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ABSTRACT

An analytical method has been developed for the analysis of sfatic aero-
thermoelastic behavior in the presence of nonlinear aerocdynamic loads and geo-
metrically nonlinear structural behavior. The method has been programmed for the
IBM 7090 digital computer using FORTRAN coding techniques. A system for the
experimental determination of static aerothermoelastic response of nonuniformly
heated structures to loadings which are a nonlinear function of wing surface slopes
has been developed. Results of this experimental program are presented and com-

pared with theorefical predictions.
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SYMBOLS

b wing span

c wing chord

c wing average chord

k element stiffness coefficient

glzf helix angle made by wing tip during a rolling maneuver
p angular rolling velocity

q dynamic pressure

qD divergence dynamic pressure

u,v,w displacements in the x, y, and z directions respectively
y* nondimensional spanwise coordinate

Ky V2 rectangular coordinates

CL lift coefficient

C lift curve slope

La

E modulus of elasticity

F noede point forces

K stiffness coefficient in force~displacement equations for the complete

structure

M bending moment

Mo free stream Mach number

P applied load

QO’Ql"'Qn aerodynamic influence coefficients

R assigned reference poin{ areas

a equilibrium angle of attack

ag geomefric or rigid angle of attack

ag streamwise angles produced by elastic deformation

) displacement influence coefficient
—é..qﬁ nondimensional lifting pressure

A node point displacement

v Poisson's ratio

o spanwise thermal stress

P loss of torsicnal stiffness parameter (see Equation (3.3))
i incremental stiffness influence coefficient

viii



SECTION 1.0
INTRODUCTION

Hypersonic flight conditions produce significant nonlinearities in aero-
dynamic behavior and, dﬁe to kinetic heating, are likely to introduce a nonlinear
structural response. In the area of static aeroelasticity, (and its effects on stability
and control derivatives) where aerpdynamic and structural response interact and
must be dealt with in combination, the analytical determination of the influence of
such combined nonlinear behavior on the various static aeroelastic parameters has
been a heretofore unaccomplished objective. In fact, although the nonlinear form of

hypersonic aerodynamic operators has been well established through both theory and
(1,2)

)

experiment on rigid airfoils, and the structural nonlinearities of interest have

been similarly established, (3-6 there is neither analytical nor experimental evi-

dence pertaining to situations where such nonlinear phenomena act in combination.

Because of these deficiencies in a technology that may assume great im-
portance in contemplated aerospace projects, a study was undertaken with the follow-

ing objectives:

(1) Development of a method for obtaining hypersonic aerodynamic influ-
ence coefficients which extends the region of application of the methods
of Reference 1.

(2) The formulation of governing mathematical reldationships and develop-
ment of a method and related computer program for the analysis of
nonlinear static aeroelastic behavior.

(3) Development of a technique for the simulation and measurement of
static aeroelastic behavior in the presence of aerodynamic and
structural nonlinearities and elevated temperatures, as well as the
actual measurement of data under such conditions.

(4} Analyses and comparisons with the test data obtained through
objective (3).

Manuscript reléased by the authors January 1964 for publication as an FDL
Technical Documentary Report.



(5) An exploratory examination of an experimental technique for measur-
ing the slopes over the entire 'field" of a deformed lifting surface.
Objectives (2) - (4) are discussed in the present report; work performed in accom-

‘plishment of objectives (1) and (5) is described in References 7 and 8, respectively.

In the analysis of practical airframes, the governing mathematical
relationships of static aercelastic interaction are usually written in matrix algebra.
The aerodynamic input to these equations is a set of operators called aerodynamic
influence coefficient matrices, which relate the nondimensional lifting pressure _E?_p}
fo the equilibrium angle of attack { a } . In the subsonic and supersonic speed

ranges a linear aerodynamic relation is obtained.
A
{TB} - [al{e} (L.1)

Methods for obtaining such matrices are given in References 9 to 11. In the hyper-

sonic speed range the aerodynamic equation may be of the following nonlinear form.

{TAE“}: Loyl {1} + lo]{a}+[q,] {e®} ao

In inviscid hypersonic flow, the pressure at a reference point is a function of the
angle of attack at only that point, resulting in the diagonal Q matrices shown in
Equation (1.2). This point relationship between pressure and angle of attack does not
exist in subsonic and supersonic flow; consequently, @ matrices for these flight

regimes are nondiagonal.

A method for obtaining inviscid hypersonic aerodynamic influence coef-
ficients was developed on a previous Air Force sponsored study program
(Reference 1). The method, however, is restricted in its application. Thus, as part
of the present study, a method for obtaining aerodynamic influence coefficients
which extends the region of application of the method of Reference 1 has been de-
veloped. The results of this phase of the study are presented in Reference 7. The

present report only briefly reviews the results presented in References 1 and 7.



The structural input to the static aeroelastic interaction equations is a
set of structural influence coefficients [ 3 a ]which relate the angular elastic
deformations (response) { a S} to the lifting pressures. This relationship is

written as

{a }=a [8,,][®] {é'qg} (1.3)

where l R] is a diagonal matrix, each term of which is the amount of surface area
assigned to each reference point, and q is the dynamic pressure. With regard to the
evaluation of structural response, both "material property" (inelastic) and "geometric"
nonlinearities may prove significant in the design of hypersonic vehicles. The
present report is concerned only with geometric nonlinearities, Probably the
simplest example of geometrically nonlinear hehavior is provided by the trans-
versely-loaded beam segment supported in the manner shown in Figure 1,1 below,
The length of the neutral line under a transverse load is greater than in the unloaded
state, requiring the existence of an axial ("'midplane') load whose magnitude is pro-
portional to the square of the slope @ . The relationships between the transverse
loads and the slopes will now involve the axial loads. Since the axial loads are a
nonlinear function of the slopes the problem is not only nonlinear but also involves

the coupling of the equations for axial and flexural behavior, respectively,

Neutral Line
Z {Loaded)

Midplane

L P
oad, X Neutral Line

(Unloaded)

Figure 1.1. Beam Segment



Clearly, in a cantilever beam there are no effects of the above type.
Hypersonic wings, however, cannot generally be represented as cantilevers (as lines)
but are actually two-dimensional (surfaces). Such surfaces are influenced by the
effects described above. These effects can prove significant for maximum displace-
ments which are a multiple of the wing thickness. The multiple is a function of the
wing geometric proportions and the material elastic properties, as well as other
factors influencing stiffness (e.g., aerodynamic heating); it will be larger than 1.0 but
cannot be defined with precision. The present report develops mathematical re-
lationships which describe the above phenomena for the plate type wings. Previous
studies (References 12-15) have resulted in methods for determining [ & a2 ]

matrices for complex built-up wings and fuselages.

Difficulties arise in formulating and solving the aeroelastic interaction

equations for hypersonic flight vehicles since the relations between lifting load and
angle of attack are no longer linear, and because the structural relations between
load and deformation (when considering large deflections) are also nonlinear. In an
earlier study (Reference 16) efforts were restricted to using nonlinear aerodynamic
inputs and linear structural inputs. Various numerical techniques were employed to
obtain a solution for the equilibrium angle of attack. Section 2.0 of the present
report extends the work of Reference 16 to include nonlinear structural inputs, while
retaining nonlinear aerodynamic inputs, in the solution of the aeroelastic interaction
equations. In addition, a digital computer program for the analysis of the subject
phenomena is developed. This program, coded in FORTRAN, provides for the
computation of the equilibrium angle of attack, flexible to rigid span loadings
and lifting pressures, lift coefficients and other pertinent static aerocelastic
parameters. Capabilities of the program include the computation of struc-
tural slope influence coefficients at certain {a} iteration steps (Points B
and C for example, Figure 2.1) and for nonlinear structural behavior. Non-
linear aerodynamic relationships are accounted for by providing either a quadratic,
cubic or transcendental variation of lifting pressure with angle of attack., The

FORTRAN program is designed so that analyses can be made which (a) account for



nonlinear aerodynamics combined with linear structural response, or (b) account for
nonlinear aerodynamics combined with nonlinear structural response. The program
is available to eligible receipients upon request from the Air Force Project Officer

(See Foreword).

The development of a technique for the simulation and measurement of
wing static aeroelastic behavior in the presence of aerodynamic and structural non-
linearities and elevated temperatures is described in Section 3.0 of this report. The
technique is based upon the point relationship existing between lifting pressure and
angle of attack., Simulation of aerodynamic nonlinearities was accomplished by using
certain electrical eircuitry in conjunction with an accelerometer which measured
local angular structural deformation. The use of an accelerometer to measure such
deformation is unique; usually, optical methods of the type discussed in References
18 and 19 are utilized. Structural nonlinearities are simulated by providing the
proper test inputs, such as elevated temperatures, specimen dimensions, material

properties and external loadings which create large deflections.

Test results obtained from the above simulation technique are compared
in Section 4.0 with theoretical predictions using the digital computer program
developed in Section 2.0. Analyses are presented for nonlinear aerodynamic and
linear structural behavior and nonlinear aerodynamic and nonlinear structural
behavior for the test specimen used in the experimental program. Section 5.0 pre-

sents conclusions and recommendations for this portion of the study program.



SECTION 2.0
NONLINEAR STATIC AEROELASTIC SOLUTIONS

2.1 GENERAL

A method capable of predicting the static aerothermoelastic response of a
lifting surface is described in this section. As formulated, the method accounts for
both nonlinear aerodynamic and structural behavior and is consistent with the ''field"
approach, wherein the behavior of a lifting surface is represented by designated plan-
form "reference' points. It is assumed that the surface being studied is a diverging
type surface, i.e. it possesses a positive divergence dynamic pressure. The method,
however, is completely general and is equally applicable to the analysis of a non-
diverging type surface. The basis of the method was developed in Reference 16 under
the title "Nenlinear Lifting Pressure Component Method", considering only aero-
dynamic nonlinearities. Here, this method is extended to include structural non-

linearities.
2.2 FORMULATION OF GOVERNING MATHEMATICAL RELATIONSHIPS

As noted previously, the field approach involves the representation of a
lifting surface by numerous reference points where each reference point is assigned
a portion of the surface area. The aerodynamic pressures and inertial forces on
each assigned area are assumed to act as concentrated forces on the corresponding
points. In the development of stability and control derivatives, for example, the
aeroelastician will require knowledge of the equilibrium angles of attack {a } at
the reference points. These angles can be considered to be composed of two parts;
namely, the angles {a S} produced by structural deformation, and the angles {&_g}
which are either built-in or arise from "fixed" sources, In certain instances, the
effect of inertial forces can and should be included. Thus, the following expression

for the equilibrium angle of attack results:

B-fn) G e



More precisely, { a } is the sum of a number of angular components defined as

@l {eb {aad AP {onad” o
{a - e 135 0y 11 +{a, )

initial angular displacement due to temperature

follows:

where ar
%'\)',r_ = helix angle made by wing tip during a rolling maneuver
8Re ¢ = control surface deflection angle.
@ pes ~ angle between the aircraft reference axis and wind

angle between lifting surface reference axis and air-

ayp
i craft reference axis
rigid spanwise angle distribution due {o built in twist.

a =
bt

* =L

y b

It is assumed that a set of "structural influence coefficients" [ ] a ] ,
Z

relating the angular elastic deformations { } to the pertinent applied loads

{P } » can be derived.** These relationshlps are written as.

{as} = [Baz] {3}

{ Z} are related to the nondimensgional lifting pressures

{2.3)

Also, the applied loads
{ } as follows:

{PZ} ) q[R]] {—%ﬁ}

(2.4)

The symbol denotes a diagonal matrix; i.e., each row contains a

value on the main diagonal and zeros elsewhere, lR] , as indicated, is a diagonal
matrix; each term in ,_ R] is the amount of surface area assigned to each reference

point. A matrix, [Q] , of "aercdynamic influence coefficients', which relates the

*These definitions_are in accordance with the method of Reference 16 pg 34 and 35
is defined somewhat differently in this report due to the intro-

- except that {E' g
duction of structural nonlinearities.

**See footnote page 27.



reference point equilibrium angles of attack { a } to the nondimensional lifting

pressures, can be constructed.

Thus, {_éq_p_} - [e] {a} . | 2.5)

Combining Equations (2.1) through (2.5) results in
{a}-a [8,,|[#][a] {o} - {3}

Under linear circumstances, Equation (2.6) can be solved to yield

] {a} = “1] -4 [ Saz] [R”Q]]—l {Eg} @.7)
where | 1] is the unit matrix.

