calibrated in 0. 25 psi increments and could easily be
read to this precision. ‘

Other experimental data involved measurements of the test specimen geometry--
e.g., cylinder length (L), radius (R), wall thickness (t), total height {h}, stiffener
width {w), and stiffener spacing (d). The length and radius were measured by a
vernier caliper which could be read within 0.5 x 10-3 in. As indicated above the

cylinder length was measured between the cylinder end reinforcing rings. Wall

thickness and total height measurements were made using a pointed micrometer
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which could be read to an estirnated accuracy of 0.2 x 10—3 in, Stiffener width and

stiffener spacing measurements were also made with a micrometer but because of
the difficulty of making the measurements, they could only be estimated to within

2.0 x 10_3 in. Uniformity of the stiffener spacing and stiffener width for ring

stiffening elements was maintained by the lathe thread pitch and cutting tool dimensions,

respectively. For longitudinal stiffening elements, accurate control over these

dimensions was insured by the indexing head and the cutting tocl size.

Summarized in Table 4.1, considering all specimens for a given cylinder con-
figuration, are minimum, average, and maximum values for all measured para-
meters, estimated measurement error as given above, and the indicated percent error
based on maximum, average, and minimum values for a given parameter. These
latter quantities are indicative of the quality of the measured data for a given cylinder
configuration. One observes from the table that the measurements of failure load
are accurate within approxirnately 1% and that the geometric parameter subject to
the greatest uncertainty is the cylinder wall thickness which has a maximum possible

measurement error of 4. 5%

Reduction of Test Data on Failure of Cylinders

Axial compression test results were evaluated on the basis of load, stress,
and buckling ccefficient. The failure load (Pxexp) was obtained by multiplying the
testing machine pressure gage reading at specimen failure by the machine calibration
factor. A value for the experimental failure stress (o-xexp) wasg then determined by
dividing the failure load by the average cross sectional area of the test specimen
which was calculated using the cylinder radius and average values for the effective
cross section thickness (ts). This thickness was based on measurements of the wall
thickness and total height for the orthotropic cylinders and on measurements of the
wall thickness for the isotropic cylinders, The procedure used to obtain these
measurements is described below. From the above, the experimental failure stress
is thus
o = PX /(ZﬂRts ) (4.1)

b4
exp exp av,

Values for the experimental buckling coefficient were determined by dividing

the failure stress by a cylinder material and geometry parameter (Fx}. Thus,

k =0 /F (4. 2)
x X x
exXp exp
As indicated in Ref. 3,
2 2 2
_ - 4,3
F_=m EI_/[(t L7) (1 - v7] (4. 3)
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Substitution of Equation (4. 3) in (4. 2) gives

koo=o [t LY/PEL)] (1 - vD) (4. 4)
exp exp .

It is noted that Equations (4.1) through (4. 4) were applied for reduction of isotropic

as well as orthotropic cylinder test data.

The parameters IS and tS were calculated using equations presented in
Table 3, 2 and based on c¢cylinder measurements obtained as described below. Also
shown in Table in Table 3.2 are equations used to determine values for other geo-
metrical and rigidity parameters which appear in subsequent equations. A detailed
discussion of techniques for determining cylinder section properties is presented

in Section 3.

All data were reduced based on E = 10.1 x 106 psi which corresponds to an
aluminum 6061-T6 material, For the orthotropic cylinders, Poisson's ratio was
assumed equal to zero, However, for the isotropic cylinders a value of v = 0.3

was used.

The cylinder dimensions subject to the greatest variation due to fabrication
were the wall thickness and stiffener height. For ring stiffened cylinders where
variations in characteristic values for wall thickness (t) and the wall thickness/stiff-
ener height ratio (t/b) could be significant with regard to interpretation of test data,
it was desirable to evaluate the test results based on average and minimum values
for these parameters. For longitudinally and grid stiffened cylinders where the effect
of variations in these parameters was less pronounced, the test data was reduced
using average values. The isotropic cylinder test results were also sensitive to
values used for cylinder wall thickness; hence, this data was reduced using average

and minimum values for this parameter,

Pre-test measurements of both the cylinder wall thickness and the total height
at a stiffener (t+ b) were made at six circumferential locations near each end of the
orthotropic specimens. For ring stiffened and longitudinally stiffened cylinders,
this resulted in a total of twelve measurements each for the wall thickness and total
height. For grid stiffened designs, this procedure gave twelve measurements each
for the wall thickness, total height at a frame, and total height at a longeron. The
wall thickness of the isotropic cylinders was also measured at six circumierential
locations near each specimen end. [t is noted that in general all specimens (both

isotropic and orthotropic) exhibited some taper such that the average dimensions at
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one end of the specimen exceeded those at the other end. For longitudinally stiffened
and grid stiffened designs, the value for wall thickness and stiffener height used to
reduce the test data was found from the average of the pre-test measurements as

noted previously.

Post failure examination of the ring stiffened cylinders revealed that in general
the specimens buckled around an annular location near the end of the specimen with
the smaller average dimensions. In such cases six additional measurements each
for the wall thickness and total height were made near the buckled region. Average
and minimum values for t and t/b were then computed based on 12 measurerments
near the buckled region (six pre-test measurements plus six post failure measure-
ments). The minimum values were computed assuming a Gaussian distribution of t
or t/b variation about the mean and establishing a 2¢ deviation below the mean as
representative of the minimum value. Hence, minimum values for these parameters
are based on the criterion that 90 percent of the values should exceed the minimum

value.

For ring stiffened cylinders where the buckle location could not be attributed
to a particular location on the specimen, minimum and average values for wall thick-

ness and stiffener height were based on the pre-test measurements.

Minimum and average values for the wall thickness were also calculated for
the isotropic cylinders based on the pre-test measurements. As for the ring stiffened
cylinders, minimum values for wall thickness were computed assuming a Gaussian
distribution of thickness variation about the mean and establishing a 2c deviation be-

low the mean as representative of the minimum value.

