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ABSTRACT

Recordings have been made of the strains induced in a full scale
rear fuselage test structure of the Caravelle airliner when one jet
engine is running at maximum take-off thrust. The structure is a
conventional sheet-gtringer combination atteched to pressed out fremes.

The analysis has been concentrated on the strains in the centires of

anels. Correlation measurements heve indicated that the lower frequenciles
fup to 500 c.p.s.) are associated with overall vibration modes and have

low atrain amplitude. The larger panel strains occur at higher frequencies
with the frames scting as boundaries. In these messurements the main
resonance peak in each pasnel occurs &t about 600-700 ¢.p.s. &nd has been
identified with the fundamentsl stringer twisting mode (i.e., asdjacent
panels 180° out of phase). There are generally two smaller peaks in the
800-1000 c.p.s. range but the modes of vibration have not been completely
identified due to lack of information.

An attempt has been made to calculate the panel resonant frequencies
theoretically, assuming that the frames act as bounderies. Although this

work appears promising it has not yet progressed far enough for eny definite
conclusions to be drawn from it.
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1. Introduction

In considering the vibrations of a continuous structure excited
by random acoustic pressures, Powelll has shown that mathematically
the total response can be written down in terms of the response in each
normal mode. This form of analysis could be applied directly if the
normal modes of vibration of the structure were Kknow. Unfortunately,
it is not yet possible to calculate theoretically the frequencies and
damping of the normal modes of vibration of a typical aircraft
structure. This paper discusses experimental methods which have been
used to indicate the type of vibration which is taking place when a
structure is subjected to random pressure loads. The response of the
structure is multimodal in form and hence for 2 thorough understanding
of the vibration it is essential to know the phase relationships of
the deflection or stress at each part of the structure. To do this
it is necessary to isolate each resonant frequency and measure its
associated mode shape. This knowledge can then be used to assess the
validity of the types of mathematical approximatlons which can be made
to render possible the estimation of normal modes and frequencies.
This information is also required if damping materials are to be used
in the most efficient way.

These phase measurements can be made by using a reference strain
gauge say in the centre of a panel and other gauges for comparison on
adjacent panels and support structure. To make the comparison between
any two gauges the signals must first be filtered so that only one of
the resonances is studied at a time. In a random vibration the phase

relationship will not in general be constant for the whole of the time

Manuserirt released by the authors December 1960 for mublication as a
waDD Technical Revport.
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but will vary randomly such that on the average the signals may be
exactly in phase for a certain proportion of the time. This now
requires a statistical measurement and the best way to do this
accurately 1s to measure the correlation between the two strains.

As we are only interested in the percentage time that the two strains
are either in or out of phase the correlation can be normalised to

give the correlation coefficient, On this basis a correlation co-
efficlent of + 09 for example, means that in the particular frequency
band being investigated, the strains are exactly in phase for 90% of

the time. If the strains were out of phase the correlation coefficient

would be negative,

2. Test Installation

The results and analyses reported in this paper refer to strains
induced in the rear structure of the Caravelle aircraft when the engines
are run at full thrust for take-off. The test section and engine
installation is shown in Figure 1. In this test installation a section
of the aircraft conslsting of all the structure aft of the pressure dome
was mounted at the correct height above the ground and one engine was
fitted. This engine was run at full take-off thrust and strain
recordings made on magnetic tape. Structure aft of the jet nozzle in-
cludes part of the rear fuselage (unpressurized) and alsc the fin,
rudder, tallplane and elevator. This structure is conventional sheet
stringer construction as shown in Figure 2. Panel strain gauges were
positioned as indicated in Figure 2; and in addition gauges were po-
sitioned along the frame flange and stringer flange over several bays

in order to pick out any overall vibration which may have been present.



In this position behind the jet the noise pressures have a wide
spectrum with peak intensity in the region 700 - 800 ¢.p.s. Thus
a wide range of structural resonances are excited and the structure
vibrates in a random manner.

The main part of the analysis referred to in this paper has
been devoted to a study of the panel gauge group and thls will be
discussed in detail to outline the method of analysis and the con-

clusions which can be drawn from the results.