This report is concerned with circumstances where the aerodynamic
behavior, as represented by [ Q ] , is an explicit nonlinear function of { a }

and the structural behavior, as represented by 5 , 18 an implicit

az
nenlinear funection of { a } . These matters will now be given more detailed

consideration.,

Aerodynamic influence coefficients for hypersonic flight are comprehen-
sively reviewed in Reference 1, only a brief description of these coefficients is
given here., Such coefficients may assume several different forms, depending on the
aerodynamic configuration and theory being used, but are in each case functions of

@ and governed by the premise that the aerodynamic lead at a point is a function of
the angle of attack at only that point. In consequence of this latter premise, the
aerodynamic influence coefficient matrix on the right side of Equation (2.5) is of

diagonal form; i.e., ].Q ] .

To exeniplify the form of hypersonic aerodynamic influence coefficients,
consider the liffing pressure relationship derived from the theory of Reference 20

where, at reference point i:

ApY _ 2 3
(_q"')i = Qo; *Qu a3t Ry Qg @y @.8)



Or using the theory of Reference 21 for blunted airfoils
Apy _ .
(...q—)i = Qai sin Qbi a; (2.9)

The coefficients of g i are presented graphically in Reference 1 as a function of

Mach number and airfoil thickness ratio for a variety of cross-sectional shapes.,

These aerodynamic relationships can be written in a more general form

(8 | 1 lal [t
where Q] =| @] | a® ]+ Q] o’ ] @1
o o] ~1o) [snge] - [a]{2) -[o] [e] e

Note that this expression differs from the convential form, Equation (2.5), not only

as

[

in the nonlinear terms such as Qg @ iz but also in the presence of the constant

Ap\

term Qoi = (——q— } . This term arises due to airfoil camber or thickness, and is
0§
of direct use in the aeroelastic simulation scheme discussed in Section 3.0.

Substitution of Equation (2.10) into Equation (2.4) yields

{e} sl f() } ralel [ o) 21 ]e} e

RS S P 1 [

where by definition

{raef ol T{(5) }role La] G}

lél] =a |R] |Q,] and ;énJ =4 |R] lQn]
Next substituting Equation (2.14) into Equation (2.3) and that in turn into Eguation
(2.1), yields

ORI P TR DR




The matrix product [ S az ] {PZO {(on the right-hand side of
Equation (2.15))leads to a set of "effective™ gebmetric angles of attack { a }since
for {a } = {E g} = {0 }, the known initial loads { PZO} produce a set?of

known initial angles. Use is made of this fact in the aeroelastic simulation technique.

If an attempt is made fo solve Equation (2.15) for {a } in the same
manner as the linear solution, Equation (2.7) was obtained, the following result is

indicated:

(110 1502 1] i o
were {a, }= [8a,] {72}

It is not actually possible to achieve this result in 2 direct manner,
however, since the matrix to be inverted contains the as yet unknown set of a's;

furthermore, ] is a function of { a } . To solve Equation (2.16) numeri-

8 az
cally it is necessary to use iterative or other indirect techniques. This approach
is discussed next, and an experimental means of solving Equation (2.16) is prfsented

3

in Section 3.0. A discussion of the structural nonlinearities attendent with ay

are presented in Section 2.4.
2.3 METHOD OF SOLUTION

The basis of the method of solution was developed in Reference 16 under
the title "Nonlinear Lifting Pressure Component Method.'"" This method is extended

to include nonlinear structural response and consists of an iteration technique to
obtain a solution for the equilibrium angle of attack, A description of the

method follows,

Equation (2.15) is rewritten as

CRCRIRIEIEITIREY ST
Let [,—']: [Saz]l_n] _5;9‘ + I_Q1- +|_3a“—” (2.18)

—
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Then Equation (2.17) may be rewritten as

{a}=“1] - [F]]_I{Eg} (2.19)

which is of the same for as Equation (2.7} except that [I’] is a function of the
unknown {a} . A solution for {a} can be obtained from Equation (2.19) by an
iterative process, wherein each iteration requires computing an inverse matrix,
This is avoided by expanding the inverse matrix in a power series as
) -[1] valr] v ()@ (0] "o o 0] {a o,
(2.20)

where {Re }is a set of remainder terms.

A solution can be obtained using Equation (2.20) by setting the remainder
terms equal to zero and iterating the remaining expression. However, better conver-
gence characteristics are obtained if the remainder term is included. As shown in
Reference 16 pg 73, the remainder term can be easily determined resulting in the

following forms of Equation (2.20).

{a}= {8} +a[r] {o} .21
(a}=[[1] o [T {2 o} <'[r) " fa) @22
oo [rhe (1] {5, 201 (o} o
1]+ [r}a® [F]P .o d?[r]" ] @, )

st r] ™ a} (2.24)

Each of the above equations is an exact representation of equilibrium conditions as

defined by Equation (2.19) since no assumptions have been made in the derivation of
Fquations (2.21) to (2.24). Consequently, the same solution (within limits of numeri-
cal iterative techniques) may be obtained using any one of Equations (2.24) in accor-

dance with an iterative process. Either Equation (2.19) or one of Equations (2.24)

*For this matrix power series to converge, the absolute value of the largest
eigenvalue of [1"] must be less than 1. See Reference 22, page 317.

11



may be used as a basis for.an iterative solution for the equilibrium angle of attack,

In the interest of economizing on computation time it is usually preferable to use

one of Equations (2.24).

However, it should be recognized that better convergence

properties are associated with use of Equation (2.19) in an iterative solution than

with Equations (2.24).

and Figure 2.1,

The iterative process will be illustrated with the use of Equation (2.22)

This figure graphically portrays the steps followed in obtaining a

solution for the equilibrium angle of attack, The heavy solid curve represents

the nonlinear relationship between lifting pressure and angle of attack. The solid

straight lines represent the linear relationship between angle of attack and struc-

tural response, Thus, the equilibrium state is given by the intersection of these

two curves. The dashed line, proceeding from point A to point B, for example,

represents an iteration path, The solution proceeds as follows:

Steps

(1) Assume an initial set of values

(3)

for { a which yields an initial
set of pressures (._qE.) shown

by point A, Figure 2.1

Use initial pressures to obtain a
a set of initial loads PZ‘} and
determine the first seét o s%ruc-
fural influence coefficients

Sa 7 . This computation is
an iteration process in itself the
results of which are shown on
Figure 2.1 by the straight line

labeled BE.
Using {a} o and [Saz] .

compute [I’]l

Equation

o {a},- {3}

12

(2.18)



o,
e

Local Lifting Pressure

{a} -alou = {52) - {3l {22412 Lo |20 (o)

Minor [ 8 ]
Qz
Iteration Loops
S~
~
Slope, S1 = S
q [Saz] I_R-’ 82 SS\
1
D
‘\__ Equilibrium Solution Obtained
4 when ¢ = a
C c C
( AP ) Y n+1 n
( AP ) AN Minor {a} iteration loops
q 2 | A
(ay !
T 4

R
Hi

Q—wg —eQ —» q -e— Major {a} iteration loop
0 g c]~ 02 c3

Equilibrium Angle of Attack e,

Figure 2.1. Illustration of Iteration Technique
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Steps Equation
(4) Using {a }0 and [1“ ] , (4) {a}1 :[I_l] +q [I"]l] {&g}
compute {a } using 2 2 -
Equation (2.221). i [F ] 1 { ag} —

(5} ReTat steps 3) and 4) using (5) [I‘]Z = [ 80 Z]l I.R] “ ?]

{a L 1B place of{a .

Continue process until a} + |a ] N & 2 18
converges to a set,] a c }, I. 1 a (2.18)
1 1

as shown by the dashed line path {a} _ [l 1] +q [1"] ] {a }
2 2 1

from point A to B,
9 2
+q [1"]2 {“}1 (2,22)
etc,
(6) Usmg{acl

the path B to C yielding { a }
c
2

}as a new set of initial values repeat steps (1) to (5) resulting in the

(7) Compare { a . } with { a, } in accordance with some convergence criteria.
2 1

(8) Repeat steps (6) and (7) until { a o } = {ac } ag shown by point D,
n+l n

Several features of the iteration scheme should be pointed out. First,the method of
solution contains three iteration loops. The minor structures or[ 3 @ Z] loop
(discussed in Section 2.4) is used to determine sets of structural influence coeffi-
cients (which depend on {PZ }). Intermediate sets of @'s are obtained in the
minor {ﬂ } loop shown by the dashed line paths in Figure 2.1, The majar {a}loop
compares successive values of {acn }obtained from the minor { d } loop in order
to define the final set of converged { a} 's. When structural nonlinearities are

neglected only one set of b are obtained, represented by line BE for

az
example, In this instance the above iteration scheme resembles the nonlinear

lifting pressure component method developed in Reference 16.

Although Equation (2.22) was used in the illustrative example, either
Equation (2.19), or any of Equations (2.24) can be used, The choice of one solution
type over another can only be based on the judgment of the analyst and on the type
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of analysis being conducted. Consideration of structural nonlinearities greatly
increases machine time thus, it is recommended that initial analyses be made
using the closed form solution (Equation 2,19), or series type solutions, m = 0 pr
m =1, Tables 4.2 and 4.3 list IBM 7090 machine time for the analyses conducted
in this study. It is seen that a relatively large amount of machine time is required

to effect a solution which includes both nonlinear aerodynamic and structural behavior,

The iteration procedure illustrated above will usually converge, for a
diverging type surface, for values of dynamic pressure less than the nonlinear
divergence dynamic pressure qp . This is not a shortcoming of the method since
any mathematical solution for q 3 apy, does not represent a physical condition. In
other words, mathematical divergence of the iteration procedure is coincident with
physical divergence. In the case of a nondiverging type surface, however, it is possi-
ble for the iteration procedure not to converge for certain values of g even though a
physical equilibrium situation exists for these values of q. In such cases it may he
necessary to use Equation (2.19) as the basic iteration equation, or in more extreme
cases when even iteration of Equation (2.19) does not converge, recourse to some
alternate iteration technique may be required. Additional discussions of these con-

vergence problems are given in References 12 and 16.

2.4 STRUCTURAL ANALYSIS PROCEDURE

2.4.1 Scope

The basic objective of the structural analysis portion of the
complete aercelastic analysis procedure is to accept, as input, the loadings {PZ }
at the planform reference points and derive and furnish as output the streamwise

slope influence coefficients [8a 7 ]

In computing the structural response, the following limitations

prevail:

(1) The wing may be of irregular planform, of either solid
or built-up construction, with nonuniform thickness. If the
wing is built-up, the internal members (spars, ribs) may be
arbitrarily oriented, but the skins are analytically repre-
sented as a single solid plate subjected to bending and mid-
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plane stress. Only a half-span of the wing, which may
extend to the fuselage centerline, may be treated. A hypo-
thetical wing of this type is illustrated in Figure 2.2,

(2) A restraint against linear or rotational displacement may be
specified for any designated planform reference point.
This permits analysis of a wing supported at the root butt
extending through to the fuselage centerline.

(3) Control surfaces are not explicitly considered, but their
effects may be recognized in the form of applied loads at
the attachment points.

(4) Temperatures may have an arbitrary variation throughout
the wing.

(5) The built-in (initial) displacements. of the wing from a non-
planar surface can be considered.

(6) The analysis will account for the effects of thermal and
large deflection force systems on stiffness.
The analysis does not account for nonlinear material properties, vertical shear
displacements, cutouts, or stringer-reinforced sking, although the effects of the
latter two conditions can be dealt with in an approximate manner. It is a simple
matter to revise the analysis to account for vertical shear deflections but the

resulting complexity does not appear justified in view of the insignificance of this

/1
FACE OF FUSELAGE

phenomena for the class of structures in question.

¢ VEHICLE

Figure 2.2. Hypothetical Delta Wing
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The method of structural analysis employed here is known as the
"displacement™ or "direct stiffness' approach. Details for linear, unheated analysis
have been given in Reference 25; extensions to account for heated, large deflectional

behavior were described in Reference 4. The concepts are outlined below,
2.4,2 Basic Concepts

Congider first the analysis of a structure for linear elastic
behavior. The structure to be analyzed is represented as an assemblage of simple
structural elements, The computer program associated with this study is limited
to use of prismatic (beam) members and triangular and rectangular plate elements

for idealization purposes. The elements are pictured in Figure 2.3,

It is possible, for each element, to formulate relationships
between the displacements of points on the boundary of the element and forces acting
at these points. The equations for any type of element can be compactly expressed

in the single matrix equation.