In summary, for longitudinally stiffened and grid stiffened cylinders, values
for the experimental buckling stress and buckling coefficient were determined using
Egs. (4.1) and {4,4) wherein geometiric parameters were based on average values of
pre-test measurements of the test specimen geometry. For ring stiffened and iso-
tropic cylinders, the experimental buckling stress {Eqg. 4.1) was based on the experi~
mental buckling load and the average cross sectional area of the specimen. However,
average and minimum values for the experimental buckling coefficient were deter-
mined from Eqg. {4.4) based on average and minimum values for test specimen
geometry. For ring stiffened cylinders, specimen geometrical parameters were
usually determined from measurements in the vicinity of the buckled region; however,

for a few specimens, the location of incipient buckling was not definitive and these
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parameters were based solely on pre-test measurements. For the isotropic cylin-
ders, the region of initial buckling could not be clearly identified, and average and
minimum values for cylinder geometric parameters were based on pre-test measure-
ments. A summary of material, geometrical and rigidity parameters for the axial
compression test specimens is presented in Tabhles 4.2, 4.3 and 4.4, and the experi-

mental structural parameters are presented in Tables 4,5 and 4. 6.

Calculation of Theoretical Structural Parameters

From Reference 3, the theoretical buckling stress for an orthotropic cylinder
under axial compressive loading is

op = Kk (TElg/t Loyl -v¥™ (4. 5)

where k_ is the theoretical buckling coefficient. For moderate length cylinders the
buckling coefficient is related (See Ref. 3) to the cylinder curvature parameter, 7.,

as follows:

70201 v %2 (4. 6)

X X

e
1"

where 7. = 72U = (12'1/2)(tflls)l/2(L2/R)U (4.7)

In the above equation, U is a coefficient which is a function of three cylinder geom-

etry parameters, o, y and 6 which for v = 0 are defined as

ja)
!

ts I'f/ (tf Is)

(174) (t/t ;) (J/1g) (4. 8)

-
i

5= TH/(tgte)

Physically, U = 1. 0 corresponds to axisymmetric buckling and U # 1.0 is character-

istic of buckling in the asymmetric moderate length mode.
Substitution of Fgs. (4.6) and {4.7) in (4.5) gives the following equation for the

theoretical buckling stress for moderate length cylinders

172

o, = RE@I) /R -vH 2y (4.9)
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The theoretical buckling load was determined by multiplying the buckling stress

by the average cross sectional area of the cylinder. Thus,

P, = o (2nRtg ) (4.10)

Substitution of Eq. (4.7} in (4.6) gives the following equation for the theo-

retical buckling coefficient for moderate length cylinders

/ 2 1/2U

k, = 203 (/1) HLE R (1 -0 h)

< (4. 11)
Methods for calculating U are presented in Reference 3 and apply for the o,

v domains as follows {See Appendix A)

a) a=>1.0, all y

by o<l 0, yv<o

In particular, the coefficient U has a value of 1. 0 for specimen geometries character-

ized by the « -y relationship noted.
a>1.0, y=21.0 (4.12)

Subseqguent examination of the test specimen geometry {See Tables 4.5 and 4, &)
revealed that all the ring stiffened specimens and also grid stiffened Specimen No. 57
satisfied the condition of Eq, (4.12). Hence, for these specimens values for the
theoretical structural parameters were based on U = 1. 0. One grid stiffened design
{Specimen No. 58) had @ = 1. 0 and v = 1. 55 for which either axisymmetric (U = 1. Q)
or asymmetric short cylinder buckling (see below) is possible; however, the axi-
symmetric buckling mode was found to correspond to a minimum value for the buck-

ling coefficient for this specimen.

For the ring stiffened cylinders, average and minimum values for the theo-
retical curvature parameter, buckling stress, buckling load, and buckling coefficient
were determined using Fgs, (4. 7) (4.9) (4.10), and (4.11), respectively, and based on
average and minimum values for test specimen geomeiry. Structural parameters
for the grid stiffened cylinders {Specimens No. 57 and 58) were calculated using the

above equations but based on average values for specimen geometry. As indicated
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by Eq. (4.10) the average cross sectional area of the test specimen was used to

calculate the theoretical buckling load in all cases.

As shown in Appendix A, specimen geometries characterized by ¢ ¢ 1.0, y>e
are subject to short cylinder behavior wherein buckling may occur in the m = 1. 0
asymmetric mode. The longitudinally stiffened cylinders and Grid Stiffened Cylinder
No. 61 of this report were found to have minimum values for the theoretical buckling
coefficient corresponding to this failure mode. Equations relating the buckling co-
efficient (kx) and curvature parameter (Z,) to a wavelength parameter Band ortho-
tropic cylinder parameters o, y and § are derived in Appendix A and presented below.

1

]2 (y + a'ﬁa)[(l-i_ﬁz) lZ(l—vZ/Tr4} 1 f4,13)

z %= e 256 @6
k= L+ 2y G261+ @ /o)t [L+ 2B2/6)+ B/8)] 1y + aBO) (L+B5) 7 (4.14)

For a given specimen geometry and assumed values of 8, a curve of kx vs Zx was con-
structed through use of Fgs, (4.13} and (4. 14). The theoretical value for the buck-

ling coefficient was then determined from the curve for the design value of Z_.

Representative results based on this procedure are illustrated by Figure 4.6,
The solid curve shown is a theoretical k, vs Z_ relationship based on the m = 1.0
asymmetric buckling mode and was determined using an average value of §, @, and
v for the specimens indicated. The dotted curve shows the corresponding values
for kx based on the axisymmetric buckling mode. Also shown are experimental values
for the buckling coefficient for several specimens. One observes that the m = 1.0
asymmetric buckling theory corresponds to lower values for the theoretical buckling

coefficient and that the test data is in good agreement with theory.