3. Analysis of Experimental Results
3.1 Method of Analysls

Random strains can only effectively be described by their power
spectrum and amplitude distribution. The distribution of strain
amplitude has been checked by Sud-Aviation and it has been found to
closely approximate to Gaussian. For most applications, therefore,
it will be adequate to assume a Gaussian distribution. The power
spectrum of any particular measured straln can be found by using
narrow band filters and measuring the power in each frequency band
throughout the range of interest. An alternative method to that of
filtering is to measure the auto-correlation function and then Fourier
transform this to give the power spectrum. The relationships governing
this transformation are as follows:i~

1f the two stresses are represented as functions of time,
gy (t) and 0z(t), then the cross correlation Ri2(7T) 1s defined as
the average of their product when a time delay * 1s inserted in one
signal, l.e.,

lim

T
Riz(T) = T —am00 -'}-‘j oy(t) oz(t + T) dt
o



For random stress functions this must be measured by continuously
multiplying the two signals together and integrating the output. The
integration time must be long compared with the period of the lowest
frequency component present in the signal.

The real part of the cross power spectrum Cio(f) 4is now obtained

by a Fourier cosine transformation of the cross correlation Riz(T)

+ 60y

i.e. Cig{f) = 2 J R12(T) cos 2 T f T d7T
~ 00

In the special case where O3i{t} = O3(t); Rin(7T) becomes the
auto-correlation and Ci2(f) becomes the power spectral density w(f).

Since the auto-correlation curve is symmetrical about T =0

°0

Ci1(f) = w(f) = 4 J R11(T) cos 2 m f T d7t

o

The limitations on this process (for obtaining power spectra) are
that the transformation involves an infinite integral which requires an
infinite time delay. In practice, however, the auto-correlation function
R11(7T) must be truncatated at some point Tax® Lf the correlogram
has reached steady zero values by this point (as in the case for broad
band noise), then the transformation can be carried out. However for
the type of spectrum which has narrow peaks the correlogram continues
to oscillate for a considerable time and it may be necessary for
practical reasons to truncate it before steady zero values have been
rgached. If this is transformed, a mathematical filter, or spectral

window, has been effectively introduced, due to the fact that a

welghting function has been used on the correlogram.



This function D(T) has the form p(1)y =1, 0< X T ax

- >
p(7) = G * Tmax

The result is that the apparent spectral density 1s
4 | D7) Ryp(T) cos 2 T §f T d7
e

,(,.a(f) w(f) d f

P(f)}

The function Q(f) 1is sometimes known as a spectral window2
and has the form shown in Figure 3. The main features of this
window are that it has negative values reaching -0°2 for some fraquencles,
and that the width of the filter is directly proportional to the maxi~-
mum time delay. The negative portion can be removed at the expense

of bandwidth by using Bartlett's® weighting function which has the

form:
T
T) = - / £ 0
D7) =1 /Tax 0T O <t< T ax
and p(t) = O for T>
max

To illustrate the use of these relationships and spectral windows,

both weighting functions have been used on the strain signals.

3.2 Power Spectra

The characteristics of the forcing noise pressures on the structure
are shown in Figure 4, It can be seen that the auto—-correlogram does
not oscillate and therefore no weighting function 1s necessary. The
power spectrum obtained by Fourier transformation i{s relatively flat
showing that energy is avilable to excite the structure over a wlde

range of frequencies. This pressure was measured by a microphone ad-



Jacent to gauge 2 outside the fuselage. A microphone was also placed
in a corresponding position at the other side of the jet in the free
field but no significant difference in spectrum was observed.

The auto-correlogram of the strain measured by gauge 2 is shown
in part in Figure 5. In this case the auto-correlation function
continues to oscillate for a considerable time and it must be truncated
before transformation. The resulting power spectra using both types
of spectral window are shown in Figure 6, As a result of the negative
parts of the firﬁt spectral window the power spectrum given by this
shows several spurious secondary peaks and troughs. These spuricus
secondary peaks are eliminated by use of the second spectral window as
given by Bartlett’s weighting function., We shall therefore call the
first spectrum unsmoothed and the second, smoothed. The choice of
spectrum to be used now depends on the purpose to which the spectrum is
to be put. To give a general picture the smoothed spectrum is probably
the best but if it is requlired to study a narrow peak in detail, then the
unsmoothed one may be the most suitable. For example, we can estimate
the damping of the 590 C.p.s. resonénce by measuring the width of the
peak, but the accuraéy of this measurement depends critically on the
width of filter we have used for obtaining the spectrum and hence the
narrower band unsmoothed spectrum is to be preferred. By this method
the damping ratio of the 590 ¢.p.s. mode is estimated to be 0*018. This
will be a slight overestimate because of the finite width of the filter.