{r} - [x]{a} (2.25)

where { F} and {A} represent the boundary ("node'™ point forces and displace-

ments, respectively, and [k ] is the "element stiffness matrix.”

The elements are assembled to form the complete analytical
model of the structure by joining all elements at their respective juncture points,
applying in the process the requirements of juncture point equilibrium and com-
patibility. Thus, the components of internal loads {F } and external loads {P}
at each point are related by equilibrium requirements, i.e., 3, Fx=P,, etc. The
respective coordinate displacements of the corner points of all elements meeting
at a point are equal, a requirement that satisfies compatibility. The net effect is
that the stiffness matrix, [ k ] , for the complete structure can be assembled by
merely adding element stiffness coefficients having identical subscripts, This

resuits in a set of equations:

(7} - <] )
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Figure 2.3 Discrete Elements Employed for Analytical Idealization
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Force and displacement boundary conditions can be readily imposed by assigning
the pertinent P's and A's their known values. [K ] will be altered in the process,

and taking note of this fact without a change in symbolism, the solution to the altered

(e} [<] 7z} -[3] {v}

where [ ] ] represents the set of displacement influence coefficients., The sub~

Equation (2.26) becomes:

ject approach, as outlined above, possesses certain noteworthy advantages, First, due
to the concept of "element stiffness matrices”, the computational process is com-
pletely automatized--the only requiredinput is the basic physical data of the problem
to be solved -- and the boundary conditions do not require the writing of special
equations. Secondly, the procedure yields the flexibility coefficients as the direct
solution, avoiding the numerous subsequent operations on the direét solution which
are required by alternate matrix structural analysis schemes. Furthermore, as

will be shown below, the method is fully developed with regard to the structural

phenomena of significance to severely heated high-solidity wings.
2.4.3 Concepts for Large-Deflection Heated Wing Analysis

Although the primary concern in the intended analyses relates
to displacements normal to the middle surface of the wing, the structural response
is importantly affected by behavior in this middle surface. The midplane behavior
in question results from nonuniform chordwise and spanwise temperature variations
and large deflections. The latter represent, in turn, an influence of the behavior
normal to the wing middle surface on deformations in the middle surface. Thus, to
account for both midplﬁne and out-of-plane behavior, two analytical models are
formed for the same structure:

(1) A model representing deflectional, i.e., "out-of-plane',

behavior, and

{2) A model representing midplane behavior,

The use of two elements in place of a single geometric entity merely represents a
separation of two classes of deformational behavior. In the model representing deflec-

tional behavior, for example, the triangular plate element (Figure 2.3b) deforms
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in flexure under node point loads FZr , M

'
b4 H

M
Y

The node point loads for the model

representing midplane behavior are Fx‘ and Fy'. Corresponding situations apply to

the rectangular plate element and to the axial force and flexural elements.

The element relationships for out-of-plane behavior, which have

an identical form for each of the three types of elements, are represented by the

matrix equation:
- ! r
M

] - [x]

]

8

>

/

<

where I\—{X‘ and My' are moments acting upon the ends of the element. The cor-

responding angular displacements are a x' and Ey'.

"Primes'" are employed with

all moments, forces, and displacements to indicate they are oriented in a coordinate

system affixed to the element (""local™ coordinates). The ""bars' on the M terms

indicate these to be quantities associated with the element, i.e., "internal" quantities;

the corresponding external moments are unbarred. The vertical forces and dis-

placements are represented by FZ' and w'. Sign conventions for the moments, forces

and displacements are illustrated in Figure 2.3.

matrix [kz’ ]

material properties and element dimensions.

The stiffness of the element for flexure alone is embodied in the

The individual elements (kij‘} of [k;,‘ ] are based only on the

The effect of midplane forces on

deflectional stiffness is accounted for by adding an "incremental' stiffness [ n']

to the basic stiffness [kz’]

In simplest terms, the matrix [ n' ] represents

the out-of-plane components of midplane forces. Hence, the individual elements

(nij’) of [n' ] are a function of the midplane internal forces (described in a sub-

gequent paragraph) and dimensions of the element.

Built-in (initial) displacements of the wing are listed in the

column{ a 'xi’ a 'yi’ w’i } . These must be premultiplied by the basic stiffness

matrix [kz'] in representing their role in the force-displacement equations.
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Finally, the node point moments and forces required to restrain fully the element
against thermal expansion under the permissible temperature profile are listed in
the column { I-\-/IXT', _l‘u-/IyTr, FZT‘ } .

Formulations of Equation (2.28) for the beam segment and the

triangular and rectangular plate elements are discussed later in the present section

and are detailed in Reference 17.

Prior to the assembly of the elements into a master stiffness
matrix, the relationships for each element must be transformed from local
coordinates into the coordinates of the complete structure (system coordinates).
Standard procedures for coordinate transformation, as described in Reference 25
and elsewhere are applied. When transformations have heen applied the resulting

form of the element equations is identical to that shown in Equation (2.28), less the

primes
— B — - —— Tr
M (a a M 1
_X _ X X1 —XT'
My = [kz] + [n] ay + [kz] ayi + My (2.29)
F w w, F T
Z __J i 7

Assembly of the element relationships for out-of-plane

behavior for the entire structure leads to:

M a fa . M T
X X X1 XT
M = K + N + |K , +¢ M 2.30)
y [Z] [ ] Gy [7] @ yi y
P W " pT
Z 1 Z

where { Mx’ My’ PZ } represents a];r)II‘JIied ;ormi‘l loads and bending moments
about axes in the wing plane and Mx , My , PZ } represents corresponding
quantities arising from the temperature gradient through the wing thickness. The
displacements {ax, a ¥ w } are the angular and vertical displacements at the
reference points. The objective ig to invert [Kz ] + [N] ] and to evaluate

{a , ,w} thusly:
X y
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1
a 1 M a .. M T
X X X1 XT
- - - 2.3
@y [KZ]+ (]| Yy %]y 9m My #39
w P , pT
L z 1 Z

All quantities on the right-hand side of Equation {2.31), with the exception of [N] .
are fixed by the geometric, temperature and material property data. The matrix
[N] is dependent on the middle surface internal forces, which, as will be shown
below, are in turn dependent upon the angular displacements {GX, G!y } and
therefore dependent upon the solution to Equation (2.31). (The angular displacements
{a y} are identical to the angular elastic deformation {a s} » Equation (2.3)).
Consequently, the solution process must be conducted in an iterative manner,
whereby Equation {2.31) is repeatedly solved for more-improved values of [N] that
evolve from counterpart successive solutions for midplane behavior. The process
continues until convergence is achieved. While it would appear that the statement
of Equation (2.31) is applicable to any one of the required successive solutions,
experience has shown that it will often not lead fo a convergent solution. This
experience is detailed in Reference 14, An appropriate solution technique, developed
in connection with the study of Reference 14, is discussed following a review of the

midplane analysis scheme.

The element relationships for midplane behavior, which have an
identical form for each of the three types of elements, are represented by the

matrix equation

1 T 1 1
F Y FT r B o 2
N [k ] LR G C S , (2.32)
F WAy F F A F A
y y y vi

Where Fx' and Fy‘ are the element end (or corner) point forces and u' and v' are
the corresponding displacements. The primes again indicate that the relationships
pertain to coordinate directions fixed in one edge of the element. Element
stiffness is embodied in the matrix kxy‘ ; individual terms of this matrix are

a function of the element geometry and the material properties. The thermal
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forces, FXT' and FYT‘, arise from the element average temperatures. Physically,
they represent the forces necessary to provide full restraint of the element
against expansion due to the temperature of the element above a reference value of
zZero. Fx Al and Fy Al are '""large deflection" forces and represent the force
necessary to maintain the planform dimensions of the middle surface in the
presence of a curvature of the middle surface due to out-of-plane behavior. The
individual terms of F Al and Fy Al are a function of the element angular dis-
placements, @ x' and @ ' , as these are determined in the out-of-plane
analysis. in A and Fyi A are similarly defined, except that the displace-
ments here are the built-in displacements of the wing middle surface. Furthermore,
the reference point linear displacements w, are drawn upon in a2 machine calcula-

' —_ t

tion of the corresponding angular displacements @ xi and a yi®

Formulations of Equation (2.32) for the axial force member and
for the triangular and rectangular plate elements in plane stress are discussed in
section 2.45 and are detailed in Reference 17. When the element relationships have
been transformed from local to system coordinates the resulting relationships

have an appearance identical to Equation (2.32), with the absence of primes.

The completely assembled equations for midplane behavior have

the following form:

P u PT
X X
=[K ] + T + (2.33)
P Xy v P
y ¥y

where { Px’ Py} are applied loads in the midplane, Px , Py are the total

thermal loadings, { P_ A PyA and { A P A} are the total loadings
due to elastic and bu1lt -in displacements, and { u, v } are the midplane displace-

ments of the reference points. The solution to Equation {2.33) can be written as

u -1 Px PXT Px'A PxiA
= [ K ] - T - - (2.34)
v xy P P P A P .A
y y yi
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The midplane displacements are thereby determined. They can then be sub-
stituted back into the element relationships (Equation (2.32)) to yield the midplane

forces on the element. The latter are a necessary input to the out-of-plane

analysis,
2.4.4 Solution Procedure
A solution for the structural response can begin with a knowl-
edge of the rigid wing aerodynamic loads PZ . (A more fundamental,

alternative beginning would be to determine the slope influence coefficients
[ 3 a, from a linear analysis and employ these in a first evaluation of flexible
wing airloads { Pz}) . The geometric and material property data, as well as the

reference point temperatures, must also be known,

The structural analysis can commence in either the midplane or
out-of-plane portions. Generally, it is efficient to begin with a midplane analysis

for the thermal stresses. Thus, a solution to Equation (2.33) is effected with

A AL A A\ . i
{Px’ Py } {Px , Py } = {Pxi , Pyi } = 0, yielding
P T

) 1
{ur\ 7 Txe] {27 2.33)
Xy X y
The inverse [ ny ] -1 is of fixed value and is employed in subsequent cycles

of the computational process where { PXA, PyA } # 0. The solution

{u s vT } is employed to define the midplane thermal stresses and these are
used in evaluation of an incremental stiffness [ Nle related only to the thermal
stresses. The out-of-plane stiffness equations (Equation 2.30) can therefore be

constructed in the form: (MX = My = 0)

| T
0 a X a Xi_ MX
0 - [Kz N NT] ey (" [Kz] a iw T (2.30a)
P w Yy T
z w P
1 Z
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For which the solution is

\
(o] o
T 1
S LR IR C R A R EA L
P PT W,
\W) ZJ Z 1 J
© . ~ J(2.31a)

where { a . a . w} o is the initial solution for displacements.

Certain considerations associated withthe above solution
should be noted. First, the analysis is, as yet, entirely linear, Secondly, the
midplane thermal stresses which lead to the evaluation of [ N T] have, in

general, a destabilizing effect. Thus, the combination [ KZ + N may be a

]
singular matrix if the midplane thermal stresses are very severz and the solution
approach described above will not work. In such a case the incremental stiffness
due to ""large deflection' midplane forces has a stabilizing effect and must be
introduced into the out-of-plane analysis simultaneously with the midplane thermal
stress effect. To do this, one can begin the analysis with the out-of-plane solution
(without [ NT ] ) thereby developing displacements needed for a first guess

determination of large-deflection midplane stresses. Many alternatives to this

approach present themselves,

If [ Kz + NT] is not singular, the analysis can proceed from

Equation (2.31a) above to the evaluation of { A , P , using for this
purpose { a < } With evaluatlon of { P A . P A } , one obtains
i i
the related midplane displacements u i.e.
{UA,V.{&} . { A PA}+{PA,PA}
XY X, V.
i i
(2.33b)

After solution for the midplane large deflection stresses,

based on {u A y v A} , the incremental stiffness ( [ NA J j associated with
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large deflection midplane stress is formed. The governing equations for out-of-

plane behavior now become:

.\

(b a ] a M

X X X, X

! T

007 [ [ TR 4%

P w W w PT

\z i Lz
{2.31b)

To effect a complete solution, Equation (2.29b) is rearranged and solved in part

fo yield
™ (- \ \ T) A
a x 0 ax. X Xy
! T
y } = [K +N < & -[KiVy. » -\ ¥ > - [N y
[%.* Na] [%4] s (8]
P P w
w } z Z K
k / 1) /
(2.31c)
and with use of the solution given by Equation (2.29a)
ax ( e x %
a _{ a _ -1 a :
v —< Y [Kz + NT] [NA] y (2.31c)
w W w
L o

The mairix [Kz + NT ] -1 is of fixed value for a given thermal environ-

ment while the forces {0, o0, Pz} are of fixed value for a given struc-

tural analysis sequence, Thus, the only changes which occur as successive
recomputations are made for the midplane and out-of-plane displacements are those
which take place in [ NA] in the out-of-plane formulation and {PXA . PyA}
in the midplane formulation.
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It is convenient to regard Equation (2.31d) as pertaining to any of
the cycles of computation. On the left hand side the displacements are those sought
in the ith cycle and are given the subscript i. On the right side, the displacements to
be employed are those already determined in the previous cycle of computation and
are therefore assigned the subscript (i-1). Also, the matrix [NA ]will have been
computed using midplane stresses derived on the basis of the (i-1)th displacements
and is also given in subscript (i-1). Hence, Equation (2.31d), in the form of a general

formula, now reads

ay a x ax
4] a -1 a
y/ = y - [ K + NT] [NA ] _ y (2.31e)
(i-1)
W) w w
1 0

When, in succeeding cycles of computation, the values of
{ a . ay’ w } ; and { a, ay, W } agree to a specified extent, convergence will
have been achieved. Then, in order to obtain the required influence coefficients, the

finalized solution to Equation (2.31b) is

T\
Q (OW a M
X X X
-1 i
0 > [ ] a M T
a _ - -
y > = K +Np+N, < K Y, y }
i T
W P w, )
ZJ 1 YA /
S
(2.31f)

The portion of the inversion which defines relationships between
{ a y} and { Pz} is the required set of influence coefficients.* These coefficients
are transmitted to the aeroelastic interaction analysis to be employed in the deri-
vation of an improved set of loads { Pz } The improved loads occasion a redeter-
mination of influence coefficients and all aspects of analysis are repeated until

covergence of both loads and displacements are accomplished.