Once theoretical values for the short cylinder asymmetric buckling coefficient
were determined using the graphical procedure described, the associated buckling
stress and load were calculated from Eqs, (4.5) and (4.10), respectively. Geometri-
cal parameters in these equations were calculated based on average values for speci-

men geometry.

For isotropic cylinders under axial compressive loading the equation for the

theoretical buckling stress is (Ref. 13)

o, - 2577 (BRY1 v 2 (4. 15)
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The theoretical buckling load was found by multiplying the buckling stress by the

average cylinder cross sectional area (See Eq. 4, 10),

From Reference 13 the theoretical buckling coefficient for an isotropic cylin-

der is

K, = . 702 (L/R)ER/E)L - E)H 2 (4.16)

Average and minimum values for the theoretical buckling stress, buckling load and
buckling coefficient were determined for the isotropic cylinders using Eqs. {4.15),
(4.10) and (4.1€) respectively, and based on average and minimum values for test speci-

men geometry.

Material properties appearing in all the above equations were evaluated as
follows: a value of 10. 1 x 10" psi was used for Young's modulus (E}). For all iso-

tropic cylinders, v = 0 was assumed, whereas for isotropic cylinders, v = .3

A summary of values for the theoretical structural parameters is presented

in Tables 4,5 and 4. 6.
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5. TORSION TESTS

Design and Fabrication of Test Specimens

Torsion tests were performed on ring stiffened and longitudinally stiffened
cylinders. The geometry of the test specimens covered the same « ranpge as the
axial compression tests. For ring stiffened cylinders, this corresponded to | <o <10,
and for longitudinally stiffened cylinders, 0.1<a<1.0. As beforc, specimens were
proportioned such *that failure occurred in the general instability mode. For a mono-
tithic type of construction, this criterion was satisfied by a design for which the shcar
buckling stress of the skin between the stiffeners exceeded the gencral instability
stress. The nominal design value for the general instability stress was chosen well

below the proportional limit in shear of the cylinder material.

Considerations leading to the detailed design of the test specimens were simi-
lar to those described for the compression tests. TFor example, the stiffener o vs
t/b relationship for a given w/d is the same as shown in Fig. 4.1, and for a given
design o the corresponding t/b ratio was obtained from the figure. However, the
theoretical buckling stress for a given « is a function not only of material properties
and the radius/thickness ratio but also of the cylinder length/radius ratio. When-
ever possible, moderate-length cylinder behavior was assured for a given o and R/t
by selection of the proper L/R ratio. For ring stiffened cylinders, the moderate-
length cylinder criterion was realized with reasonable design values for L/R; how-
ever, for longitudinally stiffened cylinders, it was necessary to design for short-
cylinder behavior in order to keep the L/R ratio and associated cylinder lengths
compatible with machining tolerances desired for other cross sectional dimensions,
For example, it was found that for cylinder lengths greater than 1. 5 R, effects of
machine taper and cylinder wall eccentricity induced by the cutting tool bearing
against the thin wall specimen introduced excessively large variations in wall thick-

ness and stiffener height.

Typical design curves for a ring stiffened torsion specimen are presented in
Fig., 5.1. Shown in the figure are the variation of torsional buckling stress {assuming
moderate-length cylinder behavior) and curvature parameter with cylinder radius/
thickness ratio for a given design o, L/R, w/d, and E. For the indicated geometry,
it can be shown that moderate-length cylinder behavior corresponds to Z,> 400, and
the corresponding minimum value for R/t is 250 as deduced from the Z; vs R/t curve.

Specimen design for moderate-length cylinder behavior is, therefore, obtained by
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selecting a design R/t> 250 and utilizing the v curve shown in Fig. 5.1 to determine

the critical buckling stress.

Problems associated with the design of longitudinally stiffened cylinders for
moderate-length behavior are illustrated by the curves of Fig. 5,2. In this figure
curves of Z, vs R/t are presented for a ring stiffened (e = 1. 5) and longitudinally
stiffened cylinder (o = . 67) with the same cross sectional proportions. One observes
from the figure that for the same R/t ratio the value of curvature parameter is
markedly decreased for the longitudinally stiffened as compared with the ring stiff-

ened configuration. In addition to this reduction in Z_, the minimum value for 2o

x
corresponding to moderate-length cylinder behavior is increased (from 400 to 2, 000)
for the longitudinally stiffened cylinder. Because of these effects, it was expedient
to select geometrical proportions for longitudinally stiffened torsion specimens which
corresponded to short-cylinder behavior. Evaluation of test results, however, re-
quired a more involved procedure than for the ring stiffened designs and is described

below.

The test specimens were fabricated on a lathe from an aluminum 6061-Té6
tube using a procedure described previously (See Section 4). Reinforcing rings
were machined on each end of the test specimen to facilitate the adaptation of the

cylinder to the torsion test apparatus.

Test Arrangement and Procedure

A torsion jig was designed such that the application of an axial load to the jig
by the testing machine resulted in torsion leoading in the test specimen. The details
of the test arrangement are shown in Fig. 5.3. A structure consisting of a base
plate, two vertical channel sections, and a pin supports the dead weight of the speci-
men and the loading platens and facilitates the alignment of the specimen in the test-
ing machine. A couple load was applied to the specimen loading platen through two
whiffletrees. Pin attachments between the platens and cylinder end rings allowed

the torsion loading to be transferred to the test specimen.