Figures 7, 8 and 9 show the Corresponding strain spectra of panels 5,
7 and 4. It is seen that the principal resonant frequencies are 720,

705 and 720 C.p.s. respectively. The only variation in dimensions of



panels 2, 5 and 7 is in the distance between the stringers, and this
is not thought to be sufficient to cause the lower frequency of panel 2
when compared with panels 5 and 7.

Generally, it can be seen from the strain spectra that there is
very little contribution from the frequency range up to about 9500 c.p.s.
There is then one main peak at about 600 - 700 ¢.p.s., and several

smaller peaks in the range 700 - 1000 c.p.s.

3.3 Da £ Normal Mod
The following damping ratios were estimated for the maln resonance

peaks from the unsmoothed strain spectra.

Resonant Frequency Damping Ratio
Panel 2 590 c.p.s. 0+018
Panel 5 720 c.p.s. 0018
Panel 7 705 c.p.s. 0+018
Panel 4 720 c.p.s. 0017

An alternative method of estimating the damping of a pronounced
resonant peak in a spectrum is to make use of the single degree of
freedom theory. When a lightly damped single degree of freedom system
{s excited by broad band noise the response takes on the form of a sine
wave of randomly varying amplitude. The auto-correlation of this strain

response has been shown by Crandall4 to be given by

o0

RX(T) = th(Tl) dTy h(7z) R (t+ 7 - %) dT

where Rf(T) 1s the auto-correlation function of the applied force and

h(T) 1s the response of the system to a uglt impulse. The impulse



response function h(T) 1is given by:

© e -5 Wy T
h(T) = —=Beee sinyfl - 8% v <
N1 - 6% &
- W, T
o un - a sin wnT for small damping

n

where wn undamped natural frequency of the system

£ = damping ratio

For white noise excitation the power spectral density of the applied

force is
W, (W) = W, (constant)
* oD
Wt
Thus Re(T) = gic ‘Lwo X" qu

Wo  3(7) where 5(T) 1s the delta function
30":*0

=0T =0
The auto-correlation function of the response is therefore

o [ o4

Ih(""l) dTy f h(wz) Wo & (T+ 1 - 1)

[}

R (7)

= W fh(m h(T + 1) dvy
0

tarl
= W w? g Tl 21““%1n WoTy sin W (T + Ty) dTy
n ) n n
(-3
=30z T [ cos W sin W
= W w e o =
n 474 44
W <Y,
-~ gﬂ -2 o cos W T as a first approximation
d n for small damping



Thus the auto-correlation function of the response of a lightly damped
single degree of freedom system to white noise approximates to a damped
cosine wave. The damping of this auto-correlogram gives directly the
damping ratio of the system. In practice it is not necessary to have
true white noise excitation but rather broad band noise which has con-
stant power spectral density over the frequency range of appreciable
response of the system.

This principle can be used in the case of a multi-modal response to
broad band noise if the resonant peaks in the response spectrum are
sufficiently widely spaced to enable them to be separated. As an
{1iustration of this the strain signal from panel 2 was passed through
a filter 1/3 octave wide, centred at 590 c.p.s. The auto-correlogram
of this filter output is shown in Figure 10. The damping ratio given
by this curve is 0°*016 which compares well with the over-estimate of

0'018 which was obtained by measuring the width of the resonant peak.

3.4 E red Cross—Correlatio

Figure 11 shows the results of correlating filtered strain signals
from pairs of panel gauges. The aim is to filter out each resonant
frequency and by measuring the correlation coefficient, determine the
phase relationship between the two strains. A pair of matched l/3
octave filters were used to do this preliminary work and the results for
the panel group are shown in the two diagrems in Figure 11. The
filters are rather wide for this particular spectrum but the main points
of interest are essentially:

1. In the two lower frequency bands (160 c.p.s., 400 C.p.5.} the

strain correlations are high in both the vertical and horizontal



directions indicating that some overall form of vibration is taking
place.