* The required set of influence coefficients are based on secant stiffness rather

than the tangent stiffness concept. The former is appropriate to static aeroelastic
analyses, since these require the relationship between the total P, and a y- For:
dynamic aeroelastic studies, stiffnesses about an equilibrium condition ("'tangent
stiffnesses') are required. See Reference 14 page 35 for further discussion.
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2.4,5 Element Relationships

Force-displacement relationships for the axial force and flexural
element, as required for the subject analyses, are developed in detail in References
14 and 26. Relationships for the triangular and rectangular plate elements, however,
have been published only for midplane behavior.Hence, a review of the bases for the
derivation of triangular and quadrilateral plate element properties is given in the

following. Details are presented in Reference 17,

The development of the force-displacement properties for a
plate element, for either inplane or out-of-plane behavior, can be accomplished on
the basis of assumed displacement or deformational modes for the element. Detailed
procedures for transforming such assumptions into element properties are pre-

sented in References 27 and 28.

Congider first the quadrilateral in bending. A lateral deflection
paitern in the form of a polynomial will he assumed, the number of terms in the
polynomizl being equal to the number of corner forces acting upon the element,

1 1 t

Here (see Figure 2.3) there are three "forces" (FZ ) Mx ; My ) at each corner point,

or a total of twelve forces, Thus, the 12-term polynomial is chosen as

3 2 3 2 3 2
w—flx +f2x +f3x+f4y +f5y +f6y+f7xy+f8xy
+1 xy + 1§ 3x+f 2x+f (2.35)
o™ T Y ¥ T Y ¥ '
This function satisfies the differential equation of equilibrium ( V 4W =L 0) over

D
the surface of the element. Both the [ KZ ] and [ n :l matrix follow from the

application of the principles of References 27 and 28 to this function. The thermal

T
forece column ( { M M T
X y

T
. Fz } } is derived simply through the assumption
of a constant thermal moment and by transformation of the distributed edge moments

into node point moments.

Development of flexural relationships for the triangle proceeds
along the same path ag the rectangle. In this case nine forces are involved so that

the assumed displacement function is
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W=a, +agX+ a3y2 ta,y+ a5x2 + a6x3 + a7y3 tagxy + a Xy
(2.36)

This function also satisfies the differential equation of equilibrium over the surface
of the element. Again, thermal forces and moments are derived on the basis of a

constant thermal moment throughout the element.

In the case of midplane behavior the assumptions utilized for the
development of the relationships for both elements are those advanced by Turner,

et &1, in Reference 25. These are assumptions on stress and take the [ollowing

forms:

For the rectangle

=a +a
o, y

1 2
cry = a3 + a4x (2.37)
Txy "85
For the triangle
crx:al, cry=a2, Txy:a3 (2.38)

The above stress assumptions are easily transformed into the corresponding
assumed displacements by use of Hooke's Law and by integration of the strain-
displacement equations. The thermal forces ( {an R Fya } } and large-
deflection forces ( { FxA , Fy A } ) are derived by assumptions of constant
thermal and large-deflection strains, respectively, and by computation of the

corner forces as the static equivalents of the corresponding edge stresses.
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2.5 DETERMINATION OF DIVERGENCE DYNAMIC PRESSURE AND
STABILITY AND CONTROL DERIVATIVES

2,58.1 Divergence Dynamic Pressure

The nonlinear divergence dynamic pressure, can be

qD ?
n
established by use of an approximate procedure. The criterion for divergence was

established in Reference 16 as

{gf‘}:{“’} (2.39)

Application of this criterion to Equation (2.15) yields

{28 g o (o] | Lad-L ]| (o]t fe] €3
+ [QJ {a}+lQn] {1}} (2.40)

where by examination,the right hand side becomes infinite if either the equilibrium

G2

angles of attack or the nonlinear pressure components l_ Qn.’ become infinite
or if the determinant of the inverse matrix vanishes. The value of q which satisfies

the latter condition is apn which by definition is the reciprocal of the largest
n
eigenvalue of the matrix

[Saz] [R] lQJ*[ a;zn -’ (2.41)

For linear aerodynamic and structural response this matrix is easily iterated

for the divergence dynamic pressure - Consideration of aerodynamic non-

linearities complicates the iteration process as discussed in Reference 16. In-
clusion of both aerodynamic and structural nonlinearities demands an iteration
technique which accounts for the variation of [Sa , } with { PZ } thus
increasing the complexity of the technique. The studies of Reference 16

demonstrated the difficulties in obtaining an exact value of a, for only aero-
n
dynamic nonlinearities. Thus an alternate approach for determining a5 for the
n
total nonlinear case is in order.
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Examination of Equation (2.41) shows that ap is a function
n

of the same parameters as the equilibrium angle of attack. The iterationtechnique
described in Section 2.3 will mathematically diverge for values of the different
parameters,including gq, when the lifting surface experiences physical divergence.
Thus,if all parameters are held constant and solutions obtained for the equilibrium
angle of attack for increasing values of g then these solutions will converge for

q < qD . Hence it would seem possible to obtain qD as accurately as desired by
n n
using smaller increments for q as 9 is approached., Theoretically this is
n
correct but in practice it was shown that equilibrium solutions for { a } diverge

for ¢ somewhat below qD . Just where this ocecurs is dependent on the number of
n
gignificant figures used in the iteration cycles. (See Reference 16). In any case,

however, such a procedure does establish a lower bound for 95, and this type
n

of solution often provides sufficient information for the analyst.

Another approach, more practical in a sense, is the use of the
flexible to rigid lift coefficient ratio of the surface under study. This ratio is a
function of the equilibrium angle of attack and is a good indicator of divergence.
For given values of g and a g’ solutions for this ratio may he obtained for the
following cases:

(1) Linear aerodynamic and structural response. In this case
qucan be exactly determined.

(2) Nonlinear aerodynamic and linear structural response.
(3) Linear aerodynamic and nonlinear structural response.

(4) Nonlinear aerodynamic and nonlinear structural response.

It should be recognized of course that when the lift coefficient ratio is less than one,
the lifting surface is exhibiting nondiverging type characteristics and is considered
not to have a real divergence dynamic pressure. For most practical configurations
the trend towards divergence should be obvious from the results obtained from all

or some of the four cases listed above. These results will give a good indication
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of the bounds between which an lies. Quite often qp Y will be an upper bhound to
an ; however, no general conclusion as this can be made since large variations in
aerodynamic and structural parameters could result in exceptions to any such

general conclusion

Finally, it must be emphasized that the divergence dynamic pres-
sure denotes a condition of neutral stability and as such is a flight condition which a
vehicle must not even approach closely. At the divergence condition, the increase in

the aerodynamic moment due to an arbitrary change in a . is balanced by a corres-

g
ponding increase in the elastic restoring moment. The former is a function of dyn-
amic pressure; the latter is invarient with this parameter. Thus, as a vehicle's
speed approaches aD, the incremental aerodynamic and elastic restoring moments
become equal. At speeds above an , the aerodynamic moment increases drastically
producing an unstable condition, (See Reference 16 for further discussion.) Hence
precise values of an need not be defined. Lower bounds to 4p,, established by the
above approaches, should be sufficient to establish flight spectrum boundaries for a
vehicle.

2.5.2 Stability and Control Derivatives

The effects of flexibility on static stability and conirol derivatives
under a linear aeroelastic system were presented in detail in Reference 22. Methods
for determining these effects with a nonlinear aerodynamic response are given in
Reference 16. The following discusses a method for determining these effects for the

case of nonlinear aercdynamic and nonlinear structural response.

The derivatives, for the case under consideration, are obtained
in the same manner as was described in the above references. That is, for a given
set of rigid input angles (See Equation (2.2)), the nondimensional lifting pressures are
obtained by using the iteration procedure of Section 2.3. These distributions are in-
tegrated to give nondiminsional span loadings, which in turn are integrated to yield
either 1lift or moment coefficients; finally these coefficients are differentiated with
respect to the variables of interest to give expressions for the desired stability and
control derivatives., Mathematical expressions for the flexible to rigid ratio of CLa

C‘g and Cf , for example, for the total nonlinear case under consideration here,

b3
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are identical to those expressions given in Reference 16, thus, only a brief discussion
is needed to indicate how nonlinearities are accounted for. The parameters CL and

CL will be used for this discussion,
a

Following the derivation in Reference 16, the lift coefficient for the main

lifting surface (wing) of a flight vehicle due only to angle of attack ag is given by

c, = I_'I'J —‘2“3}, [TJ = [I”_-z:] [I] (2.42)

I_ I J and [I ] are integrating matrices, —g—: ig a matrix of wing chords non-
dimensionalized by wing average chord. Substitution of Equation (2.10) into

Equation (2.42) yields the flexible lift coefficient.

c, =]T7] [%9-] + Q] + [_—Qf] {a}” (2.43)

F

Setting o = ag yields the rigid lift coefficient

N Q Q
CLR = I_IJ [ a;] + ,_Q]-] + [-Ez—] {ag} * (2.44)
ac
By definition CLa = 3a L , hence the nonlinear flexible to rigid ratio of lift
Ref

curve slopes is, for l Qn 1 = '- QZ] l az ]

o T {=ae, )

Do ) lie] e el tFE)

SUVARUE USRI CRI[D

da

' —8 = 1} .
{ e {1}

* It is noted that for the total nonlinear case, the lifting pressures and lift coeffi-
cient are a function of other angles than @ g; e.g., control surface deflection. How-
ever in the present development only a g is being considered, hence it is possible to
consider the lift on only one semi-span of the wing to obtain Cp, a’ otherwise the

lift on both semispans would have to be considered. Reference 16 discusses more
general cases where coupling between angles is accounted for,
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Methods for obtaining the equilibrium angle of attack have been presented in Section

2.3, thus CL can be easily determined. However { da/ 0 @ pot } generally

¥
cannot be explicity determined and must be obtained by either graphically or °

numerically differentiating {a} with respect to @ for each reference point.

Ref
However CL and CL may be obtained with less labor by applying these
a a
F
differentiating techniques to CL and CL . These same techniques would be used
F R

to obtain C '83 and C ¥ éxcept that the rolling moment coefficient C z is
differentiated with respect to 8 or B .

Examination of the above equations shows that the flexible and rigid lift

curve slopes are a function of g g which is a function of @ These guantities

are also a function of Mach number and altitude through the dﬁimic pressure. Non-
linear structural response is implicity accounted for in the determination of { a }as
discussed in Section 2.3. Nonlinear aerodynamic response is explicitly accounted

for through Equation (2.10). Thus in practice the effect of these nonlinearities on

the stability and control derivatives can be determined by computing { a } dis-
tributions using the procedure in Section 2.3. and then following the differentiation

technique discussed above.
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SECTION 3.0

SIMULATION OF NONLINEAR STATIC AEROELASTIC BEHAVIOR

3.1 GENERAL

The most apparent and straightforward approach to experimental determin-
ation of the desired aeroelastic data is through testing a flexible wing model in a hyper-
sonic wind tunnel. This approach is not presently feasible nor practical due to the
following principle reasons:

(1) Prohibitive cost involved in both model fabrication and wind tunnel
operations.