During the test, load was applied gradually to the specimen until failure oc-
curred. Post failure rotations were limited by a stop arrangement on the loading
fixture. _

Post failure photographs of two torsion specimens representative of ring and

longitudinally stiffened designs are shown in Fig. 5.4.
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Ring
Stiffened Cylinder
(Spec. No. 52)

Fig. 5.4

Longitudinally
Stiffened Cylinder
(Spec. No. 46)

Post Failure Torsion Specimens.
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Accuracy of Experimental Data

The maximum axial load applied to the torsion jig was indicated by a dial on
the pressure gage of the testing machine and was read to a precision of 0. 25 psi.
For the ring stiffened specimen designs, failure occurred at pressures in the 23 to
46 psi range and the precision is approximately within 1% or better. One longitudinally
stiffened cylinder failed at a test machine pressure loading of 8. 75 psi which is
accurate to within approximately 3%. However, the other specimens failed at testing
machine pressure loadings in the 34 to 47 psi range which gives accuracies within
1%. Since the couple load distance can be measured from the test fixture within an
accuracy of 1%. the torque loading corresponding to specimen failure was measured

to approximately the same precisionas the testing machine pressure load at failure,

Other experimental data were cylinder length, radius, wall thickness, and
total height. Techniques for performing these measurements together with estimated
measurement error were the same as for the axial compression tests {See Section 4),
Tabulated below, {Table 5. 1), considering all torsion test specimens, are minimum,
average, and maximurn values for each measurement, estimated measurement error,
and the corresponding % error in the data. These latter values indicate the quality
of the data, One observes that the geometric parameter most susceptable to measure-
ment error was the cylinder wall thickness and had a maximum error of approxi-
mately 4%

Accuracy of Experimental Data for Torsion Tests

Parameter L R W d t h
Minimum Value (in. ) 3.74 3. 80 . 051 111 . 0051 . 0090
Average Value {in,) 3.76 3.80 . 055 115 . 0092 . 0146
Maximum Value (in.} 3.78 3.80 . 060 . 119 . 0135 . 0271
Measurement Error (10_3in.) .5 .5 2.0 2.0 L2 .2
% Error (1) 01 .01 3.9 1.8 3.9 2.2
% Error (2) .01 .01 3.6 1.7 2.2 1.4
% Error (3) .01 .01 3.3 1.7 1.5 .74

{1) Based on minimum wvalues (2) Based on average values (3) Based on maximum values

Reduction of Test Data on Failure of Cylinders

Experimental data determined from failure of the test specimens included the
specimen failure torque load, failure stress, and corresponding buckling coefficient.

The experimental value for the critical torque load {Texp) was determined from the

Y
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testing machine pressure loading at specimen failure (pexp), the testing machine
calibration factor {C), and the geometry of the torsion jig. For these tests, C = 53. 1
lbs/psi, and one half the load applied by the testing machine was distributed to each

side of the torque 1oéding platen at a couple arm of 8. 4 in. Hence,

T - x C/2)(8.4) = 223p

exp = (Pexp (5. 1)

exp

The experimental value for failure stress { ) was determined by dividing

T
exp
the unit shear (q) in the cylinder wall using Bredt's formula (Ref.14) by the effective

shear thickness of the specimen (t).

Thus,
q = TEXPIZA (5.2)
where A = cross sectional area of test specimen
enclosed by the cylinder radius
and Texp = qft (5.3)

For the test specimens, the cross sectional area was 45.3 inz based on a cylinder
radius of 3. 80 in., and the effective shear thickness was found experimentally {See
Section 3) to be approximately equal to the mean wall thickness per unit width

[.5(ty + tg)]. Substitution of Eq. (5.2)in {5.3) together with the above values for A
and t gives

"exp = (Toxp!/ 15 3 lts+ t)7 (5. 4)

This equation was used for the determination of the experimental torsional buckling

stress.

In 2 manner analogous to that used for the axial compression test data reduction,
the experimental value for the torsional buckling coeificient (ktexp) was determined
by dividing the experimental buckling stress (Texp) by a factor (F) which is a function
of cylinder material and geometry properties. For v = 0, this factor is given in
Reference 1 as

F, = “E1_/EL%) (5. 5)
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From the above, the equation for experimental buckling coefficient is

-2, 2
ktexp = TeprtL fn El1g)] (5. 6)

Egs. {5.1), (5.4), and (5.6} were used to determine experimental values for

torque load, torsional failure stress, and torsional buckling coefficient, respectively.

Cylinder cross sectional parameters appearing in the above equations {tg, t;,
I;) were determined using average values of specimen measurements. In a manner
similar to that used for compression specimens, six circumferential measurements
each for wall thickness and total height were made at both ends of the specimen. An
average value for t and t/b based on the twelve measurements for each parameter
was then used in conjunction with equations presented in Table 3.2to determine values

for thickness and bending stiffness parameters. The data was reduced based on
E - 10.1 x 10° psi.
A summary of the material, geometrical, and rigidity parameters for the

test specimens is presented in Table 5.2. Experimental values for the structural

parameters are given in Table 5, 3.

Calculation of Theoretical Structural Parameters

As shown in Reference 1 the theoretical torsional buckling stress (T} is given
by

v = X w°EI_[TLf (5.7)

where k; is the theoretical buckling coefficient. This equation was obtained assuming

v = Q.

From Bredt's formula (Ref. 14), the critical torque load (T) is related to the

buckling stress as follows

T = 2ATT (5. 8)

Substitution of Eq. (5.7) in {5.8) gives the following equation for the theoretical

torque load corresponding to torsional buckling

2 2
T = k,2r°El A/L (5.9)
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One observes from Egs. (5.7} and (5.9} that both the buckling stress and
torque arc a function of the buckling coefficient. Values for this parameter are de-

pendent on whether a specimen is characterized by short-cylinder or moderate-length

cylinder behavior. For example, for moderate-length cylinders the buckling coefficient

from Reference 1l is given by

) 3/4
ke - 0.89Z, (5. 10)
where z, - Z(If/IS)S/E)(tS/tf)UZ (5.11)
and 7 - (12‘1/2)(t£}1/2(L2/R) (5.12)

For specimens which are characterized by short-cylinder behavior, a more
involved procedure is necessary to determine the buckling coefficient. The methed
is presented in Reference l and summarized as follows: from an equation presented
in Reference 1 for a given specimen geometry, the buckling coefficient can be ex-
pressed as a function of the length parameter Z, and two wavelength parameters m
and . A minimum value for k, always coincides with m = L. 0 which physically
represents one buckle half wave length along the cylinder axis. Withm = 1. 0, a mini-
mum value for the buckling coefficient is determined graphically by assuming a value
for the other wavelength parameter (8) and plotting the resultant kt vs Zg relation-
ship. The procedure is repeated for other assumed values of the wavelength param-
eter g. The final curve of minimum k, vs Z; is determined by fairing a curve through

minimum values of kt for each B.