2, In the two higher frequency bands which include the main
panel response frequencies the correlation in the vertical direction
is much greater than that in the horizontal direction. This indicates
that the frames are acting as vertical boundaries but that strains are
correlated over several stringer bays in the vertical direction between
the frames,

Flgure 12 shows similar filtered Cross-correlations for the bending
moment in the frame mid-way between stringers. The high correlations
indicate that in this direction the vibration maintains its dependence
over several stringer bays. The negative values indicate where the

phase change occurs and so show up the mode shape.

3.5 Cross Spectra

A more elegant and meaningful way of obtaining the correlation and
hence phase relationship between two strains at any frequency is to
measure the cross~correlation function and then transform this to give
the real part of the cross power spectrum, The cross-correlogram
for strains 2 and 5 is shown in part in Figure 13. This is unsymmetrical,
does not have a maximum Qalue equal to unity, and continues to oscillate
for a considerable time. The computed cross~spectrum is shown in
Figure 14, and here negative values of the cross-spectral density indicate
that the strains are out of phase. No attempt has been made to use any
smoothing process in the transformation of the cross-correlogram. The

narrow band correlation coefficient is now given by:

10



Cos(f)

\/wa(f) welf)

i.e., by dividing the cross-spectral density by the square root of the

Ga(f) o(f) =

product of the power spectral densities of strains 2 and 5. This
correlation spectrum for strains 2 and 5 is shown in Figure 15. It

is only possible to obtain a correlation spectrum above about 500 c.p.S.
because of the inaccuracies in the derived strain spectra at very low
spectral density values. Two curves are shown in the Figure - one
derived from the unsmoothed strain spectra and the other from the
smoothed strain spectra. It appears that the use of the smoothed
strain spectra gives a correlation spectrum retaining approximately the
correct values but without spurious secondary peaks.

Correlation spectra, both smoothed and unsmoothed, have also been
obtained between panels 2 and 7 and between panels 4 and 5, and these
are shown in Figures 16 and 17. A comparison as shown in Table I can
now be made with the results obtained by using the 1/3 octave filters.
A mean value of the correlation spectrum mﬁst be. taken between the

appropriate filter band limits.

TABLE 1
Panels Centre Correlation Filtered Cross
Frequency Spectrum Correlation
Average (1/3 Octave
Filter)
2-5 630 c.p.S. ~0+42 -0+39
B0OO c.p.S. +0+27 +0-10
2 - 7 630 CQPQSQ +0961 . +O‘48
Bm C.p.S. _0c48 —0938
4 -5 630 c.p.s. -0°10 0
800 C.p+Se +0+20 0

11



These show a good comparison but Figures 15, 16 and 17 show
that much information can easily be lost by using the 1/3 octave
filters. For example, from the filtered results, it appears that
there 1s only +0+10 correlation at 800 c.p.s. between panels 2 and 5,
In actual fact it can be seen from the correlation spectrum that at
710 c.p.s. (near the lower 1imit of the 800 c.p.s. filter band) the
correlation is ~0°78 while at 830 €.p.s. the correlation is +0+9¢.
Thus the value +0+10, indicating very 1ittle correlation across

stringers in the 800 C.p.s, band, is Ccompletely misleading.

4, Norma] Mode and F;eguggcx gsgjmatign

The strain spectra and Correlation spectra indicate that the lower
Tesonant frequencies up to about 500 C-p.s. belong to overall modes of
vibration of the whole fuselage. The modes having frequencies in the
330 - 750 c.p.s. region appear to be continuous across the stringers and,
since panels are alternatively in and out of phase, probably constitute
the fundamental stringer-twisting mode. The mode shapes for the
frequency Tange 730 = 1000 c.p.s. have rot been exactly determined but
it can be seen that panels 2 and 5 are generally in phase while panels 2
and 7 are out of phase. There seems to be little correlation across
the frames at these higher frequencies and they can, therefore, be
regarded as boundaries. Onp this basis, theoretical work due to Lin5
was first applied to the problem. This theory assumes a row of
identical panels simply supported by two frames, but unfortunately it only
considers two fundamental mode shapes, and the harmonics of these:-

(a) The fundamental stringer-twisting mode (i.e., adjacent panels
out of phase).

12



(b) The fundamental stringer-bending mode (i.e. adjacent
panels all in phase).

Using Lin's approach, with the dimensions of panel 5, the
following results are obtained:

(a) The fundamental stringer-twisting mode

Calculated frequency 626 c.p.s.

Measured frequency 720 CupeSe
(b) The fundamental stringer-bending mode

Calculated frequency 1128 c.p.s.