{2) State-of-the-art regarding the fabrication of flexible wind tunnel models
for high temperature operation is in its infancy.

(3) The need to develop expensive instrumentation and associated cooling
systems t0 measure static aeroelastic parameters.

(4) The increased number of "wind tunnel runs' required for aeroelastic
models.

(5) Reliable hypersonic wind tunnel facilities of relatively large size and
long duration times are limited in number, thus a priority for lengthy
test times is difficult to obtain. In addition scheduling and lead times
become lengthy.

{(6) Simulation of all pertinent phenomena cannot he achieved,

Examination of the alternatives to wind tunnel testing led to the development
of the system described in this report. This system employs structural test labora-
tory facilities of the type possessed by major airframe companies and research organi-
zations. It is relatively inexpensive and suitable for wing proportions ranging from
model to full scale. The system fulfills two basic criteria. First, it is consistent with
the "field" approach wherein the behavior of a lifting surface is represented by design-
ated planform "reference' points. Secondly, it is based on the accepted premise that
the hypersonic aerodynamic load at a point is a function of the angle of attack at only
that point. It is felt however, that the system described herein could be adapted o
simulate other aerodynamic loading conditions such as those that exist in the super-
sonic flight regime (See References 10 and 11). The technique for simulation of this
interaction and the related apparatus and instrumentation facilities are next des-
cribed. Then a discussion is given of tests actually performed on two thin plate wing

models and test data are presented.
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3.2 DESCRIPTION OF SIMULATION TECHNIQUE AND RELATED
FACILITIES

3.2.1 Test Procedure

Figure 3.1 illustrates a representative lifting surface under
test. Numerous reference points have been defined on the wing surface, but
attention is directed toward instrumentation concentrated at a typical point, i.
This same instrumentation would be located at all the reference points in an
actual test setup. Figure 3,2 details the devices, instrumentation, and circuitry
associated with the application of load and measurement of angular displacement

at point i.

Ag previously mentioned, the simulation technique described here
pertains only to conditions where the aerodynamic load versus angular displacement
relationship at each point is independent of such behavior elsewhere. We choose, as

a representative applied load versus angular displacement relationship, Equation (2.14)

with Q, = §2 02, Thus, for point i

(PZ)__(PZ ) + (61 ) a 4 (Zgg)aiz (2.142)
1 0 i 1 1

Prior to test, the circuitry at each point (Figure 3.2} is provided

with settings for (PZ ) , (Ql ) and < 62 ) . These settings are selected, using
o/l i i

convenient analysis procedures, to represent aerodynamic conditions at a certain
time in a flight profile. Since (PZ ) produces the effect of a geometric angle of
o/
i
attack (see the discussion preceding Equation (2.16) ), the specimen may remain

horizontal during test while angle-of-attack variations are introducted by proper

adjustment of (PZ ) .
o

A test begins with the imposition of the system of initial loadings

{ PZ } which immediately cause angular displacements at all points, The
0

magnitude of the initial angular displacement at point i, for example
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is sensed by an accelerometer arrangement specially designed for this purpose and
is transformed into a signal proportional to this magnitude. This-signai, in turn,

produces a signal for a new load P_, and compares this load with the initial load

1

PZ . The resulting signal, proportional to APZ , actuates a servo control valve
Oi | i

and accordingly modifies the loading PZ . Thus, a first change in the load is pro-

Z

0,
duced as shown in Figure 3.2 and this change ( AP, )is, from Equation (2.14a)
i

— — 2
APZiz(QI).ai+(Q2 ) a. (3.1)
1 1

The load change A PZ causes additional angular displacement at the reference
i
points. Hence, further adjustments of the load are obtained and the process con-

tinues until the surface reaches an equilibrium position. A test cycle concludes
with the measurement of equilibrium loads and slopes (i.e., angular displace-

menis).

The simulation of nonlinear aerodynamic behavior is evident
in the foregoing procedure. The presence of structural nonlinear behavior is not
evident, however. As already emphasized, the significance of structural nonlinearity
is dictated by geometric and material properties and other factors influencing
stiffness, Under hypersonic flight conditions, a particularly important inﬂuencer
on stiffness results from aerodynamic heating. It is therefore necessary to incor-

poraie aerodynamic heating effects in the subject technique.

Figure 3.1 illustrates the presence of apparatus for the simu-
lation of such effects. The indicated devices are capable of producing in the test
specimen an equilibrated temperature distribution of the type that would result, at
some instant in a flight plan, from aerodynamic heating. The concept of a "static”
(equilibrated) structural temperature distribution is consistent with the concept of
static aeroelasticity as a field of investigation concerned with time-independent

phenomena. All devices associated with the application and measurement of load
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and the measurement of slope are located beneath the wing specimen. (For pur-
poses of clarity however, these have been shown above the wing in Figure 3.1).
Thus, the areas above and around the specimen are available for the disposition

of heating equipment. This arrangement - heating from one side and along the
edges - is satisfactory for present purposes since the lifting surfaces in question
are "thin", as required for large deflectional behavior, and there is a relatively
small difference in temperature between the two wing surfaces due to heat transfer

to just one surface.

The major elements of the above simulation scheme are the
angular displacement measuring devices (accelerometers), the heating apparatus,

the load application devices, and the data measurement eguipment.
3.2.2 Angular Displacement Measurement System

A basic instrumentation requirement for this technique is a
device which will accurately measure the chordwise angular displacement at a
point on the surface of a wing in the presence of elevated temperatures. This re-

quirement was met through the development of the arrangement shown in Figure 3.3
where the accelerometer is the critical element in this system which senses the direc-

tion of the gravity vector. The positioning of the accelerometer's sensitive axis in a
horizontal direction produces a response in consequence of the acceleration due to
gravity when the accelerometer undergoes an angular displacement. This measured
acceleration varies as the sine of the angle of displacement and has a maximum value
of 1.0 (times g) when the sensitive axis is vertical. For the circumstances of interest,
the angular displacements are quite small (< 5°) and the accelerometer reading is
proportional to the slope itself,

The measurements would be more accurate if the accelerometer
were attached directly to the specimen at the point in question, but since elevated
temperature tests were to be conducted and the devices would not function properly
in the resulting intense heat field, it was decided to mount each accelerometer at
a distance from the wing surface. From Figure 3.3, it is seen that the accelero-

meter is mounted on a 3-1/2 by 5 inch platform, which in turn is attached to the
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wing surface by means of three rods and a linkage system. The chordwise attach-
ment to the wing surface occurs at two points that are 1-1/2 inches to either side
of the associated reference point. The freedom of the piatform to move was re-
stricted to a vertical plane and rotation about a spanwise axis. From this arrange-
ment, the accelerometer signal is proportional to (d2 - dl), the difference in
deflections at the two rod-wing specimen attachment points, rather than at the

point i itself.

Measurements taken for the purpose of establishing the accuracy
of the above scheme verified that it produces errors of less than 1 percent for
angular displacements of up to 5 degrees. Alternative schemes. involving the use of
variable permeance extensometers of the type described in Reference 23, were
tried and found to yield measurements of insufficient accuracy. Furthermore,
those on hand would ""bottom-out' under displacements much smaller than those anti-

cipated for actual testing.
3.2.3 Heating Apparatus

A conventional arrangement of radiant heat lamp equipment,
identical in most respects to the system described in Reference 23. provided the
heating rates which imposed and maintained the temperature distribution in the
wing specimen. The basic heating elements were quartz lamps (type T-3) grouped
in fixtures around the periphery of the wing specimen as illustrated in Figure 3.1,
The desired temperature distribution was established by disposition of the fixtures
and reflector plates and by variation of voltage supplied to the various groups of
lamps. Four Variac Auto-Transformers. each permitting a range of 0 to 230 volts,

proved sufficient for the purposes of voltage regulation.

It should be emphasized that the primary function of the
available voltage regulation was to control the stabilized temperature distribution
i.e.. once a temperature distribution had been established and stabilized. the voltage
capabilities were used only to compensate for structural temperature changes re-

sulting from laboratory environmental disturbances.
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3.2.4 Load Application System

The load application system for the tests conducted is shown in
Figures 3.1and 3.2. Since these tests were restricted to the measurement of
symmetric behavior (i.e., symmetric about the midplane), loads were simultaneously
applied, through hydraulic jacks, to corresponding points on each semispan. Each
corresponding pair of jacks was connected in parallel to insure a symmetric load
condition. A type U-1 Baldwin SR-4 load cell, located between the jack and the
support frame, sensed the magnitude of the load and transmitted an electrical signal

proportional to this magnitude to the PZ versus a i circuitry and to the data readout
i
equipment for subsequent transformation into digital information. (The data readout

equipment will be discussed in the next section.) The support frame for the load
application system was extremely stiff, being composed of welded structural steel
shapes, and was bolted to tie-down slots embedded in the laboratory floor, (See
Figure 3.4.))

3.2.5 Data Reduction Equipment and Techniques

Data recording and reduction procedures for an experimental
program of this type can be completely automated with use of widely available equip-
ment. Nevertheless, as a matter of interest and for the sake of completeness, the
following brief review of the equipment and procedures employed in the subject pro-

gram is presented,

As noted previously, the basic output of both the slope measuring
device and the load cell is an electrical signal proportional to the reference point
slope and load, respectively. Values of these signals were recorded using a flexo-
writer device (a special typewriter manufactured by the Commercial Controls
Corporation, Rochester, New York) which punched data in digital form on output
sheets, and also (when desirable) onto paper tape in a form suitable for use as inputs
to an IBM 7090 computer. The direct digital output permitted a visual survey of the
test data during each test, making it possible to verify that the experiment was

proceeding satisfactorily.
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The determination of equilibrium loads and angular displace ments
from the direct digital output of the interaction tests was a simple operation, re-
quiring only the constant of proportionality between the values of the electrical

signal produced by the measuring device and the magnitudes of the loads and slopes.
In addition to the interaction tests, certain tests were performed with the intent

of obtaining displacement (slope) influence coefficients. The punched tape in-
formation for these fests was operated upon by the IBM 7030 computer to yield
the desired influence coefficients.

3.3 EXPERIMENTAL PROGRAM

The technique described above was employed in an experimental program
in which two wing specimens were tested under a variety of room and elevated tem-
perature conditions. The specimens, illustrated in Figure 3.5 are plates of con-
stant thickness; both are of full-span, but for convenience only semispans are

shown.,

The specimen proportions, material properties, etc., were chosen as a
compromise of a number of conflicting requirements, including the need to de-
monstrate low aspect ratio and large deflection effects while retaining a measure of
simplicity for the sake of subsequent test-theory comparisons. Also, it was nec-
essary that the large deflections neither exceed the "fravel' limitations and capacity
of available instrumentation nor introduce inelastic behavior. After reviewing these
factors and the performance of preliminary static aeroelastic and stress analyses,
it was decided that one model be of rectangular planform, with an exposed semi-
span of 30 by 30 inches and 0.538 inch thick, while the second model be of clipped
delta planform with semispan of 32 inches, a root chord of 34 inches, and thickness
of 0.528 inch, The specimen material is a steel alloy similar in composition to

heat treated AISI type 4140 steel.

To provide accurate information for subsequent analytical studies, tests
were performed to obtain the material mechanical properties and the coefficient of
thermal expansion. Tests were performed at temperatures of 70, 350, 550 and

850°F,, on coupons taken from the specimen sheet stock. Interpretation of the
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resulting data showed that the modulus of elasticity (E,) can be satisfactorily

represented as a function of temperature by the expression:

4
E = 30.79 x 10° - 1.099 x 10" T + 6,693 T2 (3.2)
Equation (3.2) is valid in the range of 70 to 800°F,

The average coefficient of thermal expansion was found to be essentially
constant through this range of temperatures at a value of 7.0 x 10_‘5 in./in.°F. The
material property tests were used to determine the yield stress and inelastic
behavior characteristics of the parent material. This information was compared
with the results of stress analyses to assess the possibility of inelastic deformation
during test; it was predicted that no significant inelastic deformation would be sus-

tained.