Fig. 5.5 is presented to illustrate this procedure. The abscissa of the curve
is the length parameter, Z;, and the ordinate is the buckling coefficient k;. Shown
on the figure are many short k, vs Z, segments which represent possible values for
this relationship for a given 3. The minimum value for k; is determined by con-
structing the envelope of the minimum values for each g segment (Curve B). Itis
noted that these curves were constructed for a specific specimen geometry (Speci-
men 47). Also shown in the figure is a curve of ky vs Z, for specimens which are
characterized by moderate-length cylinder behavior (Curve A). One observes that
the short-cylinder and moderate-length cylinder curves coincide for 2, = 1000. For
this particular specimen, short-cylinder buckling coefficients apply for Z, <1000 and

moderate-length cylinder buckling coefficients apply for Z,>1000.
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As noted previously, the ring stiffened cylinder designs were in the moderate -
length region. Accordingly, for these specimens theoretical values for the huckling
stress, torque loading, and buckling coefficient were obtained using Egs. (5.7), (5.9),
and (5.10) through (5.12), respectively. The longitudinally stiffened specimens
were characterized by short-cylinder behavior. For these specimens, the buckling
coefficient was determined by a graphical procedure described above. Once the
buckling coefficient was established, values for buckling stress and the corresponding

torque was calculated using Egs. (5.7) and (5. 9).

Theoretical values for the structural parameters are summarized for all

specimens in Table 5. 3.
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6. HYDROSTATIC PRESSURE TESTS

Design and Manufacture of Test Specimens

Experimental data were obtained for the stability of ring stiffened and longi-
tudinally stiffened cylinders under hydrostatic pressure loading. Cylinder geometries
covered the same o range as those for compression and torsion tests. For ring
stiffened cylinders, this corresponded to 1< e <10 and for longitudinally stiffened cylin-
ders the o range was 0.1<e<1. 0. Specimens were of a monolithic design and were
proportioned such that local buckling of the skin between stiffeners was suppressed
and that the specimen failed in a general instability mode. The critical design stress
for the test specimens .was selected well below the proportional limit of the material
which simplified cylinder behavior with regard to material property effects. In
addition, the cylinders were designed such that the external pressure loading corre-
sponding to buckling was less than 10 psi. This allowed a simple test arrangement
wherein a vacuum pump could be used to induce external pressure loading on the test

specimen.

Specimen cross section proportions for a given design o were obtained from
curves such as shown in Fig, 4,1. Once the design « and material of construction
is fixed, the buckling stress (‘Ty) and corresponding critical pressure (py) is a function
primarily of the R/t ratio of the specimen; this relationship is illustrated by curves
in Fig, 6,1 for a ring stiffened cylindér with simple support boundary conditions
and L/R = 1.0. The O‘Y and py curves of Fig. 6.1 are based on the assumption that
the specimen exhibits moderate-length cylinder behavior. This assumption is valid
providing the cylinder-length parameter Zy has a value greater than 100 (Ref. 1).

For a given L/R and ¢, Z‘y is also a function of R/t and a curve illustrating this

relationship is shown in Fig. 6.1 for the design parameters noted. A minimum design

value for R/t therefore corresponds to the minimum ZY for moderate-length cylinder
behavior. Based on a limiting value for ZY of 100, one obserwves that the R/t ratios
corresponding to the oy and Py curves of Fig. 6.1 are in the moderate-length cylin-

der range.

In summary, once the design o is established the required t/b ratio follows
from curves such as Fig., 4,1 for a given w/d. Consideration of the desired buckling
pressure and stress together with curves such as shown in Fig. 6.1 allow the deter-
mination of a value for R/t for a given @, material of construction, and L/R. Finally,

the ZY value corresponding to the design R/t is examined using a curve such as
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shown in Fig. 6.1 to verify that the design proportions correspond to moderate -

length cylinder behavior.

As in the case for torsion test specimens, the design of longitudinally stiffened
cylinders for moderate length cylinder behavior required excessively large values
for L/R based on manufacturing considerations. For these specimens, it was expe-
dient to obtain the detailed design configuration using the procedure described above
and based on moderate length theory. The evaluation of the test results, however,

was accomplished based on short-cylinder theory as described below.

All of the test specimens were machined on a lathe from an aluminum 6061-T6
tube using a technigue described previously (See Section 4). Reinforcing rings were
integrally machined on both ends of the test specimen to facilitate installation of the

specimen in the test fixture,

Test Arrangement and Procedure

A schematic of the test arrangement used to perform the hydrostatic pressure
tests is shown in Fig. 6.2, As indicated, end closures were assembled top and
bottom to the cylinder test specimen. This assembly was made pressure tight via
'O rings which were pressed against the cylinder and end closures by means of
seal rings bolted to the end closures. Air was evacuated from the test chamber at
a controlled rate through a hose in the top end closure which produced an external
hydrostatic pressure loading on the test specimen. The magnitude of the differential
pressure loading was measured by a mercury or water manometer which was also

attached to the chamber by a hose on the top end closure,

By means of a bleed valve attached to the vacuum pump hose, pressure loading
was applied gradually to the test specimen until buckling occurred. The pressure
loading at the instant of cylinder buckling was recorded by an observer monitoring

the manometer. Photographs of representative test specimens buckled under hydro-

static loading are shown in Fig. 6.3,
Accuracy of Experimental Data

Buckling of the test sbecimens corresponded tc manometer readings in the
range from 14. 8 to 28. 3 in. of mercury and for one specimen, 65. 8 in. of water.
The manometer scale was graduated in tenths of an inch, and the pressure loading
was applied sufficiently slow so that the scale could be read to this accuracy. Based
on a reading accuracy of 0.1 in., the indicated accuracy of the measured buckling

pressure is within 0. 7%.