The célculated and measured frequencies compare favourably in
the fundamental stringer-twisting mode. The difference is possibly
due to the fact that there is, in the structure, some fixing at the
frames.

There is no marked peak in the measured spectrum which can be
attributed to the fundamental stringer-bending mode, although there
are a number of very broad peaks in the region 750 - 1100 c.p.s. which
are not accounted for.

Since the correlation results indicate that the next measured
mode above the fundamental stringer-twisting mode has a wavelength
equivalent to more than two panel-widths, it was thought that an
energy approach might be more fruitful. Agasin, a row of identical
panels simply supported between two frames has been assumed.for the
analysis. A series of mode shapes may be assumed, the first having
a wavelength equivalent to two panel-widths, the second having a wave-
length equivalent to three panel-wldths and so on. The nth mode,
of course, is equivalent to Lin's fundamental stringer-twisting mode

which has all of the panels in phase. Using this method, with the

13



dimensions of panel %, a few frequencies have been calculated.

Equivalent wavelength Calculated frequency
2 panel-widths 727 c.p.s,
4 panel-widths 937 ¢.p.s.
6 panel-widths 1020 c.p.s.
. n panel-widths 1090 c.p.s.

5. Disc on_of Results

The major part of the analysis has beén limited to the mid-panel
strains and from this it is possible to see the form of skin vibration
which is taking place. The strain spectra for the mid-panel positions
all show a similar form. There is very little strain in the frequency
range up to about 500 c.p.s. then the main panel resonance appears in
‘the range 500 to 700 c.p.s. At higher frequencies the spectrum is
relatively flat suggesting a combination of several closely spaced resonant
frequencies, In the low frequency range the panels are all in phase,
suggesting that the vibration is of an overall nature. In the panel
response frequency range, however, the strains are associated with modes
of vibration which are essentially interframe. In this form of vibration
adjacent panels across a frame are vibrating almost independently of one
another whilst several panels in a row between the frames show marked
phase relationships. These results now Justify the theoretical simpli-
fication that only a row of panels vibrating between two frames need be
considered in estimating the panel response frequencies of such an air-
craft structure.

The correlation spectra for the panels have in effect been found

by two methods and it is evident that a far more comprehensive picture

14



is obtained by measuring the cross-correlation function. The 1/3
octave filters provide, perhaps, a sultable method for initially
determining the general pattern of vibrations present, but they are
unsuitable for the more exact determination of particular modes.
Considering, then, the spectra shown in Figures 15, 16 and 17, it is
seen that the smoothed correlation spectrum is more suitable than
the unsmoothed one in all three cases considered. Using such spectra,
the correlations may be determined for any particular frequency, giving
the mode shape, providing only that sufficient spectra are available.
The analytical method developed by Lin and also an energy method
have both been used in an attempt to calculate the resonant frequencies
of the panels. It would seem that the energy approach is the most
promising, since it allows for so many different modes, but the accuracy
of the method is, as yet, uncertain. However, the mode shapes which
have been investigated (i.e., with equivalent wavelengths of 2, 4, 6 and
n panel-widths) indicate a series of modes, with in this case, in-
creasing frequency. It is thought that the mode shapes not yet in-
vestigated (1.e., with equivalent wavelengths of 3, 5, etc. panel—widths)
may have resonances which fit logically into the previous series. This
theory agrees well with the strain spectra obtained for the panels, but
there were insufficient strain gauges on the specimen to pick out the

individual modes of vibration in this frequency range.

6. Conclusjons
This method of investigating the form of vibration taking place in
an aircraft structure subjected to random pressure loads has proved

successful in picking out the main panel responses. Tlhe assoclated

15



damping ratios and mode shapes may also be completely determined
provided that sufficient data is available. It is felt that the
strains in the frames and stringers could be analysed in the same way
thus determining the overall vibrations present,
The particular structural Tesonances which are excited depend
on the characteristics of the pressure field. Further experiments
should be made in which the pressure correlation is measured and as
a result 1t should become clear why particular modes are being excited.
Since the analysis has shown the essential nature of the response
of conventiona]l sheet-stringer construction, more detailed experiments
are now clearly justi fied to give fuller information on the mode shapes,
This work could well be supplemented by resonance tests on specimens
which have a minimum of three frame bays and many stringer bays in

order to reproduce the interframe type of vibration,
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