The specimen support assembly, pictured in Figure 3.4, congists of
structural shapes which are welded together for rigidity. Screw jacks are used to
maintain a clamping pressure on the 2 inch wide specimen support area. This
arrangement was designed with the intent of minimizing root flexibility - i.e., to
preclude vertical displacement or "roll'" rotation of the wing root - while providing
a small specimen contact area to minimize heat transfer from the model during

elevated temperature tests.

As shown in Figure 3.5, a total of 12 reference points are delineated on
the rectangular model semispan and 10 points are employed on the clipped delta
semispan. All imposed loading and temperature conditions represented symmetric
behavior of the wing as a whole. Thus, the same array of points were delineated on
the semispans not shown in Figure 3.5, Each point on the rectangular spec¢imen was
assigned a surface area of 75.0 in,z; the areas assigned to points on the clipped

delta planform differ from point to point and are listed in Table 3.1.
Tests of the rectangular planform consisted of:
(a) Tests, at room temperature, for slope influence coefficients (care

was exercised that the imposed loadings extended only as far as the
limits of effectively linear behavior).
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TABLE 3.1

DELTA PLANFORM SPECIMEN - ROOM TEMPERATURE TEST PROGRAM
AERODYNAMIC COEFFICIENTS AND RESULTS

q= 8 psi
{pz ={449,488, {pz } =§573,585, I{pz } ={649,683,
Ref. | Assigned ) oft 488,605} of2 585,608 L “ofs 683,733}
Points Area I.QI] lQ {a } {Pz} {a} {Pz} {a} {Pz}
1 | 62,344 -435 8 -0.2536 568 |-0.2976 706 ~0.3475 809
2 |es.625 -321 80 -0.1368 38 |-0.1732 67 -0.2045 68
3 | 65625 -275 56 -0.0057 24 |-0.1235 32 -0.1411 39
4 | 85625 +229 32 +0.015) 2 [|+0.0126 2 -0,0213 6
6 |48.750 -510 24 -0.6600 828 |-0,7656 976 ~0.9086 1162
6 |56.250 -393 48 -0.3514 141 [-0.4217 164 ~0.5007 208
7 |56.250 -432 48 -0.1162 22 |-0.1500 55 -0.1900 406
8 |48.750 -510 24 -0.7153 858  |-0.8434 1020 -1.026 1232
9 |66.250 -198 48 -0.4630 89  |-0.5644 111 -0.6727 140
10 (52.531 -706 62 -0.6425 956  |-0.7756 1136 -0.9224 1390
c, /c 1.827 1.813 1,873
Ly Ly
q=12 psi
P, ] ={100,200, P, | ={150,300,
of1 200,204 of 2 300,300}
Ref. |Assigned = =
P
Points | area | |91 1] {a} {2z} | {9} {?:}
1 82,344 | -653 114 | -0.2083 236 -0.4493 498
2 65.625 | -481 120 | -0.1285 67 -0.2722 134
3 65.625 | -412 84 | -0.0828 a8 -0.1983 85
4 65.625 | +344 48 | +0.0126 2 - -
5 48,750 | -766 36 | -0.5572 656 -1.1822 1232
8 56.250 | -589 72 | -0.3182 203 -0.7045 436
7 56.250 | -648 72 | -0.1381 84 -0.3313 117
8 48,750 | -766 36 | -0.6325 712 -1.3425 1384
9 56.250 | -295 72 | -0.3389 112 -0,8608 265
10 52,531 |-1058 93 | -0.5723 856 -1.2851 1732
c. /C 4,237 5.603
Ly Ly
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(b) Interaction tests, at room temperature and also in the presence of
two elevated temperature environments, for three dynamic pressures
over the range of the three aerodynamic coefficients { PZ } s

o]

[c'il] and [c‘gz] listed in Table 3.2.

An abbreviated notation is used in Tables 3.1 and 3.2. For example,
at room temperature test conditions, Table 3.1, q = 4 psi, only the
diagonal elements of | Q , 1 Q are listed. P is an
1 2 Z0

initial loading column whose nonzero elements at reference points 1
b, and 9 respectively, are given above the test results {a }and {P } .

. Z
Thus, a typical

(450 )

SR

. 0
A total of 27 tests for equilibrium angles of attack and loads are represented, The
reasons for the indicated variation in the aerodynamic coefficients and the manner

in which they were varied is described below.

Tests of the delta planform conducted during the study covered by this
report have been of an exploratory nature and have consisted only of several room
temperature tests for a limited range of dynamic pressures and aerodynamic

coefficients., These test conditions are listed in Table 3.1,

As indicated in the discussion of the analytical basis of the static
aerothermoelastic problem, a reference point angle of attack (Q ) is a function of
the aerodynamic parameters q and ag, the deformational characteristics of the
structure, and the temperature environment. Since it was intended to isolate,

insofar as possible, the relative significance of the respective aerodynamic

(Text continued on page 53)
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TABLE 3.2

RECTANGULAR PLANFORM SPECIMEN -
TEST PROGRAM AERODYNAMIC COEFFICIENTS AND RESULTS

q = 4 psi
z }= {450.300,315} {pz } ={525,37s.4so} {’z } ={soo.450.azs}

§ Reference = - o) o °7?
| points lQ1] le] { a } {pz} {" } {Pz} {“} {Pz}
1 8565 46 0.0552 486 0.0427 576 0.0822 856
2 524 32 0.0637 33 0.0784 41 0.0906 46
E 3 262 14 0.0566 16 0.0689 19 0.0812 20
8 4 65 7 0.0093 8 0.1140 8 0.1364 10
% 5 503 37 0.2362 420 0.2878 524 0.3444 632
8 346 27 0.2875 99 0.3450 121 0.4075 144
=t 7 126 14 0.2742 37 0.3334 44 0.3927 52
g 8 31 7 0.2814 9 0.3436 11 0.4009 11
g 9 288 37 0.4290 504 0.5183 804 0.8121 712
10 183 27 0.5215 103 0.6080 122 0.7122 144
11 79 9 0.4258 26 0.5179 31 0.6076 44
12 26 8 0.3952 10 0.4816 14 0.5752 18
1 656 46 0.0402 466 0.0408 544 0.0406 628
2 524 32 0.0730 36 0.0880 46 0.0975 45
< 3 262 14 0.0880 21 0.1108 26 0.1266 32
s 4 65 1 0.1482 8 0.1845 11 0.2103 12
& 5 503 37 0.26569 433 0.3117 533 0.3710 639
6 346 27 0.3160 104 0.3911 138 0.4667 161
E 7 126 14 0.3778 48 0.4543 60 0.5316 70
é 8 31 1 0.3780 11 0.4750 16 0.5575 18
9 288 37 0.5242 529 0.8220 642 0.7250 752
10 183 27 0.5645 111 0.6780 138 0.7962 164
11 79 9 0.5462 48 0.6662 59 0.7799 70
12 26 8 0.5338 19 0.6388 22 0.7470 21
1 655 46 0.0775 501 0.0870 582 0.0938 661
2 524 32 00740 31 0.0904 45 0.1079 48
" 3 262 14 0.1008 25 0.1086 27 0.1273 32
" 4 65 7 0.1865 12 0.2117 13 0.2774 17
& 5 503 37 0.3126 432 0.3547 526 0.3982 626
E 6 346 27 0.3692 116 0.4480 148 0.5070 111
g 7 126 14 0.4556 80 0.5497 72 0.6300 83
g 8 31 7 0.4977 16 0.5887 19 0,6892 23
9 288 37 0.5999 538 0.7028 646 0.8170 760
10 183 27 0.6614 129 0.7844 156 0.9149 188
11 19 9 0.6764 56 0.7982 68 0.9287 80
12 26 9 0.6501 18 0.7794 22 0.9036 53
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TABLE 3.2 (CONT)

q = 6psl

{Pz ] - {675, 450563 }
01

{sz ; {168,563,675}

on}a a {900.675,788}

2 |Reference - -
* pomts | [l 191 ] {a} | {P2} | {a} | {®2}| {a} | (%2}
1 981 69 0.0826 744 0.1125 3684 0.1376 1022
2 785 48 0.1096 82 0,1345 101 0,1594 125
E 3 393 21 0.1075 42 0.1325 53 0.1600 62
] 4 98 10 0.1900 15 0.2275 18 0.2700 24
5 754 55 0.4108 760 0.5030 952 0.5876 1140
5‘ 8 518 41 0.4700 262 0.5875 az4 0.7000 386
2 T 188 21 0.4906 82 0.6061 122 0.7171 146
g 8 41 10 0.5125 22 0.6325 34 0.7350 40
§ 9 432 56 0.7093 860 0.8779 1064 1.0585 1268
10 275 41 0.8610 267 0.9922 313 1.1482 369
11 118 14 0.7375 a1 0.9125 115 1.0625 138
12 39 14 0.7229 34 0.8885 46 1.0351 58
1 281 89 0,0461 707 0.0937 873 0.0960 991
2 785 48 0.1108 b4 0.1533 123 0.1520 124
< 3 393 21 0.1575 64 0.2103 80 0.2108 79
. 4 98 10 0.2726 28 0.3391 38 0.3511 37
5 5 754 55 0.4064 756 0.5690 1218 0.5350 1148
6 518 41 0.5458 286 0.7400 402 0.7650 411
E 7 188 21 0.6437 130 0.8566 179 0.8670 150
8 47 10 0.7034 39 0.9233 54 0.9357 55
E 9 432 56 0.8379 945 1.1200 1213 1.1347 1326
10 275 41 ¢.9569 304 1.2624 418 1.2840 428
11 118 14 0.9479 126 1.2405 174 1.2874 177
12 39 14 0.9332 46 1.2176 67 1.2375 68
1 981 69 0.0775 749 0.1025 890 0.1650 1062
2 785 48 0.0888 68 0,1100 86 0.1650 133
Q 3 393 21 0.1594 60 0.1882 72 0.2450 95
2 4 98 10 0.3578 36 0.3581 35 0.4350 45
& 5 754 55 0.4267 758 0.5522 960 0.7350 1240
— [ 518 41 0.5284 272 0.8662 442 0.8650 343
E 7 188 21 0.7166 144 0.8371 173 1.0175 222
8 47 10 0.5208 43 0.9690 52 1.1576 70
é 9 432 55 0.8910 950 1.1006 1160 14050 1488
10 275 41 1.0200 317 1.2262 392 1,5180 517
11 118 14 1.0388 143 1.2275 172 1,5000 219
12 39 14 1.0630 56 1.2450 68 1.4980 02
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TABLE 3.2 (CONT)

q=3pel

{ } = (600,300,450}

pof Tl

} {ioo 800,750}

2| Reference - -
“l pomts | %] 19%] | {2} | {P2} {*z} {7z}
1 1308 91 0.0643 886 0.1031 880 0.1196 1001
2 1047 64 0.0993 100 0.1415 147 0.1818 192
g 3 524 27 0.0991 54 0.1419 % 0.1756 74
E 4 131 13 0.1944 24 0.2616 33 0.9146 41
% 5 1005 73 0.3458 660 0.4950 968 0.6197 1217
6 691 55 0.4481 205 0.6194 439 0.7923 617
S 7 251 21 0.4800 122 0.6650 177 0.8443 221
8 83 14 0.4957 M 0.6960 50 0.8763 64
g 9 576 79 0.8428 asg 0.9132 1182 11713 1870
10 366 55 0.7812 456 1.0448 656 1.2818 561
1 167 18 0.7166 118 1.0058 172 1.2504 218
12 52 18 0.7026 4% 0.9786 10 1.2246 86
1 1308 o1 0.0360 636 0.0632 823 0.0967 1010
2 1047 64 0.0859 100 0.1374 148 0.1887 200
< 3 524 27 0.1432 2 0.1987 57 0.2440 72
s 4 131 13 0.2492 33 0.3244 46 0.3973 56
2 5 1006 73 0.3174 607 0.4881 949 0.6781 1272
8 691 56 0.4427 305 0.6403 460 0.8313 608
E 7 251 27 0.5864 157 0.7981 219 0.9905 277
& 8 83 14 0.6544 48 0.8862 68 1.0911 88
& 9 576 73 0.7361 880 1.0312 1229 1.3585 1586
10 366 55 0.8912 342 1.1674 500 1.4627 857
1 157 18 0.8553 154 1.1658 216 1.4483 274
12 52 18 0.8662 60 1.1720 88 1.4620 115
1 1308 91 0.0520 70 0.0823 356 0.1381 1067
2 1047 ¢ 0.0735 8s 0.1134 118 0.1689 188
" 524 27 0.1564 4 0.2214 118 0.2879 151
al ¢ 131 13 0.1570 38 0.4213 58 0.5128 69
2l s 1005 73 0.3245 604 0.4970 940 0.6930 1317
6 91 55 0.4887 317 0.6930 486 0.9299 687
g 7 251 27 0.6558 197 0.9412 259 1.2000 347
I 63 14 0.7684 56 1.0980 86 1.3679 116
9 576 73 0.7472 877 1.1182 1284 1.5041 1744
10 366 55 0.8993 364 1.3127 566 1.6898 767
11 157 18 0.9532 170 1.3270 253 1.7231 328
12 52 18 0.9814 69 1.3981 109 1.7657 148
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TABLE 3.2 (CONT)

Notes:
1. Aerodynamic coefficients designated by
{on} in pounds, l Q1'| in pound/degree
[ﬁz] in pound/{degrees)”. on}vahm

are initizl loadings at Refarence points 1, 5,9,
[ 450 7

e.g.,{on}=< 0

2. Test equilibrium angles of attack designated
by { a } in degrees.

3. Test equilibrium loade designated by { Pz }
in pounds.
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c. /C
LF LR
P P P
Z Zz Z
Test { 0}1 { 0}2 { 0}3
Condition q=4ps

R. T. 1.656 1.667 1.580
Thermal A 1,630 1.651 1.682
Thermal B 1.716 1721 1.740

q=6psi
R. T. 1.928 1,990 2.022
Thermal A 2.088 2.3%0 2.126
Thermal B 2.130 2.220 2,330

q=8psi
R. T. 2.540 2.700 2.5600
Thermal A 2.492 2.667 2.761
Thermal B 2.570 2.849 3.079




parameters and the temperature effects, a large number of tests (27) on the

rectangular specimen were performed.