80

Gl i N 0 My G b BN G W g Ol N E E S e e



Manometer Hose Vacuum Pump Hose

£nd Closure

/ //// 0" Ring

Seal Ring

Tast Specimen

7
MM R rerrr

Fig. 6.2 Hydrostatic Pressure Test Arrangement
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Measurements of cylinder geometry also formed part of the experimental data
and included cylinder length, radius, stiffener width, stiffener spacing, wall thick-
ness, and total height. Methods for making the measurements and the estimated
measurement error were the same as for the axial compression tests ( See Section 4).
Tabulated b.elow (Table 6.1) are minimum, average, and maximum values for these
parameters based on measurements of all test specimens together with the estimated
measurement error, Also shown are values for the percent measurement error and
are indicative of the quality of the data. One observes from the table that the meas-

urement most susceptable to error was the cylinder wall thickness.

Table 6.1

Accuracy of Experimental Data for Hydrostatic Pressure Tests

Parameter L R w d t h

. . -3 -3 -3 -3
Min. Value (in.) 3.75 3.80 51x10 111 x107° 5.0x 10 11.5x 10
Av. Value {in.) 4.07 3.80 56x10°° 114x107> 9.6x107° 16.1x10°°
Max. Value (in.) 5.73  3.80 60x107° 119x10 > 1L2x107° i8.1x10°
Measurement .5 .5 2.0 2.0 0.2 0.2

-3 .

error {10 ~ in.}
% Error (1) .01 .01 3.9 1.8 4.0 1
¢ Error (2) .012 .01 3.5 1.75 2.1 1
¢ Error (3) ———e 01 3.3 1.7 1.8 1
(1) Based on min., values {2) Based on average values (3) Bised on max. values

Reduction of Test Data on Buckling of Cylinders

The structural parameters significant to interpretation of test results are
buckling pressure (pYexp)’ buckling stress (O-Vexp)’ and buckling ceoefficient (kyexp).
The experimental buckling pressure was read directly from the manometer attached
to the test specimen. Values for the other parameters, however, were computed

from measurements of the critical pressure and cylinder geometry,

Values for the experimental buckling stress were obtained using the following
relationship: '

R/t (6. 1)

f

The experimental buckling coefficient was determined by dividing the buckling

TYexp ~ Pyexp
stress as given by Eq. (6.1} by a material and geometrical parameter given in Ref. 1

453

2 2
FV = EIS/(th ) {6.2)
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This results in the following equation for buckling ceoeificient

_ 2.2, 2
Ky oxp = Py explt L /(T ELR) (6.3)

Equation {6.3) is based on the assumption that v = 0, A value for E of 10,1 x 1067

psi was used for reducing the test data,

The geometrical and rigidity parameters appearing in the above equations
were based on the average of pre~test measurements of the specimen geometry,
As for compression and torsion specimens, six circumferential measurements
each of the wall thickness and total height at a stiffener were made at both ends of
the cylinder. Average values of wall thickness and wall thickness/stiffener height
ratio were than determined, and these parameters together with equations pre-
sented in Table 3,2 wereused to calculate values for thickness and bending stiffness
parameters. A summary of the material, geometrical and rigidity parameters
for the hydrostatic pressure test specimens is presented as Table 6. 2. Experi-
mental values for the structural parameters for the specimens are summarized
in Table 6.3,

Calculation of Theoretical Structural Parameters

Based on the assumption that v = 0, the theoretical buckling stress is
related to the buckling coefficient and cylinder material and geometry parameters

as shown. 2 2
Ty ky'rr EIS/(th } {6.4)

Values for the buckling coefficient are dependent on whether the cylinder
geometry is characterized by moderate-length or short-cylinder behavior. For
moderate~length cylinders with simply support boundary conditions, results given

in Reference 1 show that the buckling coefficient has the following form:

k =1.039 7z /2 (6. 5)
¥ ¥
3/2
where ZY = (If/Is) / (tS/tf)l’/ZZ {6.6)
and 7 = (12'1/2)(t£/15)1/2 (LZ/R) {6.7)

Eq. {6.5), {6.6), and (6. 7) were derived in Reference 1 for an ortho-
tropic cylinder subject to lateral pressure only, However, results presented in
Reference 15 show that for moderate length cylinders, the critical pressure for

a cylinder subject to hydrostatic or lateral pressure loading are essentially equal,
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Hence, the above equations are also valid for determining the buckling coefficient

for a moderate length cylinder under hydrostatic pressure loading,

Theoretical results presented in Appendix B show that for clamped éylinder

end boundary conditions in the moderate length cylinder range the equation for k_is:
y

Kk =1.58 z /2 (6. 8)
y y

Theoretical values for the buckling coefficient were determined for both
simple support and fixed boundary conditions using Eq. (6.5) or (6.8} and
Eqs. (6.6) and (6.7). Corresponding values for the theoretical buckling stress
were then caluclated using Eq. {6.4). Finally, the theoretical buckling pressure

was determined for bhoth edge conditions from the following equation:

py = O'y_tflR {6.9)

As indicated previously the longitudinally stiffened cylinder designs were
in the short-cylinder range. For these specimens, the buckling coefficient for
simple support cylinder end boundary conditions was determined from an equation
and method presented in Reference 1. The method involves the use of a graphical
procedure and is similar to that described for obtaining torsional buckling coeific-

ients in the short-cylinder range (See Section 5).

The buckling coefficient for clamped support cylinder end boundary conditions
was determined using equations presented in Appendix B of this report. For a given
cylinder geometry and material, Eq. (B.8) was used to calculate the curvature para-
meter Z for an assumed value of the wave length parameter . This value of p was
also substituted in Eq. (B. 9) to obtain the associated minimum value for the buckling
coefficient, In this manner, curves of theoretical buckling coefficient were generated
as a function of Zt for a given cylinder geometry., From such kt vs Zt curves, the
theoretical buckling coefficient was readily determined for a given design value for
Zt' Once the buckling coefficient was known the associated buckling stress and
critical external pressure was calculated using Eqs, (6.4) and {6. 9).

Fig. 6.4 is presented to illustrate typical curves of buckling coefficient vs
curvature parameter as determined using the procedures described above. Shown
in the figure are theoretical values for buckling coefficient based on short-cylinder
theory for both the simple support and clamped boundary conditicn and were generated
for a particular specimen geometry {Specimen No. 51}, Also indicated is the test
result for the specimen, One observes the good correlation between experiment

and theory based on clamped boundary conditions,
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Curve B

A Test Results for Specimen 5/
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0 100
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Fig. 6.4 Typical Buckling Coefficient va Curvature Parameter for
Short-Length Cylinders Under Hydrostatic Pressure
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A summary of the theoretical structural parameters is presented in Table

6.3 for all specimens and for clamped and simply supported edge boundary conditions.
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APPENDIX A

A DISCRETE AXIAL-BUCKLE SOLUTION FOR THE
STABILITY OF CRTHOTROPIC CYLINDERS UNDER
AXIAL COMPRESSION

Introduction

In Ref, 3, a solution for the general instability of orthotropic cylinders
under compression was obtained on the basis that for moderate length cylinders,
the number of huckles along the axis of the cylinder m, was large enough that it
could be treated as a continuous parameter along with B, the ratio of the buckle
length in the axial direction te that in the circumferential direction. The buckling
coefficient k, was treated as a function of two variables m and P for obtaining
a minimum value. From the requirements of stationariness, a quadratic equation
was obtained for B 2 in terms of the orthotropicity parameters v, o and & and

exclusive of Zx’ the curvature parameter.

As a consequence of the above gquadratic equation it was found that for
certain combinations of vy, o and 6, f was imaginary; hence for these vy, o and §
combinations the moderate length solution or more precisely m-continwous solution,
did not apply. However, since the axisymmetric solution was independent of vy, a,

6 and B, it was assumed that the axisymmetric solution prevailed in the regions
where the moderate length solution failed. These above conclusions, based on the
quadratic equation, are shown in Figure 1 of Ref, 3. The shaded regions therein
represent the combinations of v and o (with & = 1) for which the quadratic equation
yvields imaginary values for B. This figure also shows that the asymmetric solution

is higher than the axisyrnmetric solution in the region bounded by y > 1 and & < 1.

The present analysis considers the problem on the basis that m need not be
continuous but has an integer value; in particular m = 1. As a result of letting
m be equal to ], it has been found that real solutions {i.e., with real p values)
are obtainable in the shaded zones in Figure 1 of Ref, 3 and also that in the strip
vy > 1 @ < 1 there may be asymmetric solutions lower than the axisymmetric

solutions depending upon the value of y and the curvature parameter, Zx'
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The m = |l Asymmetric Solution

From Ref. 3 we can write the following expression for the k sy solution:
m-=1

2 4
‘kas‘fmzl =1+2 1(D3/D1}(1-v} +vf2 (1+D2/D1)’| B + (DZIDI) B

+ [1zzi (-v2y et 2{(B2/B3}(1 Fu) = (v/2) {1+ BZ/BI)} 3¢
+(B,/B)) g ' (A. 1)

2,2 42 }
where: k= NxL [ D1 Zx = BZL/l 2R D1 B = nL/mR

Using the following definitions of Ref. 3,

@ = B)D,/B,D,
¥ = [(D3/D)}(1-v) +(v/2)(1+ D,/ DY/ [(B,/B,)L+v) - (v/2)(1+ B, /B))]
5 = BZ/[BI{(BZIB3}(1+\)) - (/24 B, B}

and EZ = B, [Bl{(BZ/B3)“+ vy - (v/2) 0+ BZIBI)}]-IBE

b

which were used for the kas solution, we can rewrite Eg., (A.l) to obtain
m-cont

the following:
= 1+ 2y (BY6) + alB Y6

asy

' (1zzi(1-v2)/n4) n+2@%s) + YNt (A. 2)

By differentiating k with respect to 32. we obtain for the stationariness of k,

the following expression for Zx

2 1

nz-v2)/n"122 = [1r2@E%6) + BYeN (v +aB ) 1+ BHT (a.3)
Substituting Eq. {A. 3) into (A, 2), we obtain for a stationary value of k, the
following:

=2 —4
asy__, = L+2y(B7/6) + (P /6)
P42 @Y8) + @8 (y+aB O 1+ F ™ (A.4)
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Eqgs, (A.3) and (A. 4) constitute the basic equations for the m =1 asymmetric

solution. For a cylinder with specified «, v, 5, ka and the corresponding Zx

*Ym=1
can be found by assuming values of B and solving Eqs. (A.3) and (A.4). Typical

results for Zone II are illustrated in Figure (A.2) and are compared with the

axisymmetric solution, kaxi = .702 Zx {1- vZ)I.fZ and also the asymmetric solution

2.1/2
v

with m continuocus, k =.,702 Zx (1-v) U of Ref. 3. It can be observed

2%¥m= cont.
that the m =1 solution does indeed result in lower values of k. This incidently

coincides quite closely with the region used for the longitudinally stiffened cylinders

of this program.

Significance of m = 1 Solution in Other Zones

A critical evaluation of the significance of the m = 1 solution in other zones
of Figure A, 1 was undertaken relative to the asymmetric m= cont and axisymmetric
modes, The conclusions are as follows for longitudinally stiffened cylinders which

constitute Zones I, II, and IIIL.

Zonel: a<1; yv> 1

As shown in Figure A, 3, we find that in this zone, as y increases, either

the axisymmetric or theasymmetricm =1 solution applies depending upon Zx.

Zonell: e< ;o g yg 1

As shown in Figure A.Z, kas solution governs here.
m=1

Zone IIl: o< 1, vy < o

Here, the ka solution governs and the results of Ref. 3 hold.