Variations of the aerodynamic parameters q and @ _ are accomplished

through variation of the aerodynamic coefficients { PZ } , ]' Q1] and l_éz-l
o

Equation (2.14) shows that:

(o -l 42) )

=}

[éz] -4 lR. [Qz] (2.14a)

Different values of g can be simulated by simply ratioing the values of
the aerodynamic coefficients to certain initial values. As previously described, the

"effective'' angle of attack is varied by simply changing the initial loads {PZ } .
G

Initial loads were imposed on the rectangular specimen at points 1, 5, and 9, and
on the delta specimen at points 1, 5, 8, and 10, The aerodynamic coefficients listed
in Tables 3.1 and 3.2 were obtained using the above procedure. The initial aero-
dynamic coefficients were determined as part of the preliminary static aero-

elastic analyses performed for specimen design purposes.

Nine room temperature tests of the rectangular model were conducted,
followed by eighteen elevated temperature tests. The desired temperature distribu-
tions were intended to possess a significantly nonlinear chordwise profile while
being maintained constant in the spanwise direction and across the specimen thick-
ness. Such profiles are to be anticipated for thin surfaces in sustained hypersonic
flight. (The spanwise profile under practical conditions is, of course, disrupted
by the presence of the body. These effects are a unique function of the wing and

body geometrics and were therefore excluded from the present tests.)

Figure 3.6 illustrates the two chordwise temperature profiles which were
imposed on the rectangular specimen. Each of these was continually reproduced

for the nine flight conditions. Prior to the imposition of loads for a given flight
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condition, the desired temperature profile would be established using procedures
described earlier. Thermocouples affixed to the specimen verified that there were
negligible gradients across the specimen thickness and only minor nonuniformities

in the vicinity of the support.

Results from all tests performed, in terms of equilibrium loads and angles
of attack, are presented in Tables 3.1 and 3.2. Results of special interest are graph-
graphically portrayed in Figures 3.7 and 3.8. The following discussion will be
limited to the latter.

A convenient means of portraying the aggregate effect of the equilibrium

loads is to compute from them the total flexible load on the wing PZ and then
F

form a ratio with the calculated values of the total initial (rigid) load, Pz . This
R

ratio, P_ /P_ , is identical in value to the more familiar ratio of the flexible to

Zp 2y

rigid lift coefficients, CL /CL . The required operations were performed on
F R

the data shown in Table 3.2 and the results are plotted in Figure 3.7.

In order to introduce thermal effects into the representation shown in
Figure 3.7, it was necessary to define a parameter representative of these effects

and to compute it for each of the test conditions. The parameter chosen, P, is

defined as:
Eq 6(L+¥) IO't(c/Z-x)z dx
$=1-— ( 1+ (3.3)
Eo E tz
T C

where E T and E0 are the moduli of elasticity at the average temperature of the

specimen and at ambient temperature, respectively, and ¢, is the spanwise thermal

stress at a chordwise cross section as calculated from therfnoelastic beam theory,
@ is a parameter representing the loss in torsional stiffness due to thermal effects;
its theoretical basis is developed in detail in Reference 24. [t is the ratio between
the torsional stiffness at room temperature and the torsional stiffness in the pre-

sence of a chordwise temperature gradient and includes the effect of temperature
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dependent material properties, but excludes the effects of aspect ratio, support
conditions, large displacements, and flexural stiffness loss due to thermal effects.
Nevertheless, it would appear to be the most applicable simple parameter for

graphical representation purposes.

/C_  with
F LR

increases in q and ¢ were obtained. Study of these data shows that the loss of

Returning to Figure 3.7Ta, significant increases in CL

torsional stiffness (through increasing @ ) and the increase in dynamic pressure
L/

CL with these parameters. The test data shown in Figure 3.7b display the gffect
of Tugriable a anddon C_ /C_  for g = 4 psi.
g Lg Ly

are approximately equally important in determining the rate of change of C

Still another representation of interest is that which shows the variation
of the equilibrium angle of atfack along the tip chord reference points 9 through
12. Figure 3.82a displays the variation of the angular deformation at reference

point 9, a Large increases in the deformation at this point are obtained as

9
structural nonlinearities become more prominent and the magnitude of the aero-
dynamic nonlinearities are increased through q. Additional selected test results
are shown in Figure 3.8b. Significant changes in the equilibrium angle of attack

are obtained.

It is concluded that a laboratory technique for the simulation of non-
linear static aerothermoelastic behavior has been successfully demonstrated. In
view of the many large scale elevated temperature structural test facilities
presently available and the relatively modest proportions of proposed hypersonic
configurations, it would appear that the technique is directly useful not only for
research, but also for prototype investigations. Results of the tests performed
indicate that the effects of the interaction between structural and aerodynamic

nonlinearities are indeed significant.
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SECTION 4.0
THEORY-TEST COMPARISONS

4.1 GENERAL

The objectives of the subject study program, as described in Section 1.0,
included the development of an analytical method and related computer program for
the analysis of stat’c aeroelastic behavoir and comparisons of the results of such
analyses with test data of the previous section. Analyses were restricted to the
rectangular planform specimen since only preliminary test results are available for
the delta planform specimen. Rectangular planform analyses were conducted at both
room and elevated temperatures for several values of the dynamic pressure. Both
linear and nonlinear structural behavior in combination with nonlinear aerodynamic
behavior was considered. The analyses performed demonstrated the versatility of

the computer program and the types and characteristics of solutions available.
4.2 INPUT DATA

Input to the computer program consists of structural and aerodynamic
analysis data, respectively. Two major options are available in connection with the
structural analysis portion of the program: (1) the basic material property, geometric
and temperature data is given so that the computer automatically develops the set of
structural influence coefficients; or (2) the structural influence coefficients are
provided as input. In the case of option (1), the input specifically consists of the
coordinates of the reference points, the type and location of the discrete elements
of the structural idealization, material properties, temperatures, boundary condi-
tions, and initial displacements. The structural analysis input also includes a
specification of a convergence criterion and the number of iterations allowed for

convergence before the program will stop.
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Aerodynamic input consists of sets of matrices defining aerodynamic
influence coefficients, initial angle of attack distributions, assigned reference point
areas, wing geometric properties and numerical integration techniques. Codeg in
this portion of the input control output format, convergence criterion on { a } '
allowable number of iterations, choice of solution type, and correspondence between

the aerodynamic and structural reference points.

Figure 3.5a shows reference point location, assigned areas, planform
dimensions and the coordinate system for the tested wing specimen., Thirty
node points, defining twenty rectangular plate elements, were selected to analyti-
cally describe structural behavior. Points 1-6 are located along the root chord;
point 1 at the leading edge and point 6 at the trailing edge. This node point distribu-
tion is repeated at each spanwise reference point station including the tip station as
shown in Figure 4.1. Rectangular plate elements are designated hy the corner node
points in counterclockwise order. Thus, for example, structural element No. 1 is
bounded by node points 1, 2, 8, and 7. The material properties and temperatures
associated with each structural element are based on the experimental data of
Section 3.0. For the analyses being considered, the initial loads {hoth in-plane and
out-of-plane), initial displacements and thermal moments are zero. Boundary con-
ditions associated with the analyses are specified by assigning zero linear and

angular displacements to the root node points.

Aerodynamic influence coefficient matrices are formulated in the manner
discussed in Section 3.0 and are proportional to those coefficients given in Table
3.2. The initial angle of attack distributions for the planform under study are zero
since the specimen remained horizontal during test and in addition had no built in
camber or twist. The assigned reference point areas and wing geometric proper-
ties are easily obtained from Figure 3.5a. Integration matrices normally used in
aeroelastic analyses (See Reference 22) are replaced by special matrices pertinent
to this analysis and are given in Table 4.1, As previously mentioned, thirty struc-
tural node points were speéified. Twelve of these correspond to aerodynamic ref-

erence points; thus, a distinction between these sets of points must be made. This is
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accomplished by listing, as program input, those points which are not common to the

aerodynamic-aeroelastic analysis.

The analysis method of Section 2.0 stipulates that either the closed form
or series type solution may be used to obtain the equilibrium angles of attack. In the
subject analyses, Equations {2.21) and (2.22) were used and solutions are designated
by types m = 0 and m = 1, respectively. The closed form solution cannot be used in
the present case since the initial angles of attack, & o are zero. Input matrices for

the subject analyses are given in Table 4.1.
4.3 DISCUSSION OF RESULTS
4.3.1 Slope Influence Coefficient Matrices

Use will be made of experimentally determined as well as
theoretically derived slope influence coefficients in the theory-test comparisons to be
described in the next section. Hence, it is of importance to examine and compare

these theoretical and test values.

Two solution approaches were taken to determine the analytical
slope influence coefficients. First, the finite difference scheme advanced by
Williams (Reference 29) was employed in analyses predating the checkout of the
aeroelasticity computer program. The scheme of Reference 29 leads directly to
influence coefficients for the lateral displacements; these values were then numeri-
cally differentiated to obtain the slope influence coefficients. A relatively fine grid-

work of 54 points was used in the development of these results,

In the other approach, the plate discrete element relationships
developed in connection with the computer program of this study were utilized. Such
relationships lead directly to the slope influence coelficients. The gridwork shown

in Figure 4.1 was employed.

Three comparisons of these results appear in Figures 4,2 through
4.4. In Figures 4.2 and 4.3, the test resulis are compared with the resulis of the
finite difference (Reference 29) and discrete element approaches, respectively. It is

to be noted that these rets of influence coefficients are not symmetric. An entire
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set of displacement influence coefficients relating the applied forces and momenis
to the linear and.rotational displacements is symmetric, as indicated in the equation
below. The portion of such a master matrix relating the vertical loads (PZ) to the
chordwise angular displacements ( @ y) (i.e., the slope influence coefficient matrix
[ 8 a ] ) is shown crosshatched. It is apparent that no fundamental requirements

Z
of symmetry apply to this portion of the compleie matrix.

{(symmetric)

{ L= < M, >
/ f '
o, / /// M,
L J //// L J

An additional comparison is provided in Figure 4.4, wherein both

analytical derived sets of influence coefficients are tabulated. In general, there is
a relatively close agreement between the two sets in view of the further analytical
approximations introduced by the numerical differentiation procedures applied to
the results of the finite difference approach. The discrete element results are to be
preferred by virtue of the sophistication of the element relationships as compared

with the displacement idealization concepts of the finite difference approach.

Returning now to the comparisons of theory and {est, it is seen
from Figures 4.2 and 4.3 that there exists an erratic degree of correspondence
between the results for the different influence coefficients. The theoretical and test
values of points along the tip (points 9-12) differ in the range of +15 to -15%, with
certain values being in very close agreement. Percentage wise, differences for
points near the root are very much greater, but the absolute values at these points
are relatively small and test results are unreliable in these regions. It is pertinent
to note that, in nearly all cases, both analytical values of an influence coefficient

are on the same side of the test result; i.e., they either are both too stiff or too
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flexible. Furthermore, with the prevalence of negative influence coefficients, all

analytical values are found to be of the same sign as the test results.