Sym- cont

For ring stiffened cylinders which correspond to Zones IV, V and VI, the
results of Ref. 3 apply directly.
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1.0
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ms/ m-cont
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Fig, A.l Comparison of Axisymmetric and Asymmetric Solutions in the

y- o Plane for General Instability of Orthotropic Cylinders
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Various Solutions Obtained in Zone II for an Orthotropic

Cylinder Under Compression
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Fig. A, 3 Various Solutions Obtained in Zone III for an Orthotropic

Cylinder Under Compression
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APPENDIX B

ELASTIC STABILITY OF CLAMPED QRTHOTROPIC
CYLINDERS UNDER HYDROSTATIC PRESSURE

Introduction

The inherent difficulty of obtaining a clesed form exact solution for the
Donnell equation in the case of clamped boundary conditions has led to approximate
solutions using energy and other variational methods. Nash (Ref. 16) has obtained
a solution for an isotropic cylinder using the energy method., The present report
makes use of the Galerkin method as used by Batdorf (Ref, 17) for stability
problems and extended by Lakshmikantham and Gerard (Ref. 18) for the ortho-

tropic case.

Governing Equations

The basic stability equation for the orthotropic cylinder under hydrostatic

pressure is written as follows:
Liw) = [ 8/ 1 2 { (D,/DM1-v) + v/2 (1+D,/D,1} &/nx"n® +(D,/D) #/ay* ] w
+(NX/D1){HZW/F\XZ) HN_/D))/R + & w/ay) + [(Bz(l—u?‘)/RZDlﬂ &/ ax®

(‘V’E';1 Pl ax’) = 0 (B. 1)

where V-; is an inverse operator defined by:

4
Ve (VR0 -t (B. 2)

-4
B
: . 4,
where f is any scalar function; and VB is given by:

Vi - roxt 1 2{(B,/B)1+v) - (u/Z)(1+B2/B1)} i/ oxay” + (B,/B) &' /ey" (B.3)

Equation {B. 1} is similar to that presented in Ref. 18, except for the presence

of the circumferential stress resultant term NY which arises on account of the

external pressure. Furthermore, in the case of hydrostatic pressure
Nszyizsz/z (B. 4)

where p is the uniform pressure.
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In order to obtain a solution for Eq. {B.1) such that the clamped boundary

condition is satisfied at x = 0 and x = L. we assume the following form for w
w = A [l - cos {2mx/L}] cos (ny/R) (B. 5}
Then the Galerkin equation is obtained by setting

L. 2nR
f f Li{w) [1 - cos {2mx/L}] cos n {y/R) dxdy = 0 (B. 6)
0 0

As a result of carrying out the integration in Eq. (B.#6) we obtain an

expression for NY as follows:

2, 2 4 2 4
(N /D)) L/ 7" = ————— ({1 + 21 +3D._/D.B )

v 1 (3[32 +1/2) [ 2' 71

2
12Z 1
. (B.7)
1on? {1 + 25p° +(B2/B1)B4}]
where r = (D3./Dl){l-v) +vf2 {1+ DZ/DI)

s = (BZ/B3)(1+V) -vf2 {1+ BZ/BI)
122% - (B2L4/R2D1) (1-v%)
B = (nL/2wR)

2, 2 s
Since the buckling coefficient ky is given by ky = (Ny/Dl) (L*/7"), the right

min
. 2
hand side of Eq. (B.7) is minimized with respect to p 2'. By setting (/ap ) () =10

we obtain:

2 4
2 , 2 4[(r-3)+3D,/D, B°+9D,/D, p"}
-—_32 :(1+2532+B2/B1(34) 2 1 2 1
™

5 i (B. 8)
{s+3)+(12s +B2/B1){3 +9BZIB1 &

Upon substituting Eq. (B. 8) into (B. 9) we obtain:
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k 4

2 4
- — 4 [ a+28%+3D,/D, Y
Y (382 +1/2) { 2

2 4
{r-3) + 3D,/D, 3° +9D,/D, B

. 2’1 22 1 . (1+2552+B2/B184)} (B.9)
(s+3) + (12s+BZIB1)B +9BZ/B1 B

While for given values of Z one can find kV with the help of Eqgs. (B. 8) and
{B.9), it is more convenient to assume values of B and obtain ky’ 7 values so that

a kY - Z plot can be drawn for specific orthotropic cylinders.

Limiting:S olutions

Eqgs. (B. 8) and {B.9) yield simple expressions for k_in certain cases. For
cylinders of moderate length, Ba is usually very large compared to unity, and if
the orthotropic parameters s, r, BZIBI, DZID1 are of the order of unity, then
Egs. {B. 8} and (B. 9) reduce to:

5% = (3/4) (2%/4") (B,/B,) (D,/D,) (5. 10)

2
K, = 4 (4/3) (D, /D, B°) (B.11)

Hence from Egs. (B.10) and (B. 11}, we find:

3/4 [(D2/D1}3f4 (BI/Bz)U4 Zle

] —

kY ={4/7w) (4/3)

or Kk =1.58 z Y2 | (B.12}
y y

where v

2 3/2
zy:(Bl/BZ) (D, /D)™ z —

For isotropic flat plates, r =s =1 = Dz./D1 = Bsz1 and Z = 0, Hence from
Eq. {B. 8} we find:

9% +3p%-2=0 or B2=-1/3 (B.13)
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By substituting p 2. 1/3 into Eq. { B.9) we have:

ky:16/3 = 5,33 (B.14)

This solution corresponds to a biaxially compressed long flat plate, clamped along

the long edges under a loading one-half of that applied to the short edges.
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failure mode, good correlation between experiment and theory was obtained
except when the longitudinal stiffened cylinder configurations approached that
corresponding to an isotropic cylinder, Other theoretical investigations per-
formed during the program established that cylinder boundary conditions have
a pronounced effect on the buckling strength of orthotropic cylinders under
hydrostatic pressure loading,
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