These comparisons indicate the possibilityof either measurement
errors in the test data or the presence of root flexibility effects (support displace-
ments) that are not accounted for in the analyses, or a combination of the two cir-
cumstances. Since it had not been anticipated that experimental influence coefficients
would play a role in the interpretation of the aeroelastic theory-test comparisons,
the measurements were not taken with the care demanded of searching theory-test
comparisons. As will be seen, however, accurate test results would have proven
valuable in this regard and it would have been extremely desirable to define the
gignificance of support flexibility effects.

Nevertheless, it has been indicated that the angular displacement
measurement system is capable of providing an acceptable means for the determin-
ation of slope influence coefficients. More accurate and reliable results would appear
feasgible if careful test procedures are adhered to. It was not possibie to define the
significance of root flexibility effects in the tests conducted.

4.3.2 Aeroelastic Theory-Test Comparisons — Room Temperature

Conditions

Results of room temperature aeroelastic analyses are shown in
Table 4.2 and in Figures 4.5 to 4.7. Analyses designated as type "I", representing
sclutions achieved prior fo checkout of the automatic structural analysis features of
the complete computer program, utilized slope influence coefficients based on the
finite difference scheme of Reference 29. (See previous section.) Analyses desigha-
ted as types "II" and "III" are based entirely on use of the discrete element method
of linear structural analysis and the related computer program discussed in Section

2.0. Test data are shown by the various symbhols.

Figure 4.5 shows a comparison between the test data and the
results of Type I aeroelastic analyses. Although the level of agreement is remark-

ably close, it is to be remembered that the structural input to this analysis did not
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agree with the corresponding test data to the same extent (see previous section).
Also, the stiffening effects of large deflections are not included in the analysis.
These two factors should be compensatory since the structural analysis is deficient

in predicting root flexibility effects.

Further comparisons between test data and the results of analy-
sesappear in Figure 4.6. Type Il analyses involve linear representations of the
structural behavior. Type III analyses also involve linear representations of struc-
tural behavior but with a modification intended to account for root flexibility effects.
Due to the possible influence of root flexihility effects, brought to light by theory-
test comparisons of the structural influence coefficients, it was decided to attempt
analyses wherein the effective span of the specimen extended to the centerline, rather
than to the face of the support. This may be regarded as an extreme representation

of root flexibility.

As seen in Figure 4.6, both the basic linear analysis and the
analysis which inciudes simulation of root flexibility are in approximate agreement
with the test data at q = 4.0 psi and q = 6.0 psi. Since the shape of the test curve is
different from that of the analyses, there is an agreement of the Type II analysis
results with tests along the rearward portion of the chord while the Type IIl analysis
conforms to test data along the front portion. At g = 8.0 psi the Type II analysis is

generally in closer conformity with the test data.

The analytical results of Figure 4.6 disregard, of course, the
existence of nonlinear (large deflection) effects. Such effects appear in the results
of the Type IV and V analyses, as shown in Figure 4.7. Only the q = 8.0 psi case was
examined since the displacements of the ¢ = 4.0 and 6.0 psi conditions do not appear
large enough to introduce significant nonlinear effects. (At q = 8 psi the measured
tip deflection was 4.65 times the plate thickness.) The Type IV analysis is the
counterpart of the linear analysis (Type II) described above. The Type V analysis
corresponds to the analysis which attempted to account for root flexibility effects

(Type III). It is seen from Figure 4.7 that the Type IV analysis
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with inclusion of nonlinear effects, has moved the linear solution away from the test
data. On the other hand, the nonlinear analysis, with inclusion of root flexibility
effects (Type V), demonstrates a good degree of correspondence with the test
results. As pointed out in the previous section, theory-test comparisons of struc-
tural influence coefficients supported the view that root flexibility effects were

indeed significant.

In summary, it is seen that for this study, where special atten-
tion was given to designing a wing specimen with large elastic deflections, the
effects of ""large deflections! were not severe at room temperature. A nonlinear
analysig, which included an estimate of root flexibility effects (Type V), yielded

results which were in reasonable agreement with the test data.

A few comments on solution type and convergence of { a } are
in order. The lower portion of Table 4.3 lists the number of iterations performed to
obtain convergence using type m = 0 and m = 1 solutions and the approximate
machine time for each solution type. In all cases except one,type m = 0 required a
smaller number of iferations than type m = 1. In some instances type m = 1 did
not converge after 25 iterations (indicated by NC). Values of the equilibrium angle
of attack, using either solution type, agreed within 4%, the small error being attri-
buted to the convergence criterion used. Approximate machine time for type m = 0
is very small indicating an efficient computational program. Consideration of struc-
tural nonlinearities complicates the sclution process to a great degree and this is
reflected in the number of iterations and associated computer time. Analysis IV,
type m = 0, took six minor { a } , 8ix minor [ Sa ] and seven major { 8] }

7
iteration loops to obtain convergence. Total time for this analysis was approximately

-

35 minutes, an extremely large amount of time in comparison to analyses I, II and I11.

4.3.3 Aeroelastic Theory-Test Comparisons — Elevated Temperature
Conditions

The imposition of elevated temperatures on the test specimen
introduces deterioration of the modulus of elasticity and a change in the deflectional

stifiness produced by the presence of midplane stresses due to thermal gradients.
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These phenomena produced major changes in the stiffness of the specimen; in the
case of thermal test A, the conditions at q = 8 psi produced 2 tip deflection 5.75
times the specimen thickness. Similarly, the conditions associated with q = 8 psi,

thermal test B, produced a ratio of tip deflection to specimen thickness of 7.0.

It is of interest to note that in the approximate analyses of
Section 3.3, the estimated stiffness losses due to material property degradation
were 6 and 8%, respectively, for thermal tests A and B, Also, the torsional stiff-
ness losses were estimated as 30 and 65%, respectively. Hence, it is to be expected
that midplane stresses due to large deflections had a considerable influence on the

flexibility of the model under the subject elevated temperature conditions.

1t was intended that the analyses for elevated temperature condi-
tions be performed in two phases. First, measured equilibrium test loads were to be
combined with computed (linear) structural influence coefficients. (The computation
of these influence coefficients is discussed below.) The results of these analyses are
designated as Types VI and VII. The intended second group of analyses were to be
conducted with the inclusion of structural as well as aerodynamic nonlinearities. It
was anticipated that, with the results of these types of analyses, it would be possible
to isolate the influence of the various effects of temperature and large deflections on
the equilibrium displacements. Only one attempt at effecting a completely nonlinear
solution to the problem (designated by Type VIII) met with success, however, due to
lack of convergence in the iterative portions of the structural analysis procedures.
Since it was not pessible to resolve these difficulties within the period of the study
program, the only other test-theory comparisons available are those related to
analyses types VI and VII. It is believed that the source of difficulty in cobtaining a
convergent solution for structural behavior can be resolved by developments which

are outlined in Section 5.0.

Linear structural analyses performed with the use of the compu-
ter program indicated relatively severe deflectional behavior. The values thus
derived appeared to be unreliable in certain regions of the structure, indicating

possible conditions of local instability in these regions. Hence, an alternate
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structural analysis computer program was employed. This program, described in
Reference 30, is based on the same concepts as the present program but employs
more sophisticated relationships in the definition of the temperature state and in
the determination of the influence of the in-plane thermal stresses on deflectional

behavior.

As noted earlier, two types of analyses were performed with this
linear structural representation. Resulfs of these analyses are shown in Figures
4.8 and 4.9. Figure 4.8 represents comparisons wherein only the stiffness reducing
effect of the elastic modulus change due to temperature is taken into account
(i.e., analysis Type VI}. In Figure 4.9, both the elastic modulus change and thermal
stress effects are included in the analytical results designated by the numeral VII,

It is seen from Figure 4.8 that the effects of temperature environ-
ment on the modulus change are not significant. On the other hand, the thermal
stress effects as defined in Figure 4.9 are extremely severe. Evidently, the large
deflection effects are of significance since these must account for the major share

of the discrepancies between theory and test.

The single nonlinear aerothermoelastic solution achieved is
compared with test data in Figure 4,10. This solution was effected for the case of
q = 8.0 psi, thermal test B. The results are seen to be in remarkable agreement
with the test data for the points near the trailing edge. There is a considerable
difference between theory and test for the leading edge point, however. It is note-
worthy that the same type of discrepancy was recorded at the leading edge points
for the analyses of room temperature conditions. Of interest also is the inerease in
computer time for the subject heated wing aeroelastic analyses in comparison to the

analogous room temperature analyses. (See Tables 4.2 and 4.3.)

Itis seen that for elevated temperatures, the test specimen
sustained major changes in stiffness resulting in significant large deflection effects.
Attempts to predict these effects in combination with nonlinear aerodynamic
behavior have met with partial success. It is evident that additional test work and

analytical comparisons are necessary.
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Equilibrium Angle of Attack — Degrees
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Figure 4.5. Theory-Test Comparisons, Rectangular Planform,

Room Temperature
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Equilibrium Angle of Attack — Degrees
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Equilibrium Angle of Attack — Degrees
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TABLE 4.3
THEORY TO TEST COMPARISCONS, RECTANGULAR

PLANFORM, ELEVATED TEMPERATURES
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SECTION 5.0
SUMMARY AND RECOMMENDATIONS

This report has formulated the governing mathematical relationships
pertinent to nonlinear static aercthermoelastic behavior and has described the
development of a method of solution for these equations as well as a related com-
puter program for the purpose of obtaining such solutions. The method of solution
for the equilibrium angles of attack is based on the iteration technique of Reference
16 and includes both nonlinear aerodynamic and nonlinear structural behavior.
Completely new relationships for the flexural behavior of discrete elements were

formulated in connection with the structural analysis portion of the solution method.

The present report has also described the development of a testtechnique
for the simulation and measurement of static aeroelastic behavior in the presence
of aerodynamic and structural nonlinearities and elevated temperatures. The sys-
tem was successfully employed in the measurement of aeroelastic data under the

cited conditions.

Analyses of test data were performed and, within the limitations of these
analyses, theory-test comparisons were effected. Where structural nonlinearities
did not play a role, or where such nonlinearities were of modest significance, it was
found that the computer program is capable of furnishing results to an acceptable
level of accuracy. The operational correctness of the program was thereby validated.
Inadequacies in the formulation of the nonlinear terms of the structural analysis
portion of the computer program were found, however. These appear to preclude
the pogsibility of obtaining accurate predictions of deflectional behavior in the

presence of severe structural nonlinearities with a feasible computational effort.

A critical examination of the results of this portion of the study discloses

the following general deficiencies in the field of static aerothermoelastic analysis.
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(2)

The computational time required for an analysis of aerothermoelastic
behavior which includes both structural and aerodynamic nonlineari-
ties, is extremely long. With current digital computational capabili-
ties (and if the techniques of iteration employed in this report are
retained) the nonlinear aerothermoelastic analysis of a truly practical
wing configuration would appear to be prohibitively expensive.

Except for the results reported herein, which are limited in scope,
there is no available information (in terms of planform reference
point data) pertinent to nonlinear aerodynamic and structural
behavior in combination. Thus, the complete range of validity of the
solution procedures described herein cannot be ascertained and
certain discrepancies made apparent by the test-theory comparisons
of Section 4.0 cannot as yet be explained.

Based on these and other considerations the following specific recommen-

dations are made:

1)

@)

@)

4)

Additional experimentation, utilizing the experimental technigue
developed as part of the present study, should be conducted to obtain
static aeroelastic data under both recom and elevated temperatures.
The specimens and test conditions should be designed to introduce
nonlinear structural and aerodynamic behavior.

The efficiency (i.e., speed) of the developed computer program should
be improved through a study of the iterative solution processes, the
convergence criteria and the improvement thereof.

The accuracy and convergence characteristics of the developed com-
puter program should be improved by the development of more satis~
factory nonlinear terms in the discrete element force-displacement
equations. (Present developments are detailed in Reference 17.)

Additional test~-theory comparisons, utilizing information and develop-
ments from items (1) to (3), should be accomplished.

It should also be noted that the study accomplishments have shown that

new advances in important related areas are feasible. These include:

)

2

The inclusion of inelastic behavior. Both creep and time-independent
plastic flow can be of significance at elevated temperatures.

The reorganization of the aeroelastic interaction computer program to
permit independent analyses for nonlinear structural behavior.
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